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Today’s plan
1) Activation functions

Logistic regression

SoftMax function

2) Loss functions

3) Optimization 

4) Overfitting/Underfitting – Bias-Variance tradeoff

5) Regularization

2006

1996

2016
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Topics to be covered offline
• Stochastic Gradient Descent 

• Backpropagation 

•Vanishing/Exploiding gradients

• Optimization & Optimizers

•Training, Evaluation  & Test

• Batch Normalization

•Dropout
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Deep Neural Network: Segmentation
Conv 1x1x1,  
ReLU

Down 
Sampling

Up Sampling

Copy and 
crop

conv

conv

conv

conv conv

conv

conv

3D U-Net

Conv 3x3x3+ 
ReLU +Conv 
3x3x3 + ReLU

conv

Network’s
3D input

Network’s
3D output (𝑝!)

TRAINING – Feed Forward 

Ground Truth (𝑦!)

LOSS

TRAINING – Back Propagation

Weights optimization…

Optimization OVEREVALUATION

Feed Forward…Network’s performance: ?
Ronneberger et al ‘U-Net: Convolutional networks for biomedical image segmentation’,     

2015

4/17

<latexit sha1_base64="oC8oI6+H7Skd+B6ArVc+B/EoOjw=">AAACHXicbVA9SwNBFNzz2/gVtbRZDIIWCXcS1EYRbCwsIpgo5MLxbrOJi3t7x+47QzjyR2z8KzYWiljYiP/GTXKFRgcWhpl57HsTJlIYdN0vZ2p6ZnZufmGxsLS8srpWXN9omDjVjNdZLGN9E4LhUiheR4GS3ySaQxRKfh3enQ3963uujYjVFfYT3oqgq0RHMEArBcVqL0B6THtBhmVvQMs+T4yQsaK+glBC0PMjwFsGMrsY7OapvaBYcivuCPQv8XJSIjlqQfHDb8csjbhCJsGYpucm2MpAo2CSDwp+angC7A66vGmpgoibVja6bkB3rNKmnVjbp5CO1J8TGUTG9KPQJoe7mklvKP7nNVPsHLUyoZIUuWLjjzqppBjTYVW0LTRnKPuWANPC7krZLWhgaAst2BK8yZP/ksZ+xTuoVC+rpdOTvI4FskW2yS7xyCE5JeekRuqEkQfyRF7Iq/PoPDtvzvs4OuXkM5vkF5zPb1zqoX0=</latexit>

wt = wt�1 � ✏rwL(wt�1)
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Activation functions

The activation function is a mathematical “gate” in between the input feeding the current neuron and its 

output going to the next layer.

Binary Step function                                                does not allow multi-value output

Linear function                                                   cannot work with backpropagation (the derivative is constant)

collapses into a single layer
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Activation functions
Rectified linear unit
ReLU

Computational efficient

Non-linear

Dying ReLU problem

Leaky
ReLU Prevents dying ReLU problem

Results are not consistent

Parametric ReLU

Allows the negative slope to be learned

f(z) = max(0, z)
<latexit sha1_base64="lRW/n0q5Lg7N/X8P8AlPfQNp8tY=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahBSlJFfQiFL14rGA/oC1ls920S3eTsLsptqH/xIsHRbz6T7z5b9y2OWjrg4HHezPMzPMizpR2nG8rs7a+sbmV3c7t7O7tH9iHR3UVxpLQGgl5KJseVpSzgNY005w2I0mx8DhteMO7md8YUalYGDzqcUQ7AvcD5jOCtZG6to38wqSIbpDATwXnfFLs2nmn5MyBVombkjykqHbtr3YvJLGggSYcK9VynUh3Eiw1I5xOc+1Y0QiTIe7TlqEBFlR1kvnlU3RmlB7yQ2kq0Giu/p5IsFBqLDzTKbAeqGVvJv7ntWLtX3cSFkSxpgFZLPJjjnSIZjGgHpOUaD42BBPJzK2IDLDERJuwciYEd/nlVVIvl9yLUvnhMl+5TePIwgmcQgFcuIIK3EMVakBgBM/wCm9WYr1Y79bHojVjpTPH8AfW5w9ck5GK</latexit>

f(z) = max(↵z, z) ↵ 2 (0, 1)
<latexit sha1_base64="r7LwoxQV2tQVMUvLl2aRqGMn8aM=">AAACFHicbVDLSgMxFM34rPU16tJNsAgtSpmpgm6EohuXFewDOqXcSTM2mMkMSUZsS/sPbvwVNy4UcevCnX9j2s5CqwcunJxzL7n3+DFnSjvOlzU3v7C4tJxZya6urW9s2lvbNRUlktAqiXgkGz4oypmgVc00p41YUgh9Tuv+7cXYr99RqVgkrnUvpq0QbgQLGAFtpLZ9gIN8v4DPsBfCfd4DHncB9w/7hdEIpy+PCZx3Dt1C2845RWcC/Je4KcmhFJW2/el1IpKEVGjCQamm68S6NQCpGeF0mPUSRWMgt3BDm4YKCKlqDSZHDfG+UTo4iKQpofFE/TkxgFCpXuibzhB0V816Y/E/r5no4LQ1YCJONBVk+lGQcKwjPE4Id5ikRPOeIUAkM7ti0gUJRJscsyYEd/bkv6RWKrpHxdLVca58nsaRQbtoD+WRi05QGV2iCqoigh7QE3pBr9aj9Wy9We/T1jkrndlBv2B9fAPbP5uP</latexit>

6



4/27/22

4

Activation functions

Logistic function (sigmoid)

TanH / Hyperbolic Tangent

�(x) = (1 + exp(�x ·w � b))�1
<latexit sha1_base64="fIo5ZbyvIg5vB5Xi+JUju6uSMnM="></latexit>

tanh(z) =
sinh z

cosh z
<latexit sha1_base64="BfQ+KKMEW9ERBk3S1vm65rvazII=">AAACCnicbZDLSgMxFIYzXmu9jbp0Ey1C3ZSZKuhGKLpxWcFeoDOUTJppQzPJkGSEdujaja/ixoUibn0Cd76NmXYW2vpD4OM/53By/iBmVGnH+baWlldW19YLG8XNre2dXXtvv6lEIjFpYMGEbAdIEUY5aWiqGWnHkqAoYKQVDG+yeuuBSEUFv9ejmPgR6nMaUoy0sbr2kacRH5THp/DKCyXCqacoH8DxJPWwUBl07ZJTcaaCi+DmUAK56l37y+sJnESEa8yQUh3XibWfIqkpZmRS9BJFYoSHqE86BjmKiPLT6SkTeGKcHgyFNI9rOHV/T6QoUmoUBaYzQnqg5muZ+V+tk+jw0k8pjxNNOJ4tChMGtYBZLrBHJcGajQwgLKn5K8QDZBLRJr2iCcGdP3kRmtWKe1ap3p2Xatd5HAVwCI5BGbjgAtTALaiDBsDgETyDV/BmPVkv1rv1MWtdsvKZA/BH1ucP0QWaWw==</latexit>

=
exp(z)� exp(�z)

exp(z) + exp(�z)
<latexit sha1_base64="cg6mP9adeB+bG6qYLGQ+2oWL3BI=">AAACGHicbZDLSsNAFIYn9VbrLerSzWARWqQ1qYJuhKIblxXsBZpQJtNJO3RyYWYitqGP4cZXceNCEbfd+TZO0+Cl9YeBn++cw5nzOyGjQhrGp5ZZWl5ZXcuu5zY2t7Z39N29hggijkkdByzgLQcJwqhP6pJKRlohJ8hzGGk6g+tpvXlPuKCBfyeHIbE91POpSzGSCnX0E3hpuRzh2CIPYWFUhCWYuNKoOP5mxz+so+eNspEILhozNXmQqtbRJ1Y3wJFHfIkZEqJtGqG0Y8QlxYyMc1YkSIjwAPVIW1kfeUTYcXLYGB4p0oVuwNXzJUzo74kYeUIMPUd1ekj2xXxtCv+rtSPpXtgx9cNIEh/PFrkRgzKA05Rgl3KCJRsqgzCn6q8Q95HKSaoscyoEc/7kRdOolM3TcuX2LF+9SuPIggNwCArABOegCm5ADdQBBo/gGbyCN+1Je9HetY9Za0ZLZ/bBH2mTL+P1ncw=</latexit>

Smooth gradient

Output values bound

Clear predictions

Vanishing gradient

Outputs [not] zero centered.
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Activation functions

tanh(z) =
sinh z

cosh z
<latexit sha1_base64="BfQ+KKMEW9ERBk3S1vm65rvazII=">AAACCnicbZDLSgMxFIYzXmu9jbp0Ey1C3ZSZKuhGKLpxWcFeoDOUTJppQzPJkGSEdujaja/ixoUibn0Cd76NmXYW2vpD4OM/53By/iBmVGnH+baWlldW19YLG8XNre2dXXtvv6lEIjFpYMGEbAdIEUY5aWiqGWnHkqAoYKQVDG+yeuuBSEUFv9ejmPgR6nMaUoy0sbr2kacRH5THp/DKCyXCqacoH8DxJPWwUBl07ZJTcaaCi+DmUAK56l37y+sJnESEa8yQUh3XibWfIqkpZmRS9BJFYoSHqE86BjmKiPLT6SkTeGKcHgyFNI9rOHV/T6QoUmoUBaYzQnqg5muZ+V+tk+jw0k8pjxNNOJ4tChMGtYBZLrBHJcGajQwgLKn5K8QDZBLRJr2iCcGdP3kRmtWKe1ap3p2Xatd5HAVwCI5BGbjgAtTALaiDBsDgETyDV/BmPVkv1rv1MWtdsvKZA/BH1ucP0QWaWw==</latexit>

