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Microwave magnetoelectric fields and their role in the matter-field interaction
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We show that in a source-free subwavelength region of microwave fields, there can exist field structures
with a local coupling between the time-varying electric and magnetic fields differing from the electric-magnetic
coupling in regular-propagating free-space electromagnetic waves. To distinguish such field structures from
regular electromagnetic (EM) field structures, we term them as magnetoelectric (ME) fields. We study a structure
and conservation laws of microwave ME near fields. We show that there exist sources of microwave ME
near fields—the ME particles. These particles are represented by small quasi-two-dimensional ferrite disks
with magnetic-dipolar-oscillation spectra. The near fields originating from such particles are characterized by
topologically distinctive power-flow vortices, nonzero helicity, and a torsion degree of freedom. The paper
consists of two main parts. In the first one, we give a theoretical background of properties of the electric and
magnetic fields inside and outside of a ferrite particle with magnetic-dipolar-oscillation spectra resulting in the
appearance of microwave ME near fields. In the second main part, we represent numerical and experimental
studies of the microwave ME near fields and their interactions with matter. Based on the obtained properties
of the ME near fields, we discuss possibilities for effective microwave sensing of natural and artificial chiral
structures.
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I. INTRODUCTION

The concept of magnetoelectric (ME) near fields arises
from an idea of local coupling between time-varying electric
and magnetic fields. The “local” means an assumption that a
free-space region, inside which one can observe such a field
coupling, is much less than the free-space plane-wave EM
wavelength. In such a subwavelength region—the ME-field
region—the nature of the electric-magnetic coupling can be
different from the nature of the electric-magnetic coupling in
a regular-propagating free-space EM wave. It means that in the
ME-field region, symmetry between the time-varying electric
and magnetic fields (the “electric-magnetic democracy”—a
nice term coined by Berry [1]) should be in a distinctive
form compared to the symmetry relationship between the
time-varying electric and magnetic fields in a free-space EM
plane wave.

A problem of the ME near fields incorporates a number
of fundamental physical aspects. There are, for example, such
questions as topological phases, chirality and helicity of the
fields, and a torsion degree of freedom of the fields. In a
point ME particle—a source of the ME fields—a coupling
between the electric and magnetic fields is due to specific
topological (geometric) phases. For a regular-wave EM field,
the ME-field region behaves as a topological singularity. It
is well known that topological phase singularities can be
constructed based on an interference process of regular EM
waves in free space. The connection between topological
phase singularities in three-dimensional free space and the
regular-wave decomposition is complicated as the position of
nodes depends nonlinearly on the amplitudes and directions of
the regular waves. In particular, free-space optical vortices are
created by interference of three [2] or more [3] plane waves, as
well as by interference of spherical waves [4]. A combination
of multiple free-space regular EM waves may result in other
very specific singular properties. Recently, a superposition of

multiple free-space plane waves was analyzed on the subject of
near-field experiments with chiral molecule structures [5–7].
As one of the parameters characterizing such a non-plane-wave
EM field, so-called optical chirality density (OCD) was used.
This quadratic-form quantity, which appeared, for the first
time, in Lipkin’s analysis [8], does not have an evident physical
meaning in a view of some general discussions on conservation
laws in the free-space Maxwell electrodynamics [8–11]. Using
Gaussian units, here we represent OCD as

C = 1

8π
( �E · �∇ × �E + �H · �∇ × �H ). (1)

Here �E and �H are, respectively, the real electric and magnetic
fields. As was discussed in Refs. [5,6], the EM fields
with nonzero OCD can effectively interact with particles
characterized by the cross polarization effects. This assumes
interaction of the electric field with electric dipole moments
induced by the magnetic field and interaction of the mag-
netic field with the magnetic dipole moment induced by
the electric field. In tiny regions of space, the authors of
Ref. [5] say, the “superchiral” light—the light with nonzero
parameter C—would twist around at rates hundreds of times
higher than ordinary circularly polarized light. As was shown
in Ref. [7], the near fields of plasmon-resonance planar-
chiral-metamaterial structural elements [12,13] have nonzero
chiral-density parameter C. Based on numerical results in
Ref. [7], one can observe separate free-space regions with
positive and negative quantities of parameter C. This allowed
effective spectroscopic characterization of chiral biomolecules
[7]. Nevertheless, from general electrodynamics aspects, a
physical meaning of the light twistness proposed in Refs. [5,6]
remains unclear. As was discussed in Ref. [11], the chirality
density (1) is directly related to the polarization helicity of light
in the momentum (free-space plane-wave) representations.
This is not, however, the case of studies in Ref. [7] where the
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evanescent modes are taken into consideration. For near fields,
the question, how parameter C is related to helicity of light,
is open.

Formally, the terms in Eq. (1) correspond to general
definitions of helicity in hydrodynamics and in plasma physics.
The density of hydrodynamical helicity is defined as �u · �∇ × �u,
where �u is the fluid velocity. In plasma physics, the density of
magnetic helicity is defined as �A · �∇ × �A, where �A is the vector
potential of the magnetic field strength. As was discussed
in Ref. [14], the properties of helicity can also be observed
for two circularly polarized transverse electromagnetic waves
propagating in vacuum opposite each other (in such a way
that their Poynting vectors are canceled out). The authors of
Ref. [14] showed that in this case one has an EM field with
�E|| �H and the magnetic helicity characterized by a nonzero
quantity of �A · �∇ × �A. This statement, however, was disproved
in Ref. [15], where it was shown that the field energy for
the Chu and Ohkawa [14] solution diverges and the time
average of �E · �H is zero. Also in Ref. [16], based on symmetry
and topological arguments, it was shown that the claim by
Chu and Ohkawa [14], that a general class of transverse EM
waves in vacuum with the �E|| �H field structure exists, is false.
Lee [16] stated, in particular, that the possible existence of
waves with the �E|| �H field structure may require that the
boundary conditions for the physical space be rather more
complex and nontrivial than those used in the Chu and Ohkawa
analysis.

Which term should we properly use for a description of
the light twistness in free space: “chirality” or “helicity”?
Discussing this problem, it is relevant to concern some
fundamental physical aspects on the relation between chirality
and helicity. Mathematically, helicity is the sign of the
projection of the spin vector onto the momentum vector. In
elementary particle physics, helicity represents the projection
of the particle spin at the direction of motion. Helicity is
conserved for both massive and massless particles. Chirality
(the property related to handedness) is the same as the helicity
only when the particle mass is zero or it can be neglected. In
condensed matter physics, chirality is to be associated with
enantiomorphic pairs which induce optical activity. At the
same time, the wave helicity, related to a Faraday effect,
does not require a lack of structural symmetry. While the
rotation of the plane of polarization by optical activity is a
reciprocal phenomenon, rotation of the plane of polarization
by the Faraday effect is a nonreciprocal phenomenon [17].
Regarding the results in Ref. [7], the observed effect of
free-space optical chirality is related to the handedness
property: The results are obtained with enantiomorphic pairs
of plasmon-resonance planar-chiral-metamaterial structural
elements [12,13]. The question, however, arises whether the
observed effect of the free-space light twistness is really
a near-field (or subwavelength) effect. Optical plasmonic
oscillations in metallic particles are electrostatic resonances.
For electrically small particles, these resonances are not
accompanied with any electromagnetic retardation effects.
One has the free-space-retardation electromagnetic effects,
when sizes of the plasmonic-resonance particle become
comparable with the free-space electromagnetic wavelength.
As we can see from Ref. [7], an in-plane size of the
metallic gammadion structure used for the creation of su-

perchiral fields is a minimum of half of the free-space
electromagnetic wavelength. So the effect of optical chirality
in Ref. [7] cannot be considered as a pure subwavelength
effect.

With respect to electrostatic (plasmonic) resonances in
small metallic particles at optical frequency, one can consider,
to a certain extent, magnetostatic (MS) [or magnetic-dipolar-
mode (MDM)] resonances in small ferrite samples as a dual
effect at microwave frequencies [18,19]. There is, however, a
fundamental difference between these two effects. In the case
of metal particles with electrostatic (plasmonic) resonances
one has strong localization of electric fields in a subwavelength
region [20,21]. The description is based on the assumption that
the velocities involved are sufficiently low so that the magnetic
field can be neglected. It is evident that in experiments of
Ref. [7], a role of electrostatic (plasmonic) resonances is
to enhance the electric energy of EM fields. In contrast,
in small ferrite particles with MDM oscillations one has
strong localization of both magnetic and electric fields in
a subwavelength region. This results in the appearance of
subwavelength power-flow-density vortices [18,19,22–25].
The phase coherence in magnetic dipole-dipole interactions in
a quasi-two-dimensional (quasi-2D) ferrite disk is in the heart
of the explanation of many interesting phenomena observed
both inside a ferrite and in an exterior (vacuum) region.
Because of the dynamics of the magnetization motion in a
ferrite disk, characterized by azimuth symmetry breaking,
small ferrite particles with MDM spectra originate free-space
microwave fields with unique symmetry properties [18,19].
We consider small quasi-2D ferrite disks with the MDM
spectra as point sources of peculiar microwave fields—the
ME fields.

Due to a commercial finite-element-based electromagnetic
solver, the Ansoft HFSS program, one can well observe some of
the ME-field properties in a microwave subwavelength region
of regular EM waves. The HFSS program, in fact, composes
the field structures from interferences of multiple plane EM
waves inside and outside a ferrite particle. Such a very
complicated EM-wave process in a numerical representation
can be well modeled analytically with the use of a so-
called magnetostatic-potential (MS-potential) wave function
ψ . A boundary-value-problem solution for a scalar wave
function ψ in a quasi-2D ferrite disk shows a multiresonance
MDM spectrum and unique topological vortex structures
of the mode fields. There is a very good correspondence
between the results of numerical (based on the HFSS program)
and analytical (based on the ψ-function spectra) studies
[18,19,23,24]. It is worth noting that the MS-potential wave
function ψ is not just a formal mathematical representation.
This function bears a clear physical meaning. Based on the
ψ-function spectral solutions in a quasi-2D ferrite disk, one
obtains such physically observable quantities as energy eigen-
states, eigenelectric moments, and eigenmode power-flow
densities.

ME fields originating from MDM ferrite particles are
parity-violation and time-varying fields with specific space-
time geometry. Interestingly, the properties of such fields
can be related to a so-called torsion degree of freedom—a
subject of heightened interest in modern literature of the field
structures. Torsion of space-time—coupling the time and the
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angular coordinates of the field—might be connected with the
intrinsic angular momentum of matter. The torsion-structure
fields can be created by ferromagnet structures with its
intrinsic ordered spin motion. In the case of a ferromagnet,
the spin motion originates from fermions (“spinor matter”).
It is not possible to eliminate this motion through transition
to a suitable rotating frame of reference. The spin angular
momentum can be considered as the source of the fields which
are inseparably coupled to the geometry of space-time [26–28].
However, the effects of torsion in a gravitational context are
far more negligible experimentally [27,28]. At the same time,
it is shown that condensed matter systems can provide useful
laboratories for the study of torsion. Solid and liquid crystals
with topological defects in the continuum limit can also be
described by a manifold where the curvature and torsion
fields are proportional to the topological charge densities of
the defects [29,30]. In uniform plasmas one can observe a
torsional Alfvén mode. There is a twisting of magnetic field
lines forming a concentric flux shell [31]. One of the important
aspects of the torsion degree of freedom concerns a torsion
contribution to helicity [32]. Such topological interpretation of
helicity allows one to describe the unique symmetry properties
of the ME fields originating from a MDM ferrite-disk particle.
Due to the intrinsic angular momentum of “spinor matter,” a
quasi-2D ferrite disk with MDM oscillations (characterized
by the long-range phase coherence in magnetic dipole-dipole
interactions between a pair of spins) can behave as a torsional
defect for propagating-wave EM fields. The existence of a
torsion degree of freedom can be considered one of the most
important distinctive features of the ME fields created by
MDM particles.

In our previously published theoretical papers [22,25],
where we were mostly concerned with studies of the fields
inside a ferrite-disk particle, we did not present a basic
theory for the near electric and magnetic fields and, finally,
an entire field structure—the ME field—outside a ferrite
disk. In this paper we give a theoretical background of the
topological properties of microwave ME fields originating
from small MDM particles. The properties of microwave
ME fields are nontrivial. We show that these properties arise
from unique behaviors of magnetization dynamics and spec-
tral characteristics of magnetic-dipolar oscillations in small
(subwavelength-size) ferrite particles. Particular attention is
given to a detailed analysis of the spectral solutions. Just
from these spectral solutions one can obtain the helicity
characteristics of microwave ME fields.

We analyze numerically the symmetry properties of mi-
crowave ME fields originating from a quasi-2D ferrite disk
with MDM oscillations. Based on the HFSS program, we
confirm the analytically predicted helicity properties of the
ME fields. We present the results of numerical and experi-
mental studies of the interaction of ME fields with dielectric
samples characterized by different permittivity parameters.
We demonstrate the dependence of the ME-field helicity
parameters on the enantiomeric properties of the loading
samples. We discuss the possibility for implementation of
the shown effects in near-field microwave microscopy for
sensitive characterization of biological materials with chiral
enantiomeric properties.

II. APPROXIMATE THEORY OF MICROWAVE
MAGNETOELECTRIC FIELDS

A. Formal structure of electric fields in ferrite particles with
magnetostatic resonances

It is well known that in a general case of small (compared
to the free-space electromagnetic-wave wavelength) samples
made of media with strong temporal dispersion, the role of
displacement currents in Maxwell equations can be negligibly
small, so oscillating fields are the quasistationary fields [17].
For the case of plasmonic (electrostatic) resonances in small
metallic particles, one neglects a magnetic displacement
current and has quasistationary electric fields. A dual situ-
ation is demonstrated for magnetic-dipolar (magnetostatic)
resonances in small ferrite particles, where one neglects an
electric displacement current. As an appropriate approach
for description of quasistatic oscillations in small particles,
one can use a classical formalism where the material linear
response at frequency ω is described by a local bulk dielectric
function—the permittivity tensor ↔

ε(ω)—or by a local bulk
magnetic function—the permeability tensor ↔

μ(ω). With such
an approach (and in neglect of a displacement current) one can
introduce a notion of a scalar potential: an electrostatic poten-
tial for electrostatic resonances and a magnetostatic potential
for magnetostatic resonances. It is evident that these potentials
do not have the same physical meaning as in the problems
of “pure” (non-time-varying) electrostatic and magnetostatic
fields [17,33]. Because of the resonant behaviors of small
particles [confinement phenomena plus temporal-dispersion
conditions of tensors ↔

ε(ω) or ↔
μ(ω)], one has scalar wave

functions: an electrostatic-potential wave function φ(�r,t) and
a magnetostatic-potential wave function ψ(�r,t), respectively.
The boundary conditions for quasistatic oscillations should
be imposed on scalar wave functions φ(�r,t) or ψ(�r,t) and
their derivatives, but not on the rf functions of polarization
(plasmons) or magnetization (magnons) [22,25,34–37].

