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ABSTRACT

This paper considers the problem of parametric modeling and estimation of nonhomo-
geneous two-dimensional (2-D) signals. In particular, we focus our study on the class of
constant modulus polynomial-phase 2-D nonhomogeneous signals. We present two different
phase models and develop computationally efficient estimation algorithms for the parame-
ters of these models. Both algorithms are based on phase differencing operators. The basic
properties of the operators are analyzed and used to develop the estimation algorithms. The
Cramer-Rao lower bound on the accuracy of jointly estimating the model parameters is de-
rived, for both models. To get further insight on the problem we also derive the asymptotic
Cramer-Rao bounds. The performance of the algorithms in the presence of additive white
Gaussian noise is illustrated by numerical examples, and compared with the corresponding
exact and asymptotic Cramer-Rao bounds. The algorithms are shown to be robust in the
presence of noise, and their performance close to the CRB, even at moderate signal to noise

ratios.
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1 Introduction

Many two-dimensional (2-D) signal processing applications require modeling and analy-
sis of non-homogeneous signals. In fact, almost any application where image interpretation
is required, has to face the challenge of analyzing non-homogeneities in the observed im-
age. This is due to the fact that, essentially in any image taken by a camera perspective
exists. Hence, even if in its own coordinate system the surface of an observed object was
homogeneous, its projection on the 2-D image plan produces a 2-D non-homogeneous im-
age. Moreover, applications requiring the processing of 2-D non-homogeneous signals are
not restricted to image processing problems alone. For example, the problem of modeling
and analyzing Synthetic Aperture Radar (SAR) data, and in particular Interferometric SAR

(INSAR) images, involves the analysis of complex valued 2-D non-homogeneous signals.

Perspective estimation is a key problem in many image modeling and understanding
applications. A problem closely related to that of perspective estimation is the problem
estimating the shape of a 3-D rigid body based on its surface texture information. This
problem is usually referred to as shape from texture. Based on the 2-D Wold decomposition
it was shown in [7] that the deterministic component of a homogeneous texture field can be
approximated by a sum of 2-D sinusoids. Since continuous functions can be approximated
by polynomials, a natural choice for modeling any continuous coordinate transformation of
such deterministic component is the multi-component model, where each component is of a
constant amplitude times a sine of a polynomial function of the field coordinates. A solution
to the problem of parametric modeling and estimation of homogeneous textures that appear
nonhomogeneous due to the perspective projection, is essential for solving problems such as

camera calibration and the computation of shape from texture.

Existing solutions to problems where perspective estimation is involved are traditionally
based on local analysis of the image, using its edge information.(See, €e.g., [15].) Recently, a
nonparametric approach for finding the three-dimensional orientation of a planar surface from
its texture information, has been suggested in [17]. The algorithm evaluates the dominant
frequency at each image point using the wavelet transform, and then employs the spatial
dependence of this frequency component to estimate the surface orientation. In [19], we
present a parametric solution to the problem of estimating the orientation of a planar surface
using an algorithm developed in the next sections. A different method for estimating and

canceling, the effects of perspective based on the 1-D Chirplet transform was suggested in
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[18]. In [16] the problem of estimating the shape of a smooth curved surface from its texture

information is investigated.

In this paper we study a special case of the foregoing general model, namely, the single

component constant amplitude sine of a polynomial function of the field coordinates. This

model belongs to the general class of AM-FM signals, [3], [4].

As we have previously indicated, applications requiring the processing of 2-D non-
homogeneous signals are not restricted to image processing problems alone. In [8] we present
a model based, 2-D phase unwrapping algorithm for complex valued 2-D signals with con-
tinuous phase functions. Since the signal phase is a function of the coordinates, the signal is
necessarily non-homogeneous. The basic building block of this phase unwrapping algorithm
is a parameter estimation algorithm which is investigated in this paper. Since 2-D continuous
functions can be approximated by 2-D polynomials, the first step of the phase unwrapping
algorithm is to fit a 2-D polynomial model to the observed phase. The estimated phase is
then used as a reference information that directs the actual phase unwrapping process: The
phase of each sample of the observed field is unwrapped by increasing (decreasing) it by the
multiple of 27, which is the nearest to the difference between the principle value of the phase

and the estimated phase value at this coordinate.

The estimation algorithms presented in this paper are designed to work with complex
valued constant amplitude polynomial phase signals. In applications where the 2-D signal is
real, it can be converted into complex form through the Hilbert Transform [5], [6]. However,

as we show in [19] this procedure causes some degradation in the algorithm performance.

We present suboptimal (relative to the maximum likelihood estimator), but computa-
tionally efficient algorithms (since no multi-dimensional search in the parameter space is
required), for estimating the signal parameters, given noisy observations of it. The algo-
rithms proposed in this paper are based on the properties of a 2-D polynomial phase differ-
ence operator. The derivation of this operator extends the derivation of the 1-D high-order
ambiguity function, [1], [20], to the case of 2-D signals. More specifically, we propose in
this paper two models of polynomial phase signals, one with triangular support polynomial
phase and the second with rectangular support polynomial phase. As we show later, the
estimation algorithm of the rectangular support polynomial phase signal is computationally
simpler than the algorithm for estimating the parameters of a triangular support polynomial
phase signal. However, this saving in computations comes at a cost of lower accuracy of the

estimation results (in terms of error Variance).
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In this paper we introduce the phase difference operator and show how it can be applied
to parametric modeling of 2-D signals. In section 2 we first define the parametric model
of the observed signal in general terms. We then define the 2-D phase difference operator,
and analyze its properties. In sections 3 and 4 we present the triangular support polynomial
phase model and the rectangular support model. The specific properties of each model are
investigated and employed to derive parameter estimation algorithms for the two models.
We note here that part of the results presented in sections 2 and 4 were stated earlier in a less
general form, and without proofs in [2] and [8]. In section 5 we derive the exact Cramer-Rao
Lower Bound (CRLB) on the accuracy of estimating the model parameters, for both models.
Section 6 presents a derivation of the asymptotic CRLB, which gives more insight into the
behavior of the bound. In section 7 we illustrate the operation of the proposed algorithms

in the presence of noise using some numerical examples and Monte-Carlo simulations.

2 The Phase Difference Operator

2.1 The Signal Model and the Phase Difference Operator

Let {y(n,m)} be a discrete 2-D random field consisting of the sum of a deterministic

complex valued signal, and additive white Gaussian noise. More specifically
y(n,m)=v(n,m)+un,m), n=0,1,.... N—1 m=0,1,..., M —1, (1)
where
o(m,m) = Acsp{jé(n,m)} 2)
The phase ¢(n,m) is a function of the coordinates n and m. At the moment we will not
specify the functional dependence of ¢(n,m) on n and m. The amplitude A is a real valued

positive constant. The observation noise u(n,m), is assumed to be complex valued, zero

mean white Gaussian noise.

We now define the phase difference operator in a general form, which is valid for any

complex valued 2-D signal. We then derive and prove its basic properties.

Definition 1, [2]: Let 7, and 7, be some positive integers, and let v(n,m) be a complex

valued signal. Define

1>

PD _o[v(n,m)] =v(n,m),n=0,1,....N—-1,m=0,1,.... M -1, (3)
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A

PD_ [v(n,m)] = v(n,m)v(n,m + my)* (4)

where the resulting 2-D signal PD,_ 1y [v(n, m)] exists forn = 0,1,... ,N=1,m =0,1,...,M—
1 — 7. In the following we keep the same type of notation to indicate the indices for which

the left hand-side of the equation exists.

