
Equations-1

2011

Equations for Random Codes in Communication Course

Lecturer: Haim Permuter Scribe: Moti Kadosh, Ran Badanes

Entropy H(X) , E[− log2 PX(X)] = −
∑

x∈X PX(x) log2 PX(x)

Differential Entropy h(X) , −
∫

fX(x) log2(fX(x)) dx , E[− log2 fX ]

Gaussian distribution h(X) = (1/2) log2 2πeσ
2 , X ∼ N

(

0, σ2
)

Gaussian vector h(Xi) = (n/2) log2 2πe|K|
1/n , Xi i.i.d ∼ N

(

0, σ2
)

, |K| ≤
∏n

i=1 Kii

Joint Entropy H(X,Y ) , E[− logP (X,Y )] = −
∑

x∈X

∑

y∈Y P (x, y) logP (x, y)

Conditional Entropy H(X |Y ) , E[− logP (X |Y )] = −
∑

x∈X

∑

y∈Y P (x, y) logP (x|y)

H(X |Y = y) = H(X |y) , −
∑

x∈X P (x|y) logP (x|y)

h (X |Y ) , −
∫

fX,Y (x, y) log2 fX|Y (x|y) dx dy = E
[

− log2 fX|Y (X |Y )
]

Entropy chain rule H(X,Y ) = H(X) +H(Y |X) , H(Xn) =
∑n

i=1 H(Xi|X i−1)

Prob. chain rule P (xn) =
∏n

i=1 P (xi|x
i−1)

Mutual information I(X ;Y ) ,
∑

x,y P (x, y) log P (x,y)
P (x)P (y) = E

[

log P (X|Y )
P (X)

]

I (X ;Y ) = supQ,P I ([X ]P ; [Y ]Q)

Information chain rule I(Xn;Y ) =
∑n

i=1 I(Xi;Y |X i−1)

Identities I(X ;Y ) = H(X)−H(X |Y ) = H(Y )−H(Y |X)

I(X ;Y ) = H(Y ) +H(X)−H(Y,X) , I(Y ;X) = I(X ;Y )

Relative entropy D(PX ||QX) ,
∑

x P (x) log P (x)
Q(x) = EP

[

log P (X)
Q(X)

]

I(X ;Y ) = D(PX,Y ||PXPY )

Divergence properties D (fX‖gX) ≥ 0, D (fX‖gX) = 0⇔ fX(x) = gX(x)

Convex function f(λx1 + λ̄x2) ≤ λf(x1) + λ̄f(x2) ∀ x1, x2 in its domain∀λ ∈ [0, 1]

d2f(x)
dx2 ≥ 0⇐⇒ f(x) is convex.

Examples D(P ||Q) - convex,H(X) - concave,I(X,Y ) - concave inPX for a fixedPY |X

Jensen’s inequality E[f(x)] ≥ f(E[x]) for a convex functionf(x)

Inequalities D(P ||Q) ≥ 0 , I(X ;Y ) ≥ 0 , H(X) ≤ log |X | , H(X |Y ) ≤ H(X)

H(X) ≥ H(g(X)), H(X |Y ) ≤ H(X |g(Y ))

Log sum
∑n

i=1 ai log
(

ai

bi

)

≥ (
∑n

i=1 ai) log
(∑

n

i=1
ai∑

n

i=1
bi

)

Kraft Inequelity
∑

i 2
−li ≤ 1 , li - codeword length

Shannon-Fano li =
⌈

log 1
pi

⌉

, li - codeword length

Data Processing X − Y − Z ⇒ I(X ;Y ) ≥ I(X ;Z)

L.L.N 1
n

∑n
i=1 Xi

P
−−−−→
n→∞

E[X ] , ∀ǫ > 0 lim
n→∞

Pr
(
∣

∣

1
n

∑n
i=1 Xi − E[X ]

∣

∣ > ǫ
)

= 0



Equations-2

Markov Chain If X → Y → Z, thenX ← Y ← Z

P (x, y, z) = P (x)P (y|x)P (z|y) , P (z|x, y) = P (z|y), P (x|y, z) = P (x|y)

