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Analysis of Radiation From a Line Source in a
Grounded Dielectric Slab Covered by a

Metal Strip Grating
Yan Kaganovsky, Student Member, IEEE, and Reuven Shavit, Senior Member, IEEE

Abstract—In this paper, we present a study of the radiation from
a line source located inside a grounded dielectric slab covered by
a metal strip grating. The array scanning method was applied to
enable an efficient “unit cell” formulation. The numerical solution
was obtained with the use of the spectral method of moments. Both
TM and TE cases were solved. The effects of the geometrical pa-
rameters on the propagation of guided modes and their excitation
are studied.

Index Terms—Array scanning method (ASM), dielectric slab,
gratings, Green’s function, leaky waves, method of moments
(MoM).

I. INTRODUCTION

A METAL STRIP grating over a grounded dielectric slab
(MSG-GDS) is a well studied canonical structure with

many applications to antennas. Although many studies on the
dispersion characteristics of the MSG-GDS can be found in the
literature [1]–[5], very little has been reported on the excitation
of guided modes by a localized source. It is therefore our aim
to investigate the latter. To this end we solve the 2D problem of
an MSG-GDS structure excited by a line source. A parametric
study on the effect of the geometrical dimensions on the propa-
gation and excitation of guided modes is presented in this paper.

An important part of the source-problem solution is the deter-
mination of the modal contributions which in some cases have
a dominant effect on the radiating field. Many studies were con-
ducted on the 2D modal waves propagating perpendicular to
the strips in the MSG-GDS structure. Most of the studies used
approximate methods to obtain their results, such as averaged
boundary conditions [1] or rough approximations of the induced
currents on the strip grating [2], [3]. These methods can be used
only if some restrictions on the structure’s geometrical param-
eters are met, such as electrically small period, narrow slots [3]
or thin substrate [2]. A full-wave method which can be used
without any restrictions on the geometrical dimensions was pre-
sented in [4], [5]. The main focus in these studies was on the
propagation of modal waves at an arbitrary angle with respect
to the strips and the effect of the propagation angle on the modal
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characteristics. In [4] the parametric study was conducted only
for leaky waves and for a single frequency at a time. In [5] only
few results are presented for comparison purposes alone. To the
best of our knowledge, a complete parametric study on the ef-
fect of the strip’s width on the fundamental surface wave (SW)
and leaky wave (LW) modes propagating perpendicular to the
strips is yet to be reported in the literature. In this paper we re-
port a parametric study on the dispersion characteristics of the
MSG-GDS structure for a wide range of frequencies allowing
the investigation of an electrically thick substrate. Some previ-
ously unreported effects are presented in this paper.

To the best of our knowledge, the only work on the excitation
of the MSG-GDS structure by a localized source was reported
in [6] where the “sampling method” was used to calculate the
radiation pattern. The sampling method can be applied only to
a structure with electrically narrow slots while in this paper we
solve without any restrictions. A 3D solution for the TM polar-
ization and a similar structure in which the dielectric slab was
replaced by free space and excited by a dipole source was in-
vestigated in [7]. In that work reciprocity was exploited in order
to replace the original problem with a plane wave scattering
problem. Only the effects of dominant LWs were considered in
[7] and a parametric study was not presented. The solution in our
work was obtained using the “array scanning method” (ASM)
[8], [9] which also enables to calculate the SW power, which was
previously unpublished for this structure. In addition, we con-
duct a study on the effects of the geometrical parameters on the
radiation pattern and surface wave power. It is noted that a para-
metric study on the surface wave power for a similar structure
in which the substrate’s ground plane is absent was presented in
[8]. The behavior of the modes in the structure with the ground
plane present, studied here, is seen to differ from the one studied
in [8].

In Section II we present the problem formulation and some
theoretical background. In Section III and IV we present the
results for the TM and TE cases, respectively. Some conclusions
are discussed in Section V.

II. THEORY

A. Problem Formulation

The problem under investigation is a metal strip grating over a
grounded dielectric slab (GDS) excited by a line source, shown
in Fig. 1. In the parametric study which will follow the width of
the strip is varied, while all the other geometrical parameters
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Fig. 1. The structure under investigation consisting of a metal strip grating over
a grounded dielectric slab excited by a line source.

of the structure are fixed and their values are given by
mm. The source is a magnetic line current

in the y direction located at (TM case) which represents
a slot excitation, or an electric line current in the y direction
located at (TE case).