=
exp(z)� exp(�z)

exp(z) + exp(�z)
<latexit sha1_base64="cg6mP9adeB+bG6qYLGQ+2oWL3BI=">AAACGHicbZDLSsNAFIYn9VbrLerSzWARWqQ1qYJuhKIblxXsBZpQJtNJO3RyYWYitqGP4cZXceNCEbfd+TZO0+Cl9YeBn++cw5nzOyGjQhrGp5ZZWl5ZXcuu5zY2t7Z39N29hggijkkdByzgLQcJwqhP6pJKRlohJ8hzGGk6g+tpvXlPuKCBfyeHIbE91POpSzGSCnX0E3hpuRzh2CIPYWFUhCWYuNKoOP5mxz+so+eNspEILhozNXmQqtbRJ1Y3wJFHfIkZEqJtGqG0Y8QlxYyMc1YkSIjwAPVIW1kfeUTYcXLYGB4p0oVuwNXzJUzo74kYeUIMPUd1ekj2xXxtCv+rtSPpXtgx9cNIEh/PFrkRgzKA05Rgl3KCJRsqgzCn6q8Q95HKSaoscyoEc/7kRdOolM3TcuX2LF+9SuPIggNwCArABOegCm5ADdQBBo/gGbyCN+1Je9HetY9Za0ZLZ/bBH2mTL+P1ncw=</latexit>

�(z) =
1

1 + exp(�z)
=

exp(z)

exp(z) + 1
<latexit sha1_base64="eCmiRJI5BC2PFjPyC83FMQWcsG0=">AAACJnicbZDLSsNAFIYnXmu9RV26GSxCS7EkVdBNoejGZQV7gSaUyXTSDp1cmJmIbcjTuPFV3LioiLjzUZymEbT1h4Gf75zDmfM7IaNCGsantrK6tr6xmdvKb+/s7u3rB4ctEUQckyYOWMA7DhKEUZ80JZWMdEJOkOcw0nZGN7N6+4FwQQP/Xo5DYnto4FOXYiQV6uk1aAk68FBxUoI1y+UIx2YSm2VokceweDYpJVC1pDwlCvyYspn09IJRMVLBZWNmpgAyNXr61OoHOPKILzFDQnRNI5R2jLikmJEkb0WChAiP0IB0lfWRR4Qdp2cm8FSRPnQDrp4vYUp/T8TIE2LsOarTQ3IoFmsz+F+tG0n3yo6pH0aS+Hi+yI0YlAGcZQb7lBMs2VgZhDlVf4V4iFQmUiWbVyGYiycvm1a1Yp5XqncXhfp1FkcOHIMTUAQmuAR1cAsaoAkweAIvYAretGftVXvXPuatK1o2cwT+SPv6Bvabo6U=</latexit>

=
1

1 + exp(�2z)
� 1

1 + exp(2z)
<latexit sha1_base64="U7aUSH9M7QuSpW513eqaZ2amNy0=">AAACGHicbZDLSsNAFIYn9VbrLerSzWARKtKaVEE3QtGNywr2Ak0ok+mkHTqZhJmJWEMew42v4saFIm67822ctF1o6w8DP985hzPn9yJGpbKsbyO3tLyyupZfL2xsbm3vmLt7TRnGApMGDlko2h6ShFFOGooqRtqRICjwGGl5w5us3nogQtKQ36tRRNwA9Tn1KUZKo655Cq+g4wuEEztN7BOHPEalcvXpOIXlBZ7hrlm0KtZEcNHYM1MEM9W75tjphTgOCFeYISk7thUpN0FCUcxIWnBiSSKEh6hPOtpyFBDpJpPDUnikSQ/6odCPKzihvycSFEg5CjzdGSA1kPO1DP5X68TKv3QTyqNYEY6ni/yYQRXCLCXYo4JgxUbaICyo/ivEA6TjUDrLgg7Bnj950TSrFfusUr07L9auZ3HkwQE4BCVggwtQA7egDhoAg2fwCt7Bh/FivBmfxte0NWfMZvbBHxnjH+IKndI=</latexit>

=
exp(z)

exp(z) + exp(�z)
� exp(�z)

exp(z) + exp(�z)
<latexit sha1_base64="OU1QH1Iu036/i3/UErV8eDcX3C0=">AAACMHicbVBLSwMxGMz6rPW16tFLsAgVadmtgl6Eogc9VrAP6C4lm2bb0Gx2SbJiXfqTvPhT9KKgiFd/hem2Qm07EDLMzEfyjRcxKpVlvRsLi0vLK6uZtez6xubWtrmzW5NhLDCp4pCFouEhSRjlpKqoYqQRCYICj5G617sa+vV7IiQN+Z3qR8QNUIdTn2KktNQyr+EFdHyBcOKQhyj/eDT4I8fpXdAKLExGCnMzLTNnFa0UcJbYY5IDY1Ra5ovTDnEcEK4wQ1I2bStSboKEopiRQdaJJYkQ7qEOaWrKUUCkm6QLD+ChVtrQD4U+XMFUnZxIUCBlP/B0MkCqK6e9oTjPa8bKP3cTyqNYEY5HD/kxgyqEw/ZgmwqCFetrgrCg+q8Qd5HuRumOs7oEe3rlWVIrFe2TYun2NFe+HNeRAfvgAOSBDc5AGdyACqgCDJ7AK/gAn8az8WZ8Gd+j6IIxntkD/2D8/AIGr6fE</latexit>

= �(2z)� �(�2z)
<latexit sha1_base64="WGudq7v8fz7JzxLLgs25aCTHnnw=">AAACBHicbVDLSgMxFL3js9bXqMtugkWoi5aZKuhGKLpxWcE+oB1KJk3b0GRmSDJCHbpw46+4caGIWz/CnX9j2o6grQcC555zLzf3+BFnSjvOl7W0vLK6tp7ZyG5ube/s2nv7dRXGktAaCXkomz5WlLOA1jTTnDYjSbHwOW34w6uJ37ijUrEwuNWjiHoC9wPWYwRrI3XsHLpAbcX6AhfK98eo+FMUTdWx807JmQItEjcleUhR7dif7W5IYkEDTThWquU6kfYSLDUjnI6z7VjRCJMh7tOWoQEWVHnJ9IgxOjJKF/VCaV6g0VT9PZFgodRI+KZTYD1Q895E/M9rxbp37iUsiGJNAzJb1Is50iGaJIK6TFKi+cgQTCQzf0VkgCUm2uSWNSG48ycvknq55J6Uyjen+cplGkcGcnAIBXDhDCpwDVWoAYEHeIIXeLUerWfrzXqftS5Z6cwB/IH18Q3UB5Wo</latexit>

Sigmoid

Hyperbolic tangent
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Activation functions

�(z) =
1

1 + exp(�z)
=

exp(z)

exp(z) + 1
<latexit sha1_base64="eCmiRJI5BC2PFjPyC83FMQWcsG0=">AAACJnicbZDLSsNAFIYnXmu9RV26GSxCS7EkVdBNoejGZQV7gSaUyXTSDp1cmJmIbcjTuPFV3LioiLjzUZymEbT1h4Gf75zDmfM7IaNCGsantrK6tr6xmdvKb+/s7u3rB4ctEUQckyYOWMA7DhKEUZ80JZWMdEJOkOcw0nZGN7N6+4FwQQP/Xo5DYnto4FOXYiQV6uk1aAk68FBxUoI1y+UIx2YSm2VokceweDYpJVC1pDwlCvyYspn09IJRMVLBZWNmpgAyNXr61OoHOPKILzFDQnRNI5R2jLikmJEkb0WChAiP0IB0lfWRR4Qdp2cm8FSRPnQDrp4vYUp/T8TIE2LsOarTQ3IoFmsz+F+tG0n3yo6pH0aS+Hi+yI0YlAGcZQb7lBMs2VgZhDlVf4V4iFQmUiWbVyGYiycvm1a1Yp5XqncXhfp1FkcOHIMTUAQmuAR1cAsaoAkweAIvYAretGftVXvXPuatK1o2cwT+SPv6Bvabo6U=</latexit>

Sigmoid

�0(z) =
d

dz
�(z) =

d

dz
(1 + exp(�z))�1

<latexit sha1_base64="M23f2llUED2eFOqeyqOSXc2RTb8="></latexit>

=
exp(�z)

(1 + exp(�z))2
<latexit sha1_base64="9FWo96rPrZFzca9XXaoJGf57U4g=">AAACEHicbVDLSgMxFM3UV62vUZdugkVsEctMFXQjFN24rGAf0BlLJs20oZnMkGTEOswnuPFX3LhQxK1Ld/6N6UPQ1gMXTs65l9x7vIhRqSzry8jMzS8sLmWXcyura+sb5uZWXYaxwKSGQxaKpockYZSTmqKKkWYkCAo8Rhpe/2LoN26JkDTk12oQETdAXU59ipHSUtvch2fQ8QXCiUPuosLhfTGFScGGB/DnXbxJymnaNvNWyRoBzhJ7QvJggmrb/HQ6IY4DwhVmSMqWbUXKTZBQFDOS5pxYkgjhPuqSlqYcBUS6yeigFO5ppQP9UOjiCo7U3xMJCqQcBJ7uDJDqyWlvKP7ntWLln7oJ5VGsCMfjj/yYQRXCYTqwQwXBig00QVhQvSvEPaTjUTrDnA7Bnj55ltTLJfuoVL46zlfOJ3FkwQ7YBQVggxNQAZegCmoAgwfwBF7Aq/FoPBtvxvu4NWNMZrbBHxgf355imnE=</latexit>

=
1

1 + exp(z)
· 1

1 + exp(�z)
<latexit sha1_base64="KNACadC2kkMcITRJoO+gXEUAqKw=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0WoiCWpom6EohuXFewDmlAmk0k7dJIJMxOxhvyJG3/FjQtFxF3/xuljoW0PXDiccy/33uPFjEplWUMjt7S8srqWXy9sbG5t75i7ew3JE4FJHXPGRctDkjAakbqiipFWLAgKPUaaXv925DcfiZCURw9qEBM3RN2IBhQjpaWOeQGvoRMIhFM7g6kNT6BDnuLS83HmYJ+rRd6pNjtm0SpbY8B5Yk9JEUxR65g/js9xEpJIYYakbNtWrNwUCUUxI1nBSSSJEe6jLmlrGqGQSDcd/5fBI634MOBCV6TgWP07kaJQykHo6c4QqZ6c9UbiIq+dqODKTWkUJ4pEeLIoSBhUHI7Cgj4VBCs20ARhQfWtEPeQTkTpSAs6BHv25XnSqJTts3Ll/rxYvZnGkQcH4BCUgA0uQRXcgRqoAwxewBv4AJ/Gq/FufBnfk9acMZ3ZB/9gDH8BfnSgLQ==</latexit>

