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Mathematical methods in communication July 10st, 2009
Appendix
Lecturer: Haim Permuter Scribe: Noa Zuaretz
I. NOTATION
A. General

X - random variable

X - alphabet

|X| - cardinality of the alphabet. Unless it is said otherwise, assume that the alphabet is finite,
ie., |X| < occ.

x - an observation or a specific value. Cleantyc X

Px(x) - the probability that the random variabl¢ gets the value, i.e., Px(z) = Pr{X = z}.
Px - denotes the whole vector of probabilities. One may alsotbsenotationPx (+).

P(z) - this is a short notation foPx (z).

a™ - is the vector(xy, zo, ..., x,) for n > 1. If n = 0 then the vector is empty.

:c{ - is the vector(z;, zit1, ..., z;), for j > 4. If j = ¢, then the vector has only one elementand
if j <1, the vector is empty.

1 - statistically independent symbol.

E[X] - expectation, i.e.,

E[X] £ ) aP(x). 1)
rzeX
Similarly E[g(X)] is
Elg(X)] £ > g(z)P(x) @)
rzeX

B. Information measures

o H(X) - entropy, i.e.,

H(X) 2 E[~log, Px(X)] = — 3 Px(a)log, Px ().
rxeX

o H(X,Y) - joint entropy, i.e.,

H(X,Y) 2 E[-log P(X,Y)] = = > > P(x,y)log P(z,y)]
TzeX yey
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H(X|Y) - conditional entropy, i.e.,

H(X|Y) £ E[-log P(X|Y)] == Y > P(z,y)log P(z[y)].
reEX yey
e I(X;Y) - mutual information, i.e.,

I(X;Y)= ZPmylog%.

z,y
D(P||Q) - relative entropy or KullbackLeibler divergence, ie.,

®3)

Q)
P(z)

D(PIQ) 2 3 P() ) — _Eplog @)

C. Convexity
« f(x) Convex Function - if
Oy + Mea) < Af(w1) + Af(22) (5)
for all 21, z in its domainv\ € [0, 1], whereA = 1 — \. A function is strictly convex if
FOT1 + Axa) < Af(21) + A f(22). (6)

» f(x) Concave Function - it~ f(z) is (strictly) convex.

D. Source Coding

« C(z) or C,- denotes the codeword correspondingrto

o D - set of finete length string of symbols fromla:ary alphabet.
o l(z) - length of C(z) associated with value € X.

o L = EJi(z)] - expected length of thé€'(x).

« R - rate transmitted through a channel.

E. Channel Capacity and Gaussian Channel

« C - information channel capacity.

C2 max I(X;Y) (7)

« Gaussian Channel - discrete channel whit oufiguat time i, whereY; is the sum of the inpufX;
and the noiseZ;. The noiseZ; is drawn i.i.d from a Gaussian distribution with varianeg Thus,

Y, =Xi+ Zi, Zi ~N(0,0%) (8)

Where the nois€Z; is assumed to be independent of the sighkial
o P - average power constraint, limitation on the input is anrgypeor power constraint. For any

codewordX” = (z1, 22, ..., ,,) transmitted over the channel, we require that

1 n
—2 TP ©)
n =1



F. Differential Entropy
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« h(z) - differential entropy.

) 2 [ fx(a)logy(fx (@) do £ B[ log, 1)
« h(X]Y) - conditional entropy.

(10)
h(X|Y) £ */fX,Y (z,y)log, fx|y (x]y) dedy = E[—log, fxy (X[Y)]
e I(X;Y) - mutual information.

(11)
I(X;Y) = D(fxy|fxfy]=h(X) - h(X]Y)
e D(fxllgx) - divergence.

(12)

D(fxllgx) = /ES fx(z)log, Ix(@) d

ox (@) T (13)