According to the ASM [8], the solution to the problem in
Fig. 1 is obtained by first solving an auxiliary periodic problem
in which the line source is duplicated into a phased array of
line sources with the same period as the metal grating and
a phase difference of . The auxiliary periodic problem is
solved using the standard “unit cell” approach. The electric or
magnetic fields due to the induced currents on the metal strips
in the auxiliary problem can be written as a sum of space har-
monics [4]

(1)

where denotes the spectrum of the induced electric or
magnetic current on a single strip or slot, respectively.
is the spectral dyadic Green’s function for a line source in a GDS
structure (when electric currents are used) or a line source in a
parallel plate (PP) structure (when magnetic currents are used).

is the propagation constant in the direction
of the th space harmonic. The field (magnetic field in the TM
case and the electric field in the TE case) in the original problem
of Fig. 1 is obtained from the auxiliary problem solution by
a spectral integration with respect to the phase variable as
explained in [8]. This spectral integral can be expressed as an
infinite integral over the 0 th space harmonic of denoted here
as [8].

The periodic auxiliary problem was solved using the peri-
odic spectral method of moments (MoM), choosing standard
weighted Chebyshev polynomials as basis and weight functions
(Galerkin’s method) [4]. The electric field integral equation
(EFIE) was used for strip widths which are less than half of
the structure’s period and the magnetic field integral equation
(MFIE) was used for larger strip widths. The MFIE and EFIE
formulations can be found in [6] and [8], respectively. The
convergence of the numerical solution was tested by increasing
the number of the basis functions. A relative error below 0.01%
was obtained by using 5 basis functions.

B. Asymptotic Evaluation of the Spectral Integral

The transverse propagation constant of the th space har-
monic, given by , is a two-valued func-
tion. Each of the space harmonics can be chosen to give an ex-
ponentially decreasing field in the z direction (proper determi-
nation) or an exponentially increasing field in the z direction

Fig. 2. The complex angle plane. Legend: �����— the �th quadrant of the
� plane on the Improper/Proper Riemann sheet of the � th space harmonic,
respectively; area with dashed black lines—regions of significant LW pole con-
tributions; area with dashed gray lines—region of oblique radiation.

(improper determination). As a result of this, an infinite set of
branch cuts (2 for each space harmonic) must be introduced
in order to render the value of the integrand unique. A conve-
nient transformation which maps both Riemann sheets of the
th space harmonic (proper and improper) into a single plane is
the complex angle transformation which is given by [10]

(2)

The quadrants of the plane on the proper and improper Rie-
mann sheets of the th space harmonic are mapped into semi-in-
finite strips shown in Fig. 2 as (proper) and (improper),
where the quadrant number is given by . The spec-
tral integral, discussed in Section II.A, can be evaluated asymp-
totically by deforming the integration contour in the complex
angle plane into the steepest descent path (SDP) [10] which in-
tersects the axis at the observation angle shown in Fig. 1.
The SDPs for are shown in Fig. 2 and are denoted
as . In addition to the SDP contribution all branch cuts
and poles (not shown in Fig. 2) which are captured between the
original integration contour and the SDP must also be taken into
account. However, the leading terms for the calculation of the
field in the far-field zone are the SDP term (also termed the
“space wave”) which decreases as away from the
structure, and the surface wave (SW) pole terms which account
for SWs propagating along the direction. The directivity cal-
culated from the SDP contribution is given by [8]

(3)

where is the component of (the th harmonic
of the auxiliary problem solution). The SDP term includes leaky
wave (LW) radiation [10] but does not include the end-fire radi-
ation of the SWs.