=
exp(�z)

1 + exp(�z)
· 1

1 + exp(�z)
<latexit sha1_base64="RPk7zpro9I6ftazF9e5Xg9WhoPc=">AAACJ3icbVBbS8MwGE3nbc5b1UdfgkOYiKOdgr4oQ198nOAusJaRpukWlqYlScVZ9m988a/4IqiIPvpPzLYiunkgcHLO+Ui+48WMSmVZn0Zubn5hcSm/XFhZXVvfMDe3GjJKBCZ1HLFItDwkCaOc1BVVjLRiQVDoMdL0+pcjv3lLhKQRv1GDmLgh6nIaUIyUljrmOTyDTiAQTh1yF5cO7/eHMLXhAfy5OtiPVJaxp82OWbTK1hhwltgZKYIMtY754vgRTkLCFWZIyrZtxcpNkVAUMzIsOIkkMcJ91CVtTTkKiXTT8Z5DuKcVHwaR0IcrOFZ/T6QolHIQejoZItWT095I/M9rJyo4dVPK40QRjicPBQmDKoKj0qBPBcGKDTRBWFD9V4h7SDeidLUFXYI9vfIsaVTK9lG5cn1crF5kdeTBDtgFJWCDE1AFV6AG6gCDB/AEXsGb8Wg8G+/GxySaM7KZbfAHxtc3OS6jGg==</latexit>

= �(z)�(�z)
<latexit sha1_base64="DLNusbyyNyxGjtY5mgXWnqi0La8=">AAAB/3icbZDLSgMxFIbPeK31Niq4cRMsQruwzFRBN0LRjcsK9gLtUDJp2oYmM0OSEdqxC1/FjQtF3Poa7nwb03YW2vpD4OM/53BOfj/iTGnH+baWlldW19YzG9nNre2dXXtvv6bCWBJaJSEPZcPHinIW0KpmmtNGJCkWPqd1f3AzqdcfqFQsDO71MKKewL2AdRnB2lht+xBdoZZiPYHzo0IKp6NC2845RWcqtAhuCjlIVWnbX61OSGJBA004VqrpOpH2Eiw1I5yOs61Y0QiTAe7RpsEAC6q8ZHr/GJ0Yp4O6oTQv0Gjq/p5IsFBqKHzTKbDuq/naxPyv1ox199JLWBDFmgZktqgbc6RDNAkDdZikRPOhAUwkM7ci0scSE20iy5oQ3PkvL0KtVHTPiqW781z5Oo0jA0dwDHlw4QLKcAsVqAKBR3iGV3iznqwX6936mLUuWenMAfyR9fkDv+iUpQ==</latexit>

1� �(z) = �(�z)
<latexit sha1_base64="IETpFgffMLKz/qAiNi2cYoJP8C4=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYhHbRMlMF3QhFNy4r2Au0Q8mkmTY0yQxJRmiHuvFV3LhQxK1v4c63MW1noa0/BD7+cw4n5/cjRpV2nG8rs7K6tr6R3cxtbe/s7tn7Bw0VxhKTOg5ZKFs+UoRRQeqaakZakSSI+4w0/eHNtN58IFLRUNzrUUQ8jvqCBhQjbayufeSWOor2OSqMi/AKplwaF7t23ik7M8FlcFPIg1S1rv3V6YU45kRozJBSbdeJtJcgqSlmZJLrxIpECA9Rn7QNCsSJ8pLZBRN4apweDEJpntBw5v6eSBBXasR908mRHqjF2tT8r9aOdXDpJVREsSYCzxcFMYM6hNM4YI9KgjUbGUBYUvNXiAdIIqxNaDkTgrt48jI0KmX3rFy5O89Xr9M4suAYnIACcMEFqIJbUAN1gMEjeAav4M16sl6sd+tj3pqx0plD8EfW5w+mU5UX</latexit>
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�(z) =
1

1 + exp(�z)
=

exp(z)

exp(z) + 1
<latexit sha1_base64="eCmiRJI5BC2PFjPyC83FMQWcsG0=">AAACJnicbZDLSsNAFIYnXmu9RV26GSxCS7EkVdBNoejGZQV7gSaUyXTSDp1cmJmIbcjTuPFV3LioiLjzUZymEbT1h4Gf75zDmfM7IaNCGsantrK6tr6xmdvKb+/s7u3rB4ctEUQckyYOWMA7DhKEUZ80JZWMdEJOkOcw0nZGN7N6+4FwQQP/Xo5DYnto4FOXYiQV6uk1aAk68FBxUoI1y+UIx2YSm2VokceweDYpJVC1pDwlCvyYspn09IJRMVLBZWNmpgAyNXr61OoHOPKILzFDQnRNI5R2jLikmJEkb0WChAiP0IB0lfWRR4Qdp2cm8FSRPnQDrp4vYUp/T8TIE2LsOarTQ3IoFmsz+F+tG0n3yo6pH0aS+Hi+yI0YlAGcZQb7lBMs2VgZhDlVf4V4iFQmUiWbVyGYiycvm1a1Yp5XqncXhfp1FkcOHIMTUAQmuAR1cAsaoAkweAIvYAretGftVXvXPuatK1o2cwT+SPv6Bvabo6U=</latexit>

Sigmoid

Multinomial logistic regression function – Softmax

Activation functions - Softmax
multinomial logistic regression generalizes logistic regression to a multiclass problem

z̄ = z1, . . . , zK
<latexit sha1_base64="rliwWZFvg6yD8zgRgnXcAVkpdYI=">AAACAnicbVC7SgNBFL0bXzG+Vq3EZjAIFiHsRkEbIWgj2EQwD0iWZXYymwyZfTAzKyRLsPFXbCwUsfUr7PwbJ8kWmnhg4HDOPdy5x4s5k8qyvo3c0vLK6lp+vbCxubW9Y+7uNWSUCELrJOKRaHlYUs5CWldMcdqKBcWBx2nTG1xP/OYDFZJF4b0axtQJcC9kPiNYack1DzoeFulojC7RyLVLqNONlCxpfuuaRatsTYEWiZ2RImSoueaXDpMkoKEiHEvZtq1YOSkWihFOx4VOImmMyQD3aFvTEAdUOun0hDE61koX+ZHQL1Roqv5OpDiQchh4ejLAqi/nvYn4n9dOlH/hpCyME0VDMlvkJxypCE36QF0mKFF8qAkmgum/ItLHAhOlWyvoEuz5kxdJo1K2T8uVu7Ni9SqrIw+HcAQnYMM5VOEGalAHAo/wDK/wZjwZL8a78TEbzRlZZh/+wPj8ATaZlgU=</latexit>

classesK
<latexit sha1_base64="HQfadDQrozr2PpvG928HQmjcOjI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL4KXBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6NTjNM=</latexit>

Pr(L(x) = k) = softmax(k,w1x, . . . ,wkx, . . . ,wKx)
<latexit sha1_base64="HWfflRzkY+FOIc3Mg9O35e1IKqc="></latexit>

�(z̄)k =
exp(zk)PK
j=1 exp(zj)

<latexit sha1_base64="hR85TG/XMjOw6SqzgPha+iKXkI4="></latexit>

k 2 {1, 2, . . . ,K}
<latexit sha1_base64="HoF7F+c9BK4L1k5DCX0MTbRCQh4=">AAACA3icbVBNS8NAEJ3Ur1q/ot70slgED6UkVdBj0YvgpYJthSaUzWbTLt1swu5GKKHgxb/ixYMiXv0T3vw3bj8O2vpg4PHeDDPzgpQzpR3n2yosLa+srhXXSxubW9s79u5eSyWZJLRJEp7I+wArypmgTc00p/eppDgOOG0Hg6ux336gUrFE3OlhSv0Y9wSLGMHaSF37AA2QxwTycrdSqyCPh4lWFXTjjVDXLjtVZwK0SNwZKcMMja795YUJyWIqNOFYqY7rpNrPsdSMcDoqeZmiKSYD3KMdQwWOqfLzyQ8jdGyUEEWJNCU0mqi/J3IcKzWMA9MZY91X895Y/M/rZDq68HMm0kxTQaaLoowjnaBxIChkkhLNh4ZgIpm5FZE+lphoE1vJhODOv7xIWrWqe1qt3Z6V65ezOIpwCEdwAi6cQx2uoQFNIPAIz/AKb9aT9WK9Wx/T1oI1m9mHP7A+fwBpAZV1</latexit>
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The multinomial logistic function 
• Multinomial logit model for K possible outcomes:

• Run K-1 independent binary logistic regression models

• Chose outcome K as a “pivot” 

• The other K-1 outcomes are separately regressed against the pivot outcome

ln
Pr (L(x) = 1)

Pr (L(x) = K)
= w1x

<latexit sha1_base64="JDxluSd1LKHFplG8VNmGvuPetMk="></latexit>

ln
Pr (L(x) = 2)

Pr (L(x) = K)
= w2x

<latexit sha1_base64="Etz5H6XCEGE/kZzcTMwb+Bt4Lmk="></latexit>

ln
Pr (L(x) = (K � 1))

Pr (L(x) = K)
= w(K�1)x

<latexit sha1_base64="F3iKA7QJ+AuZ47MwmcG4ClZbDV8="></latexit>

Pr (L(x) = (K � 1)) = Pr (L(x) = K) exp(w(K�1)x)
<latexit sha1_base64="WI8PddpC5/rDXCIzkq4Xx2pDDAE="></latexit>

Pr (L(x) = 2) = Pr (L(x) = K) exp(w2x)
<latexit sha1_base64="o3xgGnnZu/wwgSTCMYmCjB5DQWo="></latexit>

Pr (L(x) = 1) = Pr (L(x) = K) exp(w1x)
<latexit sha1_base64="ypgoPJqOUZXiS1l8wbSBwAFLeyQ="></latexit>