Markov Inequality Pr (X ≥ a) ≤ E[X]
a for X ≥ 0 anda > 0

Fano inequality H(X |X̂) ≤ 1 + ǫ log |X | , WherePr(X̂ 6= X) = ǫ

Capacity C=maxPX
I(X ;Y )

No feedback P (xi|xi−1, yi−1) = P (xi|xi−1)

Memoryless channel P (yi|yi−1, xi) = P (yi|xi) (generally)

P (yn|xn) =
∏n

i=1 P (yi|xi) (without feedback)

Channel Coding with Only Decoder:C = maxp(x) I(X ;Y |S) = I(X ;Y, S)

Side Information Both Encoder and Decoder:C = maxp(x|s)I(X ;Y |S)

Known Capacities BSC:C = 1−H(δ)

Erasure Channel:C = 1− δ, δ - Prob. for error

m parallel Channels:C = log2(
∑m

i=1 2
ci), one usage at a time

Source coding RX ≤ H(X) + 1 , RX -Minimum rate to compress i.i.d source X losslessly

Channel seperation H(v) ≤ R ≤ C, v - Input vector, c - Channel capacity

Gaussian Channel Yi = Xi + Zi , Zi ∼ N (0, σ2
z) , C = maxf(x):E(X2)≤P I(X ;Y )

I(X ;Y ) ≤ 1
2 log2(

σ2

z
+P
σ2
z

) = 1
2 log2(1 + SNR), equality if X ∼ N(0, P )

Volume of the set V ol (An) =
∫

Xn∈An
dx1dx2 . . . dxn ,X continuous

Weak typicality A
(n)
ǫ (x, y) = {(xn, yn) ∈ Xn × Yn : | − 1

n log p(xn)−H(X)| ≤ ǫ

| − 1
n log p(yn)−H(Y )| ≤ ǫ

| − 1
n log p(xn, yn)−H(X,Y )| ≤ ǫ}

Typical set properties 2−(nH(X,Y )+ǫ) ≤ Pr(xn, yn) ≤ 2−(nH(X,Y )−ǫ) xn, yn i.i.d

Pr ((Xn, Y n) ∈ An
ǫ (x

n, yn)) −−−−→
n→∞

1 xn, yn i.i.d

V ol (An
ǫ (x

n, yn)) ≤ 2(nh(x,y)+ǫ)

V ol (An
ǫ (x

n, yn)) ≥ (1− ǫ)2(nh(x,y)−ǫ)

H(X)− ǫ ≤ 1
n log |A

(n)
ǫ | ≤ H(X) + ǫ

Convex Optimization We minimizef0(x). constraints-fi(x) ≤ 0, 1 ≤ i ≤ m, fi(x) − convex

hj(x) = 0, 1 ≤ j ≤ l, hj(x)− affine

L(X,λ, ν) = f0(x) +
∑m

i=1 λifi(x) +
∑l

i=1 νihi(x).

λi- Lagrange multiplier (for the inequalities)

νi- Lagrange multiplier (for the equalities)

KKT conditions λi − constants, 1 ≤ i ≤ m andνj , 1 ≤ j ≤ l

(conditions forx̃ to ∇L(x̃, λ, ν) = 0 fi(x̃) ≤ 0, 1 ≤ i ≤ m

be a local minimum) hj(x̃) = 0, 1 ≤ j ≤ l λifi(x̃) = 0, 1 ≤ i ≤ m, λi ≥ 0

Water filling Pi = [ 1ν −Ni]
+ = max(0, 1

ν −Ni)

Maximum entropy p(x) ≥ 0, ∀x ∈ X .
∑

xǫχ p(x) = 1 .
∑

xǫχ p(x)ri(x) = αi, i = (1, ...,m). p(x) = eλ0−1+
∑

m

i=1
λiri(x)

Cauchy-Schwarz E[X1X2] ≤
√

E[X2
1 ]E[X2

2 ]