C. Leaky Wave and Surface Wave Contributions

Despite the fact that the LW pole contributions decrease expo-
nentially away from the structure, under some conditions, a LW
can be dominant in the near field and form the main radiation
mechanism by transferring its power to the space wave which
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carries its power into the far-field zone (see discussion in [11]).
By comparing the SDP radiation pattern calculated with (3) to
the radiation pattern due to the LW alone, we can determine if
the LW is dominant or not. If a good agreement is achieved be-
tween the two then the LW is dominant. The criteria for a good
agreement chosen here are the direction of maximum radiation,
half power beam width and maximum directivity. We calculate
the radiation pattern due to a LW alone using a Kirchoff-Huy-
gens integral over the aperture field contributed by a single LW
pole, which is given by [12]

(4)

where is the location of the LW pole which
accounts for the radiating space harmonic. If , the
radiation pattern in (4) has two maxima at (oblique
radiation) given by [12]

(5)

If , there is only one maxima of (4) at
(broadside radiation). The boundary of is shown
as long dashed black lines in Fig. 2.

As discussed in [13], a necessary (but not sufficient) con-
dition for the dominance of a LW in the near field is a rela-
tively small attenuation constant in the direction, i.e.,

(the boundaries of this region are shown in
Fig. 2 as short dashed black lines). In addition, the pole must
lie in the visible area (in which the pole can be captured) which
boundaries are denoted by shown in Fig. 2 as black
solid lines. Poles which satisfy both conditions represent pos-
sible dominant LWs (“significant LWs”). The possible locations
of these poles are shown as the area filled with dashed black lines
in Fig. 2. Only poles at these locations need to be considered.

The power carried by the SW modes is calculated separately.
The field of the SW modes is calculated from the SW pole con-
tributions by evaluating the residues of the spectral integral at
these poles. The technical details can be found in [8]. Since in
practice the structure will be finite, the power carried by the SWs
will radiate in the form of edge diffraction. In order to evaluate
the power lost to this radiation it is customary to divide it by the
total radiated power to obtain the SW excitation efficiency.

III. RESULTS FOR TM POLARIZATION

In the TM case, the electric currents on the strip grating are
polarized along the direction and only the and
components exist.

A. Dispersion Diagram

A full dispersion diagram for the TM case is presented in
Fig. 3 for . This diagram shows the phase and
attenuation constants in the x direction of the structure’s
modes [see (2)] versus normalized frequency. At each frequency
there are 2 basic solutions and the rest are merely duplications.

Fig. 3. Dispersion diagram for the fundamental TM modes. (a) attenuation
constant versus normalized frequency (b) phase constant versus normalized
frequency. Legend: thick solid line—proper mode; thick dotted line—im-
proper mode; dashed line—Floquet harmonics of the PP mode; dashed-dotted
line—Floquet harmonics of the GDS mode; dotted lines: � � �� . Physical
parameters: � � ��� ��� � ���� 	�� � ���.

For simplicity we discuss the modal solution which starts at the
low frequency end at . The modal solution can be
divided into 5 regions. Region I of the dispersion diagram con-
tains the first SW mode (real solution) which has no cutoff fre-
quency. In region II the structure exhibits a stop-band in which
the solutions are evanescent modes and carry negligible power
into the far-field zone. After the stop band, a second SW mode
exists in region III. At some higher frequency, in region IV, the
solution enters the visible region [the gray triangle in Fig. 3(b)]
and becomes complex. This solution represents a fast radiating
wave which is termed a LW. All space harmonics of
the solutions in regions I-IV are proper.
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Fig. 4. Dispersion diagram for the fundamental TM surface wave mode in
Fig. 3 for different strip widths. (a) Attenuation constant versus normalized fre-
quency (b) phase constant versus normalized frequency. Legend:������ �
���;������ � ���;������ � ���;����� � ���; dashed line—Floquet
harmonics of the PP mode; dashed-dotted line—Floquet harmonics of the GDS
mode (aligned with ��� � ���); dotted lines: � � �� .

The LW solution in region IV reaches with and
continues in the improper Riemann sheet of the th space har-
monic (see Fig. 2) where all space harmonics are proper except
for the th space harmonic which is improper. This solution
is shown in region V of Fig. 3 with dashed lines and is termed
the improper LW. In order to understand better the results, we
have also included the grounded dielectric slab (GDS) and par-
allel plate (PP) modes in the dispersion diagram. These modes
are obtained by duplicating periodically the ordinary GDS and
PP modes. The GDS mode represents a TM mode of a theoret-
ical MSG-GDS structure in which the strip’s width goes to zero

. The PP mode serves here only as a boundary for the
SW modes.