Microwave magnetic-dipolar (magnetostatic) resonances in
small ferrite samples are, however, fundamentally different
from optical plasmonic (electrostatic) resonances in small
metallic particles [22,25,34–37]. In particles with plasmonic
oscillations one has a non-Hermitian eigenvalue problem and
the retardation effects appear when particle sizes are compa-
rable with the free-space electromagnetic wavelength. So a
role of the magnetic field in plasmonic oscillations becomes
appreciable only when one deviates from the electrostatic
approximation to the full-Maxwell-equation description. In
the case of MS resonances in small ferrite particles, one
observes specific MS retardation effects. Based on such a
comparative analysis, it becomes evident why small particles
with magnetostatic resonances can exhibit ME properties
(coupling between the time-varying electric and magnetic
fields in a subwavelength region) and no such properties can
be observed in the case of small particles with electrostatic
resonances. The main point is that ME fields are eigenmode
fields of the MS (or MDM) spectra. The “electric-magnetic
democracy” in these ME fields becomes evident from specific
symmetry properties of the field in MDMs [37].

Differential equations for the fields inside a small non-
conducting magnetic sample with strong temporal dispersion
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can be obtained from a full system of Maxwell equations
with a formal assumption that the permittivity of a medium is
equal to zero. In a region of electromagnetic transparency of
a dielectric medium with temporal dispersion of the magnetic
susceptibility, an averaged density of the electromagnetic
energy for harmonic fields is expressed as [17]

Ū = 1

16π

[
εEαE∗

α + ∂(ωμαβ)

∂ω
HαH ∗

β

]
, (2)

where ε is the medium permittivity and μαβ are the components
of the permeability tensor ↔

μ. In an assumption of negligibly
small variation of electric energy in a small sample of a
medium with strong temporal dispersion of the magnetic
susceptibility, one obtains three differential equations instead
of the four-Maxwell-equation description of electromagnetic
fields [17,38,39]:

�∇ · �B = 0, (3)

�∇ × �E = −1

c

∂ �B
∂t

, (4)

�∇ × �H = 0. (5)

Taking into account a constitutive relation

�B = �H + 4π �m, (6)

where �m is the magnetization, one obtains from Eq. (3)

�∇ · �H = −4π �∇ · �m. (7)

On the other hand, based on Eqs. (4)–(6), one has, for harmonic
fields (with the eiωt factor),

�∇ × �∇ × �E = −i
4π

c
ω �∇ × �m. (8)

Following the Helmholtz decomposition of any vector field
into potential and curl parts [40], we have

�m = �mpot + �mcurl, (9)

where

�∇ × �mpot = 0 and �∇ · �mcurl = 0. (10)

In “pure” magnetostatics (non-time-varying fields) of ferro-
magnets, the potential and curl parts of the magnetization are
considered as physical notions defining, respectively, the solu-
tions for the magnetic scalar potential ( �H = −�∇
M ) and the
vector potential ( �B = �∇ × �A) [33]. From our studies of MS os-
cillations, it follows that the magnetization field �mpot is related
to the potential magnetic field, while the magnetization field
�mcurl is related to the curl electric field. Formally, equations
for the potential magnetic field and the curl electric field can
be considered as completely separate differential equations. It
turns out, however, that the magnetic and electric fields are
united because of the spectral properties of MS oscillations
in a ferrite sample. In frames of the MS-wave description
( �H = −�∇ψ), eigen MS-potential wave functions ψ(�r,t) have
no solutions related separately to the potential and curl parts
of rf magnetization. A total magnetization field is expressed as

�m = −↔
χ · �∇ψ, (11)

where ↔
χ is the susceptibility tensor [39].

In a MS-resonance ferrite sample, condition �∇ · �m �= 0
presumes the presence of the magnetic charge density:

ρ(m) ≡ −�∇ · �m. (12)

For time-varying fields, one can suppose that there exists the
macroscopic magnetic-current density (magnetization current)
introduced analogously to the electric-polarization current
density [41]:

�j (m) = ∂ �m
∂t

. (13)

The magnetic-current density and the magnetic charge density
should satisfy the conservation law:

�∇ · �j (m) = −∂ρ(m)

∂t
. (14)

Along with the above condition �∇ · �m �= 0 for the magnetic-
current density, the condition �∇ × �m �= 0 presumes the pres-
ence of the electric-current density in macroscopic Maxwell’s
equations [17,33,41]. In macroscopic electrodynamics, in
general, a question about the models for a magnetic dipole
(the amperian-current model with an electric-current den-
sity component �∇ × �m, and/or the model, when there is a
magnetic-current density component ∂ �m/∂t) is not so evident.
It was discussed, in particular, that a choice between these
models depends on the way of measurement of the force on
a magnetic dipole which, in nonstationary cases, is different
for two models [42]. The controversies about torque and force
on a magnetic dipole [41–45] raise important questions about
the properties of magnetization dynamics. In a series of recent
publications, the problem concerning magnetic currents and
electric fields induced by such currents in magnetic structures
appears to be a subject for numerous discussions. It was shown
in Refs. [46,47] that moving magnetic dipoles in ferromagnetic
metals can induce an electric field. In paper [48], the authors
raised the question: Can a “pure magnetic current” induce
an electric field? They considered a situation of existence of
a spin current without a charge current: Spin-up electrons
move in one direction, while spin-down electrons move in
the opposite direction. An electric field produced by a steady
state spin current (“magnetic-charge current”) is described
by the “Biot-Savart law” [49]. It was shown that in the
ring geometry there exist persistent spin currents. There are
different mechanisms that can sustain a pure persistent spin
current. In the absence of a conventional electromagnetic
flux through the ring, the system with an inhomogeneous
magnetic field can support persistent spin and charge currents.
The Berry-phase currents were calculated by decoupling the
orbital and spin degrees of freedom [49]. At the same time,
it was shown that in a nonmagnetic semiconductor ring, a
spin-orbit interaction can sustain a pure spin current in the
absence of the external magnetic field or a magnetic flux
[50,51]. Recently, the persistent spin current (magnetization
current) carried by bosonic excitations has also been predicted
in a ferromagnetic Heisenberg ring with the inhomogeneous
magnetic field [52]. The persistent spin currents are exhibited
as topological properties of a system. It was supposed that these
currents can generate electric fields which are described by the
Biot-Savart law [51,52]. The electric field originating from a
persistent magnetic current in ring geometry is an observable
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quantity due to a Berry phase. A standard Berry phase is a
circuit integral of the differential phase in a parameter space
[53]. The Berry connection plays the same role as the ordinary
vector potential in the theory of the Aharonov-Bohm effect.
The appropriate generalization of Stoke’s theorem transforms
a linear integral of the Berry connection to a surface integral
of the curl of the Berry’s connection. The Berry connection is
gauge dependent and nonobservable, while the integrand (the
Berry curvature) of the surface integral is observable [54].

The above small survey shows a very nontrivial character of
our problem on the electric fields created by a small ferrite-disk
particle with microwave MDM oscillations. As we will show,
in this problem one can distinguish the two types of electric
fields, which we conventionally denote as the �E and �E fields.
For harmonic fields (with the eiωt factor), the electric field �E
inside a ferrite is described by the Faraday law:

�∇ × �E = − i

c
ω �B = − i

c
ω �H − i

4π

c
ω �m. (15)

Assuming that a ferrite disk is characterized by isotropic
dielectric properties, so that inside a ferrite

�∇ · �E = 0, (16)

and taking into account Eq. (8), one obtains the Poisson
equation for the electric field �E [23]:

∇2 �E = ω
4π

c2
�j (e)
eff . (17)

Here we denoted

�j (e)
eff ≡ ic �∇ × �m (18)

as an effective electric-current density. From Eq. (15) it
evidently follows that outside a ferrite sample (in a dielectric
or in vacuum) one has

�∇ × �E = − i

c
ω �H. (19)

At the same time, from Eq. (17) one has for the outside electric
field

∇2 �E = 0. (20)

Contrarily to the case of the full-Maxwell-equation descrip-
tion [giving the wave equation ∇2 �E + (ω2/c2)ε �E = 0], we
obtained, for time-varying fields, the Laplace-type equation
for the vector field �E . Evidently, the curl electric field �E does
not “recognize” any electric charges. It is also evident that, by
virtue of the Faraday-law equation (19), outside a ferrite the
electric field �E is perpendicular to the magnetostatic-mode field
�H . Recent studies [18,19,55] show, however, that the electric

and magnetic fields outside a ferrite disk are not mutually
perpendicular, and so the field structure of MDMs is strongly
different from the structure defined by the Faraday law (19).
This gives evidence for the fact that both the electric and
magnetic fields in the near-field region arise from specific
magnetization dynamics of MDMs.

We introduce now another type of curl electric field, which
we designate as the �E field. This field is described by the

differential equation

�∇ × �E = −4π

c
�j (m), (21)

where, for harmonic variables, �j (m) = iω �m. Formally, the
�E field can be considered as a part of the �E field inside
a ferrite region [see Eq. (15)]. Moreover, inside a ferrite
sample with MDM oscillations, the �E and �E electric fields
can be very slightly distinguishable quantities. Really, with
use of the relation �m = ↔

χ · �H in Eq. (15), we have �∇ × �E =
−(i/c)ω(

↔
I + 4π

↔
χ ) �H , where

↔
I is the unit matrix. In a normally

magnetized ferrite disk, the multiresonance MDM spectra are
observed in a region of a ferromagnetic resonance when for
χ (a diagonal component of tensor ↔

χ ) one has a relation
4πχ � 1 (or for a diagonal component of the permeability
tensor there is |μ| � 1) [56–62]. It means that for MDM
resonances one has, inside a ferrite sample,

�∇ × �E ≈ �∇ × �E = −i
4π

c
ω �m = −4π

c
�j (m). (22)

While different current sources (the currents �j (e)
eff = ic �∇ ×

�m and �j (m) = iω �m) originate slightly different quantities of
curl electric fields (the �E and �E fields, respectively) inside
a ferrite, these fields have very different physical nature.
From Eq. (21), one sees that there is an evident duality with
definitions of the electric field �E and the macroscopic magnetic
field in magnetostatic problems of classical electrodynamics
[33]. Formally, we can complete this analogy by adding an
equation for divergence of an electric flux density. We denote
this flux density as �D. When one supposes that the electric field
�E is accompanied with a certain electric flux density, one can
assume the presence of certain electric charges. Since there are
no real electric free charges in the MDM-problem solutions,
we have

�∇ · �D = 0. (23)

It is worth noting also that introducing the electric flux density
�D in our problem does not presume the presence of the electric
displacement current ∂ �D/∂t . In frames of the MS description
of a small ferrite sample [17,38,39], we still neglect time
variations of the electric energy in comparison with time
variations of the magnetic energy, both inside and outside a
ferrite.

Equations (21) and (23) are completely analogous to their
magnetostatic counterparts in classical electrodynamics [33].
To complete our description, there must be a constitutive
relation between �E and �D. For a region inside a ferrite, we
write this constitutive relation in the form

�D = �E + 4π �P (e)
m , (24)

where we denoted �P (e)
m as the effective electric polarization

originating from magnetization motion.
It is well known that there exists a relativistic effect when a

moving magnetization has an associated electric polarization
(see, e.g., [33]). On the other hand, from general symmetry
arguments it can be shown that in some magnetic structures
with symmetry breaking of magnetization distribution there
could be phenomenological coupling mechanisms between the
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electric polarization and magnetization. When, in particular,
the magnetization breaks chiral symmetry, the system can
sustain a macroscopic electric polarization [63–65]. For MDM
oscillations, the last mechanism of coupling between the
electric polarization and magnetization is the most appropriate.
In Ref. [24] it was shown that in a quasi-2D ferrite disk,
the MDMs are characterized by symmetry breaking of the
magnetization structures resulting in an induced electric-
polarization effect. This occurs since the magnetization of the
MDM is spiraling along the disk axis. Based on Eqs. (21)
and (24), one has, inside a ferrite,

�∇ × �D = −4π

c
�j (m) + 4π �∇ × �P (e)

m . (25)

From Eq. (21), we can see that outside a ferrite disk we
have

�∇ × �E = 0, (26)

and so the electric field �E is a potential field:

�E = −∇ϑ (e). (27)

Here ϑ (e) is introduced as an effective electric scalar potential.
For an outside region we have �∇ · �D = �∇ · �E = 0, and so

∇2ϑ (e) = 0. (28)

While for a region outside a ferrite sample, an electric field �E
is a curl field, an electric field �E is a potential field. There is
no evidence that in vacuum the electric near field �E should be
perpendicular to a magnetic near field �H .

Let us consider now two limit cases: (a) (1/4πc)| �j (m)| �
| �∇ × �P (e)

m | and (b) (1/4πc)| �j (m)| 
 | �∇ × �P (e)
m |. In case (a), we

have from Eq. (25) for a region inside a ferrite,

�∇ × �D = −4π

c
�j (m). (29)

When we represent the �D field as a curl of a certain vector
potential

�D ≡ −�∇ × �A(m)
E

, (30)

we have the following relation between the vector potential
�A(m)

E
and the magnetic-current source (see Appendix A):

∇2 �A(m)
E

= −4π

c
�j (m). (31)

For case (b), we have, inside a ferrite,

�∇ · �D = �∇ · (�E + 4π �P (e)
m

) = 0. (32)

This gives an electrostatic-type Poisson equation

∇2ϑ (e) = −4πρ(e), (33)

where ρ(e) is an effective electric charge density defined as

ρ(e) = −�∇ · �P (e)
m . (34)

It is worth noting that since MS resonances are observed only
in bounded ferrites [39], the electric field �E should be found
as a result of a solution of an integrodifferential problem.
This presumes very complicated forms of constitutive relation
between �E and �D. For case (a), however, we have a simple
situation when a constitutive parameter is equal to unit. This

gives the boundary conditions on an interface between a ferrite
and vacuum: continuity of normal and tangential components
of the electric field �E.

Together with the physical observability of the fields orig-
inating from a MDM ferrite disk, the quadratic conservation
laws, characterizing physical properties of the fields, should be
physically observable. A question of a clear definition of such
quadratic quantities in the MDM oscillations as the power-flow
density, the linear and angular-momentum densities, and also
the field helicity, appears to be a nontrivial problem. In classical
electrodynamics, the Poynting vector

�p = c

8π
Re( �E × �H ∗), (35)

obtained from the full-Maxwell-equation representation, char-
acterizes the power-flow density for propagating waves with
a mutual transformation between the curl electric and curl
magnetic fields. For MS waves, described by Eqs. (3)–(5),
there are no evident mechanisms for a mutual transformation
between the potential magnetic and curl electric fields. This
leaves open the question of physical relevance of Eq. (35) for
MS modes. As discussed in Refs. [22,23], a relevant equation
for analytical studies of the power-flow density of MS waves
is

�p = iω

16π
(ψ∗ �B − ψ �B∗). (36)

At the same time, in the HFSS numerical analysis (which
composes the field structures from interferences of multiple
plane EM waves inside and outside a ferrite particle) use of
Eq. (35) gives proper solutions for the power-flow density
of MS modes in quasi-2D ferrite disks. Based on numerical
studies, one can see the power-flow-density vortices both
inside a MDM ferrite disk and in the near-field region outside
the particle [18,19]. It was also shown [23,24] that the
numerically obtained [with the use of Eq. (35)] topological
structures of the power-flow-density vortices are in a very good
correspondence with the vortex structures derived analytically
from Eq. (36).