In general we have

A *
PD,, o [0(m,m)] £ PD o [0, m)} (PD oy [o(mm + )]}
n=0,1,....N—1 ,m=0,1,....M —1—qrp . (5)

Similarly

1>

PD_ o [v(n,m)] =v(n,m) ,n=0,1,...,.N—1,m=0,1,...,. M —1

and in general

A *
PD[o(n,m)] 2 P [o(n,m)] (PD g [o(n + 7, m)])
n=0,1,....,. N—1—pr, , m=0,1,... .M —1. (7)

The operators are called phase differencing operators since they perform on the phase
of the observed 2-D discrete signal, an operation which is equivalent to phase differentia-
tion of a continuous parameter 2-D phase. Later in this section we provide an alternative

representation and interpretation of the operators PD, «)[-], and PD,_ ¢ [-].

2.2 The Vv, and Vv, Difference Operators

In principle, phase differencing can be accomplished either by applying the PD operator
to the 2-D signal directly, or by first extracting the phase of the signal, and then differencing
the phase. In practice, the first approach is to be preferred, since it can be accomplished
without phase unwrapping. Hence we adopt this approach in this paper. Nevertheless,
some of the properties of the PD operator are more easily proven by investigating the latter
approach. Therefore, we introduce here the difference operator which operates on the phase
function, and investigate some of its properties. These properties are later used in the proofs
of Theorem 1 and Theorem 2. To distinguish this operator from the PD operator, we will

call it the “V,, (V) Difference Operator”.



Definition 2: Let 7, and 7, be some positive integers. The Vy,-difference operator of

a 2-D function ¢(n,m) is a linear operator defined by

Vm[¢(n7 m)] = ¢(n7 m) - ¢(n7 m =+ Tm) ) (8)

i.e., Vi is a difference operator along the m-axis. Similarly, the V,,-difference operator is

defined by
Valg(n,m)] = ¢(n,m) — é(n + 7, m) . (9)

It is easy to show using the definitions, and the linearity of the operators, that the

difference operations are commutative ¢.e.,
Vo |Vmlé(n,m)]| = Vin | Valo(n,m)]] (10)

Hence for example

Vo |V |Vnlé(mm)]) || = Vi [Vin | Valo(m,m)] ]| (11)

Assume we have applied the V,, difference operator P times, and the V,, difference

operator S — P times, to ¢(n,m). In the following we denote the resulting signal by
V@) mis-p)[@(n, m)].
It can be easily verified that
VoP) is—py[o(n,m)] = Vnu){Vnw—l),m(s—m[qﬁ(n,m)]} 7 (12)
and

VpP) pis—p[o(n,m)] = Vmu){Vn<P>,m<s—1—P>[¢(n7m)]} : (13)

Lemma 1: Assume we have applied, in some arbitrary sequence, P times the operator

Vi, and K — P times the operator Vi, to ¢(n,m). Then, the resulting signal is given by
K-P P
P\/K-P
VP i-p [$(n,m)] = Z(_1)P+Q<p>< , >¢(n + P, m+ qrm) - (14)
q=0 p=0

Proof: By induction. Let K=1. Hence, two cases are possible: P =1, and P = 0. For

the P =1 case we have

1
|
Vit ot = 31 ()t + e
= ¢(n,m) — ¢(n + m™m,m) , (15)
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as the difference operator in the n direction, Vy,, is defined. Similar derivation for the P =0

case, results in the definition of the difference operator in the m direction.

Assume now that the lemma holds for some arbitrary K. We shall prove that it holds
for K 4+ 1 as well. Assume that the K + 1-th application of the phase difference operator is
in the m direction. Similar derivation holds in the alternative case, i.e., the case in which

the K 4+ 1 application of the phase difference operator is in the n direction.

V(P) (K +1-P) {¢(na m)}

= Vo [V i) i[9, )

—V,, { > (-t <P> (K - P) ¢(n + prn,m+ qm)
= = p q
K—P P i
= D (—1ype (5) (A ;P>¢(n+pm,m+wm)
q=0 p=0
K—P P i
=30 St (D) (U Yot e+ G+ 1)
= = p q
K—P P i
= > (=1pte <P> (A _P>¢(n+p7n,m+q7m)
= p q
K—P+1 i
+ Z(—l)P“(P) (IZ _1P>¢(n+prn,m+£rm)
=1 p=0 P B
P P
- Z(—l)p<p>¢(n+p%m)

S (e

P q q—1

p=0
K-P+1 P -
P\N/K-P+1
— Z(—l)p+q<p> ( . )qﬁ(n—l—an,m—l—qu) ) (16)
q=0 p=0

The second equality in (16) results from the induction assumption, and the third equality is

due to the definition of the operator V,,. The last equality results from the identity
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2.3 Alternative Representations of the PD,, and PD,, Operators

Let PDn(p)’m(S_p) [v(n, m)] denote the signal obtained by sequentially applying the phase
difference operator PD, 1) P times, and the phase difference operator PD 1) S — P times,

to some complex-valued 2-D signal v(n,m).

Lemma 2:
S—P P _ (P) (S;P)
prPryq
2Dy s o] = T TL{ [0+ g -4am) 7} (15)
q=0 *p=0
where we define
Tt gmm),  pt
v(*(pﬂ))(n + prp,m 4 qTim) = {vin PTas M+ G7im) P even (19)
v (n + pn,m + qTm), p—+ q odd

Proof: By induction. Let S=1. Hence, two cases are possible: P =1, and P = 0. For

the P =1 case we have

1

1
PDn(l)’m(o)[v(n,m)] = H {{v(*(p))(n -I-an,m)} }(p)

p=0
= v(n,m)v*(n + m,m) , (20)
as PD, (1) is defined. Similarly, for the P = 0 case we have

1

PDn(0>,m(1) [v(n,m)] = H {{v(*((ﬂ)(n,m + ) }(;)
q=0

= v(n,m)o*(n,m+ m) , (21)

as PD, (1) is defined.

Assume now that the lemma holds for some arbitrary S — 1. We shall prove that it
holds for S as well. Assume that the Sth application of the phase difference operator is in
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the m direction. Similar derivation holds for the case in which the Sth application of the
phase difference operator is in the n direction. Hence, using Definition 1, equation (5) (or

alternatively (7)),
PD, ) ps-p) [v(n, m)]

*
= PDp) ppis—1-p[v(n,m)] <PDn<P>,m<s—1—P> [v(r,m + Tm)]>

S—l—P)

:S—ﬁp{ ﬁ{{v(*(pﬂ))(n—l-an,mﬁ-qu) }(i)}( q

q=0

q=0 p=0
S—1-°P , P Py (S-1-P
= H {H{{ (*(p+q))(n+p7_n7m+q7_m) }(p)}( : )
q=0 p=0
ﬁp{ P {[%" 0+ prasm + trm) }(i)}( -
=1 *p=0
=11 H”(*(m)(n +an,m)} }(5)
p=0
S—1-P p 5—1-P\, (5-1-P
v(*(p+q)) " S . (p) {( q )+ q-1 )
e {pl;[(){{ (n + prn,m + qmm) }
LT s ;)
H{{(* )(n-l-an,m—l—(S—P)Tm) }p
p=0
:S—P{ ﬁ{{v(*(pﬂ))(n_l_an’m_l_qu) }(i)}( q ) ‘ (22)
q=0 *p=0

The next corollary gives an alternative recursive definition of the 2-D polynomial phase

differencing operator.