The SW propagation characteristics for different strip sizes
are shown in Fig. 4. One can see that the largest stop band is
obtained for the largest strip size (i.e., ). The solution
for is very close to the GDS mode. This is expected
since the current on the strip is perpendicular to the strip and has

Fig. 5. Dispersion diagram for the fundamental TM proper leaky wave mode in
Fig. 3 for different strip widths. (a) Attenuation constant versus normalized fre-
quency (b) phase constant versus normalized frequency. Legend:������ �
���; ��� ��� � ����; ������ � ���; � � ��� � ���; dashed line—
Floquet harmonics of the PP fundamental mode; dashed-dotted line—Floquet
harmonics of the GDS fundamental mode (aligned with ��� � ���); dotted
lines: � � �� .

zero values at the strip’s edges so it is negligible for small strip
sizes. In the case of the solution differs considerably
from the PP mode since the electric field is perpendicular to the
slots and is not zero at the slot’s ends.

The proper LW propagation characteristics for different strip
sizes are shown in Fig. 5. It is observed that for strip widths of

, there is a certain frequency range in which the phase
constant exhibits an oscillatory behavior accompanied with an
increase in the attenuation constant. Fig. 6 shows the LW poles
in the complex angle plane and the angle of maximum radia-
tion of the LW versus normalized frequency for various

. One can notice a change in the dependency of on
frequency for , which corresponds to the strong vari-
ations in the propagation constant, observed in Fig. 5. It is seen
in Fig. 6(b) that at the low frequency end, the LW beam scans
from end-fire towards broadside as the frequency is increased.
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Fig. 6. (a) The loci of the fundamental TM proper leaky wave of Fig. 5 in the
complex angle plane versus frequency with varying strip width. (b) Angle of
maximum radiation versus normalized frequency. Legend: ������ � ���;
������ � ���;������ � ���;����� � ���; dashed line—boundaries of
the oblique radiation region; solid line—boundary of the visible region; dotted
line—boundarries of significant leaky wave solutions.

This frequency band will be termed here “the primary back-
ward scanning band.” This band is followed by a frequency band
in which the beam is fixed on the broadside direction, which
is termed here “the broadside band.” In this frequency band
the LW poles are located outside the oblique radiation region
which boundaries are shown with dashed lines in Fig. 6(a). In
the next frequency band the beam scans from broadside towards
the end-fire direction as the frequency is raised and is therefore
termed here “the forward scanning band.” At the high frequency
end we identify a frequency band in which the beam scans in a
similar manner to the “primary backward band.” This band will
be termed here “the secondary backward scanning band.” It is
also observed in Fig. 6(a) that all the LW poles are inside the re-
gion of “significant pole contribution” which boundaries appear
as solid and dotted black lines.

TABLE I
SUMMARY OF TM PROPER LW DOMINANCE FOR ALL FREQUENCY BANDS

Fig. 7. Directivity for ��� � ��� in the primary backward scanning band,
where a proper dominant leaky wave is supported. Legend: solid line—SDP
solution; dashed line- leaky wave.

B. Radiation Pattern

We compare the radiation pattern obtained from (3) with the
radiation pattern obtained from the radiating fast harmonics of
the LWs, given by (4). We start with the proper LWs. Table I
shows a summary of the results that we have obtained for the
TM proper LW.

Some examples of radiation patterns in the “primary back-
ward scanning band” with are shown in Fig. 7. This
band is characterized by a strong variation of the attenuation
constant with frequency change for (see Fig. 5).
Since the attenuation constant controls the beam width [12], this
results in a relatively large variation in the beam’s width as the
frequency is changed. At some frequencies the LW has a very
small attenuation constant and this requires a large aperture size
in order for the LW to radiate most of its power. This set up can
find application whenever the structure’s size is relatively large.

