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Abstract—In this paper we consider the extension of the
betweenness centrality measure which is used in social and
computer communication networks to estimate the potential
monitoring and control capabilities a node may have on data
flowing in the network. Unlike the standard betweenness
centrality measure which takes into account only the
shortest paths between the nodes of given network, our, so-
called A -betweenness centrality measure is based on short
paths between the nodes. We present an efficient algorithm
for computing this measure and show experimental results
supporting the importance of newly defined measure.

I. INTRODUCTION

In order to determine the relative importance of every
node in a given network (or graph), various centrality
measures such as degree, closeness, and betweenness [1,
4, 5] have been proposed. In this paper we extend the
standard definition of betweenness centrality measure,
defined by Freeman [1] in order to estimate the control an
individual may have over communication flows in social
networks. For a given undirected, unweighted graph
G=(V,E), denote the number of shortest paths from

seVto teVby o,. Let o,(v) be the number of

shortest paths from s to ¢ that some ve Vlies on. The
standard (shortest path) betweenness centrality of a node v
is defined as the sum of fractions of all shortest paths
between each pair of vertices in a network that traverse a
. Brandes [2] and Newman [9]
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given node:
.Y;#t
have shown that shortest paths from a single source s to
all other vertices can be efficiently aggregated by
traversing the vertices in the order of a non-increasing
distance from s. Efficient aggregation of shortest paths is
used to compute the measure of all vertices in a network
in O(|V ||E]) time. Below we show how to extend this
definition to deal with not necessarily shortest paths, but
rather A -shortest paths which were introduced by Jiang et
al. [10]. However, their proposed solution in [10] works
only for walks and has exponential (in A) runtime and,
thus, cannot be used for real world application. Moreover,
their solution in [10] cannot deal with the weighted
version of A -shortest paths.
The A-shortest paths can exist in some types of real

networks. For example, in communication networks, the
routing protocols with the purpose of disseminating data
traffic build the shortest path, but link fading, node
loading, and load balancing problems cause the use of
other alternative paths. In the real network the traffic
could flow along the A -shortest paths with non-uniform
distribution for different values of A. The traffic flow in
the network may use 60% of the shortest paths, 20% of
the 1-shortest paths, 15% of the 2- shortest paths and 5%
of k-shortest paths, k>3. In this case, in order to
approximate the real flow in the network, we need to take
into account this distribution. Another example is coming
from the field of well-known reactive routing protocols
(DSR, AODV): route discovery and route maintenance
problems. After each link failure, the rediscovery process
is necessary in order to establish alternate paths. The
practical implementation of A -shortest paths in this case
is that a routing protocol may be a priori oriented not only
by using the shortest paths, but also to find alternative A -
shortest paths. The main goal of this routing protocol is to
provide an efficient and low cost routing for MANET.
Using A -shortest paths may reduce the number of active
path failures, implicitly inducing the increasing path
lifetime with minimal increase in the control traffic
consumption.

II. PRELIMINARIES

Define a path P(s,t) from s€ V to t€ V as an alternating
sequence of edges e = (i, j) € E and distinct nodes ie V',
beginning with s and ending with ¢, such that each edge
connects it's preceding with its succeeding node. The
length of a path in unweighted graph is the number of its
edges. We use d, to denote the distance between nodes
s and ¢, i.e., the minimum length of any path
connecting s and ¢ in G. Define a shortest path
between nodes s and ¢ as any path of length equal to
d,, . Let N(v) denote the number of neighbors of some
ve V. Define the set of predecessors of a node v on
shortest paths from s as p)={jer:(v, j)eEd

sV

=dAj +a)jv} ’
where @, is a weight of edge (/j,v). Note, that in (our)

case of unweighted graph we have @ ;, =1 and, thus,



d,,=d . Therefore, combinatorial shortest-path counting
can be done following [2].

Lemma 1[2] For s#vel,
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Jeb(v)

the number of shortest
paths ¢, =

Let o, (v) be the number of shortest paths from s to ¢

that some ve V lies on. The pair-dependency of a pair

s,t€ V on intermediate node ve V' defined as

oy (v) 5

paths between s to ¢ that vlies on [2]. The sum of all

pair-dependencies of node s€V on a single node veV is

defined as J(v) = Z ,(v) . The crucial observation is
eV

that partial sums obey recursive relation (Theorem 1 [2]).

