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Multi-User Information Theory 2 January 3rd, 2013

Lecture 9

Lecturer: Haim Permuter Scribe: Tal Kopetz

|. BINARY BROADCAST CHANNEL

Definition 1 (Binary BC) We define théinary Broadcast Channedepicted in Fig. 1.

We set the following distributions

Zy ~ B(p) (1)
Zy ~ B(ps) (2)
Zy ~ B(p2) 3)
7 L 7, 4)
Zy = 7, ® Z (5)

thUSp2 =D >|<p~2 = pl(]- — pg) + (1 — pl)p2- Addltlona”y, we define

Y, = XoZ; (6)
Yo = i0=XaZ®Z, =X 7 )
1—p I—p
0 - 0 2 0
D1 P2
X Y, Y,
D1 D2
1 1 1
1—p 1—po

Fig. 1. The Binary Broadcast Channel
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The capacity region of the degraded broadcast channel sethaf all pair rate$R;, R»)

that satisfies

Ry < I(X;n|0)

Ry, < I(U;Y3) (8)
for some joint distributionp(u)p(z|u)p(y1, y2|x). We state the capacity of the Binary
Broadcast Channel.

Lemma 1 (Capacity of the Binary BC) The capacity region of the Bin&goadcast
Channel is the of all pair§R;, Rs) that satisfies
Ry < h(axpy)— h(p1) (9)
Ry < 1—h(ax*xps). (10)
Wherea € [0, 1].

Proof:
Achievability: Let us define two r\U ~ B(1),V ~ B(«) and changeX = U @ V.

We now apply these new definitions to (8)

Ry = I(UYs) (11)
= H(Yz) — H(Y,|U) (12)
= 1—hlaxp) (13)
(14)
Furthermore,
Ry = I(X;1|U) (15)
= IUasV;UsV®Z|U) (16)
= I(V;Ve&Z) (17)
= WV ®Z)—hVez|V) (18)

= h(a®p1)— hip) (19)
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Thus we obtained the desired region and proved the achligyaiart. In order to prove

the converse we introduce the following lemma.

Lemma 2 (Mrs. Gerber Lemma) LetX and U be two random variables whet¥ is
binary. If Y ~ B(P) is independent of X, U) then

WX @Y|U) = h(h™' (M(X|U)) *p) (20)
wherea x b = ab + ba andh is the binary entropy.

The similarity between the Mrs Gerber Lemma and the EPI isvehio the Appendix.
We now return to the converse,

Converse:
I(YsU) = h(Ya) — h(Y2|U) (21)
< 1-h(Ys|U) (22)
We boundh(Y>|U) from both sides
1 =h(Y2|U) = h(Y2|X) = h(p2) (23)

by the Markov chainy; — X — U. Therefore there exists am s.t

h(Y|U) = h(a & p) (24)
thus
Ry < 1—h(a® ps) (25)
Now for Ry,
1(X;Y3lU) = h(W|U) = h(V1|U, X) (26)
= h(Vi|U) — h(p) (27)

By setting X = Y31,Y = Z; in the Mrs. Gerber Lemma we obtain

h(Y2|U)

v

h(h™H (h(Y1|U)) * pa) (28)

h(axps) = h(h™ (A(Y1|U)) # p2) (29)

V

Q * Py >|<p~2 2 h_l(h(}/ﬂ(]))*ﬁz (30)
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axp > B (AMAID)) (31)
Waxp) > hYiU)) (32)
therefore,
Ry < h(a*p1) — h(p1) (33)
which concludes the proof. [ |
[l. APPENDIX

A. A binary analogue to the EPI
We will introduce an analogue between the EPI and the Mrsb&dremma. The EPI
states that for any independekit~ f(xz) andZ ~ f(z)
92M(X+Y) > 92h(X) | 92h(Y) (34)

If we definen(z) = 1 log(2mex) then,
N (AMX +Y)) =07 (h(X)) + 07 (A(Y)) (35)
Now let X andY be independent r.v with finite alphabet and entrépiyX) < 1, H(Y) <
1 respectively. We define(z) = h=1(H (X)) thus
(X@Y) = o(X)xo(Y) (36)
W HX@Y)) > h™H(H(X))«h™ (H(Y)) (37)

Notice the similarity of (35) and (37). Now we skt~ B(p) L (X, U) thus we obtain
R (H(XeY|U) = h (HX|U)) ™ (H(Y]U)) (38)
R (H(XeYU) = h ' (H(X|U))*p (39)

taking A(-) on both sides (which is possible sinéeis monotonically increasing), we

obtain the Mrs. Gerber Lemma.
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