The presence of the power-flow-density vortices should
presume an angular momentum of the fields. It is well known
from Maxwell’s theory that electromagnetic radiation carries
both energy and momentum [33]. The momentum may have
both linear and angular contributions. In free space, the
angular-momentum density is calculated as

�� = 1

8πc
Re[�r × ( �E × �H ∗)] (37)

and is related in a simple way to the Poynting vector as

�� = 1

c2
�r × �p. (38)

In an electromagnetically dense medium, the correct classical-
electrodynamics definition of electromagnetic flux has long
been controversial with the main competition between the
Abraham and Minkowski forms [33]. While a time-averaged
quantity of Abraham’s density of momentum in an electro-
magnetically dense medium is expressed as

�gA = 1

8πc
Re( �E × �H ∗), (39)
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for Minkowski’s density of momentum in an electromagneti-
cally dense isotropic and homogeneous medium with the scalar
material parameters ε and μ, one has

�gM = εμ

8πc
Re( �E × �H ∗). (40)

In the case of a dispersive anisotropic dense medium, the
question: “What happens to the momentum of a photon when
it enters a medium?” becomes much more complicated. In
free space, the physical quantities characterizing electromag-
netic fields—energy density, momentum density, and angular-
momentum density—are conserved. The conservation can be
expressed as a continuity equation relating a density and a flux
density of the conserved quantity. One has the energy balance
equation (Poynting’s theorem) for the energy density and the
energy flux density, the continuity equation for the momentum
density and the momentum flux density (the Maxwell stress
tensor), and the continuity equation for the angular-momentum
density and the angular-momentum flux density. In free space,
the field has an entire structure which substantiates observance
of all of these conservation laws [33]. This is not the case for
a ferrite medium. Inside a ferrite medium, local circularly
rotating electromagnetic fields and local rotating magneti-
zation are mutually stipulated and the momentum densities
found from the conservation laws contain contributions from
both the electromagnetic field and from the matter. Generally,
the terms of mechanical variables in matter can be included
in the constitutive relations for the material response. A
phenomenological nature of the constitutive relations leaves
little room, however, for definite physical interpretation of
the above conservation laws. For a small confined ferrite
structure, the physical picture for momentum properties starts
to be more unpredictable. Propagating electromagnetic fields
in free space carry momentum and angular momentum parallel
to each other due to relativity requirements for transverse
waves propagating at the speed of light. The situation is
different in the subwavelength vicinity of electromagnetic field
sources, i.e., in the near-field regime. Under the influence
of the material environment the electromagnetic near fields
are spatially nonhomogeneous, and so no conservation of
quantities under parallel displacement and rotation can be
a priori assumed. Magnetic-dipolar fields in small saturated
ferrite samples are neither pure electromagnetic fields nor
pure magnetization fields. This presumes the fact that a total
angular momentum of a ferrite disk should be composed with
the “field part” and the “mechanics part.” For stable MDM
states, these two parts should compensate one another, so that
a total angular momentum should be equal to zero. The spectral
studies (both analytical and numerical) of MDMs in a normally
magnetized quasi-2D ferrite disk give evidence for discrete
states of eigen oscillations with the vortex structures. There are
azimuthally rotating fields with the vortices of the power-flow
density in a subwavelength region. For a given direction of
a bias magnetic field, one can see the same directions of the
vortex rotations in three regions: (a) a vacuum near-field region
below a ferrite disk, (b) a region inside a ferrite disk, and (c) a
vacuum near-field region above a ferrite disk [18,19,23,24]. It
is evident that for each of the MDM eigenstates, there should
be a conserved angular momentum of an entire structure.

The previously discussed quadratic conservation law
concerning power-flow-density vortices and the angular-
momentum density in a MDM ferrite disk is related to another
quadratic conservation law—the law characterizing the field
helicity. The presence of the vortex core should definitely be
associated with specific symmetry properties of the fields.
Formally, we can introduce a quantity corresponding to the
parameter of the field helicity based on Eq. (1), taking into
account properties of the MS description ( �∇ × �H = 0). For a
real electric field, we have

F ≡ 1

8π
�E · �∇ × �E. (41)

We call this parameter the helicity density of the MDM fields.
Evidently, for MDM oscillations, an equation for the helicity
density does not have a symmetrical form of the optical
chirality density expressed by Eq. (1). With use of the Faraday
law [ �∇ × �E = −(1/c)(∂ �B/∂t)] for monochromatic fields, one
obtains �E · �B �= 0, when F �= 0. The helicity characterizes the
way in which the field lines curl themselves. As we showed
above, an electric field in vacuum, outside a MDM ferrite
disk, is a composition of a curl electric field �E and a potential
field �E. This composition shows unique helicity properties
of the near fields originating from a MDM ferrite disk—the
microwave ME near fields. For each of the MDM eigenstates,
there is a conserved helicity for an entire structure. As we will
show below, nonzero parameter F presumes the presence of
a certain geometrical-phase factor giving an additional (with
respect to a dynamical phase) phase shift between the electric
and magnetic fields. This property of the microwave ME near
fields appears as a very important topological characteristic
of the microwave ME near fields, especially in view of recent
interest in the topology of electromagnetic fields [66–68].

All the unique features of the field topology are observable
only at the MDM resonances. Following the above general
consideration of the electric fields in ferrite-disk particles
with MDM oscillations, we will clarify the problem based
on the spectral solutions for the magnetostatic-potential (MS-
potential) wave function ψ . Figure 1 shows the geometry of
a quasi-2D ferrite disk. The disk is magnetized by a bias
magnetic field �H0 directed along a disk axis. In an assumption
of separation of variables, a MS-potential wave function in a
ferrite disk is represented in cylindrical coordinates z,r,θ as

ψ (r,θ,z) = Cξ (z)ϕ̃ (r,θ ) , (42)

FIG. 1. A quasi-2D ferrite disk normally magnetized by a bias
magnetic field �H0.
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where ϕ̃ is a dimensionless membrane function, ξ (z) is
a dimensionless amplitude factor, and C is a dimensional
coefficient. For a membrane MS-potential wave function ϕ̃,
the boundary condition of continuity of a radial component of
the magnetic flux density on a lateral surface of a ferrite disk
of radius � is expressed as [22,62]

μ

(
∂ϕ̃

∂r

)
r=�−

−
(

∂ϕ̃

∂r

)
r=�+

= −i
μa

�
(

∂ϕ̃

∂θ

)
r=�−

, (43)

where μ and μa are, respectively, diagonal and off-diagonal
components of the permeability tensor ↔

μ. The term in the
right-hand side of Eq. (43) has the off-diagonal component
of the permeability tensor μa in the first degree. There is
also the first-order derivative of function ϕ̃ with respect to the
azimuth coordinate. It means that for the MS-wave solutions
one can distinguish the time direction (given by the direction
of the magnetization precession and correlated with a sign of
μa) and the azimuth rotation direction (given by a sign of
∂ϕ̃/∂θ ). For a given sign of a parameter μa , there are different
MS-potential wave functions, ϕ̃(+) and ϕ̃(−), corresponding to
the positive and negative directions of the phase variations
with respect to a given direction of azimuth coordinates,
when 0 � θ � 2π . There is evidence for path dependence
of the problem solutions. To bring a system to its initial
state one should involve the time-reversal operations [19].
When, however, only one direction of a normal bias magnetic
field is given, the MS wave rotating in a certain azimuth
direction (either counterclockwise or clockwise) should make
two rotations around a disk axis to come back to its initial
state. It means that for a given direction of a bias magnetic
field, a membrane function ϕ̃, describing MS-wave oscilla-
tions in a quasi-2D ferrite disk, behaves as a double-valued
function.

To make the MDM spectral problem analytically integrable,
two approaches were suggested. These approaches, distin-
guished by differential operators and boundary conditions
used for solving the spectral problem, give two types of
MDM oscillation spectra in a quasi-2D ferrite disk. These two
approaches are named as the G and L modes in the magnetic-
dipolar spectra [24,25]. The MS-potential wave function ψ

manifests itself in different manners for each of these types
of spectra. In the case of the G-mode spectrum, where
the physically observable quantities are energy eigenstates
and eigenelectric moments of a MDM ferrite disk [56–58],
the MS-potential wave function ψ appears as a Hilbert-
space scalar wave function [22,61,62]. In the case of the L

modes, the MS-potential wave function ψ is considered as a
generating function for the vector harmonics of the magnetic
fields [19,23–25]. For the classical-like L-mode spectrum,
the physically observable quantities are the eigenmode fields
and the power-flow densities. The presence of two types of
the MDM spectrum (the G and L modes) is evident from
the fact that the permeability tensor depends both on the
frequency and on a bias magnetic field: ↔

μ = ↔
μ(ω, �H0). The

G modes, describing MDM oscillations with respect to a bias
magnetic field �H0 at a constant frequency ω, can be considered
as the MS-magnon modes. At the same time, the L mode,
describing MDM oscillations with respect to frequency ω at a
constant bias magnetic field �H0, are the MS-photon modes.

There is a univocal correspondence between the G-mode
and L-mode spectrum solutions. The effect of the connection
between the G- and L-mode spectrum solutions (which we can
call conventionally the MS-magnon–MS-photon interaction)
arises from the topological phase factor on a lateral surface of
a ferrite disk.

While the G-mode and L-mode spectrum solutions repre-
sent two ways of analytical integration of the problem, the
HFSS-program solutions appear as the results of the frequency-
domain numerical integration. These numerical solutions
include both the dynamical and topological (geometrical-
phase) effects [18,19,23,24]. For a proper interpretation of the
numerical-integration spectra and topological properties of the
microwave ME fields, we have to dwell on the main aspects
of the L-mode and G-mode spectrum solutions. Special
attention in the following analysis will be paid to specific
magnetic-current distributions, the electric-field structures,
and topological properties of the MDM spectral solutions.

B. Electric fields in the L-mode solutions

The L-mode solutions appear from an analysis of MS
resonances in a helical coordinate system. As was shown
in Ref. [25], in the case of a quasi-2D ferrite disk, one has
double-helix resonance solutions which can be reduced to
solutions in a cylindrical coordinate system. For a ferrite
disk of radius � and thickness d placed in a z-directed bias
magnetic field, the L-mode solutions in cylindrical coordinates
are represented as [23,24]

ψ (r,θ,z,t) = Cξ (z)Jν

(
βr√−μ

)
e−iνθ eiωt (44)

inside a ferrite disk (r � �, − d/2 � z � d/2) and

ψ (r,θ,z,t) = Cξ (z)Kν (βr) e−iνθ eiωt (45)

outside a ferrite disk (for r � �, − d/2 � z � d/2). In these
equations, β is a wave number of a MS wave propagating in a
ferrite along the z axis, ν is a positive integer azimuth number,
and Jν and Kν are the Bessel functions of order ν for real and
imaginary arguments. The function ξ (z) is defined in a general
form as ξ (z) = A cos βz + B sin βz. Equations (44) and (45)
show that the modes in a ferrite disk are MS waves standing
along the z axis and propagating along an azimuth coordinate
in a certain (given by a vector of a normal bias magnetic field)
azimuth direction.

One can consider a MS-potential function ψ as a generating
function for the vector harmonics �H . Based on such a MS-
potential function one defines the magnetic field ( �H = −�∇ψ)
inside a ferrite disk as

Hr (r,θ,z,t) = Cξ (z)
β√−μ

J ′
ν

(
βr√−μ

)
e−iνθ eiωt , (46)

Hθ (r,θ,z,t) = −iC
ν

r
ξ (z)Jν

(
βr√−μ

)
e−iνθ eiωt , (47)

Hz (r,θ,z,t) = Cβξ ′(z)Jν

(
βr√−μ

)
e−iνθ eiωt . (48)
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Taking into account that �m = ↔
χ · �H , where the magnetic

susceptibility is expressed as [39]

↔
χ =

⎡
⎢⎣

χ iχa 0

−iχa χ 0

0 0 0

⎤
⎥⎦ , (49)

one obtains the components of magnetization. With known
magnetization distributions for MDMs one can find eigen-
electric polarization �P (e)

m and eigenmagnetic current �j (m). The
electric polarization in a MDM ferrite disk, originating from
the chiral-order magnetization and defined by the relationship
�P (e)
m ∝ �m × ( �∇ × �m), was analyzed in Ref. [24]. In this

relationship, coefficient proportionality between the electric
polarization and the chiral-order magnetization is defined by
the dielectric susceptibility in the absence of magnetism [64].
When a role of the dielectric properties of a structure is
assumed to be negligibly small, we have a prevailing role
of a magnetic current: (1/4πc) | �j (m)| � | �∇ × �P (e)

m |. In further
analytical studies we will dwell on this assumption. As we will
show below, such a case well describes the numerical results
of MDM oscillations when a quasi-2D ferrite disk is placed
in vacuum. At the same time, our numerical studies show that
this approximation is not relevant when a ferrite disk is loaded
by dielectrics with sufficiently big permittivity parameters.

For radial and azimuth components of a magnetic current
�j (m) = iω �m, we have

j (m)
r = iCωξ (z)

[
χ

β√−μ
J ′

ν

(
βr√−μ

)

+χa

ν

r
Jν

(
βr√−μ

)]
e−iνθ eiωt , (50)

j
(m)
θ = Cωξ (z)

[
χa

β√−μ
J ′

ν

(
βr√−μ

)

+χ
ν

r
Jν

(
βr√−μ

)]
e−iνθ eiωt . (51)

Let us now consider circular components of a magnetic current:

j
(m)
± = j (m)

r ± ij
(m)
θ . (52)

Based on Eqs. (50) and (51), we obtain

j
(m)
± = iCω(χ ± χa)ξ (z)

[
β√−μ

J ′
ν

(
βr√−μ

)

± ν

r
Jν

(
βr√−μ

)]
e−iνθ eiωt . (53)

Taking into account the known relations for Bessel functions:
J ′

ν(x) = − (ν/x) Jν(x) + Jν−1(x) and J ′
ν(x) = (ν/x) Jν(x) −

Jν+1(x), we obtain from Eq. (53),

j
(m)
+ = iCω (χ + χa)

β√−μ
ξ (z)Jν−1

(
βr√−μ

)
e−iνθ eiωt

(54)

and

j
(m)
− = −iCω (χ − χa)

β√−μ
ξ (z)Jν+1

(
βr√−μ

)
e−iνθ eiωt .

(55)

The quantity χ + χa has strict frequency-resonance depen-
dence, while for the quantity χ − χa no resonance occurs [39].
In a frequency region of the MDM oscillation spectra, there
is |χ + χa| � |χ − χa|. When we take ν = 1 and restrict
our analysis by a central region of a disk (r 
 �) [62], we,
evidently, have |j (m)

+ | � |j (m)
− |. In this case

j
(m)
+ = iCω (χ + χa)

β√−μ
ξ (z)J0

(
βr√−μ

)
e−iθ eiωt . (56)

This equation describes a vector characterized by a circular
polarization and a right-hand rotation (with respect to a bias
magnetic field �H0 directed along a disk axis z). In neglect of
current j

(m)
− (assuming that j

(m)
− = 0), we have j

(m)
θ = −ij (m)

r .
This shows that a central region of a disk can be considered as
a domain with a homogeneously rotating magnetic current.