5. (v) = i.e., the ratio of the number of shortest
st

Theorem 1 [2] The pair-dependency of s€V on any
veViobeys s = ¥ Teass.y:
jive Py (j) /
We denote by d» =d, +A the strong A-shortest
distance between nodes s and ¢ in G if there exists a

path p(2) (g ¢) betweens and t of length [, =d , +A

for any positive integer A. Such path is called a strong
A -shortest path. The set of strong A -shortest paths
between nodes s and ¢, (P (s,1), PV (5,0)..P) (5,0)} is

denoted by P @) (s5,1) . Let o™ be the number of strong

A -shortest paths from se€ V to te€ V ; therefore

o (2 =| P (5,1)|. Note that in case A= 0, the number

of strong A -shortest paths is equal to the number of

shortest paths, i.e. 0{” =&, . We define the set of strong
A -predecessors of node v on A -shortest paths from s

PY W ={jeV:(v,j)e E,d,,+A= d”‘)+a)

if exists k such that 0<k <A}

Let o{* (v) be the number of strong A -shortest paths

from s to ¢ that some veV lies on. We define the

strong A -pair-dependency of a pair s,t€ V on

intermediate node veV as

o) (D

(A)
O-.s/

é‘x‘/A)(V) =

i.e. the ratio of the number of strong A -shortest paths
from s to ¢ that vlies on to the total number of strong

A -shortest paths from s to ¢ . The A-shortest path

Pi(A) (s,t) between nodes s and ¢ is any path of length
1!, not exceeding d , i.e.l,<d +A. The set of A-

st—
shortest paths between nodes s and ¢

(PN (s,0), PLY) (s5,0)... B\ (5,1)} 18 denoted by
P (s,1) . Let 6Y be the number of A -shortest paths

from s€ Vto te V ; therefore, 6 =§P(A>(s 7). Let

=0
define the set of A -predecessors of node v on A -shortest
paths from s as Y= {jeV: i jle Ed, +A>dY +a, 0<k <A}

and the set of A -successors of v on A -shortest paths
from s as SﬁA)(v):{je Vi, jie E,ds4+A2d(k) +, 0<k<A}

where @, is a weight of edge (/,v). Let 6" (v) denote

the number of A -shortest paths from s to ¢ that some

A

ve V lies on; thus, aftA) )= Z 0'3(.,”) (v). Let define the
n=0

A -pair-dependency of a pair s,t€ V on an intermediate

veV as
A

(n)
M) _ nzoa” ™ @

s (A)

O s ng

n=0
i.e. the ratio of the number of A -shortest paths from s to
¢t that vlies on to the total number of A -shortest paths
from s to ¢ . The (A, m)-shortest path from s to t that

3A(IA) (v) =

some ve V lies onis a A -shortest path from s to ¢,
composed of combination of (A —m) -shortest path from

s to v and m -strong shortest path from v to ¢, where

m=d, —d, —d, +m, for any positive integer m such

that m <A . The length of the A -shortest path from s to
¢ in this case is bounded by d, +1<(,,H,)<d,+A since

ly=1,+1,and d,+m<I, <d, +A.Inaddition, the
length of a path from v totis equal to [,=d,—d,; A

Let O'(A ™) (v) denote the number of (A, m) -shortest paths

from s to ¢ for some particular ve V that liesona A-
shortest path from s to 7. Let us define §&7 ) =67 )/ 62

be the (A,m) -pair-dependency score of a pair s,t€ V on

an intermediate node ve V. To eliminate the need for
explicit summation of all A -pair-dependencies, we
introduce the (A, m) -dependency score of anode s€ ¥

on a single nodeve V', as éf’m)(v) = ZSS(,A””)(v). Let

telV
¢ (&m) (4, ) denote the number of (A,m) -shortest paths
from s to ¢ such that node ve PS(A) (w) and edge
(w,v)e E lies on paths from v to z. We extend A -pair-
dependency score definition to include an edge
e=(wmv)e E by defining §*" (w,v) = 6 &™) (w,v) /6 ®
as the edge (A, m) -pair-dependency score of a pair
s,teV when ve PS(A) (w) and edge (w,v)e€ E lies on
paths from v to ¢, such that A -shortest paths from s to ¢

contain combinations of 7 -shortest paths from s to v
and m strong shortest paths from v to ¢. The DBC



measure is defined as:

i O-Agt”)(v) (3)
CWm= Y sPm= Y =

s#Ev£ELEV sEvELteV (n)

A
o st
n=0
where A is positive integer constant. Notice that we can
add weight to each shortest path, thus, obtaining the
weighted version of the problem.