L(x)
<latexit sha1_base64="GQy1rSk5xCSbph8IEBuzHveR8kU=">AAAB9XicbVC7TsMwFL0pr1JeBUYWiwqpLFXSIsFYwcLAUCT6kNpQOa7TWnWcyHaAKup/sDCAECv/wsbf4LQZoOVIlo7OuVf3+HgRZ0rb9reVW1ldW9/Ibxa2tnd294r7By0VxpLQJgl5KDseVpQzQZuaaU47kaQ48Dhte+Or1G8/UKlYKO70JKJugIeC+YxgbaT7m3IvwHrk+cnT9BT1iyW7Ys+AlomTkRJkaPSLX71BSOKACk04Vqrr2JF2Eyw1I5xOC71Y0QiTMR7SrqECB1S5ySz1FJ0YZYD8UJonNJqpvzcSHCg1CTwzmWZUi14q/ud1Y+1fuAkTUaypIPNDfsyRDlFaARowSYnmE0MwkcxkRWSEJSbaFFUwJTiLX14mrWrFqVWqt2el+mVWRx6O4BjK4MA51OEaGtAEAhKe4RXerEfrxXq3PuajOSvbOYQ/sD5/AL9ekgU=</latexit>

- network prediction of an input x

11

The multinomial function 

Pr (L(x) = K) = 1�
K�1X

k=1

Pr (L(x) = k)
<latexit sha1_base64="nBcppKjV79wf3vxj8ZJrRLDVHX8="></latexit>

= 1�
K�1X

k=1

Pr (L(x) = K) exp(wkx)
<latexit sha1_base64="YfxJeJr6tkLhyE8wYQzNGX9Ue9U="></latexit>

Pr(L(x) = k) =
exp(wkx)

1 +
PK�1

j=1 exp(wjx)
<latexit sha1_base64="ucdvTJATlm2RzT4d/8soiqGQPRA="></latexit>

Pr(L(x) = K) =
1

1 +
PK�1

j=1 exp(wjx)
<latexit sha1_base64="in7IfzxureK1nJK28dPtnstnVSs="></latexit>
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The Softmax function - generalization 
• The formulation of binary logistic regression as a log-linear model can be directly extended to multi-way 

regression. 

• We formulate probabilities using the partition function Z:

KX

1=1

Pr(L(x) = k) = 1
<latexit sha1_base64="wRuK1LJTA/J+cVsltrYwYH3Ivd0=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0Wpm5JUQTeFohtBFxXsA5oYJtNJO3TyYGYilpA/cOOvuHGhiFu37vwbJ20W2nrgwuGce7n3HjdiVEjD+NYKC4tLyyvF1dLa+sbmlr690xZhzDFp4ZCFvOsiQRgNSEtSyUg34gT5LiMdd3SR+Z17wgUNg1s5jojto0FAPYqRVJKjH0JLxL6TmHUzvbuCTV65rlg+kkPXSx7SI1gfqYKmo5eNqjEBnCdmTsogR9PRv6x+iGOfBBIzJETPNCJpJ4hLihlJS1YsSITwCA1IT9EA+UTYyeSfFB4opQ+9kKsKJJyovycS5Asx9l3VmZ0qZr1M/M/rxdI7sxMaRLEkAZ4u8mIGZQizcGCfcoIlGyuCMKfqVoiHiCMsVYQlFYI5+/I8adeq5nG1dnNSbpzncRTBHtgHFWCCU9AAl6AJWgCDR/AMXsGb9qS9aO/ax7S1oOUzu+APtM8fDyKaHw==</latexit>

Pr(L(x) = k) =
1

Z
exp(wkx)

<latexit sha1_base64="28Qhnu0IT8P7Ba8r1MdG2ueq+uY="></latexit>

KX

k=1

Pr(L(x) = k) =
KX

k=1

1

Z
exp(wkx)

<latexit sha1_base64="bRGJdhGtBLW/U6TA+oDw1pbmozQ="></latexit>

=
1

Z

KX

k=1

exp(wkx)
<latexit sha1_base64="0v/YySZNaTaJ+u0H5KAG/mLoZaU="></latexit>

= 1
<latexit sha1_base64="AbQFKN4wcd2Xz2llajawcKDoPiM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWergmXq9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZqRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0ijYEb/HlZdKsVrzzSvX+oly7yeMowDGcwBl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvHXFyWeO4A+czx9TUo0q</latexit>

Z =
KX

k=1

exp(wkx)
<latexit sha1_base64="v/5TNvBz1zdMudGmOT7czAX4rPA=">AAACGHicbVDLSsNAFJ34rPUVdelmsAh1U5Mq6KZQdCO4qWAf2NQwmU7aIZMHMxNtCfkMN/6KGxeKuO3Ov3HSVtDWAwNnzrmXe+9xIkaFNIwvbWFxaXllNbeWX9/Y3NrWd3YbIow5JnUcspC3HCQIowGpSyoZaUWcIN9hpOl4l5nffCBc0DC4lcOIdHzUC6hLMZJKsvXjO1iBloh9O/EqZnp/DaFFBlHR8pHsO27ymNoe/PkM0iNbLxglYww4T8wpKYAparY+srohjn0SSMyQEG3TiGQnQVxSzEiat2JBIoQ91CNtRQPkE9FJxoel8FApXeiGXL1AwrH6uyNBvhBD31GV2Ypi1svE/7x2LN3zTkKDKJYkwJNBbsygDGGWEuxSTrBkQ0UQ5lTtCnEfcYSlyjKvQjBnT54njXLJPCmVb04L1YtpHDmwDw5AEZjgDFTBFaiBOsDgCbyAN/CuPWuv2of2OSld0KY9e+APtNE3jzWfhQ==</latexit>

Pr(L(x) = c) =
exp(wcx)PK

k=1 exp(wkx)
<latexit sha1_base64="Ik4vIhcLNIR9oq3lNrsM+LOLSOk="></latexit>

13

Activation functions- Swish

f(z) =
z

1 + exp(�z)
<latexit sha1_base64="AJ92p4eyOf0ynLMz6h8sHp4Rp/k=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahRSxJFXQjFN24rGAf0IQymU7aoZNJmJmIbcjGjb/ixoUibv0Hd/6N0zYLrR64cDjnXu69x4sYlcqyvozcwuLS8kp+tbC2vrG5ZW7vNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6TlDa8mfuuOCElDfqtGEXED1OfUpxgpLXXNfeiXxmV4AR1fIJyM08Q+csh9VDoel9OuWbQq1hTwL7EzUgQZ6l3z0+mFOA4IV5ghKTu2FSk3QUJRzEhacGJJIoSHqE86mnIUEOkm0y9SeKiVHvRDoYsrOFV/TiQokHIUeLozQGog572J+J/XiZV/7iaUR7EiHM8W+TGDKoSTSGCPCoIVG2mCsKD6VogHSMehdHAFHYI9//Jf0qxW7JNK9ea0WLvM4siDPXAASsAGZ6AGrkEdNAAGD+AJvIBX49F4Nt6M91lrzshmdsEvGB/f79OW9A==</latexit>

Swish: a Self-Gated Activation Function

14
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Loss functions
Also termed a cost function or the objective

Measure our unhappiness with outcomes )-:

Mean absolute error

Mean squared error

yi = LGT (xi)
<latexit sha1_base64="hgSIBJlV+fbTvvYS5GXPID4YY6M=">AAACDXicbVDLSsNAFJ34rPUVdelmsAp1U5Iq6EYoutCFiwp9QRPCZDpph04ezEykMeQH3Pgrblwo4ta9O//GaZuFth64cDjnXu69x40YFdIwvrWFxaXlldXCWnF9Y3NrW9/ZbYkw5pg0cchC3nGRIIwGpCmpZKQTcYJ8l5G2O7wa++17wgUNg4ZMImL7qB9Qj2IkleToh4lD4QW8dVLLd8ORJTCnkRT0gcD0upFl5ZFDjx29ZFSMCeA8MXNSAjnqjv5l9UIc+ySQmCEhuqYRSTtFXFLMSFa0YkEihIeoT7qKBsgnwk4n32TwSCk96IVcVSDhRP09kSJfiMR3VaeP5EDMemPxP68bS+/cTmkQxZIEeLrIixmUIRxHA3uUEyxZoghSMahbIR4gjrBUARZVCObsy/OkVa2YJ5Xq3WmpdpnHUQD74ACUgQnOQA3cgDpoAgwewTN4BW/ak/aivWsf09YFLZ/ZA3+gff4A74ybeg==</latexit>

ŷi = L̂(xi)
<latexit sha1_base64="3dsXVsihLKpu1xG0IhjuRubTdhg=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBItRNSaqgG6HoxoWLCvYCbQiT6aQdOpmEmYkYQja+ihsXirj1Mdz5Nk7aLLT1h4GP/5zDmfN7EaNSWda3UVpaXlldK69XNja3tnfM3b2ODGOBSRuHLBQ9D0nCKCdtRRUjvUgQFHiMdL3JdV7vPhAhacjvVRIRJ0AjTn2KkdKWax4MxkjBxKXwEuaY3ma1R5eeuGbVqltTwUWwC6iCQi3X/BoMQxwHhCvMkJR924qUkyKhKGYkqwxiSSKEJ2hE+ho5Coh00ukBGTzWzhD6odCPKzh1f0+kKJAyCTzdGSA1lvO13Pyv1o+Vf+GklEexIhzPFvkxgyqEeRpwSAXBiiUaEBZU/xXiMRIIK51ZRYdgz5+8CJ1G3T6tN+7Oqs2rIo4yOARHoAZscA6a4Aa0QBtgkIFn8ArejCfjxXg3PmatJaOY2Qd/ZHz+ACbplXo=</latexit>

Network prediction

<latexit sha1_base64="QFb689W+q5DwkCwQk8HFiV1d6SI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWesC+6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AFcMo3Z</latexit>

ti
<latexit sha1_base64="QFb689W+q5DwkCwQk8HFiV1d6SI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWesC+6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AFcMo3Z</latexit>

ti

<latexit sha1_base64="QFb689W+q5DwkCwQk8HFiV1d6SI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWesC+6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AFcMo3Z</latexit>

ti

15

Loss functions: Binary Classification
<latexit sha1_base64="VUrslXuyOVyry+pUBy7F6DVbpds=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOxF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28G4PvPbT6g0j+WjmSToR3QoecgZNVZ6qPe9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPEzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndVvby/rNRu8ziKcAKncA4eXEMN7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QO90Y10</latexit>

