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Entropy H(X) £ E[-logy Px(X)] = = 3, x Px(z)log, Px(2)

Differential Entropy | h(X) £ — [ fx(z)logy(fx (2)) dz = E[~log, fx]
(1/2)log, 2mea? , X ~ N(O,Ug)

i) = (n/2)logy 2me| K|/, X; iid~ N (0,0%),|K| <[, Ku

(
Gaussian distribution | h(X)
(X

3‘

Gaussian vector

Joint Entropy H(X,)Y)2 E[-log P(X,Y)] = ZzGX Eyey P(x,y)log P(x,y)
Conditional Entropy | H(X|Y) £ E[-log P(X|Y)] = — D owex Zyey P(z,y)log P(x|y)
H(X|Y =y) = H(X|y) £ = X, cx P(z]y) log P(z]y)
h(X|Y) 2 = [ fxy (z,y)log, fx)y (x|y) dedy = E [—log, fx|y (X]Y)]
Entropy chain rule HX,Y)=H(X)+HYI|X), HX") =Y., 6 HX;X"")
Prob. chain rule P(z™) =TI, P(z;|z*~ 1)
Mutual information I(X;Y)£> y Plz,y)log I(D(SLPy(L) =FE [10g P},)(g‘;)’)}
1(X;Y) = supgp I ([X)p; [V]o)
Information chain rule] I(X™;Y) =" I(X;Y|X"1)
Identities I(X;Y)=H(X)- HX|Y)=HY) - HY|X)
I(X;Y)=H(Y)+HX)- HY,X), I(V;X)=I(X;Y)
Relative entropy D(Px||Qx) £ S, P(x)log SE g =Ep [log gg)}

[(X; Y) = D(PX7y||PXpY
Divergence properties D (fx|lgx) >0, D (fxl|lgx) =0+ fx(z)=gx(z)

Convex function FAx1 + Axo) < Af(x1) + Af(w2) ¥V z1, 22 in its domainv\ € [0, 1]

diii(f) > 0 <= f(x) is convex

Examples D(P||Q) - convex,H(X) - concave,l(X,Y) - concave inPx for a fixed Py |x

Jensen’s inequality | E[f(x)] > f(E[z]) for a convex functionf(x)

Inequalities D(P||Q) >0, I(X;Y)>0, H(X)<loglX|, H(X|Y)<H(X)
H(X) > H(g(X)), HX|Y) < H(X[g(Y))

Log sum Yo a;log (‘g—) Yo a;)log (%: 27)

Kraft Inequelity 27 li <1, 1; - codeword length

Shannon-Fano l; = _log pl , l; - codeword length

Data Processing X-Y-Z=IX;Y)>I(X;2)

L.L.N LS X mE[ J,Ve>0  lim Pr(|3 300, Xi— E[X]|>¢) =0
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Markov Chain

fX—=Y—>Z thenX «Y « 7
P(z,y,z) = P(z)P(y|z)P(zly) , P(z|z,y) = P(zly), P(zly, z)

= = P(zly)

Markov Inequality

Pr(X >a) < 2% for X >0anda >0

Fano inequality

H(X|X)<14elog|X|, WherePr(X # X)=¢

Capacity

C=maxp, I(X;Y)

No feedback

P(l‘ill‘i_l,yi_l) — P(xilmi—l)

Memoryless channel

P(yily",2") = P(yilz;)  (generally)
P(y"z") =[], P(yilz:)  (without feedback)

Channel Coding with

Side Information

Only DecoderC = max,, I(X;Y]S) = I(X;Y,5)
Both Encoder and Decodet: = maw, ;|51 (X;Y|S)

Known Capacities

BSC:C =1— H(6)

Erasure Channell’ =1 -6, ¢ - Prob. for error

m

m parallel ChannelsC' = log, (>,

1=

1 2°), one usage at a time

Source coding

Rx < H(X)+1, Rx-Minimum rate to compress i.i.d source X losslesg

Channel seperation

H(w) < R<C, w-Inputvector, c - Channel capacity

Gaussian Channel

I(X;Y) < Llogy(Z2E) = Llog,(1 + SNR), equality if X ~ N (0, P)

5 C= maxf(x):E(Xz)Sp [(X; Y)

Volume of the set

,X continuous

Vol (A™) fXHGAn dxidzsy ... dx,

Weak typicality

A (2,y) = {(z",y") € X" x Y™ 1 | — Llogp(a™) — H(X)| < e
— Llogp(y™) — H(Y)| <e
| — Llogp(z™, y™) — H(X,Y)| < ¢}

Typical set properties

27(nH(X,Y)+6) < Pr(x”,y") < 27(nH(X,Y)7e) ",y i.i.d

Pr((X™Y") € A?(a",y")) —— 1 2",y™iid
n—oo

Vol (A

Vol (A

HX)—e< %10g|A£")| <H(X)+e

?(mn yn)) < 2(nh(m,y)+e)
ez

") 2 (1 - 2=

Convex Optimization

We minimize fo(z). constraints-f;(x) <0,
hj(z) =0, hj(z) —af fine
L(X, A v) = fol@) + S0, Aifi(x) + Yiey vibi(@).
;- Lagrange multiplier (for the inequalities)

1<i<m, fi(x)— convex

1<j<l

v;- Lagrange multiplier (for the equalities)

KKT conditions

(conditions forz to

Ai — constants,1 <i<m andy;,1 <j <|

VL(Z,\v)=0 fi(@) <0,1<i<m

be a local minimum) | h;(Z) =0,1<j <1 Aifi(Z) =0,1<i<m, A >0
Water filling P =[L - N]" =max(0,1 - N;)
Maximum entropy p(xz) >0,Vr € X. Do P@)=1.

Yowey P@)Ti(2) = @iy i = (1,..,m). p(x) = ero~1H2iz Airi(z)

Cauchy-Schwarz

BIX1 Xo] < VE[X?]E[XF]

ly