Now, we write Eq. (21) for components of the electric field
and magnetic current:

( �∇ × �E)r = 1

r

∂Ez

∂θ
− ∂Eθ

∂z
= −4π

c
j (m)
r ,

( �∇ × �E)θ = ∂Er

∂z
− ∂Ez

∂r
= −4π

c
j

(m)
θ , (57)

( �∇ × �E)z = 1

r

∂ (rEθ )

∂r
− 1

r

∂Er

∂θ
= 0.

From the first equation (57), it is evident that to have a solution
in a central region of a quasi-2D ferrite disk (for r → 0) one
has to assume that in this region, the z component of the electric
field �E is negligibly small. So for the field �E in a central region
inside a disk, we have

( �∇ × �E)r = ∂Eθ

∂z
= 4π

c
j (m)
r ,

(58)

( �∇ × �E)θ = ∂Er

∂z
= −4π

c
j

(m)
θ .

Evidently, in a domain with a right-hand rotation magnetic
current (with only the θ and r components) one has a right-hand
homogeneous rotation of the electric field �E in a disk plane.
Because of the continuity of tangential components of the
electric fields, we also have a homogeneous rotation of the �E
field in vacuum (above and below a ferrite and close to the
plane surfaces of a disk). There is the field with only the Eθ

and Er components. Such a homogeneously rotating electric
field �E is shown in Fig. 2.

We now consider circular components of an in-plane
magnetic field:

H± = Hr ± iHθ . (59)

Similar to the above analysis of circular components of a
magnetic current, we can show that for ν = 1 and r 
 �,
there is |H+| � |H−|. Under this condition, we obtain

H+ = Cω
β√−μ

ξ (z)J0

(
βr√−μ

)
e−iθ eiωt . (60)

As we can see, the in-plane components of a magnetic field �H
are perpendicular to the in-plane components of a magnetic
current �j (m). At the same time, from Eqs. (59) it follows
that the in-plane components of an electric field �E are also
perpendicular to the in-plane components of a magnetic current
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FIG. 2. (Color online) Homogeneous rotation of the electric
potential field �E. A bias magnetic field �H0 is directed toward the
observer normally to a disk plane. When (for a given radius and a
certain time phase ωt) an azimuth angle θ varies from 0 to 2π , the
electric-field vector accomplishes the geometric-phase rotation.

�j (m). So, in the vacuum near-field region and in a central
domain of a ferrite disk, we have for the fields that �H ||�E.

Based on the above equations, we determine the he-
licity parameter for the near fields of a ferrite disk with
MDM oscillations. For rotating time-harmonic fields, we can
write

F = 1

16π
Im{�E · |( �∇ × �E)∗}. (61)

We can also calculate an angle between rotating vectors �E and
�∇ × �E as

cos α = Im{�E · ( �∇ × �E)∗}
|�E||∇ × �E | . (62)

When one moves away from a disk plane along a disk axis, one
has reduction of the helicity parameter of the near field. Such
reduction should be not only due to attenuation of amplitudes
of vectors �E and �∇ × �E , but also due to variation of an angle
between vectors �E and �∇ × �E . This property should give us
evidence of a torsion structure of the MDM near fields. With
the use of numerical studies, we will show below that there are
really nonzero helicity parameters F in the near fields above
and below a ferrite disk. We will also show that when one
moves away from a disk plane along a disk axis, there is a
reduction of parameter F .

For the main thickness mode in a ferrite disk, the function
ξ (z) is a symmetrical function with respect to the z axis
[62]. This gives the symmetrical-function distribution of the
field �∇ × �E with respect to the z axis, while the field �E is
characterized by the antisymmetrical distribution with respect
to the z axis. As a result, one has opposite signs for the helicity

FIG. 3. (Color online) Qualitative distributions of the helicity
density F for the fields above (z � d/2) and below (z � −d/2) a
ferrite disk for different orientations of a bias magnetic field. The unit
vector �ez is oriented along the z axis.

density F above and below a ferrite disk. These signs will
change when one reorients the direction of a normal bias field.
Such a statement is clear from the following. At a bias magnetic
field oriented along the +z direction, there is the 90◦ phase
advance of the current j

(m)
+ with respect to the magnetic field

H+. When one reorients a bias magnetic field along the −z

direction, one has the magnetic field H− and the magnetic
current j

(m)
− . Also, there will be the 90◦ phase delay of the

current j
(m)
− with respect to the magnetic field H−. Thus,

at reorientation of a bias magnetic field there is the 180◦

phase difference between the currents j
(m)
+ and j

(m)
− . In this

case the field �E oppositely changes its direction. It gives an
opposite sign for the helicity density F . Figure 3 represents
qualitative distributions of the helicity density F for the near
fields above and below a ferrite disk for different orientations
of a bias magnetic field. These distributions show that the
near-field structure of the MDM electric field is characterized
by the space and time symmetry breakings. However, for
such near fields, there are evident properties for the PT
invariance [19]. When one makes successively the parity (P)
and time-reversal (T) transformations, one restores the field
structure.

In analytical studies of the near-field helicity density F ,
there are no difficulties in finding �∇ × �E . When a spectral
problem for L modes is solved, one easily obtains the magnetic
field �H and thus the vector �∇ × �E of MDMs in a near-field
region. At the same time, a problem in finding the field �E is not
so trivial. It can be supposed that when the magnetic current is
known, there exists a direct way to find the �E fields based on
solutions of Eqs. (21) and (31). At resonance frequencies of
MDMs (ω = ωres), one formally represents the solutions for
the electric field �E as

[ �A(m)
E (�x)

]
res = 1

c

∫
[ �j (m)(x ′)]res

|�x − �x ′| d3x ′ (63)
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and

[�E(�x)]res = −�∇ × ( �A(m)
E

(�x)
)

res

= −1

c

∫
[ �j (m)(x ′)]res × (�x − �x ′)

|�x − �x ′|3 d3x ′. (64)

In these solutions, however, we have to take into account the
retardation effects arising from the fact that the magnetic-
current sources are azimuthally running waves. For this reason,
one has the causal Green function which means that the source-
point time is always earlier than the observation-point time.

To be able to find proper solutions for the �E fields, let us
now consider a problem in the views of two observers. The first
one is placed in a laboratory frame. This observer identifies
the phase overrunning of 2πν during a time period of the
oscillation T but is unable to differentiate the “orbital” and
“spin” polarization angle changes for the �E-field vector. The
second observer is placed on a frame rotating with an angular
velocity ωframe = 2πν/T . Contrarily to the first observer, this
observer can distinguish spin polarization angle changes for
the �E-field vector. His view corresponds to Fig. 2 in the
condition that the time phase ωt is frozen. It is evident that the
�E-field vectors are mutually parallel around a closed loop in
a disk plane. The failure of parallel transport around a closed
loop, measured by Berry’s phase, is a hallmark of intrinsic
curvature. Such intrinsic curvature, in our case, is due to the
double-helix loops of the MDM oscillations in a quasi-2D
ferrite disk [25].

As a starting point in the studies, we will exclude the
retardation effect in solutions for the �E fields. For this purpose
we will make an analysis in a rotating frame. In this case, one
has to do transformation of a magnetic susceptibility tensor
from a laboratory frame to a rotating reference frame. When
a frame rotates at a resonance frequency of MDM resonances
(ω = ωframe = ωres), Eqs. (50) and (51) should be rewritten as

[(
j (m)
r

)
rot

]
res = Cωξ (z)

[
(χrot)res

β√−μ
J ′

ν

(
βr√−μ

)

+ [(χa)rot]res
ν

r
Jν

(
βr√−μ

)]
sin(νθ ), (65)

[(
j

(m)
θ

)
rot

]
res = Cωξ (z)

[
[(χa)rot]res

β√−μ
J ′

ν

(
βr√−μ

)

+ (χrot)res
ν

r
Jν

(
βr√−μ

)]
cos(νθ ), (66)

where (χrot)res and [(χa)rot]res are the diagonal and off-
diagonal components of the susceptibility tensors in a rotating
reference frame at the frequencies of MDM resonances (see
Appendix B). For known distributions of [(j (m)

r )rot]res and
[(j (m)

θ )rot]res inside a ferrite disk, one can obtain solutions
for {[ �A(m)

E
(�x)]rot}res and {[�E(�x)]rot}res in a rotating reference

frame. An inversion from the rotating frame to the laboratory
frame will give us the required quantities [ �A(m)

E
(�x)]res and

[�E(�x)]res. The �E field acquires geometric (topological) phase
by the MDM carrying an orbital angular momentum. Since the
solutions for the �E fields can appear only due to integration
over geometrical (topological) phases, we can conclude that
the electric �E fields in the MDM solutions in a ferrite disk
are exclusively the topological fields. We can also conclude

that the helicity density F of the MDMs appears because of
the presence of topological fields �E. When we exclude the
retardation effects, we can consider the near-field space above
and below a ferrite disk as being sliced into the plates with
the same in-plane distributions of the �E-field vectors. In this
case, one observes only attenuation of amplitudes of vectors �E
without any change of an angle between vectors �E and �∇ × �E .
When, however, the retardation effects are taken into account,
one will also observe the variation of an angle between vectors
�E and �∇ × �E in the near-field region. So, when the retardation
effects in solutions for the �E fields are taken into consideration,
one can observe analytically certain torsion properties of the
MDM near fields.

C. Electric fields in the G-mode solutions

In the L-mode representation, the MS-potential ψ functions
serve as generating functions and the observables are the fields
of MDMs. In the case of G modes, where the observables are
energy eigenstates of MDMs, the MS-potential wave functions
behave as orthogonal quantumlike scalar wave functions.

The G-mode solutions are characterized by the single-
valued MS-potential membrane functions. However, to satisfy
the boundary conditions for magnetic flux density on a lateral
surface of a disk, one has to impose a geometrical-phase
factor. This phase factor appears due to singular edge wave
functions. For a G-mode membrane wave function η̃, the
boundary condition on a lateral surface of a ferrite disk is
the following [22]:

μ

(
∂η̃

∂r

)
r=�−

−
(

∂η̃

∂r

)
r=�+

= 0. (67)

On a lateral border of a ferrite disk, the correspondence
between a double-valued membrane wave function ϕ̃ [see
Eqs. (42) and (43)] and a single-valued function η̃ is ex-
pressed as (ϕ̃±)r=�− = δ± (η̃)r=�− , where δ± ≡ f±e−iq±θ is
a double-valued edge wave function on contour L = 2π�.
The azimuth number q± is equal to ± 1

2 l, where l is an odd
quantity (l = 1,3,5,. . .). For amplitudes we have f+ = −f−
and |f±| = 1. Function δ± changes its sign when θ is
rotated by 2π so that e−iq±2π = −1. As a result, one has
the energy-eigenstate spectrum of MS-mode oscillations with
topological phases accumulated by the edge wave function
δ. On a lateral surface of a quasi-2D ferrite disk, one
can distinguish two different functions δ±, which are the
counterclockwise and clockwise rotating-wave edge functions
with respect to a membrane function η̃. A line integral
around a singular contour L: 1

�
∮
L [i (∂δ±/∂θ)] (δ±)∗ dL =∫ 2π

0 {[i (∂δ±/∂θ)] (δ±)∗}r=� dθ is an observable quantity. It
follows from the fact that because of such a quantity one can
restore single valuedness (and, therefore, Hermicity) of the
G-mode spectral problem. Because of the existing geometrical
phase factor on a lateral boundary of a ferrite disk, G modes are
characterized by a pseudoelectric field (the gauge field) [22].
Here we will denote this pseudoelectric field by the letter �e.

The geometrical-phase factor in the G-mode solution is not
single valued under continuation around a contour L and can
be correlated with a certain vector potential ��(m)

e . We define a
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geometrical phase for a MDM as [22]

i�
∫ 2π

0
[( �∇θ δ±)(δ±)∗]r=�dθ ≡ K

∮
L

( ��(m)
e

)
± · d �L = 2πq±,

(68)

where �∇θ δ± = (1/�) (∂δ±/∂θ )|r=� �eθ and �eθ is a unit vector
along an azimuth coordinate. In Eq. (68), K is a normal-
ization coefficient. The physical meaning of coefficient K

we will discuss below. Here, it is necessary to note that in
Refs. [22,60,69], the coefficient K was conventionally taken
as equal to unit. In Eq. (68) we inserted a connection which
is an analog of the Berry phase. In our case, the Berry
phase is generated from the broken dynamical symmetry. The
confinement effect for magnetic-dipolar oscillations requires
proper phase relationships to guarantee single valuedness
of the wave functions. To compensate for sign ambiguities
and thus to make wave functions single valued we added a
vector-potential-type term ��(m)

e (the Berry connection) to the
MS-potential Hamiltonian. On a singular contour L = 2π�,
the vector potential ��(m)

e is related to double-valued functions.
It can be observable only via the circulation integral over
contour L, not pointwise. The pseudoelectric field �e can be
found as

�e± = −�∇ × ( ��(m)
e

)
±. (69)

The field �e is the Berry curvature. In contrast to the Berry
connection ��(m)

e , which is physical only after integrating
around a closed path, the Berry curvature �e is a gauge-invariant
local manifestation of the geometric properties of the MS-
potential wave functions. The corresponding flux of the gauge
field �e through a circle of radius � is obtained as

K

∫
S

( �e)± · d �S = K

∮
L

( ��(m)
e

)
± · d �L = K(�(e))± = 2πq±,

(70)

where (�(e))± are quantized fluxes of pseudoelectric fields.
There are the positive and negative eigenfluxes. These
different-sign fluxes should be inequivalent to avoid cancella-
tion. It is evident that while integration of the Berry curvature
over the regular-coordinate angle θ is quantized in units of
2π , integration over the spin-coordinate angle θ ′ (θ ′ = 1

2θ ) is
quantized in units of π . The physical meaning of coefficient
K in Eqs. (68) and (70) concerns the property of a flux of
a pseudoelectric field. It should, definitely, be related to the
notion of a magnetic current in the G-mode analysis. As
we will show, in the case of G modes, magnetic currents
appear due to “surface magnetic conductance.” It differs from
the situation with L modes where a magnetic current is the
magnetization current.

It is worth noting that the pseudoelectric field (the Berry
curvature) �e can be characterized as the density of the pseu-
doelectric flux, and so the quantity ∂ �e/∂t can be considered
as the density of the pseudoelectric displacement current.
However, in frames of the magnetostatic description (when
there is a small sample of a medium with strong temporal
dispersion of the magnetic susceptibility), this pseudoelectric
displacement current does not define locally the magnetic field
of magnetic-dipolar modes. It also follows that in our case of

magnetostatic description (and contrary to an analysis of the
magnetic monopole and magnetic fluxon dynamics based on
of the full-Maxwell-equation description [70,71]), the term
∂ ��(m)

e /∂t does not define a magnetic field of the MDM.
Following Eq. (68), one sees that on contour L = 2π� the
vector potential ��(m)

e can be represented as a gradient of a
certain scalar function [72]. It means that on a border contour
there is �∇ × ( ��(m)

e )± = 0. So the pseudoelectric field �e is
equal to zero on contour L. However, at any points exterior
to a singular contour L, the curl of the vector potential ��(m)

e

(and, therefore, the field �e) is not equal to zero. To have fields
�e as observable quantities in every point of a square S, a
singular contour L = 2π� should be excluded from a square
S. This is possible when one assumes that S = π (�−)2, where
�− = � − �� with �� 
 �.