C1
<latexit sha1_base64="jR+eOAKYfGtktEty4UUPPwLnYqw=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELh4xyiOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj+txvP6HSPJaPZpKgH9Gh5CFn1Fjpod6v9Islt+wuQNaJl5ESZGj0i1+9QczSCKVhgmrd9dzE+FOqDGcCZ4VeqjGhbEyH2LVU0gi1P12cOiMXVhmQMFa2pCEL9ffElEZaT6LAdkbUjPSqNxf/87qpCW/8KZdJalCy5aIwFcTEZP43GXCFzIiJJZQpbm8lbEQVZcamU7AheKsvr5NWpexdlav31VLtNosjD2dwDpfgwTXU4A4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+/VY11</latexit>

C2

<latexit sha1_base64="UD6OJhHE3NJMHx16oWyrN3ordSg=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxCvIRdCepFCObiMYJ5QLIss5PZZMjsg5leNWzyKV48KOLVL/Hm3zhJ9qCJBQ1FVTfdXV4suALL+jZya+sbm1v57cLO7t7+gVk8bKkokZQ1aSQi2fGIYoKHrAkcBOvEkpHAE6ztjeozv/3ApOJReA/jmDkBGYTc55SAllyz2BsSwONrHJfrro0nT2euWbIq1hx4ldgZKaEMDdf86vUjmgQsBCqIUl3bisFJiQROBZsWeoliMaEjMmBdTUMSMOWk89On+FQrfexHUlcIeK7+nkhJoNQ48HRnQGColr2Z+J/XTcC/clIexgmwkC4W+YnAEOFZDrjPJaMgxpoQKrm+FdMhkYSCTqugQ7CXX14lrfOKfVGp3lVLtZssjjw6RieojGx0iWroFjVQE1H0iJ7RK3ozJsaL8W58LFpzRjZzhP7A+PwBDkOSlQ==</latexit>

ŷ = p(C1|x)
<latexit sha1_base64="rlaAq8AFKYzMbkQNvwXs+imtWwM=">AAAB/HicbVDLSgNBEOz1GeNrNUcvg0GIB8NuCOpFCObiMYJ5QLKE2clsMmT2wcysuKzxV7x4UMSrH+LNv3GS7EETCxqKqm66u9yIM6ks69tYWV1b39jMbeW3d3b39s2Dw5YMY0Fok4Q8FB0XS8pZQJuKKU47kaDYdzltu+P61G/fUyFZGNypJKKOj4cB8xjBSkt9s2Cf9UZYoeQKRaV6v4IeH077ZtEqWzOgZWJnpAgZGn3zqzcISezTQBGOpezaVqScFAvFCKeTfC+WNMJkjIe0q2mAfSqddHb8BJ1oZYC8UOgKFJqpvydS7EuZ+K7u9LEayUVvKv7ndWPlXTopC6JY0YDMF3kxRypE0yTQgAlKFE80wUQwfSsiIywwUTqvvA7BXnx5mbQqZfu8XL2tFmvXWRw5OIJjKIENF1CDG2hAEwgk8Ayv8GY8GS/Gu/Exb10xspkC/IHx+QPu+pMI</latexit>

1� ŷ = p(C2|x)

Binomial distribution – Bernoulli distribution

The likelihood of observing the training data set, 
assuming the data points are drawn independently from
this distribution, is then given by: 

<latexit sha1_base64="mM4YUpn5IFmVBu4fvAG9p2JjMzo="></latexit>Y

i

ŷ(ti)i (1� ŷi)
(1�ti)

<latexit sha1_base64="8aJjUq2Pc7YZ853rHDSIAsTN9Eg=">AAACDHicbZC7SgNBFIZnvcZ4i1raDAZhUxh2Q1AbJZDGMoK5QLKG2clsMmT2wsxZMax5ABtfxcZCEVsfwM63cTZJoYk/DHz85xzOnN+NBFdgWd/G0vLK6tp6ZiO7ubW9s5vb22+oMJaU1WkoQtlyiWKCB6wOHARrRZIR3xWs6Q6rab15x6TiYXADo4g5PukH3OOUgLa6uXxkwsN9AV/gyKx2bY23kFIppcS0T6Aw1l1W0ZoIL4I9gzyaqdbNfXV6IY19FgAVRKm2bUXgJEQCp4KNs51YsYjQIemztsaA+Ew5yeSYMT7WTg97odQvADxxf08kxFdq5Lu60ycwUPO11Pyv1o7BO3cSHkQxsIBOF3mxwBDiNBnc45JRECMNhEqu/4rpgEhCQeeX1SHY8ycvQqNUtE+L5etyvnI5iyODDtERMpGNzlAFXaEaqiOKHtEzekVvxpPxYrwbH9PWJWM2c4D+yPj8AQI8mRA=</latexit>

p(t|x) = p(C1|x)tp(C2|x)(1�t)

<latexit sha1_base64="yPPPnHfojQcbN+jRLjbKEd9YSD8=">AAACDnicbZDLSgMxFIYzXmu9jbp0EyyFdmGZkaJulIIblxXsBdppyaRpG5q5kJwRyzhP4MZXceNCEbeu3fk2pu0stPWHwJf/nENyfjcUXIFlfRtLyyura+uZjezm1vbOrrm3X1dBJCmr0UAEsukSxQT3WQ04CNYMJSOeK1jDHV1N6o07JhUP/FsYh8zxyMDnfU4JaKtr5sMCPNwX8QVuDwnE46QDBfs45WIn1hcoJl0zZ5WsqfAi2CnkUKpq1/xq9wIaecwHKohSLdsKwYmJBE4FS7LtSLGQ0BEZsJZGn3hMOfF0nQTntdPD/UDq4wOeur8nYuIpNfZc3ekRGKr52sT8r9aKoH/uxNwPI2A+nT3UjwSGAE+ywT0uGQUx1kCo5PqvmA6JJBR0glkdgj2/8iLUT0r2aal8U85VLtM4MugQHaECstEZqqBrVEU1RNEjekav6M14Ml6Md+Nj1rpkpDMH6I+Mzx8JX5rW</latexit>

p(t|x) = ŷt(1� ŷ)(1�t)

<latexit sha1_base64="rSvESg7onH2KsZV2QzlYKA3jQ1E=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRS1I1S6MZlBfuAJoTJdNIOnUzCzERaQgNu/BU3LhRx60e482+ctllo64ELh3Pu5d57/JhRqSzr2yisrW9sbhW3Szu7e/sH5uFRW0aJwKSFIxaJro8kYZSTlqKKkW4sCAp9Rjr+qDHzOw9ESBrxezWJiRuiAacBxUhpyTPL6trOMif0o3FKgynMMjiGDuWw4dmeWbGq1hxwldg5qYAcTc/8cvoRTkLCFWZIyp5txcpNkVAUMzItOYkkMcIjNCA9TTkKiXTT+RNTeKqVPgwioYsrOFd/T6QolHIS+rozRGool72Z+J/XS1Rw5aaUx4kiHC8WBQmDKoKzRGCfCoIVm2iCsKD6VoiHSCCsdG4lHYK9/PIqaZ9X7Ytq7a5Wqd/kcRRBGZyAM2CDS1AHt6AJWgCDR/AMXsGb8WS8GO/Gx6K1YOQzx+APjM8fpHKXbw==</latexit>

t = 1 if x 2 C1
<latexit sha1_base64="QL/u22OZ61tv/LQ7ySkEgD6eysQ=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclaQUdaMUunFZwT6gCWEynbRDJ5MwM5GW0IAbf8WNC0Xc+hHu/BunbRbaeuDC4Zx7ufceP2ZUKsv6NtbWNza3tgs7xd29/YND8+i4LaNEYNLCEYtE10eSMMpJS1HFSDcWBIU+Ix1/1Jj5nQciJI34vZrExA3RgNOAYqS05JkldW1lmRP60TilwRRmGRxDh3LY8KqeWbYq1hxwldg5KYMcTc/8cvoRTkLCFWZIyp5txcpNkVAUMzItOokkMcIjNCA9TTkKiXTT+RNTeKaVPgwioYsrOFd/T6QolHIS+rozRGool72Z+J/XS1Rw5aaUx4kiHC8WBQmDKoKzRGCfCoIVm2iCsKD6VoiHSCCsdG5FHYK9/PIqaVcr9kWldlcr12/yOAqgBE7BObDBJaiDW9AELYDBI3gGr+DNeDJejHfjY9G6ZuQzJ+APjM8fpFqXbw==</latexit>

t = 0 if x 2 C2

16
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Loss functions: Binary Classification
<latexit sha1_base64="VUrslXuyOVyry+pUBy7F6DVbpds=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOxF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28G4PvPbT6g0j+WjmSToR3QoecgZNVZ6qPe9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPEzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndVvby/rNRu8ziKcAKncA4eXEMN7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QO90Y10</latexit>

C1
<latexit sha1_base64="jR+eOAKYfGtktEty4UUPPwLnYqw=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELh4xyiOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj+txvP6HSPJaPZpKgH9Gh5CFn1Fjpod6v9Islt+wuQNaJl5ESZGj0i1+9QczSCKVhgmrd9dzE+FOqDGcCZ4VeqjGhbEyH2LVU0gi1P12cOiMXVhmQMFa2pCEL9ffElEZaT6LAdkbUjPSqNxf/87qpCW/8KZdJalCy5aIwFcTEZP43GXCFzIiJJZQpbm8lbEQVZcamU7AheKsvr5NWpexdlav31VLtNosjD2dwDpfgwTXU4A4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+/VY11</latexit>

C2

<latexit sha1_base64="UD6OJhHE3NJMHx16oWyrN3ordSg=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxCvIRdCepFCObiMYJ5QLIss5PZZMjsg5leNWzyKV48KOLVL/Hm3zhJ9qCJBQ1FVTfdXV4suALL+jZya+sbm1v57cLO7t7+gVk8bKkokZQ1aSQi2fGIYoKHrAkcBOvEkpHAE6ztjeozv/3ApOJReA/jmDkBGYTc55SAllyz2BsSwONrHJfrro0nT2euWbIq1hx4ldgZKaEMDdf86vUjmgQsBCqIUl3bisFJiQROBZsWeoliMaEjMmBdTUMSMOWk89On+FQrfexHUlcIeK7+nkhJoNQ48HRnQGColr2Z+J/XTcC/clIexgmwkC4W+YnAEOFZDrjPJaMgxpoQKrm+FdMhkYSCTqugQ7CXX14lrfOKfVGp3lVLtZssjjw6RieojGx0iWroFjVQE1H0iJ7RK3ozJsaL8W58LFpzRjZzhP7A+PwBDkOSlQ==</latexit>