Corollary: Assume we have sequentially applied, in some arbitrary sequence, P times
the phase difference operator PD (1), and S — P times the phase difference operator PD,_ ),
to the signal v(n,m). Then, the resulting signal is given by

PD,p) pis-py[v(n,m)] = PD, ) [PD ) poyy 1 is-py[v(n,m)]| (23)
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and similarly by

PD, Py pis-pv(n,m)] = PD, q) \PD,p) ys-1-p)[v(n,m)]| (24)

Proof: The proof follows immediately from the definition of PD, ), (or PD, «)), and
(22).

In sections 3 through 4, in order to simplify the presentation, we discuss the case in which
there is no observation noise and A = 1. Hence, in (1), y(n,m) = v(n,m) = exp{jo(n,m)}.
We specialize the results of this section by assuming two specific polynomial models for
the phase function. These are the triangular support polynomial phase model and the

rectangular support polynomial phase model.

3 The Rectangular Support Polynomial Phase Model

3.1 Model Definition and Properties

Assume ¢(n, m) in (2) obeys the following polynomial model

P Q
s(nm) =D e(k, OnFmt . (25)
k=0¢=0
where P and () are two non-negative integers denoting the order of the polynomial in n

and m respectively. In the following we denote this rectangular support polynomial phase

function by ¢p g(n,m). As an example, Fig. 1 illustrates the support for P = Q = 3.

Let us first give a brief heuristic explanation of the idea behind the operation of the
PD operator, when applied to a rectangular support polynomial phase signal. Consider the
polynomial phase function in (25), and assume for the moment that m and n are continuous
variables. By differentiating the phase of the observed signal () times along the m axis,
we eliminate the dependence on m, leaving a polynomial in n. Since the phase function is
independent of m we can average the 2-D signal along the m-axis, to reduce it to a 1-D

signal. The 1-D signal has a constant amplitude and a polynomial phase of order P.

Differentiating the phase of this 1-D signal P — 1 times with respect to n, we get a

complex exponential whose phase is a first order polynomial in n. It can be shown that the
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Figure 1. Rectangular sup-
port with P = @ = 3.

frequency of this complex exponential is a function of the highest order coefficient of the 1-D
phase polynomial, and other known quantities. Therefore, by estimating the frequency of
the complex exponential we obtain an estimate of the highest order polynomial coefficient.
By removing the phase contribution related to this coefficient, and repeating the procedure
described above, the other phase coefficients can be estimated as well. Having completed
the estimation of the 1-D signal, it is now possible to reduce the order of the 2-D signal and
repeat the entire process, until all the phase parameters have been estimated. The details

of how this is done in practice follow.

Lemma 3: »
V@ {epgln.m)t =3 cqlkn® (26)
k=0
where
colk) = ek, Q)QU~mm)? [k =0,...,P. (27)

Hence, V, @) {¢pg(n,m)} is a 2-D polynomial function of n only.

Proof: By induction. Let Q=1. Hence,

Vil{opi(n,m)} = épi(n,m) — ¢pi(n,m+mm)
1

(b, Om*Im? = (m + )]
=0

]~

o~
[l

o
~

—(tm)e(k, 1)nF

]~

o~
[l
o
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P
=" ei(k)n® (28)

k=0

which is a function of n only.

Assume now that the lemma holds for some arbitrary ). We shall prove it holds for
Q + 1 as well.

P P Q
Vm<Q+1>{¢P,Q+1(nam)} = m(Q+1){ Z (k, Q + DnFm@t! 4 > ZC(kaﬁ)nkmg}

k=0 (=0

]~

ek, Q + 108V e {m @} + V0]V @ {0pgn,m)} |

o~
[l
o

]~

ok, Q + 1)nkV o) {vm{mQ+1}}

o~
[l
o

]~

(b, Q + 1)k o {m@H! = (m + 1) @1

o~
[l
o

Q o
c(k,Q + 1)nkvm<Q>{ = (Q T 1)@%“_%1} . (29)

4

]~

o~
[l
o

=0
where the second equality results from the linearity of the difference operator and the third

is due to the induction assumption V) {dpg(n,m)} = Ekpzo cQ(k)nk and the fact that
Vi S hg co(k)n*} = 0.
Note that E <Q+1> f,%“_imi is a 1-D polynomial in m, of order (). Hence, [10],

Q .
Voo { = 3 (47 )} = (05 @it gm0

where 75 (7m) in not a function of m. Substituting (30) into (29) we have

P
Vs {opgimm} =3 etk Q + 10k Vi { = (@ + 1)1(=70)4m + 1q(rm) }
k=

=0
P
== ek, @ + U {(Q+ 1)(=mm) Ul = (m + )] |
k=0
P
= ek Q+ DM (Q+ Di(—mp) 9T m (31)
k=0



We can now state the main result of this section. This result establishes the functional
relation between the phase coefficients of the 2-D signal PD (q)[v(n,m)], obtained by suc-
cessively applying the operator PDyy,[-] to the polynomial phase signal v(n, m) whose phase

function is given in (25), and the phase coefficients of v(n,m).

3.2 The Representation of PD_ )[v(n,m)]

Theorem 1: Let v(n,m) be given by (2), (25). Then, the signal PD _ (q)[v(n,m)] is

polynomial phase in n only, and is given by

PD_(@)[v(n,m)] = exp {j ZCQ(k)nk} n=01,....N—1 m=0,1,.... M—1—Qrp ,
k=0
(32)
where its polynomial phase coefficients are given by
co(k) = ek, Q)QU—mm)? k=0,...,P. (33)
Proof: Consider the 2-D signal
P
exp {53 cqUiynth = exp {j9,0 {8p g0, m)} }
k=0
(@
—exp {5 5o -07() mglunm o+ )
q=0
)
s+ qTm
ot (©)onatm s
Q Q
(=D (5
=11 HGXP{WPQ(” m -+ qu)}} }( )
q=0
Q Q
_H{ n,m—l—qu)}(q)
q=0
- PDm(Q)[v(nv m)] > (34)

where the first equality is due to Lemma 3, the second equality is due to Lemma 1, with

P =0 and K = @, and the last equality is due to Lemma 2, with P =0 and S = Q). [
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Note from the PD operator definition (5) and Theorem 1 that for a 2-D polynomial phase
signal v(n,m) of order (P, Q),

PD, s o(n,m)] = PD, @ [v(n,m)] (PD, @ fo(nm + 7))

P P *
= exp {] Z cQ(k)nk} <exp {] Z CQ(k)nk}>
L k=0 #=0 (35)

Hence, for all L > @ applying the operator PD_ ()[-] to a 2-D polynomial phase signal
v(n, m) of order (P, Q) yields
PD_ )[v(n,m)] = 1. (36)

3.3 The Parameter Estimation Algorithm

Consider the observed signal given by (2), (25), where P and () are two non-negative
integers, which initially, we assume to be known. We now present an algorithm for sequen-
tially estimating the parameters ¢(p,q), p = 0,..., P, ¢ = 0,...,Q of the 2-D polynomial

phase signal.