In further analysis of the G-mode solutions we will stick to
a slightly different model than in Refs. [22,60,69]. Solutions
for the G modes are determined by the essential boundary
conditions, while for L modes there are the natural boundary
conditions. The difference between the essential boundary
conditions and the natural boundary conditions is defined by
the term −iμa (Hθ )r=�, where (Hθ )r=� is an annular magnetic
field [22,62]. This singular border term, which expresses the
discontinuity of a radial component of magnetic flux density
for G modes, can be represented as the effective surface
magnetic charge density:

−iμa (Hθ )r=� ≡ 4πρ(m)
s . (71)

For an annular magnetic field at a given coordinate z, one
obtains

{[ �Hθ (z)]±}r=� = −Cξ (z) �∇θ (ϕ̃±)r=�
= −Cξ (z) �∇θ [δ± (η̃)]r=� . (72)

Generally, the magnetostatic description presumes that any
close-loop line integral of a magnetic field is zero. Since,
however, a magnetic field, expressed by Eq. (72), is described
by a double-valued function, a close-loop integral of this
field on a border contour L is nonzero. The field (Hθ )r=�
is a topologically distinctive, singular magnetic field. The
gradient �∇θ [δ± (η̃)]r=� is considered as the velocity of the
irrotational flow on a lateral surface of a ferrite disk. When we
represent a single-valued membrane function for G modes as
η̃ (r,θ) ≡ R (r) χ (θ ), where function R(r) is described by the
Bessel functions and χ (θ ) ∼ e−iνθ , ν = ±1, ± 2, ± 3,..., the
velocity of the irrotational flow on a lateral surface of a ferrite
disk is defined as [22–25,73]

(Vθ )± = �∇θ [δ± (η̃)]r=� = −i
(ν + q±) f±

� e−i(ν+q±)θ �eθ , (73)

where �eθ is the unit azimuth vector. Evidently, �∇ × �Vθ = 0,
but the circulation of the velocity Vθ around a closed contour
L is a constant quantity. From Eqs. (71) and (72), one has for
the surface magnetic charge density:

ρ(m)
s = i

4π
Cμaξ (z) �∇θ [δ± (η̃)]r=�

= 1

4π
Cμaξ (z)Rr=�

(v + q±) f±
� e−i(v+q±)θ . (74)
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By multiplying the right-hand side of Eq. (74) with eiωt and
taking a real part, one obtains the real-time azimuth wave of a
surface magnetic charge density.

In our problem under consideration, the phase-derivative
effect of dipole-dipole interactions removes the rotational
symmetry of the magnetic collective oscillations on a border
ring of a ferrite disk. It is well known that in different
structures of low-dimensional solids, which are described by
the complex order parameter, the phase-derivative effects may
play an essential role. In linear-chain conductors, the time
and spatial derivatives of the phase of the complex order
parameter can be related to the electron charge-density waves
and the electric-current waves [74]. In quasi-one-dimensional
metals, there are also so-called spin-density waves [75].
All these fluctuations are due to broken-symmetry ground
states in metals. There are the ground states of the coherent
superposition of pairs (pairs of electrons or pairs of electrons
and holes) [74,75]. It was shown that the macroscopic effect of
the electric charge-density waves (conductivity oscillations) is
also possible in the Aharonov-Bohm-configuration structures
due to the nontrivial real-space topology [76,77]. Magnons
are also the collective excitations of the ground state. In
the absence of spin-orbit and dipole-dipole interactions, the
spin degrees of freedom are characterized by full rotational
symmetry. This leads to excitations of a one-dimensional
Heisenberg antiferromagnet. Such excitations, considered as
persistent magnetization currents around mesoscopic Heisen-
berg rings, were analyzed in Refs. [52]. In our case, one
has the broken-symmetry states on a ferrite-disk surface
with the low-dimensional dipole-dipole magnetic-condensate
waves. The magnetic-charge-density wave appears when
the correlation length exceeds the circumference of the border
ring of a ferrite disk.

For time-varying G-mode fields, the azimuth waves of the
surface magnetic charge density ρ(m)

s , excited due to disconti-
nuity of a normal component of the magnetic flux density,
presume the presence of waves of the surface magnetic-
current density �j (m)

s . These are the circulating magnetic-current
density waves. Both quantities, ρ(m)

s and �j (m)
s , have time-

and space-dependent phases. With the use of separation of
variables on a cylindrical surface of a ferrite disk, one has
the continuity equation for the monochromatic wave process
(∼eiωt ):

�∇θ · ( �j (m)
s

)
θ
+ �∇z · ( �j (m)

s

)
z
= −iωρ(m)

s , (75)

where �∇θ · ( �j (m)
s )θ = (1/�)[∂( �j (m)

s )θ /∂θ] and �∇z · ( �j (m)
s )z =

∂( �j (m)
s )z/∂z. An azimuth component of the surface magnetic-

current density is an azimuth wave, which, at a given
coordinate z, can be represented as[ �j (m)

s (z)
]
θ

= [
J (m)

s (z)
]
θ
e−i(v+q±)θ eiωt , (76)

where [J (m)
s (z)]θ is an amplitude. Since function ξ (z) is a

smooth function with a very small variation on the thickness
distance of a ferrite disk [62] we assume here, as necessary
approximation, that �∇z · ( �j (m)

s )z = 0. With this assumption, we
obtain from the above equations:

{[
J (m)

s (z)
]
θ

}
± = 1

4π
Cωμaξ (z)Rr=�f±. (77)

Let us formally associate Eq. (74) with the surface magnetic
charge density and Eqs. (76) and (77) with the surface
magnetic-current density. We can write( �j (m)

s

)
θ

= ρ(m)
s (V (m))±, (78)

where

(V (m))± ≡ ω�
ν + q±

(79)

is a certain velocity. Equation (78) shows that the magnetic-
charge-density wave slides along a border contour at a constant
“drift” velocity V (m). In fact, this is the phase velocity for the
magnetic-charge-density wave along a border contour L =
2π�. The velocities V (m) are different for the positive (with
the q+ wave number) and negative (with the q− wave number)
singular edge wave functions. It is worth noting that for a
circulating magnetic-current density wave, a magnetic moment
(the magnetization vector) on contour L feels no force and
undergoes the Aharonov-Bohm-type interference effect.

Similar to the vector potential ��(m)
e on a singular contour

L = 2π�, the surface magnetic-current density �j (m)
s is related

to double-valued functions and so can be observable only via
the circulation integral over contourL, not pointwise. Based on
the integral relations, one finds solutions for a vector potential
��(m)
e and an electric field �e in points exterior to a singular

contour L. A region of a source is an infinitesimally thin
cylinder: δ-function magnetic-current loops of radius � being
summed up in a ferrite-disk height d. Since �j (m)

s is a circulating
magnetic-current density wave with a time-dependent phase,
in these solutions we have to take into account the retardation
effects. For this reason (with certain similarity to the L-mode
solutions), one has the causal Green function which means that
the source-point time is always earlier than the observation-
point time.

Nonzero circulation of the velocity Vθ around a closed
contour L results in angular momentum of the G mode. There
is an electric (anapole) moment of the G mode originating
from this angular momentum. The anapole moment determines
an interaction of the G mode with an external electric field
[22,58–60,69]. To find the anapole moment we introduce the
following integral quantity:

a
(e)
± ≡ 4π�

∫ d

0

∮
L

[ �j (m)
s (z)

]
θ
· d �L dz. (80)

The integrand for this quantity is defined as 4π��er ×
[ �j (m)

s (z)]θ , where �er is a unit vector along a disk radius. With
the use of Eqs. (76) and (77), Eq. (80) is written as

a
(e)
± = Cωμa�2Rr=�f±eiωt

∫ d

0
ξ (z)dz

∫ 2π

0
e−i(v+q±)θdθ

= −i2C
f±

ν + q±
ωμa�2Rr=�eiωt

∫ d

0
ξ (z)dz. (81)

At the time reversal we change a sign of coefficient f (we
have f+ = −f−). Also the time reversal changes a sign of an
imaginary unit. If we assume that the azimuth numbers are
ν = +1 and q± = ± 1

2 , we can see that in this case vector �a(e)

does not change its sign at the time reversal. It means that �a(e)

is a polar vector.
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Let us rewrite Eq. (81) as follows:

a
(e)
± = π

(
I (m)
s

)
±�2

c
, (82)

where

(
I (m)
s

)
± ≡ −i

2

π
c

f±
ν + q±

CωμaRr=�eiωt

∫ d

0
ξ (z)dz. (83)

One can see that the formally introduced quantity a
(e)
± has

physical meaning of the electric moment originating from
a loop of the azimuthally averaged magnetic-charge current
(I (m)

s )±. There is a parity-odd toroidal (or anapole) moment
[78,79]. One can interpret Eq. (82) as an expression which
describes the electric (anapole) moment of a ferrite disk
far away from the magnetic-current loop (ρ � �) [22]. By
analogy with the magnetic field originating from a loop electric
current [33], one can define the electric field �e in spherical
coordinates (ρ,ϑ,θ ) far away from a ferrite disk (ρ � �):

( �eρ)± = 2

(
π

(
I (m)
s

)
±�2

c

)
cos ϑ

ρ3
, (84)

( �eϑ )± =
(

π
(
I (m)
s

)
±�2

c

)
sin ϑ

ρ3
, (85)

where ϑ is an inclination angle. One can see that no azimuth
variation of the �e field originating from magnetic-charge
current (I (m)

s )± is assumed in Eqs. (84) and (85). This can be
correct when one neglects the retardation effects in solutions
for a vector potential ��(m)

e and an electric field �e. For a
given loop current (I (m)

s )±, and in neglect of the retardation
effects, one can formally make use of the orthogonal and
complete-set vector spherical harmonics which are utilized
for the magnetostatic problem solutions [33]. It is necessary
to note that frequency ω corresponds to a resonance frequency
of a certain MDM in a ferrite disk. So, there are spectra of
azimuthally averaged magnetic-charge currents (I (m)

s )± and
spectra of electric moments a

(e)
± . It is worth noting also that

the electric field for a pure (with two real point electric
charges separated at a certain distance) pointlike electric dipole
moment �p(e) looks very similar to Eqs. (84) and (85). In
spherical coordinates (ρ,ϑ,θ ) far away from a dipole, one
has well-known equations for the electric field [33]:

Eρ = 2p(e) cos ϑ

ρ3
,

Eϑ = p(e) sin ϑ

ρ3
, (86)

Eθ = 0.

There is, however, a fundamental difference between the
electric moment a

(e)
± and the electric dipole moment p(e).

Consequently, there is a fundamental difference between the
electric field �e defined by Eqs. (84) and (85) and the electric
field �E defined by Eq. (86). It is evident that there is no scalar
electric potential used for representing the �e-type electric field.

One of the main remarks of the G-mode analysis concerns
the flux of a pseudoelectric field. It is evident that the Berry
connection shown in Eq. (68) should be extended for an entire
MS-potential function of a MDM, the function ψ . From the

above equations, this function is represented as

(ψ±) = Cξ (z) (ϕ̃±) = Cξ (z)δ±η̃ = Cξ (z)δ±R(r)χ (θ ) ,

(87)

where functions δ± are defined on a singular contourL = 2π�
and function η̃ is defined on a region S = π (�−)2. In connec-
tion with the function ψ , a total flux of the pseudoelectric field
originating from a MDM ferrite disk should be written as

(
(e))± = C2(�(e))±
∫

S

η̃η̃∗ dS

∫ d

0
ξ (z)dz, (88)

where
∫
S
η̃η̃∗ dS is a dimensionless norm of a certain G

mode. The flux (
(e))± through the ring L = 2π� should
be evaluated modulo the elementary flux of the electric field



(e)
0 .
It is a property of a surface magnetic current �j (m)

s that
the electric flux passing through an area bounded by such
a circulating current is a quantized quantity. This quantization
occurs because the MS-potential wave function must be single
valued: its phase difference around a closed loop must be
an integer multiple of 2π . We may predict that there exists
a quantum of an electric flux which should be a physical
constant. A total electric flux passing through a bounded area
must be a multiple of a quantum of an electric flux. However,
in itself definition and, moreover, the value of a quantum of
an electric flux are under question. As one of the versions, we
can represent the elementary flux of the electric field as the
quantity 


(e)
0 = 4πe, where e is the electron charge. It thus

appears that we have

1

4πe
(
(e))± = 2q±. (89)

Based on Eqs. (88) and (89), one defines the normalization
coefficient K in Eqs. (68) and (70) as follows:

K = C2

4e

∫
S

η̃η̃∗ dS

∫ d

0
ξ (z)dz. (90)

It means that spectral properties of the MDM ferrite disk
are quantized with respect to elementary electric charge.
This resembles the Dirac quantization conditions. Dirac’s
proposition of a magnetic monopole appears from an idea
of quantization of a magnetic flux. In our case, we have
quantization of an electric flux.

Use of the quantity 

(e)
0 = 4πe as an elementary flux of the

electric field represents, however, a much disputed problem. In
our case we have quantization of a circular magnetic current,
not the magnetic charge. So, in the basis-function description,
an electric flux should be represented by a 2-form and not, like
the electric charge, by a 3-form. Accordingly, there should be
essential differences between conservation laws for the 2-form
and 3-form quantities. This expresses the peculiarities of the
magnetoelectric-field phenomena. At the external microwave
electric field, some of the electric-field lines may penetrate
the ferrite in the form of thin threads of material that have
turned normal. These threads, which we can call “electric
fluxons” because they carry an electric flux, are in fact the
central regions (“cores”) of vortices in the magnetic currents.
Each electric fluxon carries an integer number of electric flux
quanta. The external electric field directly changes the phase
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of an MS-potential wave function, and it is these changes in
phase that lead to measurable quantities.

For electron wave functions, the Aharonov-Bohm principle
tells us that the Hamiltonian describing the system is gauge
invariant under magnetic flux changes by an integral multiple
of 


(m)
0 = hc/e, the elementary quantum of magnetic flux.

Therefore, an adiabatic increase of 
(m) by a single flux
quantum is a cycle of the pump in a looped ribbon. For
the G-mode magnetostatic wave functions, the system is
gauge invariant under electric flux changes by an integral
multiple of the elementary quantum of an electric flux. An
adiabatic increase of 
(e) by a single flux quantum is a cycle
of the pump in a looped ribbon—a lateral surface of a ferrite
disk.