ŷ = p(C1|x)
<latexit sha1_base64="rlaAq8AFKYzMbkQNvwXs+imtWwM=">AAAB/HicbVDLSgNBEOz1GeNrNUcvg0GIB8NuCOpFCObiMYJ5QLKE2clsMmT2wcysuKzxV7x4UMSrH+LNv3GS7EETCxqKqm66u9yIM6ks69tYWV1b39jMbeW3d3b39s2Dw5YMY0Fok4Q8FB0XS8pZQJuKKU47kaDYdzltu+P61G/fUyFZGNypJKKOj4cB8xjBSkt9s2Cf9UZYoeQKRaV6v4IeH077ZtEqWzOgZWJnpAgZGn3zqzcISezTQBGOpezaVqScFAvFCKeTfC+WNMJkjIe0q2mAfSqddHb8BJ1oZYC8UOgKFJqpvydS7EuZ+K7u9LEayUVvKv7ndWPlXTopC6JY0YDMF3kxRypE0yTQgAlKFE80wUQwfSsiIywwUTqvvA7BXnx5mbQqZfu8XL2tFmvXWRw5OIJjKIENF1CDG2hAEwgk8Ayv8GY8GS/Gu/Exb10xspkC/IHx+QPu+pMI</latexit>

1� ŷ = p(C2|x)

<latexit sha1_base64="mM4YUpn5IFmVBu4fvAG9p2JjMzo="></latexit>Y

i

ŷ(ti)i (1� ŷi)
(1�ti)

<latexit sha1_base64="rSvESg7onH2KsZV2QzlYKA3jQ1E=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRS1I1S6MZlBfuAJoTJdNIOnUzCzERaQgNu/BU3LhRx60e482+ctllo64ELh3Pu5d57/JhRqSzr2yisrW9sbhW3Szu7e/sH5uFRW0aJwKSFIxaJro8kYZSTlqKKkW4sCAp9Rjr+qDHzOw9ESBrxezWJiRuiAacBxUhpyTPL6trOMif0o3FKgynMMjiGDuWw4dmeWbGq1hxwldg5qYAcTc/8cvoRTkLCFWZIyp5txcpNkVAUMzItOYkkMcIjNCA9TTkKiXTT+RNTeKqVPgwioYsrOFd/T6QolHIS+rozRGool72Z+J/XS1Rw5aaUx4kiHC8WBQmDKoKzRGCfCoIVm2iCsKD6VoiHSCCsdG4lHYK9/PIqaZ9X7Ytq7a5Wqd/kcRRBGZyAM2CDS1AHt6AJWgCDR/AMXsGb8WS8GO/Gx6K1YOQzx+APjM8fpHKXbw==</latexit>

t = 1 if x 2 C1
<latexit sha1_base64="QL/u22OZ61tv/LQ7ySkEgD6eysQ=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclaQUdaMUunFZwT6gCWEynbRDJ5MwM5GW0IAbf8WNC0Xc+hHu/BunbRbaeuDC4Zx7ufceP2ZUKsv6NtbWNza3tgs7xd29/YND8+i4LaNEYNLCEYtE10eSMMpJS1HFSDcWBIU+Ix1/1Jj5nQciJI34vZrExA3RgNOAYqS05JkldW1lmRP60TilwRRmGRxDh3LY8KqeWbYq1hxwldg5KYMcTc/8cvoRTkLCFWZIyp5txcpNkVAUMzItOokkMcIjNCA9TTkKiXTT+RNTeKaVPgwioYsrOFd/T6QolHIS+rozRGool72Z+J/XS1Rw5aaUx4kiHC8WBQmDKoKzRGCfCoIVm2iCsKD6VoiHSCCsdG5FHYK9/PIqaVcr9kWldlcr12/yOAqgBE7BObDBJaiDW9AELYDBI3gGr+DNeDJejHfjY9G6ZuQzJ+APjM8fpFqXbw==</latexit>

t = 0 if x 2 C2
Binary Cross Entropy function 

<latexit sha1_base64="BCqiV27n0TShTw8ALq9AiGNKiIc="></latexit>

BCE = �
X

i

ti ln ŷi + (1� ti)ln(1� ŷi)

minimize the dissimilarity between the empirical distribution 
defined by the training set and the model distribution

17

Information, Entropy and Cross Entropy  
Information: quantifies the number of bits required to encode and transmit an event       

Entropy: quantifies the number of bits required to transmit a randomly selected event 
from a probability distribution:

Cross entropy: quantifies the average number of bits needed to encode data coming 
from a source with distribution P when we use model Q: 

<latexit sha1_base64="vUY99CRIkV/eDI8FVbajUx4rDUg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUE8S8OIxAfOAZAmzk95kzOzsMjMrhpAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9i7LlXqlVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+fzjQE=</latexit>x

<latexit sha1_base64="/UjhF7hzl5/MbjwY9WdmllBICyU=">AAACGnicbVDLSsNAFJ34rPUVdelmsAgtaEmkqBul4KbLFOwDmlAm02k7dDIJMxNpCfkON/6KGxeKuBM3/o3TNgttPTBwOOdc7tzjR4xKZVnfxsrq2vrGZm4rv72zu7dvHhw2ZRgLTBo4ZKFo+0gSRjlpKKoYaUeCoMBnpOWP7qZ+64EISUN+ryYR8QI04LRPMVJa6pp2reic1UvwBp67Me/pJFHJGLqUw3aauDIOUugUxyXosnAA65p1zYJVtmaAy8TOSAFkcLrmp9sLcRwQrjBDUnZsK1JegoSimJE078aSRAiP0IB0NOUoINJLZqel8FQrPdgPhX5cwZn6eyJBgZSTwNfJAKmhXPSm4n9eJ1b9ay+hPIoV4Xi+qB8zqEI47Qn2qCBYsYkmCAuq/wrxEAmEle4or0uwF09eJs2Lsn1ZrtQrheptVkcOHIMTUAQ2uAJVUAMOaAAMHsEzeAVvxpPxYrwbH/PoipHNHIE/ML5+ADntnoU=</latexit>

H(P,Q) = �
X

x2X

P (x) logQ(x)

<latexit sha1_base64="cIVr8+zEA3lFHLnlLZkrdWGAzeU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VoF9ZEirpRCm66jGAf0IQymU7boZNJmJlIS+hnuPFX3LhQxG13/o3TNAttPTBwOOdc7tzjR4xKZVnfRm5tfWNzK79d2Nnd2z8wD4+aMowFJg0cslC0fSQJo5w0FFWMtCNBUOAz0vJH93O/9USEpCF/VJOIeAEacNqnGCktdc2Leskpw1t47sa8p3NEJWPoUg7b08SVcTCFTmlchi4LBynrmkWrYqWAq8TOSBFkcLrmzO2FOA4IV5ghKTu2FSkvQUJRzMi04MaSRAiP0IB0NOUoINJL0sOm8EwrPdgPhX5cwVT9PZGgQMpJ4OtkgNRQLntz8T+vE6v+jZdQHsWKcLxY1I8ZVCGctwR7VBCs2EQThAXVf4V4iATCSndU0CXYyyevkuZlxb6qVB+qxdpdVkcenIBTUAI2uAY1UAcOaAAMnsEreAcfxovxZnwaX4tozshmjsEfGLMfGPud8w==</latexit>

H(P ) = �
X

x2X

P (x) logP (x)

<latexit sha1_base64="9uKhnyhD2c8HTY52NSkLI2KagVw=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0VoD5ZEinpRCl48RrAf0Iay2W7bpZtN2N1IS+hf8eJBEa/+EW/+G7dtDtr6YODx3gwz84KYM6Ud59taW9/Y3NrO7eR39/YPDu2jQkNFiSS0TiIeyVaAFeVM0LpmmtNWLCkOA06bwehu5jefqFQsEo96ElM/xAPB+oxgbaSuXRiWvDK6Qeeow6MB8krjctcuOhVnDrRK3IwUIYPXtb86vYgkIRWacKxU23Vi7adYakY4neY7iaIxJiM8oG1DBQ6p8tP57VN0ZpQe6kfSlNBorv6eSHGo1CQMTGeI9VAtezPxP6+d6P61nzIRJ5oKsljUTzjSEZoFgXpMUqL5xBBMJDO3IjLEEhNt4sqbENzll1dJ46LiXlaqD9Vi7TaLIwcncAolcOEKanAPHtSBwBie4RXerKn1Yr1bH4vWNSubOYY/sD5/AFZUkg4=</latexit>

h(P ) = � logP (x)

“Degree of surprise”

18
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Cross Entropy  & KL Divergence
Kullback–Leibler (KL) divergence is a a measure (statistical distance) of how 

a probability distribution Q is different from a reference probability 

distribution P .  For discrete probability distributions it is defined by: 

KL divergence calculates the relative entropy between two probability distributions. 

Cross-entropy can be thought to calculate the total entropy between the distributions.

19

Categorical cross entropy loss

(1, 0, 0)

(0, 1, 0)

(0, 0, 1) -

Three independent linear 
classifiers 
might not be the best idea

20
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Categorical cross entropy loss

(1, 0, 0)

(0, 1, 0)

(0, 0, 1)
(ŷi)k = Pr(L(xi) = k)

<latexit sha1_base64="q7ZwyCEJ+16kNiQn3z4cWDEo8vo=">AAACEHicbVDLSsNAFJ34rPUVdelmsIjppiRV0E2h6MaFiwr2AU0Ik+mkHTp5MDMRQ+gnuPFX3LhQxK1Ld/6NkzYLbT1w4XDOvdx7jxczKqRpfmtLyyura+uljfLm1vbOrr633xFRwjFp44hFvOchQRgNSVtSyUgv5gQFHiNdb3yV+917wgWNwjuZxsQJ0DCkPsVIKsnVT6Bhj5CEqUur7hg2YItD48awAyRHnp89TJQOG+Oqq1fMmjkFXCRWQSqgQMvVv+xBhJOAhBIzJETfMmPpZIhLihmZlO1EkBjhMRqSvqIhCohwsulDE3islAH0I64qlHCq/p7IUCBEGniqMz9UzHu5+J/XT6R/4WQ0jBNJQjxb5CcMygjm6cAB5QRLliqCMKfqVohHiCMsVYZlFYI1//Ii6dRr1mmtfntWaV4WcZTAITgCBrDAOWiCa9ACbYDBI3gGr+BNe9JetHftY9a6pBUzB+APtM8fumOahQ==</latexit>

-
<latexit sha1_base64="phfw2K9t4/0VDI3c4m+JOCO1Z0k="></latexit>

CCE = �
X

i

KX

k=1

(ti)k ln(ŷi)k

<latexit sha1_base64="2iBd2mwMaIcyhymVVxaXBqAT17I="></latexit>

p(ti|xi) =
KY

k=1

(ŷi)
(ti)k
k Categorical distribution

21

Optimization
Cost functionCost function values: the discrepancies between 

the outputs (NN estimations) 
and the training set data points.