Theorem 1 implies that applying the operator PD,_(q)[-] to the observed signal v(n,m)
eliminates the dependence on m of the resulting 2-D signal, thus producing a 2-D polynomial
phase signal whose phase is polynomial in n only. Since the phase function is independent of
m we can average the 2-D signal along the m-axis, to obtain a 1-D signal whose parametric
representation is identical to that of the 2-D signal. This 1-D signal is a constant amplitude

polynomial phase signal of order P. It is given by

1 M—-1-Q7p
x(P)(n) = =0 mz_:o PD, (@[v(n,m)]
P
:exp{chQ(k)nk}, n=0,1,....N—1. (37)
k=0

Following [10] we define the 1-D polynomial phase difference operator.

Definition 3: Let 7, be some positive constant. Define

PDOLe(n)] 2 2(n) ,n=0,1,...,N —1, (38)
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and in general

PD[e(n)] & PDP~He(n)) (PDP (o 4 7))
n=0,1,...,.N—1— Pry, . (39)

As before, it can be shown that the PD operator can also be defined recursively, with the PD
operator of order P being obtained by P repeated applications of the first order operator.
The Pth order ambiguity function of some 1-D signal x(n) is defined as the Fourier transform

of PDT=1x(n)], [20].

Given observations of a constant amplitude polynomial phase 1-D signal, (37), it is

straightforward to show that

PP el ()] = exp {jewpn + op } (40)

where

wp = ()PPl (P), (41)
and ¢p is a function of P, 7n,cp(P), and cg(P — 1), but not of n.

Note that PDP_l[:Jc(P)(n)] is a 1-D complex exponential, whose frequency wp is a func-
tion of the highest order coefficient, cg(F), of the phase polynomial.

We have thus shown that given observations on some 2-D constant amplitude, polynomial
phase signal v(n, m), this non-homogeneous 2-D signal can be reduced to a 1-D stationary
exponential signal. This is done by computing PD_(q)[v(n, m)], as defined in (5), followed by
computing PDP_l[:Jc(P)(n)] in (40), where :zj(P)(n) is the average of PD_(q)[v(n,m)] along
the m-axis, as given by (37). Moreover, using (41), and (33), we have that the highest order
coefficient of the 2-D phase polynomial ¢(P, Q) can be expressed as the following function of

wp

“p
c(P,Q) = : (42)
7 (—1)P+Q_1P!T71P_1Q!T7%
Hence, estimating wp using any standard frequency estimation technique, results in an
estimate of ¢(P, Q). In this work we estimate the frequency of the exponential using a search

for the maximum of the absolute value of the signal Discrete Fourier Transform (DFT).

Multiplying the 1-D signal :zj(P)(n), by exp{—jéQ(P)nP} results in a new 1-D signal,
whose phase is of order P — 1. We can therefore repeat the procedure used to estimate

cq(P), to obtain an estimate of cg(FP — 1), and thus an estimate of ¢(P —1,Q)) as well. By
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repeating for all p = P, ..., 1 the two basic steps of estimating cg(p) (finding the maxima of
IDFT(PDP~ Lalp () (n )])| followed by multiplying the already reduced order 1-D polynomial
phase signal, (P )( ), by exp{—jéqg(p)nP}), we obtain estimates for all ¢(p, Q) ,p=1,..., P.
The resulting signal x (0 )( ), is a constant phase 1-D signal. Taking the average of the imag-
inary part of the logarithm of this signal, and scaling it using (33), we obtain an estimate for
¢(0, Q). We have thus completed the estimation of all the 2-D phase polynomial coefficients,
e(p, @) ,p=0,..., P, which correspond to @), the highest power in m.

In the next step of the algorithm we multiply v(n,m) by exp{—j 25:0 ¢(p, Q)nme} to
obtain a 2-D polynomial phase signal of order (P,Q —1). Having reduced the order from @ to
() —1, we can now repeat the procedure described above, to estimate ¢(p,@—1) ,p=0,..., P,
and again to estimate ¢(p,@ —2) ,p = 0,..., P, and so on, until all the phase parameters

have been estimated.

The amplitude of the polynomial phase signal can be estimated by multiplying the
observed signal by exp{—j 211)3:0 E?:o ¢(p, g)nPmi}, and averaging the result (Ideally, the
resulting 2-D signal is a constant with amplitude A). The algorithm is summarized in Table

1.

It was shown in (36) that overestimating the order of the phase polynomial yields zero
values for the non-existing coefficients. In other words, for L > ) applying the operator
PD,_ )] to a 2-D polynomial phase signal v(n,m) of order (P, Q), yields PD _y[v(n,m)] =
1. Since a similar property exists for the 1-D phase difference operator, the algorithm results
in ¢(p,q) =0 for p> P, or ¢ > @, and hence allows for relatively simple order estimation in

cases where the polynomial order (P, Q) is unknown.

Assuming some arbitrarily high P and @), the decision that é(k,¢) = 0 can be based on
comparison with the Cramer-Rao bound, which is developed in Section 5. In the presence

of observation noise, we decide that ¢(k, () = 0 whenever |é(k, ()| is not considerably higher

than {CRB[c(k, ()]}7.

4 The Triangular Support Polynomial Phase Model

Assume ¢(n, m) in (2) obeys the following polynomial model
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(op = argmax DFT(PDp_l[:L'(p)(n)])
¢q(p) = (_1)1,%’1)!75—1

ép,q) = q;fi(fnz)q

2PV (n) = &) (n) exp{—jéy (pn?}
end
c(0.9) = =t six Lnsg Im{log(x(V(n))}
P4~V (0, m) = olPD(n,m) exp{—j T )_g é(p, g)nPmt}

end

Let v(P’Q)(n,m):v(n,m), n=0,....N—1, m=0,.... M —1.

For q=Q, ..., 0
M-1—qrm,
2Pl n) = 1t Yz T PD, [ PD (nm)], m =0,
For p=P, ..., 1

Table 1. The Rectangular Support Polynomial Phase Signal Estimation Algorithm.

é(n,m) = Z c(k,ﬁ)nkmg,

(kO)el

where [ = {0 < k,l and 0 < k4 ¢ < S+ 1}. In the following we denote this phase function
by ¢g11(n,m) and call it a triangular support 2-D polynomial of total-degree S + 1. Thus,
one might think of the phase polynomial ¢g(n, m), as if it has S ‘layers’ since increasing

by one adds a ‘layer’ of additional S+ 2 parameters to the phase model. To further illustrate

the definition we depict in Fig. 2 a triangular support of total-degree 4.

Before addressing in detail the properties of the signal produced by applying the PD
operator to a signal with triangular support polynomial phase, we would like to refer the

interested reader to [2] where a brief heuristic explanation of the idea behind the proposed
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Figure 2. Triangular sup-
port of total-degree 4. Di-
agonal lines indicate layers 1

through 4.

algorithm for estimating the parameters of constant amplitude triangular support polynomial

phase signals, can be found.

Note that applying any of the operators PD,_ 1[-], or PD, (1)[-] to a 2-D polynomial phase
signal of total-degree S + 1, results in a 2-D polynomial phase signal of total-degree S.

Lemma 4:
S+1
Vs mis-rr | 3 ek, S+ 1= Bk m ] = wgn t vgm + g ) (44)
k=0
where,
wg=(=1)°c(P+1,5—P)(P+1DNS— Pl (45)
vg = (—1)°¢(P,S +1— P)PY(S +1— P)irlr>= 0 (46)

and Yg(mn, Tm) is not a function of m nor n.