An example which shows a poor match between the LW radi-
ation calculation and the SDP calculation is presented in Fig. 8.
Fig. 8 shows a radiation pattern in the “forward scanning band”
in which the LW is clearly not dominant. This result agrees
with the relatively large attenuation constant observed at this
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Fig. 8. Directivity for ��� � ��� in the forward scanning band at � ��� �

�����, where a proper non dominant leaky wave is supported.

Fig. 9. Directivity for ��� � ��� in the broad-side band at � ��� � ����,
where an improper dominant leaky wave is supported.

frequency band (in comparison with other frequency bands) as
can be seen in the dispersion diagram of Fig. 3. As discussed
in Section II-C, a relatively small attenuation constant is a nec-
essary (although not sufficient) condition for the dominance of
the LW.

The TM improper LWs could be investigated only at the lower
frequency end since it was later revealed that in addition to the
fundamental LW, a higher order LW exists at higher frequencies
and it is difficult to separate between the two. The first frequency
band of the improper LW is a “broad-side band” whose strong
excitation was discovered for all values (the “broad-side
band” exists for ). An example for the radiation pat-
tern for is shown in Fig. 9.

Fig. 10. Surface wave excitation efficiency for different strip sizes. Legend:
������ � ���������� � ����� ���� � ��	� gray dashed line—GDS
without the strip grating (aligned with ��� � ��	) . Physical parameters: as in
Fig. 6.

C. Surface Waves Excitation Efficiency

The SW excitation efficiency was calculated using the
method outlined in [8]. The results for three different strip
widths are shown in Fig. 10. For reference, the efficiency for
a GDS structure (without the strip grating) is also plotted in a
gray dashed line. The frequency band shown includes both first
and second SW modes. It is noted that the calculations are for
the far-field region and therefore any evanescent mode carries
zero power in this calculation. The zero SW power which can
be seen in the middle of the frequency band shown in Fig. 10
occurs at the stop band where the modes are evanescent. It is
seen that the largest efficiency is obtained with the smallest
slots, as expected. Another conclusion is that for the second
SW mode, there is little variation in the efficiency when the
strip’s size is changed (the efficiency stays above 0.92). It is
also seen in Fig. 10 that the MSG-GDS structure with small
strips has a SW efficiency which resembles the efficiency of a
GDS structure, as expected.

IV. RESULTS FOR TE POLARIZATION

In the TE case, the electric currents on the strip grating are
polarized along the direction and only the and
components exist.

A. Dispersion Diagram

A full dispersion diagram for the TE case is presented in
Fig. 11 for . The modal solutions can be divided into
5 regions similarly to the TM case. The first TE SW mode starts
at the normalized frequency . Below this frequency
(not shown), the mode continues on the improper Riemann sheet
of the th harmonic with a real/complex wave-number (de-
pending on the value), with the prior corresponding to a

Authorized licensed use limited to: IEEE Xplore. Downloaded on March 4, 2009 at 16:17 from IEEE Xplore.  Restrictions apply.



KAGANOVSKY AND SHAVIT: ANALYSIS OF RADIATION FROM A LINE SOURCE IN A GDS 141

Fig. 11. Dispersion diagram for the fundamental TE modes. (a) Attenuation
constant versus normalized frequency (b) phase constant versus normalized
frequency. Legend: thick solid line— proper mode; thick dotted line—im-
proper mode; dashed line—Floquet harmonics of the PP mode; dashed-dotted
line—Floquet harmonics of the GDS mode; dotted lines: � � �� . Physical
parameters as in Fig. 3.

non physical mode and the latter to a physically meaningful im-
proper LW [14]. A parametric study for this LW mode has been
reported in [14] where it was found impractical for most cases.

The SW propagation characteristics for different strip sizes
are shown in Fig. 12. One can see that the largest stop band
is obtained for the smallest strip size (i.e., ). The
solution for is very close to the PP solution. This
is expected since the electric field in the slot is tangent to the
strips, has zero values at the slot’s edges and can have little
variation along a small slot. The PP mode represents a solution
to a theoretical MSG-GDS structure in which the slot’s width
goes to zero .

The location of the proper and improper LW poles in the com-
plex angle plane and the LW angle of maximum radiation are
shown in Fig. 13. It is observed that as opposed to the TM case,
there is no oscillatory behavior of the phase constant. In the
proper mode regime, there are only 2 frequency bands: a back-
ward scanning band and a small broadside band for .