Goal : find the set of weights for which a global minimum
is obtained

In reality the cost function is not convex. 

the cost function is parameterized by the network’s weights 
— we control our loss function by changing the weights.

25
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Optimization
Cost functionCost function values: the discrepancies between 

the outputs (NN estimations) 
and the training set data points.

Goal : find the set of weights for which a global minimum
Is obtained

In reality the cost function is not convex. 

the cost function is parameterized by the network’s weights 
— we control our loss function by changing the weights.

26

Optimization
Cost functionCost function values: the discrepancies between 

the outputs (NN estimations) 
and the training set data points.

Goal : find the set of weights for which a global minimum
Is obtained

In reality the cost function is not convex. 

the cost function is parameterized by the network’s weights 
— we control our loss function by changing the weights.

27
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Optimization –
Why is it difficult?

1. There is no simple equation that can be solved analytically

2. High-dimensional function

3. Function might have many local minima & maxima

Common approach:

Iterative optimization algorithms, e.g. gradient descent 

28

Gradients
1D

nD

Numerical evaluation

29
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Gradients
1D

nD

Numerical evaluation

30

Numerical vs. analytic gradient

31
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Gradient descent

W : = W � ↵rWL(W )

W : = W � ↵
@L(W )

@W
Update rule

Learning rate

Learning rate: An important hyperparameter
too small – very slow convergence or gets stuck in local minima
Too Big – may “skip” the target minimum; may go in the wrong direction 

32

Optimization and Generalization

Standard optimization –Find a model that will fit the known data

Machine learning - Find a model that will fit the unseen data – Generalize

33
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Generalization

Generalization- main challenge of machine learning algorithms 
perform well on new, previously unseen inputs.

i.i.d. assumption: The train dataset and the test dataset are independent of each other and 
each dataset is identically distributed, drawn from the same probability distribution as each 
other.

In theory: the expected training error of a randomly selected model should be equal to the 
expected test error of that model. 

In practice: since we set the parameters based on the training and then use the test – the 
test error is higher. 

34

Capacity, overfitting and underfitting
Our aims: (1) make training error small  (2) make test error as small as the training.

Underfitting occurs when the model is not able to obtain a sufficiently low error value on 

the training set. 

Overfitting occurs when the gap between the training error and test error is too large.

We can control whether a model is more likely to overfit or underfit by altering

its capacity. 

Informally, a model’s capacity is its ability to fit a wide variety of functions. 

35
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Classification example

Andrew NG

Why we don’t like it?Back to machine learning …

36

Regression example

Linear Quadratic function degree-9 predictor

37
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Regression example

Linear Quadratic function degree-9 predictor

38

Capacity – an observation

Linear Quadratic function degree-9 predictor

finding the best function within this family is a very 
difficult optimization problem

In practice, the learning algorithm does not actually 
find the best function, but merely one
that significantly reduces the training error.
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Occam's Razor (low of parsimony)

Among competing hypotheses, the one with the fewest 

assumptions should be selected.

Other things being equal, simpler explanations are 

generally better than more complex ones.

40

Occam's Razor (low of parsimony)

Among competing hypotheses, the one with the fewest 

assumptions should be selected.

Other things being equal, simpler explanations are 

generally better than more complex ones.

Everything should be made as simple as possible, but not simpler
Albert Einstein
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The Bias-Variance Tradeoff
The true function we want to approximate: 

The dataset for training: 

f = f(x)
<latexit sha1_base64="w3moXYl5WHw2BV4Kh3SR4QsJW84=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxC3ZSZKuhGKLpxWcE+oC0lk2ba0ExmSDJqGfspblwo4tYvceffmGlnoa0HAodz7uWeHC/iTGnH+bZyK6tr6xv5zcLW9s7unl3cb6owloQ2SMhD2fawopwJ2tBMc9qOJMWBx2nLG1+nfuueSsVCcacnEe0FeCiYzwjWRurbRR9dIr/cDbAeeX7yOD3p2yWn4syAlombkRJkqPftr+4gJHFAhSYcK9VxnUj3Eiw1I5xOC91Y0QiTMR7SjqECB1T1kln0KTo2ygD5oTRPaDRTf28kOFBqEnhmMo2oFr1U/M/rxNq/6CVMRLGmgswP+TFHOkRpD2jAJCWaTwzBRDKTFZERlpho01bBlOAufnmZNKsV97RSvT0r1a6yOvJwCEdQBhfOoQY3UIcGEHiAZ3iFN+vJerHerY/5aM7Kdg7gD6zPH/72kzE=</latexit>

D = {(x1, t1), (x2, t2), . . . (xN , tN )}
<latexit sha1_base64="4alRhFqx6hgmBx4EDRRzoKbcFKo="></latexit>

where t = f + ✏
<latexit sha1_base64="HtYCTWCz6RQo7iMWacFoTv8YOAk=">AAAB83icbVBNSwMxEM36WetX1aOXYBEEoexWQS9C0YvHCvYDukvJprNtaDYJSVYopX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMixVnxvr+t7eyura+sVnYKm7v7O7tlw4Om0ZmmkKDSi51OyYGOBPQsMxyaCsNJI05tOLh3dRvPYE2TIpHO1IQpaQvWMIosU4K7U1yHoIyjEvRLZX9ij8DXiZBTsooR71b+gp7kmYpCEs5MaYT+MpGY6ItoxwmxTAzoAgdkj50HBUkBRONZzdP8KlTejiR2pWweKb+nhiT1JhRGrvOlNiBWfSm4n9eJ7PJdTRmQmUWBJ0vSjKOrcTTAHCPaaCWjxwhVDN3K6YDogm1LqaiCyFYfHmZNKuV4KJSfbgs127zOAroGJ2gMxSgK1RD96iOGogihZ7RK3rzMu/Fe/c+5q0rXj5zhP7A+/wB1mWRjg==</latexit>

and E(✏) = 0
<latexit sha1_base64="XtHPZ0WFIJ6qRJMZUeCTKZW9Lqc=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS9mtgl6EoggeK9gPaJeSTbNtaDZZk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG+nfnNElWZSPJpxTP0I9wULGcHGSv5dqUNjzbgUZ9dut1B0y+4MaJl4GSlChlq38NXpSZJEVBjCsdZtz42Nn2JlGOF0ku8kmsaYDHGfti0VOKLaT2dHT9CpVXoolMqWMGim/p5IcaT1OApsZ4TNQC96U/E/r52Y8MpPmYgTQwWZLwoTjoxE0wRQjylKDB9bgoli9lZEBlhhYmxOeRuCt/jyMmlUyt55ufJwUazeZHHk4BhOoAQeXEIV7qEGdSDwBM/wCm/OyHlx3p2PeeuKk80cwR84nz+fHJFZ</latexit>

Given        ,   we train an arbitrary neural network to approximate        by D
<latexit sha1_base64="WoflC9OsYADNdO+14nzcYBdCAmo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BPXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3kW5Ur8sVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A5i3jMw=</latexit>

f
<latexit sha1_base64="aj1VrWgqSrqkgqJ/bLgtsTmRK/w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzD+M7g==</latexit>

y = g(x,w)
<latexit sha1_base64="6x+8ZRLg/DvQ6XiMXXDSjS/IIDA=">AAACBXicbZDLSsNAFIYnXmu9RV3qYrAIFaQkVdCNUHTjsoK9QBvKZDpph04mYWaihpCNG1/FjQtF3PoO7nwbJ20Ebf1h4OM/5zDn/G7IqFSW9WXMzS8sLi0XVoqra+sbm+bWdlMGkcCkgQMWiLaLJGGUk4aiipF2KAjyXUZa7ugyq7duiZA04DcqDonjowGnHsVIaatn7sXwHA7KXR+poesl9+nRD96lhz2zZFWsseAs2DmUQK56z/zs9gMc+YQrzJCUHdsKlZMgoShmJC12I0lChEdoQDoaOfKJdJLxFSk80E4feoHQjys4dn9PJMiXMvZd3ZmtKKdrmflfrRMp78xJKA8jRTiefORFDKoAZpHAPhUEKxZrQFhQvSvEQyQQVjq4og7Bnj55FprVin1cqV6flGoXeRwFsAv2QRnY4BTUwBWogwbA4AE8gRfwajwaz8ab8T5pnTPymR3wR8bHN77QmBw=</latexit>

http://www.inf.ed.ac.uk/teaching/courses/mlsc/Notes/Lecture4/BiasVariance.pdf

42

The Bias-Variance Tradeoff
The mean-squared error of this networks is: MSE =

1

N

NX

i=1

(ti � yi)
2

<latexit sha1_base64="S2j4vdxOSjIqGu31GNn2aZFRYaI="></latexit>

To assess the effectiveness of the network, we want to know the expectation of

the MSE if we test the network on arbitrarily many test points drawn from the

unknown function.

E{MSE} = E{ 1

N

NX

i=1

(ti � yi)
2}

<latexit sha1_base64="wRREYAMApgZfSrJiq4HX5PsUgHk="></latexit>

http://www.inf.ed.ac.uk/teaching/courses/mlsc/Notes/Lecture4/BiasVariance.pdf
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The Bias-Variance Tradeoff
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The Bias-Variance Tradeoff

The MSE can be decomposed in expectation into the variance of the noise

and the MSE between the true function and the predicted values.

http://www.inf.ed.ac.uk/teaching/courses/mlsc/Notes/Lecture4/BiasVariance.pdf
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The Bias-Variance Tradeoff
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The Bias-Variance Tradeoff
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The Bias-Variance Tradeoff

Note that the variance of the noise can not be minimized; it is independent of the

neural network.