Proof: From the properties of the 1-D PD operator, [10], we have that
Vot [m ] = M{=mm) " "l + 53 (7m) (47)
where v/ (7m) is not a function of m,

Vo [mM] = M=) (48)
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and

Vaarsnln ) =0 9)
Hence,
S+1
Vin(s-p) {vn(P) { > le(k, S +1 - k)n’“mSH—k]H
k=0
Pl S+1
= Vs [V | Do leh S 4 1= kym TRk 4 37 [efl, § 41 = k)m+1=H ]k |
k=0 k=P
S+1
=2 Vn<P>{nka<s—P> [e(k, S +1 - k)mSH—k]}
k=P

- vn(P){nPVm(S—P) {c(P, S+1- P)mS—I—l—P} }

+ Vi {nPHVm(s_p) {c(P +1,S41-P— 1)mS—|—1—P—1} }
S 1 P [P [P

+e(P+ 1,5~ P)V,p {nP—i—l}vm(S_P) {mS_P}

= (PS4 1= P)PY=r)P[(8 + 1 = P71 Pm + 3541 p(m)

(S — P)l(—mm)°~F

(P + 1)/ (=m) 0 4+ vp11(m)
= vgm +wgn + Y5(mn, Tm) (50)

+e(P+1,5—-P)

where

Y5(n, Tm) = e Py S+1=P) P (=7n) v541_ p(rim)+e(P+1, S=P)yp g1 (70) (5= P)H(=7m)
(51)

The second and third equalities in (50) are due to (49) and the linearity of the difference

operators. Note that since yg11_p(7m), 7p11(7n) are not functions of m nor n, Yg(7n, 7m)

is also not a function of m nor n. (]

Lemma 5:

Vo(P) l5-P) {¢S+1(na m)} = wgn +vgm+v5(Tn, Tm) (52)

where wg, vg, are given by (45) and (46), respectively, and vg(7p, 7 ) is not a function of m

nor n.
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Proof: By induction. Let S=1. Hence, two cases are possible: P =1, and P = 0. For

the P =1 case we have

Vo) @ [02(n, m)] = da(n,m) — ¢a(n + 7, m)
= (=1)[2¢(2,0)mpn + (1, 1)mym] 4+ [—c(1,0)7, — 0(2,0)7'3] , (53)

which satisfies (52) for S =1 and P = 1. Similarly, for the P = 0 case we have

V) m[02(n, m)] = da(n,m) — ¢a(n,m + mm)
= (—=1)[2¢(0,2)rym + ¢(1, 1)mmn] + [—¢(0, 1) 7 — ¢(0, 1)7’72,1] , (54)

which satisfies (52) for S =1 and P = 0.

Assume now that the lemma holds for some arbitrary S —1. We shall prove it holds for S
as well. Assume that the Sth application of the V difference operator is in the m direction.
Similar derivation holds in the alternative case, i.e., the case in which the Sth application
of the V difference operator is in the n direction. Using the definition of ¢g11(n,m) in (43)

we have

V(P is—P) {¢S+1(n, m)}
541
= Ve s | 3 ek, S+ 1= kym T1rnk 4 gg(n, m)}
k=0
541
= vn(P),m(S—P) Z c(k,S+1— k)ms—i—l_knk} + vm{vn(P)’m(S—l—P) {qu(nv m)} }
k=0
541
= Vo2 mis-ry| Y ek, S 41— k)mSH_knk} + Vi {WS—ln + vg—1m + v5-1(7n, Tm)

k=0 }

= wgn + vgm +v5(mn, Tm) (55)

= wgn + vgm + {’NVS(Tna ™m) + Vm {WS—ln +vg_1m +v5-1(Tn, Tm)

is not a function of n nor m. The third equality

since Vi, {wg_ln +vg_1m—+v5_1(Tn, Tm)

in (55) results from the induction assumption, and the fourth equality is due to Lemma 4. u

Theorem 2: Let v(n,m) be given by (2) and (43). Then, the signal PD_ (py ,..(s—p)[v(n,m)]

is a 2-D exponential given by

PD ) ps-p)[v(n,m)] = exp {j[wsn +vgm +y5(Tn, Tm)]} 7
n=01,....N—1—=Prp, m=0,1,.... M —=1—(5—=P)rm, (56)

21



where

wg=(—1)°c(P+1,5 — P)(P+1){(S — P}l (57)
vg = (=1)°c(P,S +1— P)PY(S +1— P)irlr5= 0 (58)
and vg(7mp, Tm) is not a function of m nor n.

Proof: Consider the 2-D signal

exp {j[wsn +rvgm + ’VS(Tna Tm)]}

= exp {jvn(P)’m(S—P) (651 1(n,m)] }

=P P P\ /S_p
= exp {j qz:% pz:%(_l)l?—i-q (p) ( . >¢S+1(n + pTp,m + qu)}
S—P P | P\/S_p
= s pl;[oexp {](_1)p+q (p)( ¢ >¢5+1(N+an,m+qu)}
S— 1yt (P s-r
— 4 ﬁ{{GXP{quS—I—l(n‘|‘an,771‘|‘qu)}}( Y }(p)}( -
q=0 * p=0
S—pP , P Py (P77
_ H {H {{U(*(pﬂ))(n—l—an,m—l-QTm) }(p)}( 4 )
q=0 * p=0
= PDyp) ppis-plo(n,m)] (59)

where the first equality is due to Lemma 5, the second equality is due to Lemma 1, and the

last equality is due to Lemma 2. [

Note from the definition of the phase difference operators in Definition 1, and Theorem
2 that for a 2-D polynomial phase signal v(n,m) of total-degree S, PDn(p)’m(S_p) [v(n,m)]
is not a function of n nor m. Hence, for all L > S applying in some arbitrary sequence, P
times the operator PD_ 1), and L — P times the operator PD 1), to a 2-D polynomial phase

signal v(n,m) of total-degree S yields a constant amplitude signal.

An algorithm for estimating the parameters of 2-D constant amplitude triangular support
polynomial phase signals, based on the results of this section, is given in [2]. In sections
6 and 7 we investigate its performance in the presence of observation noise. A detailed
analytic evaluation of the performance of this algorithm in the presence of observation noise

is presented in [9].
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5 The CRB of a 2-D Polynomial Phase Signal in Noise

In this section we derive the Cramer-Rao Bound (CRB) on the error variance in esti-

mating the phase parameters when the signal is observed in white additive Gaussian noise,

i.e., the observed field is {y(n,m)} given by (1), (2) and (43), (or (25)).
Define,
y = [y(O,O),...,y(O,M—1),y(1,0),...,y(1,M—1),...,...,y(N—1,0),...,y(N—1,M—1)]T,
(60)

and similarly let all the phase parameters, of the triangular support phase model be assem-

bled, ‘layer’ after ‘layer’ into a vector ¢

c=[c(0,0);¢(0,1),¢(1,0);¢(0,2),¢(1,1),¢(2,0);...,...5¢(0,9),...,¢(S, 0)]T, (61)
where we use ‘; to distinguish ‘layer’ from ‘layer’. Hence ¢ is an w dimensional

vector. For the case of a rectangular support phase model we define ¢ to be the (P+1)(Q+1)

dimensional vector

¢ =1[e(0,0),. ... e(0,Q)e(1,0),. oo e(1,Q)s ey e(PO), . (PN (62)

Also let t be a N M x2 matrix such that each row of t contains the pair of indices (n, m) where
n=0,....N—1; m=0,...,M — 1. In the following we will use the following shorthand
vector notation for functions of space. Given a scalar function f(n,m), we will denote the
column vector consisting of the values of f(n,m), n =0,....N —1; m=0,...,M — 1 by
f(t). Using this notation, we denote the vector of phase values of the signal by ¢(t). Hence

we can write

& =0 (63)
where ¢/9(t) is an M N dimensional column vector.