III. FAST 1-BETWEENNESS CENTRALITY ALGORITHM IN
UNWEIGHTED UNDIRECTED GRAPH

In this section, we describe fast algorithm for computing
DBC in an unweighted undirected graph in the case when
A =1. We start by performing a Breadth First Search
algorithm (BFS) to determine the number of the shortest
paths and strong 1-shortest paths to other nodes from
source s (distance zero). For this purpose, for all nodes of
some current distance from s we execute two calculation
loops. In the first one, we sum the number of the shortest
paths and strong 1 -shortest paths from all i€ N(j) such

that d; =d; +1. In the second one, in order to calculate

strong 1-shortest paths, we sum the number of shortest
paths of the same distance neighbors' nodes. In addition,
we assign initial values of (1,0) and (1,1)-pair-
dependency scores 33’0) (#)=1 and 50V ;) =0. Inthe
next step, for each node we compute the contribution
(ratio) of node's (1,0) -pair-dependency § (-© (i) = 1 , that
"spread" to (1,0) and (1,1)-pair-dependency of other
nodes, on A -shortest paths between nodes i and s .
Hence, we begin by performing a "reverse process", i.e. a
bottom-up BFS starting at leaves of node s with maximal
distance value and executing of two calculation loops. In
the first one, for given node i we calculate the ratio of the
(1,1) -pair-dependency for all N (i) by splitting (1,0) -pair-
dependency values of i and following composition of
(1,1) -pair-dependency values obtained by same splitting

process from other vertices having the same as i distance
from s . In the second loop, we calculate the ratio of the
(1,0) and (1,1)-pair-dependency of node i by splitting it
and following composition on corresponding (1,0) and
(1,1)-pair-dependency, over all neighbors' nodes with
smaller distance. We perform these splitting/composition
procedures on each "bottom-up" BFS distance till we
reach the source. By repeating the process for all possible
nodes s€ G and summing the (1,0) and (1,1)-pair-
dependency scores, we compute the 1-betweenness
centrality for each node. Algorithm requires O((n+ h)n)

time and O(n+h) space, wheren =|V |and h=| E|.

A. Algorithm Analysis

We split the analysis according to the two major steps our
algorithm consists of: top-down and bottom-up BFS with
the corresponding calculations.

Step 1

In this step a number of shortest paths and strong A -
shortest paths to other nodes is computed. In addition, in
this step we assign initial values of a dependency scores
éA'S(*A’O) @), 5‘s(f’1) (i) for step 2 as explained later.

Property 1. The number of strong A -shortest-paths is
O';A) =0 for A<O.

Property 2. The number of strong A -shortest-path from
s to ¢t that some ve Vliesonis ¢ (»)(y) =0 for A<O.
Lemma 2 (Bellman-like criterion). A node ve V lies on
a A -shortest path between nodes s,¢€ V if and only if
d, +d, —dy, <A.

Lemma 3 (Combinatorial strong A -shortest-path

counting for unweighted graph). The number of strong
A -shortest-paths

#= Sd-dor DE-dor 2 -420)
PO, H POy, PP O,

for szvel.

Following Lemma 3 above we can calculate the

combinatorial number of strong A -shortest paths for

A <1. The number of strong A -shortest paths for A=0

18 D@y -0+ Y (i -0+ Dl -0

JePP (vyd,,=d+1 1e PO (vyidy,=dy PP (vyidy,=d,, -1

where aé.‘” (v)=0 and(;;;1>(v) =6 =0 =060 =0

0) _
Oy =

(by Properties 1,2). Hence, the number of strong 0-
. . .
shortest paths is & (0) = Z ol asin Lemma 1.
je PO (vyd,, =d;+1

The number of strong A -shortest paths for A =11is
o= YwP-0+ >  ©@P-0+ D©@,-0)

7ePY ()d,,=dy +1 1ePV (v)d,,=d, pePP (vyd,,=d,,-1
where in this case ¢ (v) = ¢ (v) = 0 and

6 V()= oY = o (Properties 1,2). Hence, the number

sp sp
of strong | -shortest paths is

ZO'A(,]-” +

je P (vyd, =dy+1

S @

lePV(vyd,=dy

1
o-.gv) =

The Lemma 1 and equation (4) are used for calculations
in Algorithm 1 at Step 1.
Step 2

6,,(v) _

Property 3. The A -pair-dependency 5§VA) = 1,

sV

for any target node ve V.
Property 4. The sum of A -pair-dependency Z(%,A) OE14

eV
for any source nodese V' .