Thus in order to minimize the MSE, we need to minimize both the bias and the variance.

However, this is not trivial –

e.g. if we set the output to be constant – the variance will be zero  but the bias 

will be high.

Alternatively, we could train the network to predict the training – the bias will be zero but the 

variance                                         will be equal to the variance of the noise.

48

Bias-Variance tradeoffs

Bias: how much the average model over all training sets differs 
from the true model.
◦ Error due to inaccurate assumptions/simplifications made by the model. 

Variance: how much models estimated from different training sets 
differ from each other.

Slide credit: L. Lazebnik
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Bias-Variance Trade-off
E(MSE) = noise2  + bias2 + variance

•http://www.inf.ed.ac.uk/teaching/courses/mlsc/Notes/Lecture4/BiasVariance.pdf

Unavoidable 
error

Error due to 
incorrect 

assumptions

Error due to 
variance of training 

samples

Slide credit: D. Hoiem
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No Free Lunch Theorem

Slide credit: D. Hoiem
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http://www.inf.ed.ac.uk/teaching/courses/mlsc/Notes/Lecture4/BiasVariance.pdf
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No free lunch theorem
Averaged over all possible data generating distributions, every classification 

algorithm has the same error rate when classifying previously unobserved 

points.
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No free lunch theorem
Averaged over all possible data generating distributions, every classification 

algorithm has the same error rate when classifying previously unobserved points.

This means that the goal of machine learning research is not to seek a universal 

learning algorithm or the absolute best learning algorithm. Instead, our goal is to 

understand what kinds of distributions are relevant to the “real world” that an AI 

agent experiences, and what kinds of machine learning algorithms perform well 

on data drawn from the kinds of data generating distributions we care about.
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Underfitting and Overfitting

Underfitting: model is too “simple” to represent all the relevant 
class characteristics
◦ High bias (few degrees of freedom) and low variance
◦ High training error and high test error

Overfitting: model is too “complex” and fits irrelevant 
characteristics (noise) in the data
◦ Low bias (many degrees of freedom) and high variance
◦ Low training error and high test error

Slide credit: L. Lazebnik
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Generalization Error Effects

Underfitting: model is too “simple” to represent all the relevant 
class characteristics
◦ High bias (few degrees of freedom) and low variance
◦ High training error and high test error

Slide credit: L. Lazebnik
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Generalization Error Effects

Overfitting: model is too “complex” and fits irrelevant 
characteristics (noise) in the data
◦ Low bias (many degrees of freedom) and high variance
◦ Low training error and high test error

Slide credit: L. Lazebnik
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Bias-Variance Trade-off
Models with too few parameters are 
inaccurate because of a large bias.
• Not enough flexibility!

Models with too many parameters are 
inaccurate because of a large variance. 
• Too much sensitivity to the sample.

Slide credit: D. Hoiem
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Bias-variance tradeoff

Training error

Test error

Underfitting Overfitting

Complexity Low Bias
High Variance

High Bias
Low Variance

Er
ro

r

Slide credit: D. Hoiem

Bias

Vaiance
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Bias-variance tradeoff

Many training examples

Few training examples

Complexity Low Bias
High Variance

High Bias
Low Variance

Te
st

 E
rro

r

Slide credit: D. Hoiem
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Effect of Training Size

Testing

Training

Generalization Error

Number of Training Examples

Er
ro

r

Fixed prediction model

Slide credit: D. Hoiem
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How to reduce variance?

Choose a simpler classifier

Regularize the parameters

Get more training data

Slide credit: D. Hoiem
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Capacity & VC dimension
Vapnik-Chervonenkis (VC) dimension is a measure of the capacity of a space of 

functions that can be learned by a statistical classification algorithm.

It is defined as the cardinality of the largest set of points that the algorithm can shatter.

(Vapnik and Chervonenkis, 1971; Vapnik, 1982; Blumer et al., 1989; Vapnik, 1995)
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Capacity & VC dimension
Vapnik-Chervonenkis (VC) dimension is a measure of the capacity of a space of 

functions that can be learned by a statistical classification algorithm.

It is defined as the cardinality of the largest set of points that the algorithm can shatter.

(Vapnik and Chervonenkis, 1971; Vapnik, 1982; Blumer et al., 1989; Vapnik, 1995)

any 3 points that are not collinear can be 
shattered by a linear classifier (perceptron).
not all set of 4 points can be shattered
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Capacity and generalization error
The discrepancy between training error and 

generalization error is bounded from above by a 

quantity that grows as the model capacity grows 

but shrinks as the number of training examples 

increases.

(Vapnik and Chervonenkis, 1971; Vapnik, 1982; 

Blumer et al., 1989; Vapnik, 1995).

Valid when D – VC dimension is much smaller than N training examples
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Generalization – another philosophical 
note
Can any Machine Learning algorithm generalize well from a finite training set of 
examples?

To logically infer a rule describing every member of a set,
One must have information about every member of that set.
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Generalization – a philosophical note
Can any Machine Learning algorithm generalize well from a finite training set of 
examples?

Machine learning promises to find rules that are probably correct about most 

members of the set they concern.

67

Preference and Regularization
The no free lunch theorem implies that we must design our machine learning 

algorithms to perform well on a specific task. We do so by building a set of preferences 

into the learning algorithm. When these preferences are aligned with the learning 

problems we ask the algorithm to solve, it performs better. 

Specifically, we can give a learning algorithm a preference for one solution in its

hypothesis space to another. This means that both functions are eligible, but one

is preferred. The unpreferred solution will be chosen only if it fits the training data 

significantly better than the preferred solution.
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Regularization
Reduce Test error on the expense of  increasing Training error.

Generalization 

Many forms of regularization:

Adding extra constraints on the model

Adding extra constraints to the objective function

Encoding prior knowledge

Express preference to a simpler model  

69

Regularization for Deep Learning
Regularization estimators:
Trading increased bias for reduced variance. 
An effective regularizer is one that makes a profitable trade, reducing variance 
significantly while not overly increasing the bias. 
Three regimes – where the model family being trained either 
excluded the true data generating process—corresponding to underfitting and 
inducing bias
matched the true data generating process
included the generating process but also many other possible generating 
processes—the overfitting regime where variance rather than bias dominates 
the estimation error 
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Regularization for Deep Learning

L1 – regularization

L2 – regularization 

Early stopping

Bagging

Dropout

Main resource:
Deep learning book, chapter 7
Goodfellow and Bengio and Courville
MIT Press, 2016
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Regularization 
Refers to a process of introducing additional information in order to solve an ill-posed problem 

or to prevent overfitting.

J = min
f

X

i

L(f(xi), yi)

{xi, yi}Data

Objective 

Loss 

X

Y

(xi, yi)
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Regularization - by norm penalty function
Refers to a process of introducing additional information in order to solve an ill-posed problem 

or to prevent overfitting.

J = min
f

X

i

L(f(xi), yi)

{xi, yi}Data

Objective 

Loss 

+�R(f)

Regularization 

X

Y
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Regularization –parameter norm penalties
Regularization can be explicit or implicit

Explicit: Limit the model capacity by adding a parameter norm penalty to the 

objective function:

where                             , is a hyperparameter that weights the relative contribution of 

the   norm penalty term,        , relative to the standard objective function       .

In NN  we usually choose         that penalizes only the  weights and leaves  the biases 

unregularized.           may be different for each layer.

.

J̃(f ;X, y) = J(f ;X, y) + �R(f)

� 2 [0,1]

R J

R

R
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Parameter Regularization

Commonly use

Drive the weights closer to the origin

Known as weight decay, ridge regression  or Tikhonov regularization.

L2

R(f) =
1

2
||w||22
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Parameter RegularizationL2

R(f) =
1

2
||w||22

J̃(w;X, y) =
�

2
wTw + J(w;X, y)objective function

rwJ̃(w;X, y) = �w +rwJ(w;X, y)with the corresponding parameter gradient

w  w � ✏(�w +rwJ(w;X, y))

To take a single gradient step to update the weights, we perform this update

w  w(1� ✏�) + ✏rwJ(w;X, y))

Written another way, the update is: Shrink
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Parameter regularization
Formally,         regularization on the model parameter         is defined as:

The regularized objective function is given by: 

with the corresponding gradient:

L1

L1 w

R(f) = ||w||1 =
X

i

|wi|

J̃(w;X, y) = �||w||1 + J(w;X, y)

rwJ̃(w;X, y) = �sign(w) +rwJ(w;X, y)
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and SparsityL1

L1 encourages sparsity

Sparsity in this context refers to the fact that some parameters have an 
optimal value of zero.

Feature selection mechanism 
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Bayesian point of view

Posterior probability

likelihood

Prior

many regularization techniques correspond to imposing certain 
prior distributions on model parameters.

P (Y |X) =
P (X|Y )P (Y )

P (X)
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Bayesian point of view

P (Y |X) / P (X|Y )P (Y )

Posterior probability

likelihood

Prior

many regularization techniques correspond to imposing certain 
prior distributions on model parameters.
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Early stopping
Early stopping can be viewed as regularization in time. Intuitively, a training 

procedure like gradient descent will tend to learn more and more complex 

functions as the number of iterations increases. By regularizing on time, the 

complexity of the model can be controlled, improving generalization.

In practice, early stopping is implemented by training on a training set and 

measuring accuracy on a statistically independent validation set. The model is 

trained until performance on the validation set no longer improves. The model is 

then tested on a testing set.
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Bagging and Other Ensemble Methods
Bagging (bootstrap aggregating)  is a technique for reducing generalization error by combining 

several models (Breiman, 1994).   The idea is to train several different models separately, then have 

all of the models vote on the output for test examples. 

Models using averaging techniques are called ensemble methods

The reason that model averaging works is that different models will usually  not make all the same 

errors on the test set.

On average, the ensemble will perform at least as well as any of its members, and if the members 

make independent errors, the ensemble will perform significantly better than its members
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