Using the above definitions we can rewrite (1) in the following matrix representation:
y=A® +n (64)

Note that y is a linear function of the amplitude parameter A, while the phase parameters

enter non-linearly through ®.

Since the observation noise is assumed to be a complex valued Gaussian field such that

its real and imaginary components are independent real Gaussian white noise fields each
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with zero mean and variance %2, the probability density function of the observations is given

by

1 1 9
ply;0) = W)]W\]exp{_o_?Hy — A®|| } (65)
where @ = [¢T A]T denotes the vector of unknown parameters. The log-likelihood function
A is then given by
1
A=—MNInx—MNIno? - —|ly— A®||* . (66)
o

To derive the Cramer-Rao bound we use the well-known formula which states that the

elements of the Fisher Information Matrix (FIM) are given by

St 1 (o7

and the CRB is simply the inverse of the FIM [12]. Thus, to evaluate the FIM we need to
compute the derivatives of the log-likelihood function with respect to the various parameters

of interest, and take their expected value.

5.1 Computation of the Derivatives

Taking the partial derivatives of A, we have

OA 1 oel 0P
oclk, () ~ ﬂ{Aac(u) (y - A®) +Aly - A(I’)Hac(k,z) }
H
— fQRe{Aai((I;M) (v—a®)} . (68)

Hence for all (k, () and (p, q),

DA 2 o®H 0®
_E{ de(k, 0)0c(p, q) } - aQRe{Aac(k,ﬁ)Aac(p, q) } (69)
Let
er=[0,1,.... N—D)T o1y, (70)
es =1y @[0,1,....(M—1)T, (71)

where 1pg and 1y are M-dimensional and N-dimensional column vectors of ones, respec-

tively, and @ is the Kronecker product. In other words, ey is the first column of t, and es
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is its second column. Evaluating now the partial derivatives of ® with respect to the phase

parameters yields

0D
de(k, )

A :jAe]f-eg-fﬁ

= jek el u(t) | (72)

where - denotes element by element multiplication of the entries of the vectors, and v(t) is

the vector of the signal values at each lattice point (n,m),n =10,... ., N=1; m=0,..., M—1.

Substituting (72) into (69), we have

82
_E{ de(k, z)aAc(p, q) } -

m'te (73)

Rewriting (73) in a matrix form we obtain the FIM block ,—E{ % }, which corresponds
to the phase parameters. Note that (73) implies that the FIM block which corresponds to
the phase parameters has a separable representation, although the phase is modeled by a
non-separable two-dimensional polynomial and the fundamental algebra theorem is not valid

for two-dimensional polynomials.

Similarly, using (68) and (72) we find that
92\ 2 0Bl
_E{ 8c(k,€)6A} - ﬁRe{Aac(k,z)‘I’}
2 .
- —QRe{(]Aelf el <I>)H<I>)}
) (74)

o
=0
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since (AellC . eg . <I>H<I>) is purely real.
Taking the partial derivative of A with respect to the amplitude parameter we have

gﬁ - fQRe{cﬁH(y - A<I>)} . (75)

Hence,

) = ane{ee)
_ 2]:5” | (76)

In the case where the noise variance is unknown the FIM needs to be augmented by a

row and a column corresponding to derivatives with respect to o2. Using (68) we obtain

92\
= L_q.
{ac(k,ﬁ)QUQ} 0 (77)
Similarly, using (75)
02 A
a2} =0 (78)

Finally,

—E{ 82A}:NM ' (79)

9202 ot

We therefore conclude that the FIM in (67) is block diagonal, for any polynomial phase
model. Hence the CRB’s on the estimation of the phase parameters, the amplitude param-

eter, and the observation noise variance are decoupled, where

2
g
B(A) = ——
and
2 04 1

From the decoupling of the bounds and (73) we conclude that the bound on the phase param-
eters is a function only of the total-degree of the triangular support 2-D polynomial phase
function, (or the order (P, Q) of the rectangular support 2-D polynomial phase function),
and is independent of the phase parameters. In other words, all the triangular support 2-D
polynomial phase signals of total-degree S + 1 and amplitude A will have the same values of

CRB(c). Similarly, all the rectangular support 2-D polynomial phase signals of order (P, Q)
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and amplitude A will have the same values of CRB(c). Let SNR = [;—22 denote the signal-to-
noise ratio. Using (73) we conclude that the CRB on the error variance in estimating the
phase parameters ¢(k, () is inversely proportional to the SNR. Similarly, (80) implies that the
CRB on the amplitude parameter is independent of the signal phase and amplitude. Hence

all constant amplitude polynomial phase signals, will have the same value of CRB(A).

Finally, we note that since a 2-D exponential is a 2-D polynomial phase signal of total-
degree 1, we obtain as a special case of our derivation the bound on the error variance in
estimating the frequency, phase, and amplitude parameters of a 2-D exponential, observed in
additive complex valued, white Gaussian noise. The latter is a common problem in spectral

analysis of images.

For the case of rectangular support polynomial phase signals a more compact represen-

tation of the CRB can be obtained. Its derivation is presented in section 5.2.

5.2 The CRB for a Rectangular Support Polynomial Phase Signal

Rewriting (73) using matrix notation we have

92Ny 242

dc?
((+1),(p+1)Q+ (¢+1)) element, is the FIM element which corresponds to the parameters

c(k,0),e(p,q). Hy is the (P 4+ 1) x (P 4 1) matrix and Hg is the (@ + 1) x (@ + 1) matrix

which are given by

where the matrix —E{ 62A} s (P+1)(Q+1)x (P+1)(Q+1) dimensional. Its ((k+1)Q +

N-1
(H1) (1 pa1) = >, 0"V (83)

n=0

and
M-1

(Ho)(pg1 4401y = p_ m't. (84)

m=0

Using (82) we obtain the following compact representation for the CRB on the phase

parameters
2

CRB(c) = Z%H;l oHy! (85)
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6 The Asymptotic CRB

The derivation of the exact CR bound presented in the previous section requires inversion
of the matrix —E{ %279} in (73) whose elements are expressed in terms of products of sums.
In order to get further insight into the behavior of the bound on estimating the 2-D phase
parameters we derive in this section an approximation for the CRB assuming that N and M
are large compared to the polynomial total-degree S + 1 for the triangular support model,
or alternatively that N and M are large compared to P and @) for the rectangular support

polynomial phase model.