Lemma 4. The (A,0)-pair-dependency (%VA’O) (v)=1, for

any target nodeve V' .
The result of Lemma 4 is used when we assign initial

values of a dependency score of SAS(VA’O) (v)=1,anditis

subtracted from values ééA) Q).



Lemma 5. The sum of all (A,0) pair-dependencies

5AS(*A’0) (v) =1 for any farthest node ("leaf") ve V.

The claim of Lemma 5 is used in Algorithm 1 Step 2
when we execute the "bottom- up" BFS starting at leaves
towards node s, to calculate the contribution (score) of
the DBC by splitting/composition of (A, m) -pair-
dependency scores over all nodes (Claims 1 and 2 below).
Claim 1. The splitting of (A, m) -pair-dependency score
of node v on (A, m)-edge pair-dependency scores of
predecessor's nodes

ji.l,pe P™ (v) calculated as following:
PO I e (R

JeP® (vyd,y=d i+ IeP® (v)dy=dy

é":tA,m) (V) — zg;rA.(erZ))(v’ p)

PeP® (v)d,=d,,~1

Claim 2. The composition of (A, m) -pair-dependency
score of node V from edge (A, m)-pair-dependency

. A .
scores of successor's nodes {/,/, p} € SS( " (v) (i.e. node

v is predecessor of one of the node j,/, p ) calculated as
following:

Srmm= Y AMIGm+

ve PN (j)idy, =d g +1
Define the A-dependency of s€ ¥ onanodeve V as

DRIUR Y TR Y) Yo RO 3) Yo R URS 3t

teV teV m=0 m=0teV m=0
Thus, the A -betweenness centrality

DS v+

ve PO (Iid,,=dy

28" (p.

ve PO (p)id,,=d,, -1

A
CPm = Y ENM =80 =800 =80 m-1=3 M) -1.

s#EvELEV m=0

Lemma 6. The A-dependency score of s V on any
ve P (p) and Vm:0<m<A obeys

A-m
PN CIAET )

k=0 3(A.m) . _
e *o " (p) Lif dy, =dg, -1
PAY(pyd,,=d, -1 (k)
pve PN (p), . Z ol
k=0
—m
k k
S -y
a(A) _ k=0 s §(A,(m=1)) : —
Op ()= » e [ ) Lif dg=dy
Ive PO (Iyd,, =d, (k)
! z Oy
k=0
A-m
k) (k) ¢+
2@ =)
k=0 S(A,(m=2)) ; - o _
. e ) }if dg, =dg+1
Jve P® (jyd,, =d g +1 ZO-S/U
k=0

The strong A -shortest path PSEA) (v) from seV to
teV that veV lies on exists and is equal to

Pj(k) (s,v)U P/“;) (v,t) , if and only if there is a strong
k -shortest path P (*)(s,v) and strong (k) -shortest path
P, ) (v, 1) , whereg =, +4)~(d,, +k)-d, With the strong A-
shortest path criterion P® (s,mN p/“? )(v,1) = {v} (we call the

last condition as path criterion). The length of the strong

A -shortest path P(*)(v) is equal to /,, =/, +1,,, and
therefore (4, +A)=(d,, +k)+(d,, +k) - The Cartesian

product of strong k -shortest path set PO (s,v)and strong

(k) -shortest path set P ®)(v,1) is defined by:

PO <P (CHE (Ij-(k) (sv) Ulf;) D) 1’}") (s,mePP(s1), Jf/;) e 2 o}
The set of strong k -shortest paths P %) (s,v) between
nodes s and v may contain k -shortest paths thatte V'
lies on, that do not satisfy the strong A -shortest path
criterion (i.e. 2 (s,v) N PI(;) (v,t) # {v} ). For

P () calculation, these paths are needed to be

excluded from the result set. Let denote by Q ) v)

the number of elements of set P*) (s,v)x P (v, ) that
do not satisfy the path criterion above and need to be
excluded from result set. Therefore, o2 (v), for any

strong A _shortest path, is
A N - A
o 0)=3 (P (s,mx PO (1,0 -0¢D ()= 3 i ® (1)
k=0 k=0

o 10 (((dy, + k) + (dy + k) # (dy + A)) or (k<0) or (k <0))
) (@ o) - 0D )

A
Theorem 2. The A -pair-dependency is éf)(v):zéﬁf’”)(v)
=0

Theorem 3: The fast DBC (for A =1) algorithm in
unweighted undirected graph work correctly and can be
computed in O((n+ h)n) time and O(n+ h) space.