D. Connection between the L- and G-mode spectra: A torsion
degree of freedom for ME fields

For a better understanding of the main results of the
above analytical studies on a structure of ME fields, some
discussions about the connection between the G- and L-mode
spectra are necessary. The presence of two types of MDM
spectrum (the G and L modes) is evident from the fact that
the permeability tensor depends both on a frequency and on
a bias magnetic field: ↔

μ = ↔
μ(ω, �H0). For both these types

of spectrum solutions, the resonances take place at certain
quantized states of the permeability tensor: ↔

μ(ωres)|H0=const

for L modes and ↔
μ[(H0)res]|ω=const for G modes. Since

components of the permeability tensor depend nonlinearly,
both on a frequency and on a bias magnetic field [39], no
linear correspondence exists between the resonances of the L-
and G-mode spectral solutions. The L- and G-mode spectra
appear with different physical properties. The G modes are
characterized by Hermitian differential operator Ĝ. These
modes are described by the complete-set orthogonal MS-wave
functions with the energy eigenstates [22,62]. For L modes
one has pseudo-hermitian differential operator L̂. The modes
are described by the quasi-orthogonal MS-wave functions and
are characterized by the PT -invariance properties [19,24]. As
was shown in Ref. [19], there exists a certain operator Ĉ which
provides us with a connection between the L- and G-mode
spectra.

The connection between the L- and G-mode spectra may
manifest a certain contribution to a torsion degree of freedom
for MDM oscillations, and also for ME fields. This concerns
an additional spin precession which can be considered in two
aspects. First, it is related to the presence of the “spin-orbit”
interaction term: �e± × �m. This means coupling between the
gauge field �e± and magnetization �m. Due to the term �e± × �m
one has an interaction between a linear magnetic current �j (m)

(L modes) and a circular surface magnetic current ( �j (m)
s )±

(G modes). Such an interaction results in the torsion degree
of freedom of the near fields. There should be two vector
quantities: the vector �e+ × �m directed along the +z axis and
the vector �e− × �m directed along the −z axis. These two
vectors give two different types of near-field torsion structures
above and below the ferrite disk. Secondly, one can observe
the gravitomagnetic effect of the rotating fields [80]. For
the G-mode spectrum, one has an anapole-moment spin �s(e)

which is an intrinsic spin of the MDM disk particle [22,69].
At the same time, for the L-mode spectrum, we have a
rotating magnetic assembly. With respect to the laboratory
frame, the L-mode fields rotate at the rf frequency ω. As
measured by the laboratory-frame observer the spin �s(e) must
“precess” in a sense opposite to the sense of rotation of the
L-mode fields. The Hamiltonian associated with such motion
would be of the form H = −�s(e) · �ω. The existence of such a
Hamiltonian would show that the intrinsic spin has rotational
inertia. Such a gravitomagnetic effect of the rotating MDM
fields can be observable only via the circulation integral
over contour L = 2π�, not pointwise. So there should be
a nonzero overlapping integral of double-valued and single-
valued functions along contour L. This overlapping integral
is expressed as 1

2

∫ 2π

0 [ϕ̃(θ )δ∗
±(θ ) − ϕ̃∗(θ )δ±(θ )]dθ , where the

asterisk means complex conjugation in frequency domain. It is
evident that integrals 1

2

∫ 2π

0 [ϕ̃(θ )δ∗
+(θ ) − ϕ̃∗(θ )δ+(θ )]dθ and

1
2

∫ 2π

0 [ϕ̃(θ )δ∗
−(θ ) − ϕ̃∗(θ )δ−(θ )]dθ are different quantities.

III. INTERACTION OF MICROWAVE
MAGNETOELECTRIC FIELDS WITH MATTER

A. ME-field-induced precession of electric polarization

Microwave ME fields originating from ferrite particles with
MDM oscillations are very sensitive to dielectric parameters
of materials. This sensitivity takes place not due to induced
electric polarization, but because of induced precession of
electric polarization. A spectral theory of magnetic-dipolar
(magnetostatic) resonances in small ferrite particles does not
presume the presence of the electric displacement current.
The vectors �E , �E, and �D, reflecting different aspects of
the electric field in the L-mode spectrum, as well as the
pseudoelectric field �e for G modes, are polar vectors. At
the same time, in frames of the magnetostatic-oscillation
description (characterized by a negligibly small variation of
electric energy in small magnetic objects with strong temporal
dispersion of permeability at microwaves), these electric fields
cannot be related to the electric-polarization effects, both
inside a ferrite and in abutting dielectrics outside a ferrite.
So no transformations of the MDM spectra due to variation
of dielectric parameters of a sample should be observed.
Nevetheless, recent microwave experiments [59,60] clearly
show an influence of dielectrics on the MDM oscillations.

From Eqs. (63) and (64), one sees that the electric fields �E
and the magnetic fields in classical magnetostatics problems
[33] are completely dual with each other. Because of such a
duality, we can assume the existence of the mechanical torque
when the electric field �E exerts on a test point electric dipole
�p(e). This mechanical torque is defined as a cross product of
the electric field �E and the electric moment of the dipole:

�N (e) = �p(e) × �E. (91)

It makes the electric field �E a physically observable quantity
in a local point, both inside and outside a ferrite. In a central
region of a ferrite disk one has a homogeneous rotation of the
�E field, which lies in a disk plane. Let us suppose that a point
electric dipole �p(e) is initially oriented along a disk axis. Since
there is no electric-polarization effect due to the electric field
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FIG. 4. (Color online) Frequency characteristics of a module of the reflection coefficient for a rectangular waveguide with an enclosed
thin-film ferrite disk. The resonance modes are designated in succession by numbers n = 1,2,3. . . . The coalescent (Fano-like) resonances are
denoted by single and double primes. The inset shows the geometry of a structure.

�E, an action of this field will result in precession of the electric
dipole �p(e). The mechanical torque is equal to the time rate of
change of angular momentum. As an initial assumption, we
can suppose that the time rate of change of angular momentum
is proportional to the time rate of change of orientation of the
electric dipole �p(e). Based on Eq. (91), we can write

�N (e) = �p(e) × �E = − 1

γ (e)

d�p(e)

dt
, (92)

where a quantity −1/γ (e) is a certain coefficient of propor-
tionality. A phenomenological parameter γ (e) was formally
introduced in an analogy with the gyromagnetic ratio γ which
relates the electron spin angular momentum and the electron
magnetic moment [38,39].

A ferrite is a dielectric material with a sufficiently big
value of a dielectric permittivity (εr = 15). When we put a
quasi-2D ferrite disk in an external homogeneous dc electric
field �E0 oriented along a disk axis, we have the homogeneous
electric polarization �p(e) inside a ferrite disk. A uniform array

of identical dipoles oriented along a disk axis is equivalent
to surface electric charges on disk planes which produce
a depolarization field. Evidently, the dc electric field �E0

(resulting in the constant electric polarization) does not cause
any mechanical torque in the motion equation for polarization
�p(e). Suppose now that we excite the MDM oscillations in a
ferrite disk. In the presence of an external homogeneous dc
electric field �E0, the electric field �E of MDM oscillations will
cause precession of electric polarization about the direction of
a disk axis. One has the following precession equation:

d �p(e)

dt
= −γ (e) �p(e) × �E. (93)

Here we assume that at this precession there is a small deviation
of vector �p(e) from the direction of vector �E0. So, one can
neglect variation of quantity of the electric polarization.

The torque exerted on the electric polarization �p(e) due
to the electric field �E should be equal to reaction torque
exerted on the magnetization �m in a ferrite disk. In this

FIG. 5. (Color online) The near-field helicity parameters. A ferrite disk is placed inside a rectangular waveguide of the field for the first
MDM. (a) Near-field helicity for the first MDM. (b) Near-field helicity for the second (the resonance 2′′). (c) Absence of the near-field helicity
for nonresonant frequencies.
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FIG. 6. (Color online) A sample of a ferrite disk with two
loading dielectric cylinders placed inside a T E10-mode rectangular
waveguide.

reaction, however, one should take into account an orbital
moment of the �E field. The existence of the power-flow-
density vortices of the MDM oscillations presumes an angular
momentum of the fields. So, the electric field �E of MDMs
has both the spin and orbital angular momentums. It means
that the electric polarization in a disk (in the presence of
an external electric field) will be characterized with both
the spin and orbital angular momentums. Due to the angular
velocity of the orbital rotation of the electric polarization,
the motion equation for magnetization will be modified. This
modification, described by Eqs. (B5) and (B6) in Appendix B,
will result in transformation of the MDM spectra.

When we put a dielectric loading above or (and) below
a ferrite disk and apply to a structure a dc electric field
oriented along a disk axis, we have two (or three) capacitances
connected in series. The capacitance of a thin-film ferrite
disk is much bigger than the capacitances of dielectric
samples. So, surface electric charges on ferrite-disk planes
will be mainly defined by the permittivity and geometry of

dielectric samples. As a result, one will have MDM spectrum
transformation dependable on parameters of the dielectric
samples. In microwave experiments [59,60], we do not have
external dc electric fields. In these studies, however, the electric
polarization of a ferrite disk and dielectric samples takes place
due to rf electric fields of electromagnetic waves propagating
in a microwave waveguide. In such a case one has a rather more
complicated process of an interaction of MDMs with polarized
dielectrics. Nevertheless, the main physical aspects of this
interaction discussed above for the dc electric polarization,
will be applicable also in the case of the rf electric polarization.

B. Numerical and experimental studies on the microwave
near-field helicity and its role in the matter-field interaction

Distinct parameters of helicity density of the ME fields
become evident from numerical studies based on a commercial
finite-element electromagnetic solver (HFSS, Ansoft). For a
numerical analysis in the present paper, we use the same disk
parameters as in Refs. [18,19,23,24]: the yttrium iron garnet
disk has a diameter of D = 3 mm and the disk thickness
is t = 0.05 mm; the disk is normally magnetized by a bias
magnetic field H0 = 4900 Oe; the saturation magnetization
of the ferrite is 4πMs = 1880 G. Our analysis starts with a
structure where a ferrite disk is placed inside a T E10-mode
rectangular X-band waveguide symmetrically to its walls
so that the disk axis is perpendicular to a wide wall of a
waveguide. The waveguide walls are made of a perfect electric
conductor. For a better understanding of the field structures
we use a ferrite disk with very small losses: the linewidth
of a ferrite is �H = 0.1Oe. Figure 4 shows the module of
the reflection (the S11 scattering-matrix parameter) coefficient.
The resonance modes are designated in succession by numbers
n = 1,2,3,. . .. An inset in Fig. 4 shows the geometry of

FIG. 7. (Color online) Frequency characteristics of a module of the reflection coefficient for the first MDM at different parameters of a
symmetrical dielectric loading. Frequency fH = 8,457 GHz is the Larmor frequency of an unloaded ferrite disk.
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FIG. 8. (Color online) Poynting vector distributions above a ferrite disk (on the plane parallel to the ferrite-disk plane and at distance 75
μm above a disk). The frequencies correspond to the resonance 1 of an unloaded (without dielectric cylinders) ferrite disk and the resonances
1′′ of a ferrite disk with dielectric loadings.

the structure. One can clearly see that, starting from the
second mode, the coupled states of the electromagnetic fields
with MDM vortices demonstrate split-resonance states. The
properties of these coalescent (Fano-type) resonances, denoted
in Fig. 4 by single and double primes, were analyzed in detail
in Ref. [19].

In Refs. [18,19], we studied the general properties of
the microwave near fields originating from a ferrite disk
with MDM resonances. Here we calculate numerically the
helicity parameter of these near fields. Near a MDM ferrite
disk, we have both the potential �E and rotational �E parts
of the electric field. However, only the total electric field
�E = �E + �E has physical significance. For numerical studies,
we use Eq. (61) rewritten in the SI system of units as
F = (ε0/4)Im{ �E · |( �∇ × �E)∗}. Equation (62) is represented
as cos α = Im{ �E · ( �∇ × �E)∗}/| �E|| �∇ × �E|. For demonstration
of the helicity-density distribution in the near-field regions
of a ferrite disk, we use a cross-section plane which passes
through the diameter and the axis of the disk. Figure 5 shows
the helicity-density parameter F , calculated for the first and
second mode (the resonance 2′′) MDMs based on numerically
obtained electric near fields. For the resonances denoted by
single primes (the resonances 2′,3′, etc., in Fig. 4), as well
for nonresonance frequencies, one has zero parameter F [see

Fig. 5(c)]. As follows from Figs. 5(a) and 5(b), the helicity
density has different signs above and below a ferrite disk. It
means that the fields above and below a disk are twisted in
different azimuth directions. This gives evidence for a torsion
degree of freedom of the fields in the vicinity of the MDM
ferrite disk. It is worth noting that the regions where parameter
F is maximal correspond to the regions where there is a
maximal electric field of MDM oscillations [18,19,23,24].

In the above analysis, we noticed that the electric fields
originating from the MDMs cannot be related to the induced
electric-polarization effects both inside a ferrite and in abutting
dielectrics outside a ferrite. However, when the dielectrics
are polarized by the external (dc or rf) electric fields, one
should observe the influence of the dielectric properties on
the oscillation spectra due to the spin and orbital angular
momentums of the MDM electric fields. Based on numerical
studies, we now verify this statement and show what is a
role of dielectric loadings in the spectral characteristics and
helicity properties of the MDM fields. We start with a structure
of a ferrite disk loading symmetrically with two dielectric
cylinders. An entire structure is placed inside a rectangular
waveguide (Fig. 6). The dielectric cylinders (every cylinder
has a diameter of 3 mm and a height of 2 mm) are electrically
polarized by the rf electric field of the T E10 mode propagating

FIG. 9. (Color online) Numerically calculated helicity-parameter distributions for the first MDM at different dielectric constants of loading
cylinders. The distributions are shown on the cross-section plane which passes through the diameter and the axis of the ferrite disk.
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FIG. 10. (Color online) The helicity-parameter distributions for the first MDM at different dielectric constants of loading cylinders. The
cross-section planes are parallel to the ferrite-disk plane and are at different distances from the ferrite surface: (a) 25 μm, (b) 75 μm, and
(c) 150 μm.

in a waveguide. The frequency characteristics of a module
of a reflection coefficient for the first MDM resonance at
different dielectric parameters of the cylinders are shown in
Fig. 7. One can see that at dielectric loadings, the first MDM
resonance appears as coalescent resonances (the resonances 1′
and 1′′). Figure 8 shows the Poynting vector distributions above
a ferrite disk at the frequencies related to the resonance 1 of
an unloaded (without dielectric cylinders) ferrite disk and the
resonances 1′′ of a ferrite disk with dielectric loadings. These
pictures, corresponding, evidently, to the known Poynting
vector distributions of the first MDM [18,19,23,24], show
clearly that dielectric loadings do not destroy the entire MDM
spectrum, but cause, however, the frequency shifts of the
resonance peaks.

One of the main features of the frequency characteristics
of a structure with the symmetrical dielectric loadings, shown
in Fig. 7, is the fact that the resonances of the first MDM
become shifted not only to the lower frequencies, but appear
to the left of the Larmor frequency of an unloaded ferrite
disk. For a normally magnetized ferrite disk with the pointed
out above quantities of the bias magnetic field and the
saturation magnetization, this Larmor frequency [calculated as
fH = (1/2π ) γHi , where γ is the gyromagnetic ratio and Hi

is the internal dc magnetic field] is equal to fH = 8,457 GHz.
When a ferrite disk is without dielectric loadings, the entire
spectrum of MDM oscillations is situated to the right of the
Larmor frequency fH . Since dielectrics do not destroy the
entire MDM spectrum, one can suppose that the Larmor
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FIG. 11. (Color online) Space angle between vectors �E and �∇ × �E for the first MDM at different dielectric constants of loading cylinders.
(a) εr = 1; (b) εr = 30; and (c) εr = 50. Points A and B are singular points in dielectrics, where the helicity of the near fields changes its sign.

frequency of a structure with dielectric loadings f
(D)
H is

lower than the Larmor frequency of an unloaded ferrite disk
(f (D)

H < fH ). We clarify this statement based on the following
analysis.