Evaluating the sum expressions (73) we have, [14]

N—1 Nk+p+1 1 (k+p)BlNk+p_1

ktp _ ) ————— 4 “NkFP k 0 .
Yot =i T + 21 te tp=0 0 (36)
n=0 N, k+p=20

where {B},} are Bernoulli numbers. Similar expression is obtained for the summation over

m. Hence an approximate expression for (73) is given by

92 A
E
{90(&5)90(1&,61)}
2A% 1 1
_ N +p+1f_ - N_l M€+q+1 - M—l
o? <k—|—p—|—1+0( )> <€—|—q—|—1+0( )>

2A% bl gt
_ 2T Nk gt <
o (k+p+1)((+q+1)

+ON"Y ¢ O(M_1)> . (8T)
If we ignore the O(N_1 and M_l) terms, we get a simple closed form expression for the
elements of the FIM. Inverting this matrix results in the asymptotic CRB for the phase

parameters. In section 6.1 we show that for the case of rectangular support polynomial

phase signals a closed form expression of the asymptotic CRB can be obtained.

6.1 The Asymptotic CRB for Rectangular Support Phase Model

From (73) we have

92 A 242 - S
(0" 24 (+q 88
{ dc? }(k+1)62+(15+1) (P+1Q+(¢+1)  o? z:: mz::O " Y

28



Using (82) and (87) we get

i aQA} QAQN{Gq (111 + 0 1) &1} 0 1 { Gy (11 + 017 G}

dc? o?

2A2 . _ . _
= S NM(Gr o Go){ (i + 0N ) o (Hy + o) (61 @ Ga)
2A2 T ~1 ~1
=g NM(Gy ®G2)<H1 ®Hy+O(N7)+0(M ))(Gq ©Gg), (89)
where
G = diag{1,N,..., NP} | (90)
Gy = diag{1,M,...,M?} | (91)
. 1
H)ky1p41 = Frptl (92)
and

L
(+q+1°
Note that Hy, Hj are Hilbert matrices. Inverting (89) we have

(H2) 11 441 =

o2 1
2A2NM
where the elements of the inverse of the Hilbert matrix Hj are given by (e.g., [11]),

g IO

CRB(e) = (G oGy ) (BT o by +ov o) Gl e Gl L (91)

and similarly for the elements of 1:12_1 In particular, note that the diagonal elements of

Hl_l ® I:I_l, (which are obtained for k = p, { = ¢), are given by

(7" Hy ) (1) Qe (0 1), (k4 1) @ (01)
(P k4 1)? KPM) (P) 2(Q + 0 +1)? KQM) (QN? (96)
2k + 1 k k 20+ 1 ( ( '
Substituting (96) into (94) yields the following approximate bound:

1
var{¢(k, ()} > 9 N2k+1 j72(+1 SNR

[y o [ e (" (D]
: [%1+1+0( bl {(Q—M—H)(Qéw)(
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where SNR = [;—22 is the signal-to-noise ratio.

We therefore conclude that the CRB on the error variance in estimating the phase
parameters ¢(k, (), k =0,...,P; { =0,...,Q is approximately inversely proportional to the
SNR, and to NZEHL 204 where N, M are the numbers of data measurements in each axis.

7 Numerical Examples

In this section we present some numerical examples to illustrate the operation of the 2-D
phase difference operator, as well as the parameter estimation algorithms which are based
on the operator. We begin with an example that illustrates the operation of the rectangular
support phase model estimation algorithm in the presence of noise. An illustrative example
of the operation of the triangular support phase model estimation algorithm can be found
in [2]. We also investigate the performance of the estimation algorithms for triangular and
rectangular support polynomial phase signals by Monte-Carlo simulations and by comparing
the estimation error variance with the corresponding exact and asymptotic Cramer-Rao

bounds.

7.1 The 2-D Difference Operator: Example

Consider a unit amplitude rectangular support polynomial phase signal with P =1 and
() = 2. The observations are subject to an additive white Gaussian noise, such that the
SNR = 0dB. In this example the observed field dimensions are N = 100, M = 100. The

phase coefficients are given by
c=[1 15-1071 5.107% —12-1071 45-1073 6.5-107°] , (98)

where ¢ is defined as in (62).

The image of the real part of the observed field y(n,m) is shown in Figure 3, and a plot
of the absolute value of its Fourier transform is shown on its right. It is clear from these two

figures that the observed signal is nonhomogeneous and is of a broad bandwidth.

Figures 4 through 7 illustrate two steps of the parameter estimation algorithm. Applying

(1)

the operator PD,,’ to the signal, yields a 2-D polynomial phase signal which is a function
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Figure 3. The real part of the observed signal (left), and the magnitude of the signal DFT
(right).

of m but not of n. Its phase is a polynomial of order two in m. The real part of this signal
is shown in the upper left image of Figure 4, and the absolute value of its DFT is shown in
the upper right of the same figure. Note that due to the presence of the observation noise,
the signal is not constant along the n-axis. Averaging the resulting signal, PD, «1)[y(n,m)],
along the n axis, yields noisy measurements of a 1-D polynomial phase signal, whose phase
is of order two in m. The real part of this signal is shown in the bottom left plot of Figure

4, and the absolute value of its DFT is shown in the bottom right of the figure.

Applying the 1-D phase difference operator once, reduces the phase of the 1-D signal
to a first order polynomial, i.e., in the absence of noise the resulting signal is a complex
exponential. The absolute value of the DFT of this signal is shown in the left plot of Figure
5. Estimating the frequency of the peak results in the estimate of ¢(1,2). We therefore see
that a broad band non-homogeneous 2-D signal, has been reduced to a 1-D stationary signal,

in a way that enables us to estimate one of its parameters.

Multiplying the 1-D signal by exp{—jél(Z)mQ} reduces the order of the 1-D polynomial
phase from two to one. In the noiseless case this yields another 1-D, stationary, exponential
signal, whose DFT magnitude is shown in the right plot of Figure 5. Estimating the fre-
quency of this exponential results in an estimate of ¢(1,1). Multiplying the 1-D signal by
exp{—j¢1(1)m} reduces the order of the 1-D polynomial phase from one to zero. ¢1(0) can
now be computed as the arithmetic average of the imaginary part of the logarithm of the

signal. Hence, ¢(1,0) can be computed, using (33). At this point we have obtained estimates
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Figure 4. The 2-D polynomial phase signal after applying the operator PD,,1). Top left:
Real part of the resulting 2-D signal. Top right: Absolute value of the 2-D DFT of the
resulting signal. Bottom left: Real part of the 1-D signal obtained by averaging the 2-D
signal along the n-axis. Bottom right: Absolute value of the 1-D signal DFT.

for ¢(1,0),¢(1,1), and ¢(1, 2).

Multiplying y(n,m) by exp{—j E%:O é(l,ﬁ)mgn} yields, in the noise free case, a new
polynomial phase signal whose degree is zero in the n dimension and two in the m dimension.
The real part of this signal is shown in the upper left image of Figure 6, and the absolute
value of its DFT is shown in the upper right part of the same figure. Averaging this 2-D
signal along the n axis, we obtain noisy observations on a 1-D polynomial phase signal, whose
phase is of order two in m. The real part of the 1-D signal is shown in the bottom left plot
of Figure 6, and the absolute value of its DFT is shown in the bottom right of the figure.