Proof: Follows from Theorem 2, Claim 1,2 and Lemma
2-6.1

IV. SIMULATIONS

We conducted extensive simulations to study the
performance of A -metrics introduced in this paper for
graphs with different characteristics. The graph is
modeled by a connected unit disk graph with limited
graph diameter. We simulate X experiments for each case
and the average values for our characteristics have been
calculated. The graph A -metric analyzed for the five
different cases of A's values. Figures 1-3 summarize
average graph A -metric performance for graphs with
different number of nodes| V' |= n . The values of different

number of nodes in our experiments randomly placed on
square with same neighborhood range are correlated with

mean graph degree metric d= Z d,;/n and equals 1)

i=1
n=50d =55 2)n=100d =8.1,3)n=150d =105, 4)
n=200d =132 5) n=250,d =16.1.
Figure 1(a) plots the average number of strong A -shortest
paths between all pair of nodes versus total number of



nodes in graph for the five different A's values. We can
see that the number of strong A -shortest paths z oW

s#EvELEV ’
have increased when the number of the nodes in graph is
increased. Also, the number of strong A -shortest paths
for different A's values with the same number of nodes is
different.

Overlapping Percent Between 10% of Vertices

Number Of Paths(Graph Diameter=7,
(Grap ) with max. BC and max. DBC (Graph Diameter=7)
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Figure 1. The plots of the average number of strong A -shortest
paths between all pairs of nodes versus the number of nodes in graph (a)
and the plots of the overlapping percent between subset of 10% nodes

with high DBC ranking from ranking list when A =0 and same nodes
in ranking lists for 1<A<4 (b).

Figure 1(b) plots the overlapping percentage between the
subset of nodes with high DBC ranking in ranking list
when A=0 and same nodes in ranking lists for ISA<4
versus number of nodes in graph. The size of the subset in
this experiment is 10% of the total number of nodes.
Figure 2 (a) plots the distance between the node with
maximal betweenness centrality measure (A=0) and
node with maximal 1<A <4 DBC versus the total
number of nodes in same graph for the five different A 's
values. After computing A-betweenness centrality
measure, each node v in graph G has different DBC
value. Therefore we can rank the nodes of the graph by
DBC values and find node with maximal DBC value
(rank=1) in graph. Note, that for the different A values,
we have different DBC ranking list. Since, DBC values
with different A’s are used as a relative measure of how
nodes differ from each other, the induced ranking is more
important than magnitude of the DBC values.

Figure 2 (b) plots the rank of node v with maximal DBC
(rank=1) when A =0 and it ranks for 1<A<4 DBC in
same graph versus number of nodes in graph for the five
different A's values. The node's rankings produced by
different DBC are not identical. For example, in the graph
with n =200 nodes, the node v with DBC rank=1 in case
A=0 has rank=9 when A=4. As we can learn from
Figure 2(a) the distance between the node with maximal
betweenness centrality measure (A =0) and the node
with maximal 1<A <4 DBC is changed when the
number of nodes is increased. We also show the change in
the distance between the nodes of centrality measures for
the different A's values versus the mean degree (Figure 3
(a)) and the diameter of the graph (Figure 3 (b)). Our
simulations show that there is a potential importance of
the nodes with high A-betweenness centrality measure

Rank of max. BC vertex per
Number of Vertices(Graph Diameter=7)

Distance Between max. BC and max. DBC
vertices per Number of Vertices(Graph Diameter=7)
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Figure 2. The plots of the distance between the node with

maximal A=0 BC and the node with maximal 1<A<4 DBC
versus the number of nodes in same graph (a) and the plots the ranks of

node ¥ with maximal DBC (rank=1) when A=
of nodes (b).

versus the number

Distance Between max. BC and max. DBC Distance Between max. BC and max. DBC
vertices per Mean Degree (Number of Vertices=100) vertices per Graph Diameter (Number of Vertices=100)
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Distance
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Figure 3. The plots of the distance between node with maximal

A=0 BC and node with maximal 1<A<4 DBC against mean of
graph degree (a) and graph diameter (b) in graph with constant number
of nodes " = 100.

values and this should be investigated further. It would be
interesting to generalize the results for weighted graphs

and improve the runtime for the large values of A.
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