Fig. 12. Dispersion diagram for the fundamental TE surface wave mode in
Fig. 11 for different strip widths. (a) Attenuation constant versus normalized fre-
quency (b) phase constant versus normalized frequency. Legend:������ �
���;������� � ���;������ � ���;� ���� � ���; dashed line—Flo-
quet harmonics of the PP mode; dashed-dotted line—Floquet harmonics of the
GDS mode (aligned with ��� � ���) . Dotted line: � � �� .

In the improper mode regime there is a forward scanning band,
followed by a small backward scanning band (only for

) and a broadside band (in the vicinity of ).

B. Radiation Pattern

Table II summarizes the results obtained for the TE LW.
Some examples for the radiation patterns in the proper

“backward scanning band” and improper “forward scanning
band” with are shown in Figs. 14 (proper) and 15
(improper).

C. Surface Waves Excitation Efficiency

The SW excitation efficiency for three different strip widths is
shown in Fig. 16. It is seen that the largest efficiency is obtained
with the smallest slot, the same conclusion as in the TM case. As
opposed to the TM case, an increase in the slot’s width beyond
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Fig. 13. (a) The loci of the fundamental TE proper and improper leaky waves of
Fig. 11 in the complex angle plane versus frequency with varying strip width. (b)
angle of maximum radiation versus normalized frequency. Legend:������ �
���;������ � ���;� ���� � ���; solid line with marker—proper leaky
wave; dashed line with marker—improper leaky wave; dashed line—bound-
aries of the oblique radiation region; solid line—boundary of the visible region;
dotted line—boundary of significant leaky wave solutions.

TABLE II
SUMMARY OF TE LW DOMINANCE FOR ALL FREQUENCY BANDS

decreases considerably the efficiency of the second
SW mode. It should be noted that for we have a PP

Fig. 14. Directivity for ��� � ��� in the backward scanning band where a
proper dominant leaky wave is supported. Legend: solid line—SDP solution;
dashed line- leaky wave.

Fig. 15. Directivity for ��� � ��� in the forward scanning band where an
improper dominant leaky wave is supported. Legend: solid line—SDP solution;
dashed line- leaky wave.

mode [see Fig. 12(b)] so most of the power is contained inside
the dielectric slab and the SW efficiency is very close to 1, as
seen in Fig. 16.

V. CONCLUSION

The problem of line source excitation of an MSG-GDS struc-
ture was solved using the ASM and the periodic MoM. Both
EFIE and MFIE formulations were used in order to obtain an
efficient solution for all possible values of the structural param-
eter (the strip width in the metal grating). The main focus in this
work was on the effect of the structural parameters on the exci-
tation of modes and their radiation characteristics.
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Fig. 16. Surface wave excitation efficiency for different strip sizes. Legend:
������ � ������� ��� � ����� � ��� � ���� Physical parameters:
as in Fig. 3.

A parametric study was presented in which the effect of the
strip width on the propagation of SWs and LWs was demon-
strated. The stop band was investigated and it was found that
the largest stop band is obtained with small slots in the TM case
and with small strips in the TE case. It was also found that in
some cases the fundamental TM proper LW exhibits a strong
variation of its propagation characteristics which introduces a
variety of different radiation characteristics. The TE LW was
investigated in both proper and improper regimes.

The excitation of LWs was investigated by comparing the LW
radiation pattern with the total radiation pattern due to the line
source excitation. It was found that the TM proper LW is dom-
inant only in the backward scanning bands and that all bands
in the transition area, characterized by a strong variation of the
propagation constant with frequency change, cannot be used for
LW antenna applications. It was shown that the TM improper
LW can be used for broad-side radiation. The proper TE LW
was found to be dominant in all frequency bands and the im-
proper TE LW was shown to be dominant only in the forward
scanning band.

The SW excitation efficiency was calculated by comparing
the SW power with the total radiated power. Both TM and TE
SWs showed the strongest excitation for small slots. The second
TM SW showed very little change in the excitation efficiency
as the slot’s width was increased, whereas, in the TE case the
second mode showed a considerable decrease in efficiency.
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