Applying the 1-D phase difference operator once, reduces the 1-D signal to a complex
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Figure 5. The 1-D exponentials obtained by sequentially applying the 1-D polynomial
phase difference operator to z(m). Estimating the frequency of the exponential in the left
plot produces an estimate of ¢(1,2). Estimating the frequency of the exponential in the
right plot produces an estimate of ¢(1,1).

exponential in noise. The absolute value of this signal DFT is shown in the left plot of Figure
7. Estimating the frequency of the peak results in the estimate of ¢(0,2). Multiplying the
1-D signal by exp{—jéO(Z)mQ} reduces the degree of the 1-D polynomial phase signal to
one, yielding an exponential signal in noise. Its DFT magnitude is shown in the right hand-
side plot of Figure 7. Estimating the frequency of this exponential results in an estimate
for ¢(0,1). Multiplying the 1-D signal by exp{—jég(1)m} reduces the order of the 1-D
polynomial phase from one to zero. ¢p(0) can now be computed as the arithmetic average of
the imaginary part of the logarithm of the residual signal. Hence, ¢(0,0) can be computed.
At this point we have completed the estimation of all the phase parameters of the 2-D signal.

The estimated parameter vector is given by

¢ =1[1.003, 1.603-10~1, 4.879-1073,-1.197- 1071, 4.283- 1073, 6.748-107°] . (99)

7.2 Polynomial Phase Order Estimation

Consider a unit amplitude triangular support polynomial phase signal of total-degree 2.
The observations are subject to an additive white Gaussian noise, such that the SNR = 10dB.
In this example the observed field dimensions are N = 100, M = 100. The phase coefficients

are given by
c=[1;45-10"1,82-1071; —=1.5-1073,16 - 1073, -2.2- 1073] , (100)
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Figure 6. The 2-D polynomial phase signal after applying the operator PD, ) to the
signal y(n,m) - exp{—j 25:0 ¢(1,0)m*n}. Top left: Real part of the resulting 2-D signal.
Top right: Absolute value of the 2-D DFT of the resulting signal. Bottom left: Real part
of the 1-D signal obtained by averaging the 2-D signal along the n-axis. Bottom right:
Absolute value of the 1-D signal DFT.

where ¢ is defined as in (61).

It was shown in section 4 that in the absence of observation noise, overestimating the or-
der of the phase polynomial yields zero estimated coefficients for the non-existing coefficients,
i.e., for all L > S applying L times, in any order, the operators PD [] and PD_ ) [-] to
a 2-D polynomial phase signal y(n,m) of total-degree S yields a constant amplitude signal.
In the presence of observation noise, we decide that c(k, () = 0 whenever |é(k, ()| is not con-
siderably higher than {CRB[c(k,K)]}%. In the following example we illustrate the operation
of the proposed procedure.
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Figure 7. The 1-D exponentials obtained by sequentially applying the 1-D polynomial
phase difference operator to z(m). Estimating the frequency of the exponential in the left
plot produces an estimate of ¢(0,2). Estimating the frequency of the exponential in the
right plot produces an estimate of ¢(0,1).

Assume that § = 3, while in fact, S = 2. The resulting estimated parameters and
the corresponding square root values of the CRB are listed in Table 2. It is clear from the
example that the proposed order estimation procedure would result in the correct result,
since the estimated values of the non-existing coefficients are not considerably higher than
the corresponding square root values of the CRB. Thus, we have here a relatively simple and
effective order estimation procedure. We start with an assumed bound on the total-degree,
and determine the true order by the procedure illustrated above. A similar procedure can

be applied for rectangular support polynomial phase signals.

Parameter True Value Estimated Value {CRBJ[e(k, ()] }%
¢(0,0) 1 1.04 1.8-1072
¢(0,1) 4.5-1071 4491071 9.38-10~%
¢(1,0) 8.2-107! 8.18- 107! 9.38- 1074
¢(0,2) —1.5-1073 ~1.5-1073 1.86-107°
e(1,1) 161073 16-1073 1.48-107°
¢(2,0) —2.2.1073 —2.15-1073 1.86-107°
(0,3) 0 2.3-1077 1.18 1077
e(1,2) 0 3.09-1078 1.04-1077
«(2,1) 0 ~1.55- 1077 1.04-1077
¢(3,0) 0 —2.39-10~7 1181077

Table 2. The overestimated model and the corresponding CRB values.

35



7.3 The Performance of the Parameter Estimation Algorithms

In this section we illustrate the performance of the proposed parameter estimation algo-
rithms by Monte Carlo simulations. We compare the variance of the estimation errors of the
suggested algorithms with the corresponding CRB’s. In these examples the observation noise
is a complex valued, zero mean, white Gaussian noise, and we investigate the performance
of the algorithms as a function of the signal to noise ratio (SNR). We also compare here the
exact Cramer-Rao bound to its approximation which was developed assuming that N and

M are large compared to the polynomial phase degree.

The triangular support polynomial phase signal being considered here is the same signal
which was considered in Section 7.2, i.e., the phase polynomial total-degree is 2. The rect-
angular support polynomial phase signal being considered in this example is the same signal

which was considered in Section 7.1, i.e., the phase polynomial is of order (P, Q) = (1,2).

In figures 8 and 9 the experimental variance plots are based on 200 independent real-
izations of the signal for each SNR value. The results depicted in these figures illustrate
the bounds and the estimation performance for all the model parameters, for different SNR

values.

From these results we see that for triangular support polynomial phase signals the es-
timates have a variance which is very close to the CRB, for SNR values above 5 dB. The
estimation algorithm of rectangular support polynomial phase signals produces estimation
error variances that are not as close to its CRB. However, computationally the estimation
algorithm of rectangular support polynomial phase signals is considerably simpler than the
estimation algorithm for triangular support polynomial phase signals, since it employs 1-D
FFT’s instead of 2-D FFT’s. It should be noted that there is no way to compare the perfor-
mance of the two algorithms since they are designed to estimate the parameters of different
models. It is also clear that the asymptotic approximation to the exact CRB is very good,

as the graphs of the exact bound and the asymptotic bound essentially overlap.

8 Conclusions

In this paper we studied the problem of parametric modeling and estimation of nonho-

mogeneous 2-D signals, and in particular, the class of constant modulus polynomial phase
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Figure 8. Performance of the triangular support polynomial phase signal
estimation algorithm. Solid lines denote the exact CRB, ‘+’ denotes the
asymptotic CRB, and dashed lines denote the experimental variance of the

estimates.

signals. Computationally efficient estimation algorithms for two different polynomial phase
models were derived. The operation of the algorithms was discussed in some detail and illus-
trated by numerical examples. The performance of the suggested algorithms was evaluated
by Monte-Carlo simulations and by comparing the experimental estimation error variance
with the corresponding Cramer Rao lower bounds. The algorithms are shown to be robust
in the presence of noise, and their performance close to the CRB, even at moderate signal
to noise ratios. The problem of choosing the optimal set of the algorithm free parameters 7,

and 7, is discussed in [9] for the triangular support polynomial phase model.

The proposed algorithms have been shown to be applicable in a wide variety of applica-
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Figure 9. Performance of the rectangular support polynomial phase sig-

nal estimation algorithm. Solid lines denote the exact CRB, ‘+’ denotes the

asymptotic CRB, and dashed lines denote the experimental variance of the

estimates.

tions. In [8], the algorithm is applied as the basic building block of a 2-D phase unwrapping
algorithm for complex valued data. The phase unwrapping algorithm is shown to be effec-
tive in the presence of both phase aliasing and low signal to noise ratios. In [19] the same
algorithm serves as the basic building block of an algorithm for estimating the orientation in

space of a planar textured surface, i.e., its tilt and slant, using a single image of that surface.
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