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Abstract—Coherent signals from distinct directions is a nat-
ural characterization of the multipath propagation effect. This
paper addresses the problem of coherent/fully correlated source
localization using vector sensor arrays. The maximum likelihood
(ML) and minimum-variance distortionless response (MVDR)
estimators for source direction-of-arrival (DOA) and signal po-
larization parameters are derived. These estimators require no
search over the polarization parameters. In addition, a novel
method for “decorrelating” the incident signals is presented. This
method is based on the polarization smoothing algorithm (PSA)
and enables the use of eigenstructure-based techniques, which
assume uncorrelated or partially correlated signals. The method
is implemented as a preprocessing stage before applying eigen-
structure-based techniques, such as MUSIC. Unlike other existing
preprocessing techniques, such as spatial smoothing and for-
ward–backward (FB) averaging, this method is not limited to any
specific array geometry. The performance of the proposed PSA
preprocessing combined with MUSIC is evaluated and compared
to the Cramér–Rao Bound (CRB) and the ML and MVDR estima-
tors. Simulation results show that the MVDR and PSA-MUSIC
asymptotically achieve the CRB for a scenario with two coherent
sources with and without an uncorrelated interference source. A
sensitivity study of PSA-MUSIC to source polarization was also
conducted via simulations.

Index Terms—Coherent sources, electromagnetic vector sensors,
maximum-likelihood (ML), multipath, MUSIC, MVDR, polariza-
tion smoothing algorithm (PSA), source localization.

I. INTRODUCTION

VECTOR sensors enable estimation of the angle of arrival
and polarization of impinging electromagnetic waves with

arbitrary polarization. During the last decade, many array pro-
cessing techniques for source localization and polarization esti-
mation using vector sensors have been developed. Nehorai and
Paldi [1], [2] developed the Cramér–Rao bound (CRB) for this
problem as well as the vector cross-product direction-of-arrival
(DOA) estimator. Polarimetric modeling using vector sensors
are presented in [3]. Identifiability and uniqueness issues associ-
ated with vector sensors are analyzed in [4]–[8]. Source tracking
algorithms using vector sensors have been proposed in [9] and
[10].

The maximum likelihood (ML) approach for diversely po-
larized source localization was proposed in [11]. This method
is applicable for both correlated and uncorrelated signals.
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However, the resulting ML estimator involves a multidimen-
sional optimization procedure over the parameter space, which
includes the polarization vector parameters in addition to the
DOAs. In order to avoid an exhaustive search procedure of
these parameters, a simulated annealing technique was used.

Eigenstructure-based source localization techniques, such as
ESPRIT and MUSIC, using vector sensors, have been exten-
sively investigated. Li [12], [13] applied the ESPRIT algorithm
to a vector sensor array. ESPRIT-based direction-finding al-
gorithms using vector sensors have been further investigated
in several papers [14]–[19]. MUSIC-based algorithms for this
problem have been applied in [20]–[22]. Another approach,
based on the noise subspace fitting, was suggested in [23].
These techniques yield high-resolution and asymptotically
efficient estimates in the case of uncorrelated or partially
correlated signals. However, because of the assumption of non-
singular signal correlation matrix, these techniques encounter
difficulties in cases of coherent/fully correlated signals like in
multipath scenarios.

In order to “decorrelate” the signals in the data covariance
matrix, Evans et al. [24] proposed a preprocessing technique
referred to as spatial smoothing. Several authors [25]–[27] in-
vestigated this method, combined with forward–backward (FB)
averaging. The drawback of this approach is the reduction of the
effective array aperture length, resulting in lower resolution and
accuracy. An alternative spatial averaging method is redundancy
averaging [28], [29]. In [30], it is shown that this preprocessing
method induces bias in the DOA estimates.

In this paper, we develop three algorithms for source lo-
calization using an array of vector sensors. The ML and
minimum-variance distortionless response (MVDR) estimators
are derived for DOA and polarization estimation for fully
correlated sources. In addition, a novel preprocessing method
is proposed to remove the singularity in the signal correlation
matrix. The proposed method is based on the polarization
smoothing algorithm (PSA), which enables the use of eigen-
structure-based algorithms, such as MUSIC and ESPRIT, for
DOA estimation in scenarios of fully correlated signals. Unlike
the spatial smoothing and FB averaging methods, the PSA
preprocessing is not limited to any specific array geometry, and
it does not decrease the effective array aperture.

This paper is organized as follows. Section II describes the
measurement model using a vector sensor array. The ML and
MVDR estimators for DOA and polarization parameters are
derived in Section III. Section IV presents the proposed PSA
method as a preprocessing stage for eigenstructure-based source
localization. The performances of the proposed algorithms are
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evaluated via computer simulations and described in Section V.
Section VI summarizes our conclusions.

II. PROBLEM FORMULATION AND MODELING

Consider a vector sensor containing three electric and three
magnetic orthogonal sensors/dipoles, azimuthally rotated by an
angle , as depicted in Fig. 1.