The torque exerted on the electric polarization due to
the MDM electric field [see Eq. (91)] should be equal to
the reaction torque exerted on the magnetization in a ferrite
disk. Because of this reaction torque, the precessing magnetic
moment density of the ferromagnet will be under additional
mechanical rotation at a certain frequency �. For the magnetic
moment density of the ferromagnet, �M , the motion equation
acquires the following form (see Appendix B):

d �M
dt

= −γ �M ×
(

�H − �

γ

)
. (94)

The frequency � is defined based on both spin and orbital
momentums of the fields of MDM oscillations. One can see
that at the dielectric loadings, the magnetization motion in a
ferrite disk is characterized by an effective magnetic field

�Heff = �H − �

γ
. (95)

So, the Larmor frequency of a structure with dielectric loadings
is at lower frequencies in comparison with such a frequency
in an unloaded ferrite disk.

The effective helicity of the fields in a dielectric is due to
the helicity of the MDM near field in vacuum and associated
motion of the electric polarization. The recoil torque of the
fields in a dielectric loading on a ferrite disk should be
proportional to the refractive index of the dielectric. In Fig. 9,
we can see the helicity density distributions in the cross-section
plane passed through the diameter and the axis of the disk for
different dielectric parameters of cylinders. The frequencies
correspond to the first MDM. In Fig. 10 one can see the
helicity-parameter distributions when the cross-section planes
are parallel to the ferrite-disk plane and are placed at different
distances from the ferrite surface. Since the amplitude of the
electric field strongly reduces with an increase of distance from
the ferrite surface, it will be more interesting to analyze the

properties of the near-field structures when the helicity factor
is normalized on the field amplitudes. The normalized helicity
factor, represented as the cosine of a space angle between
vectors �E and �∇ × �E is shown in Fig. 11 for a cross-section
plane passing through the diameter and the axis of a ferrite
disk.

As one can see from Figs. 9–11, the dielectric loadings
not only reduce the quantity of the helicity factor, but result
in strong modification of the near-field structure. Particular
attention should be paid to the case of a sufficiently big
dielectric constant of the loading material (εr = 50, in our
case). In this case, there are singular points on an axis of a
structure [points A and B in Fig. 11(c)] where the helicity of
the near fields changes its sign. To clarify these properties in
more detail, we illustrate in Fig. 12 the electric and magnetic
fields in a structure of a ferrite disk with loading dielectrics
(εr = 50). These field distributions, shown at a certain time
phase, are characterized by spin and orbital rotations. For a
comparative analysis, we illustrate initially the field structures
inside a ferrite without loading dielectrics [Fig. 12(a)] and
inside a ferrite with loading dielectrics [Fig. 12(b)]. There
are evident differences between these two structures of the
fields. Figures 12(c) and 12(d) show the field structures in a
dielectric on the planes above a ferrite disk. As we can see
in Fig. 12(c), in a central region of a cutting plane placed
below a singular point A, a space angle between the electric
and magnetic fields is about 180◦. This gives a negative
helicity factor. When, however, a cutting plane is placed above
a singular point A [Fig. 12(d)], a space angle between the
electric and magnetic fields in a central region is about 0◦. This
results in a positive helicity factor. Such specific properties
of the helicity distributions, observed in a dielectric cylinder
with a sufficiently big dielectric constant, can be explained
from the fact that, because of the depolarization field, the
electric polarization inside such a dielectric cylinder is strongly
nonhomogeneous. So, precession of the electric polarization
(due to the MDM electric field �E) is nonhomogeneous as well.
This results in peculiar distribution of phases of the fields along
an axis of a system.
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FIG. 12. (Color online) The electric and magnetic fields (at a certain time phase) in a structure of a ferrite disk with loading dielectrics.
(a) and (b) The electric and magnetic fields inside a ferrite disk for dielectric loadings of εr = 1 and εr = 50, respectively; (c) the electric and
magnetic fields in a dielectric (εr = 50) on a plane 0.75 mm above a surface of a ferrite disk (the plane is below a singular point A); and (d) the
electric and magnetic fields in a dielectric (εr = 50) on a plane 1.7 mm above a surface of a ferrite disk (the plane is above a singular point A).
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FIG. 13. (Color online) Frequency characteristics of a module of the reflection coefficient for the first MDM at different parameters of a
dielectric cylinder.

As one can see from Figs. 5, 9, and 11, for the patterns
symmetrical with respect to a normal axis, there are anti-
symmetrical distributions of the helicity. For the near-field
structure, a plane of a thin-film ferrite disk (where the electric
field changes its direction [23,24]) is a plane of a twist. The
uniqueness of the observed properties of the fields in dielectric
cylinders (with εr = 50) is the presence of additional planes
(which pass through points A and B, above and below a
ferrite disk) of a twist for the near fields. In these planes the
magnetic field changes its direction. It becomes evident that
an entire structure of the near fields shows the torsion degree
of freedom. It is also worth noting here that in Fig. 11(a), a
picture of the normalized helicity factor has a slight inclination
from a normal axis. Such an inclination (well observed, when
no dielectric loading exists) can appear as a result of an
interaction of two electromagnetic-wave power flows: one is
due to propagation of a waveguide mode and another is due

to the near-field power-flow vortex of the MDM. When one
changes the ports of a waveguide, a picture of the normalized
helicity factor inclines from a normal axis to an opposite site.

When a sample of a ferrite disk with a dielectric loading
is nonsymmetric with respect to a normal axis, a structure of
helicity of the near field becomes nonsymmetrical as well. In
our studies, we use the structure shown in Fig. 6, but only
with one loading cylinder. The frequency characteristics of
a module of the reflection coefficient for the first MDM at
different parameters of a nonsymmetrical dielectric loading
are shown in Fig. 13. The helicity density distributions are
represented in Fig. 14 for the cross-section plane passed
through the diameter and the axis of the disk. It is evident that a
loading by one dielectric cylinder results in a nonsymmetrical
helicity density of the near fields. It is also evident that
for different dielectric parameters of a loading cylinder,
the picture of the helicity distribution inside a dielectric is
strongly different from the above results for a sample with

FIG. 14. (Color online) Numerically calculated helicity-parameter distributions for the first MDM at different dielectric constants of a
loading cylinder. The distributions are shown on the cross-section plane which passes through the diameter and the axis of the ferrite disk.
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FIG. 15. (Color online) Frequency characteristic of a module of the transmission coefficient for a microstrip structure with a thin-film
ferrite disk (numerical results). An insert shows geometry of a structure.

symmetrical dielectric loadings. A more detailed analysis of
the helicity properties of the near fields in a nonsymmetrical
ferrite/dielectric pattern is beyond the frame of the present
paper.

The shown helicity parameters of the near fields, reflect-
ing exclusive properties of the MDM oscillations, can find
applications for the near-field characterization of materials at
microwaves. For this purpose, it is more preferable to use
an open-access microstrip structure with a ferrite-disk sensor,
instead of the closed waveguide structure studied above.
Figure 15 represents the frequency characteristic of a module
of the transmission (the S21 scattering-matrix parameter)
coefficient for a microstrip structure with a thin-film ferrite
disk. The geometry of a structure is shown in the inset.

In a discussed above waveguide structure with an enclosed
ferrite disk, the main features of the MDM spectra are evident
from the reflection characteristics. Contrarily, in the shown
microstrip structure, the most interesting are the transmission
characteristics.

Classification of the resonances shown in Fig. 15 is
made based on analytical studies in Ref. [62]. These are
the resonances corresponding to MDMs with radial and
azimuth variations of the MS-potential wave functions in a
ferrite disk. One can see that the frequencies of the first
and second radial-variation resonances shown in Fig. 15 are
in good correspondence with the frequencies of the first
and second resonances shown in Fig. 4 for a waveguide
structure. Between the first and second resonances of the

FIG. 16. (Color online) The helicity parameter for a microstrip structure with a ferrite disk. (a) For the first radial-mode resonance frequency;
and (b) at nonresonance frequencies.
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FIG. 17. (Color online) Transformation of the MDM spectrum due to a dielectric loading in a microstrip structure (numerical results).

radial variations, in Fig. 15 one can see the resonance of the
azimuth-variation mode. This resonance appears because of
the azimuth nonhomogeneity of a microstrip structure.

The helicity density distribution for the first radial-variation
resonance in a microstrip structure with a ferrite disk is shown
in Fig. 16(a). Due to a metallic ground plane and dielectric
properties of a substrate in a microstrip structure, there is slight
nonsymmetry of the helicity distribution with respect to a disk
plane. It is worth noting that (similarly to the analyzed above
waveguide structure) the helicity properties of the near fields
in a microstrip structure appear only at the MDM resonances.
At nonresonance frequencies, there is zero helicity of the field
structure [see Fig. 16(b)].

Figure 17 shows the spectrum transformation due to a
dielectric sample placed above a ferrite disk. In there numerical
studies of a loading of a ferrite disk in a microstrip structure, we

used dielectric cylinders with the same parameters as above: a
diameter of 3 mm and a height of 2 mm; dielectric constants of
εr = 30 and εr = 50. We can see shifts of the peaks depending
on the dielectric properties of a sample. It is evident that
for the first radial-variation MDM resonance in a microstrip
structure, there is sufficiently good correspondence of the peak
positions with the results in a waveguide structure shown
in Fig. 13.

Our numerical studies of the microwave field helicity and
its role in the matter-field interaction open a perspective
for the experimental near-field characterization of material
parameters. An experimental microstrip structure is realized
on a dielectric substrate (Taconic RF-35, εr = 3.52, thickness
of 1.52 mm). Characteristic impedance of a microstrip line
is 50 �. For dielectric loadings, we used cylinders of
commercial microwave dielectric (nonmagnetic) materials

FIG. 18. (Color online) (a) Experimental setup for near-field characterization of dielectric parameters based on MDM ferrite sensors. (b)
A DUT: a microstrip structure with a MDM ferrite sensor and a loading dielectric sample.
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FIG. 19. (Color online) Transformation of the MDM spectrum due to a dielectric loading in a microstrip structure (experimental results).

with the dielectric permittivity parameters of εr = 30 (K-30;
TCI Ceramics, Inc.) and εr = 50 (K-50; TCI Ceramics, Inc).
Figure 18(a) shows the experimental setup for near-field
characterization of dielectric parameters based on MDM ferrite
sensors. In Fig. 18(b), one can see a device-under-test (DUT): a
microstrip structure with a MDM ferrite sensor and a loading
dielectric sample. A transmission coefficient was measured
with the use of a network analyzer. With the use of a current
supply we established a quantity of a normal bias magnetic
field �H0, necessary to get the MDM spectrum in a required
frequency range. The experimental results for characterization
of dielectric properties of materials are shown in Fig. 19. One

can compare these experimental results with the numerical
results shown in Fig. 17. Evidently, there is a sufficiently
good correspondence between the numerical and experimental
results of transformation MDM spectra due to dielectric
loadings. It is necessary to note here that instead of a bias
magnetic field in numerical studies (H0 = 4900 Oe), in the
experiments we applied a lower quantity of a bias magnetic
field: H0 = 4708 Oe. Use of such a lower quantity (giving
us the same positions of the non-loading-ferrite resonance
peaks in the numerical studies and in the experiments) is
necessary because of nonhomogeneity of an internal dc
magnetic field in a real ferrite disk. A more detailed discussion

FIG. 20. (Color online) The helicity parameter for the first radial mode at opposite directions of a normal bias magnetic field. A ferrite disk
is placed in a microstrip structure without a loading dielectric. (a) Magnetic bias is up and (b) magnetic bias is down.
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FIG. 21. (Color online) A chiral sample. (a) Sample structure and (b) the helicity-parameter distribution in a dielectric disk when magnetic
bias is up.

on the role of nonhomogeneity of an internal dc magnetic
field in the MDM spectral characteristics can be found
in Refs. [57,62].

With use of the MDM near-field structures one acquires
an effective instrument for local characterization of special
topological properties of matter. This, in particular, will allow
realization of microwave devices for precise spectroscopic
analysis of materials with chiral structures such as, for
example, biological and drug enantiomers. Following our
analytical studies, we showed in Fig. 3 that the helicity density
F above and below a ferrite disk should have different signs
for different orientations of a normal bias magnetic field. The
present numerical results confirm this prediction. Figure 20
shows the F -factor distributions for a ferrite disk (without
a loading dielectric) in a microstrip structure at opposite
directions of a normal bias magnetic field (in the case of
a ferrite disk in a waveguide, one has the same change of

sign of parameter F when the direction of a normal bias
magnetic field changes). This confirms that the near-field
structure of the MDM electric field is characterized by the
space and time symmetry breakings. These properties of
the MDM near fields can be applied for characterization
of enantiomers. For this purpose, we use a special chiral
sample. This is a dielectric disk with a chiral-structure metal
coating. Figure 21(a) shows the sample structure. Figure 21(b)
represents the helicity−parameter distribution in a dielectric
disk (εr = 30) when a magnetic bias field is up. This is the
distribution with evident lack of azimuth symmetry. On a
chiral-structure metal coating the helicity parameter is zero.
When this sample is placed on the surface of a ferrite disk, one
obtains evident distinction of the MDM spectra at different
orientations of a bias magnetic field. This is illustrated in
Fig. 22 for a transmission coefficient of a microstrip structure
with a thin-film ferrite disk.

FIG. 22. (Color online) Measuring of chirality with the use of opposite directions of a dc magnetic field (numerical results). The inset
shows the position of a chiral sample in a microstrip structure.
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IV. CONCLUSION

Interaction between electromagnetic waves and matter
on a subwavelength scale opens up a new field of study:
near-field electrodynamics. In the near-field electrodynamics,
space and time can be coupled in a manner different from
the far-field electrodynamics. This may create a new type
of field substance. In this paper, we showed that in close
proximity of a MDM ferrite disk there exists a quantized near
field which is characterized by peculiar symmetry properties.
This is a topological, curved space-time field. Such an entity,
differing from the known electromagnetic near-field structures,
we call a magnetoelectric field. A near field of the MDM
particle—the ME field—is a quasimagnetostatic field. This
field, however, cannot be considered as a field dual to known
quasielectrostatic fields. We showed that there is a fundamental
difference between the observed ME fields and the near fields
originating from plasmon-oscillation particles. One of the
important distinctive features of the ME fields is the presence
of the helicity structure in a vacuum near-field region.

The main properties of the ME fields become clear when
one analyzes spectral solutions for the MS-potential wave
function ψ in a ferrite-disk particle. To make the MDM
spectral problem analytically integrable, two approaches were
suggested. These approaches, distinguished by differential
operators and boundary conditions used for solving the spectral
problem, give two types of MDM oscillation spectra in
a quasi-2D ferrite disk: the G- and L-mode spectra. The
MS-potential wave function ψ manifests itself in different
manners for each of these types of spectra. In this paper, we
studied the field structures for the G- and L-mode spectra. We
also analyzed possible interactions between these two-type
spectral solutions. In the present spectral analysis particular
attention is paid to specific magnetic-current distributions,
the electric-field structures, and topological properties of the
fields. Based on the spectral characteristics, we showed that
for ME fields originating from MDM ferrite particles one can
observe the helicity density. This helicity density has different
signs above and below a ferrite disk. The fields above and
below a disk are twisted in different azimuth directions. This
gives evidence for a torsion degree of freedom of the fields in
the vicinity of the MDM ferrite disk.

Among a series of interesting properties of the microwave
near fields, originating from quasi-2D ferrite disks with the
magnetic-dipolar-oscillation spectra, there are interactions of
such near fields with matter. Transformation of the MDM
spectrum due to dielectric samples abutting to the surface of
a ferrite disk was observed experimentally, for the first time,
in Refs. [59,60]. In the present studies, we showed that the
transformation of the MDM spectrum due to dielectric samples
is strongly related to the helicity properties of the MDM near
fields. We also showed that in virtue of the near-field helicity,
one can effectively observe at microwaves the enantiomeric
properties of the samples. Use of subwavelength MDM fields
with energy localization and symmetry breakings opens a
perspective for unique microwave applications. Presently, the
precise spectroscopic analysis of natural and artificial chiral
structures is considered as one of the very important aspects
in material characterization. Because of the helicity structure
of the MDM near fields, one can predict carrying out a precise

spectroscopic analysis of natural and artificial chiral structures
at microwaves. Unique topological properties of microwave
near fields originating from MDM ferrite particles can be used
to study structural effects in biological systems. Due to the
growing interaction between biological sciences and electrical
engineering disciplines, effective sensing and monitoring
of biological samples becomes an important subject. This,
especially, concerns the near-field microwave microscopy of
chemical and biological structures [81–85]. One of the signifi-
cant questions, both for fundamental studies and applications,
is biophysical modeling of microwave-induced nonthermal
biological effects [86–88]. Despite the fact that reports of
nonthermal microwave effects date back to the 1970s, there
is a great deal of renewed interest. The rapid rate of adoption
of mobile phones and mobile wireless communications into
society has resulted in public concern about the health hazards
of microwave fields emitted by such devices. Direct detection
of biological structures in microwave frequencies and an
understanding of the molecular mechanisms of nonthermal
microwave effects is a problem of great importance.

To obtain useful information in physics of the microwave
near-field helicity and its role in the matter-field interaction we
used an HFSS numerical study. Together with experimental and
analytical studies, we consider a numerical study an effective
tool in our research. One of the main questions for discussion
could concern credibility of the results, obtained based on
the classical-electrodynamics HFSS program, for description of
the shown nontrivial topological effects originating from the
MDM ferrite disks. We have a clear answer to this question. In
a series of our previous publications we showed that a nonin-
tegrable (path-dependent) electromagnetic problem of ferrite
disks placed inside a rectangular waveguide, following from
closed-loop nonreciprocal phase behaviors on lateral surfaces
of the disks, can be successfully solved numerically based on
the HFSS program. As a result of numerical integration, one
has convergent solutions at a given frequency. From numerical
studies of different microwave structures with embedded thin-
film ferrite disks, one can see a consistent pattern of both the
spectral-peak positions and specific topological structure of the
fields of the oscillating modes. These HFSS numerical results
are in very good correlation with the corresponding results
obtained from analytical studies and microwave experiments.

APPENDIX A: MAGNETIC-CURRENT VECTOR
POTENTIALS IN MS OSCILLATIONS

In classical electromagnetism, the vector potential �A is
introduced for convenience in solving magnetostatic problems
with use of the representation for the magnetic flux density as
�B = �∇ × �A. Frequently, the term vector potential is referred
to as the magnetic vector potential. For the magnetostatic
problems, the relation of the vector potential �A to the electric-
current source �j (e) is [33]

∇2 �A = −4π

c
�j (e). (A1)

When the fields are time varying, one can introduce auxiliary
potential functions and specify the �E and �B fields as

�E = −1

c

∂ �A
∂t

− �∇
; �B = �∇ × �A, (A2)

023201-27



E. O. KAMENETSKII, R. JOFFE, AND R. SHAVIT PHYSICAL REVIEW E 87, 023201 (2013)

where 
 is the scalar potential function and �A is the vector
potential function. In the case of the time-varying fields, the
relation of the vector potential function �A to the electric-
current source �j (e) is [33]

∇2 �A − 1

c2

∂2 �A
∂t2

= −4π

c
�j (e). (A3)

Because of the electric-current sources for the vector potential,
both for the magnetostatic and time-varying fields, one can also
call the vector potential �A the electric-current vector potential.
To stress on this definition, we rewrite Eq. (A3) as

∇2 �A(e) − 1

c2

∂2 �A(e)

∂t2
= −4π

c
�j (e), (A4)

where �A(e) means the electric-current vector potential.
In spite of the fact that no magnetic charges and no

motion equations for magnetic charges are known in nature,
because of the electromagnetic duality one can formally
introduce magnetic currents in Maxwell equations. This formal
procedure allows solving numerous electrodynamics problems
[89,90]. For the electrodynamic vector potential caused by a
magnetic current �j (m) we have the wave equation [89,91]

∇2 �A(m) − 1

c2

∂2 �A(m)

∂t2
= −4π

c
�j (m), (A5)

where we call �A(m) the magnetic-current vector potential.
Equation (A5) was obtained when one uses the following
representation for the electric displacement field:

�D = �∇ × �A(m). (A6)

With such a representation, one has from the Maxwell
equations for the magnetic field:

�H = −1

c

∂ �A(m)

∂t
− �∇ψ, (A7)

where ψ is the magnetic scalar potential. It is worth noting
that, referring to representation (A6), in some publications,
the magnetic-current vector potential �A(m) is called the electric
vector potential. There is, for example, the study of the field
of toroidal solenoids [92]. At the same time, such terms as
the electric-current vector potential (regarding the vector �A(e)

caused by an electric current) and the magnetic-current vector
potential (regarding the vector �A(m) caused by a magnetic
current), used in our study, one can also find in Ref. [93].

As we discussed above, in the case of MS oscillations there
are no effects of the electromagnetic retardation. The term
∂ �A(m)/∂t does not define the magnetic field �H (in the case
of MS oscillations the magnetic field is �H = −�∇ψ) and thus
Eq. (A5) is written as

∇2 �A(m) = −4π

c
�j (m). (A8)

There is a dual situation with respect to the problem described
by Eq. (A1). Such an equation one obtains immediately from
Eqs. (29) and (30) and taking into account a proper gauge (the
Coulomb gauge [33]) transformation.

Based on Eqs. (29) and (30), we have

∇2 �A(m)
E − �∇( �∇ · �A(m)

E

) + 4π

c
�j (m) = 0. (A9)

This equation shows that formally two types of gauges are
possible. In the first type of gauge we have

�∇ · �A(m)
E

= 0 (A10)

and, therefore,

∇2 �A(m)
E

= −4π

c
�j (m). (A11)

The second type of gauge is written as

�∇( �∇ · �A(m)
E

) − 4π

c
�j (m) = 0 (A12)

and, therefore,

∇2 �A(m)
E

= 0. (A13)

The last equation shows that any sources of the electric field
are not defined and thus the electric field is not defined at all.
So only the first type of gauge, described by Eq. (A10) and
resulting in Eq. (A11), should be taken into account.

APPENDIX B: TRANSFORMATION OF A MAGNETIC
SUSCEPTIBILITY TENSOR TO A ROTATING

REFERENCE FRAME

Let S ′(x ′,y ′,z′) be a frame of reference rotating with respect
to the laboratory frame S(x,y,z) with an angular velocity
represented by a vector �ωframe. The space-time transformation
from the laboratory frame S to the rotating frame S ′ is given
by (see, e.g., [94])

x ′ = x cos(ωframet) + y sin(ωframet),

y ′ = −x sin(ωframet) + y cos(ωframet), (B1)

z′ = z, t ′ = t.

It is evident that the vector differential operator �∇ is invariant
under the transformation (B1):

�∇′ = �∇. (B2)

According to the general law of relative motion, the time
derivative of any time-dependent vector �C(t), computed in
the laboratory frame S, and the time derivative computed in
the rotating frame S ′, are related through (see, e.g., [95])

(
d �C
dt

)
lab

=
(

d �C
dt

)
rot

+ �ωframe × �C. (B3)

The motion of the magnetic moment in the laboratory frame
is described by the equation

d �m
dt

= −γ �m × �H. (B4)

Based on Eq. (B1), we have the motion equation of the
magnetic moment in the rotating frame [96](

d �m
dt

)
rot

= −γ �m ×
(

�H − �ωframe

γ

)
. (B5)

For the motion of the magnetic moment in the rotating frame
we have an effective field

�Heff = �H − �ωframe

γ
, (B6)
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which is the sum of the laboratory-frame field �H and a fictitious
field −�ωframe/γ .

Now consider a ferromagnet. Because of the presence of the
exchange interaction between the spins of the individual atoms,
the magnetic moment of the ferromagnet may be regarded
as rigid provided only the temperature of the ferromagnet is
sufficiently small. For the magnetic moment density of the
ferromagnet, �M , we have the motion equation in the rotating
frame similar to Eq. (B5):(

d �M
dt

)
rot

= −γ �M ×
(

�H − �ωframe

γ

)
. (B7)

We represent the total field �H and the magnetization �M in the
rotating frame as sums of the dc and rf components

�H = �H0 + �H∼, �M = �M0 + �mrot (B8)

and suppose that

�H∼ 
 �H0, �mrot 
 �M0. (B9)

In this case, Eq. (B7) acquires the form(
d �m
dt

)
rot

+ γ �mrot ×
(

�H0 − �ωframe

γ

)
= −γ �M0 × �H∼.

(B10)

Let �H∼ and �mrot be the time-harmonic functions characterized
by frequency ω (∼eiωt ). For complex amplitudes in the rotating
frame, Eq. (B10) is rewritten as

iω �mrot + γ �mrot ×
(

�H0 − �ωframe

γ

)
= −γ �M0 × �H∼. (B11)

We consider the case when the vectors �H0 and �M0 are directed
along the z axis and when the vector �ωframe is oriented along
the z axis as well. From Eq. (B11), one has the following
equations in Cartesian coordinates:

iω (mx)rot + (γH0 − ωframe) (my)rot = γM0 (H∼)y,

− (γH0 − ωframe) (mx)rot + iω(my)rot = −γM0 (H∼)x,

(mz)rot = 0. (B12)

This gives the following equation:

�mrot = ↔
χ rot · �H∼, (B13)

where

↔
χ rot =

⎛
⎜⎝

χrot i (χa)rot 0

−i (χa)rot χrot 0

0 0 0

⎞
⎟⎠ (B14)

and

χrot = γM0 (ωH − ωframe)

(ωH − ωframe)2 − ω2
,

(χa)rot = γM0ω

(ωH − ωframe)2 − ω2
, ωH ≡ γH0. (B15)

We have to note here that the frequency ωframe is a positive
quantity. In the particular case when ωframe = ωH , we have
χrot = 0 and (χa)rot = −γM0/ω.

In the rotating frame, one has for magnetic flux density

�Brot = ↔
μrot · �H∼, (B16)

where the magnetic permeability tensor is defined as

↔
μrot = ↔

I + 4π
↔
χ rot. (B17)

Here
↔
I is unit matrix.

We consider now the frequencies corresponding to the
MDM resonances in a ferrite disk. At these resonances, one
has the rotating magnetic fields. For ω = ωframe = ωres, we
obtain

(χrot)res = γM0(ωH − ωres)

(ωH )2 − 2ωH ωres
,

(B18)

[(χa)rot]res = γM0ωres

(ωH )2 − 2ωH ωres
.

For diagonal and off-diagonal components of the permeability
tensor, we have

(μrot)res = ωH (ωH − 2ωres + ωM ) − ωMωres

(ωH )2 − 2ωH ωres
,

[(μa)rot]res = ωMωres

(ωH )2 − 2ωH ωres
, (B19)

where ωM ≡ γ 4πM0. When ωres = ωframe > ωH , there are
(χrot)res > 0 and [(χa)rot]res < 0 resulting in (μrot)res > 0 and
[(μa)rot]res < 0. In the case when ωres = ωframe < ωH , one has
(χrot)res < 0 and [(χa)rot]res > 0. This gives (μrot)res < 0 and
[(μa)rot]res > 0.
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[29] L. A. Turski and M. Mińkowski, J. Phys.: Condens. Matter 21,

376001 (2009).
[30] A. Randono and T. L. Hughes, arXiv:1010.103.
[31] T. Van Doorsselaere, V. M. Nakariakov, and E. Verwichte,

Astrophys. J. 676, L73 (2008).
[32] H. K. Moffatt and R. L. Ricca, Proc. R. Soc. London, Ser. A

439, 411 (1992).
[33] J. D. Jackson, Classical Electrodynamics, 2nd ed. (Wiley, New

York, 1975).
[34] M. I. Stockman, S. V. Faleev, and D. J. Bergman, Phys. Rev.

Lett. 87, 167401 (2001).
[35] K. Li, M. I. Stockman, and D. J. Bergman, Phys. Rev. Lett. 91,

227402 (2003).
[36] E. O. Kamenetskii, Phys. Rev. E 73, 016602 (2006).
[37] E. O. Kamenetskii, arXiv:1111.4359.
[38] A. I. Akhiezer, V. G. Bar’yakhtar, and S. V. Peletminskii, Spin

Waves (North-Holland, Amsterdam, 1968).
[39] A. Gurevich and G. Melkov, Magnetic Oscillations and Waves

(CRC Press, New York, 1996).
[40] P. M. Morse and H. Feshbach, Methods of Theoretical Physics

(McGraw-Hill, New York, 1953).
[41] R. M. Fano, L. J. Chu, and R. B. Adler, Electromagnetic Fields,

Energy, and Forces (Wiley, New York, 1960).
[42] B. D. H. Tellegen, Am. J. Phys. 30, 650 (1962).
[43] W. Shockley and R. P. James, Phys. Rev. Lett. 18, 876 (1967).
[44] L. Vaidman, Am. J. Phys. 58, 978 (1990).
[45] A. D. Yaghjian, Antennas and Propagation Society International

Symposium, Vol. 4 (IEEE, Orlando, FL, 1999), pp. 2868–2871.
[46] J. E. Hirsch, Phys. Rev. B 60, 14787 (1999).
[47] F. Meier and D. Loss, Phys. Rev. Lett. 90, 167204 (2003).
[48] Q.-F. Sun, H. Guo, and J. Wang, Phys. Rev. B 69, 054409

(2004).
[49] D. Loss, P. Goldbart, and A. V. Balatsky, Phys. Rev. Lett. 65,

1655 (1990).
[50] Q.-F. Sun, X. C. Xie, and J. Wang, Phys. Rev. Lett. 98, 196801

(2007).
[51] Q.-F. Sun, X. C. Xie, and J. Wang, Phys. Rev. B 77, 035327

(2008).
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