The spatial response in matrix notation of the vector sensor
can be expressed by

(1)

where denotes the ratio between the induced voltage in an
electric sensor to the corresponding induced voltage in a mag-
netic sensor. The polarization vector is determined by two real
parameters and : and . In general,
a vector sensor may contain part of the six sensors shown in
Fig. 1, and therefore, the corresponding spatial response vector
size is given by .

For the general case of a three-dimensional (3-D) array with
vector sensors, the spatial response in matrix notation of the

array vector sensors is expressed by

(2)
where denotes the Kronecker product. The size of the vector

is 1, and its elements represent the phase delay
associated with each vector sensor in the array due to its rel-
ative location for an incident plane wave from the
direction :

(3)
and is the wavenumber in the medium.

Consider the scenario of signals, impinging on the array
from directions and polarization vectors , where

. Then, the spatial response of the array to the
th signal is denoted by , and the data model is

given by

(4)

where is the number of independent samples collected by the
array, and represents the th sample of the additive noise and
interference vector.

The measurement and noise vectors and are each
of size , the matrix is of size 2, whose

Fig. 1. Vector sensor geometry.

columns denote the spatial transfer functions for both polariza-
tion components of the th signal, and is a complex vector
of size 2, describing the corresponding signal polarization state.

Equation (4) can be rewritten in matrix notation in the form

(5)

in which , and the matrices and
are defined as

(6)

...
...

. . .
...

(7)

The sizes of matrices and are and
, respectively. The signal vector may include both correlated

and uncorrelated sources.
The problem addressed in this paper is to estimate the direc-

tions of arrival , whereas
the signal vectors and the signal polarizations
of the arrivals are unknown complex vector
parameters.

III. ML ESTIMATOR

In this section, the ML estimator is derived for coherent
source localization using polarized arrays as described above,
in the presence of interference sources. Under mild regularity
conditions, the ML estimator asymptotically achieves the CRB,
as the number of snapshots tends to infinity.

The model for which we derive the ML estimator is

(8)

where the source signals are now considered
to be fully correlated, and represents the other sources
and interferences that are not fully correlated with the signals
of interest . The noise and interference vectors
are assumed to be i.i.d. with zero-mean, complex Gaussian
distribution, , and independent of the signals

, which are assumed to be unknown deterministic. Since
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the signals are assumed to be fully correlated, they can be
decomposed as ,
where denotes the relative amplitude and phase of the

th signal. Thus, (8) can be rewritten in the form

(9)

or in short notation as

(10)

where

(11)

and is defined in (6).
In the following, two ML estimators for this problem are

derived. In the first one, we assume that the noise and interfer-
ence covariance matrix is known, while in the second,
is assumed to be unknown and is estimated. In the second case,
the likelihood function is related to the MVDR. The resulting
estimators in both cases have similar structures.

A. Known Interference Covariance Matrix

In this subsection, we derive the ML estimator for the source
directions , where the modified signal polarization vector

and the signal are unknown and treated
as nuisance parameters. The noise and interference covariance
matrix is assumed to be known.

The ML estimator of the source location is given by

(12)

where is the localization function, which is defined as

(13)

and is the condi-
tional probability density function (pdf) of the measurements

given the unknown parameters .
According to the assumptions stated in the previous section,

is a sequence of independent random vectors
, where

(14)

Therefore, the log-likelihood function is given by

(15)

The ML estimator of the signal vector can be obtained by
equating the corresponding derivative of the log-likelihood
function to zero, which results in

(16)

Substitution of (16) into (15) yields

(17)

where denotes the sample covari-
ance matrix, and .
By denoting

and substituting the definition , we obtain a sim-
plified form of (17):

(18)

Maximization of the log-likelihood function in (18) with
respect to the modified polarization vector is equivalent to
finding the following maximum generalized eigenvalue and
corresponding eigenvector [31]:

(19)

Thus, the ML localization function is defined as

(20)
where and stand for the maximum general-
ized eigenvalue and the corresponding eigenvector of the matrix
pair , respectively.

Finally, the ML estimator of the signal DOAs is given by

(21)

and the estimate of the polarization vector is given by the corre-
sponding generalized eigenvector

(22)

The ML estimate of the signal can now be written as

(23)

B. Unknown Interference Covariance Matrix

In this subsection, we derive the ML estimator for the
problem stated above, where we assume that the noise and
interference covariance matrix is unknown and needs to be
estimated. For this purpose, we apply the results obtained in
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[32], in which the ML estimator of for the following model
was derived:

(24)

The signal is assumed to be unknown de-
terministic, the noise vectors are i.i.d. with ,
where , and is an unknown non-negative-defi-
nite matrix. The vector is a known function of . Then, in
[32], it is shown that the log-likelihood function for estimating

(after maximization with respect to the nuisance parameters,
, ) is related to the MVDR beamformer by

const (25)

and the corresponding ML estimator is given by

(26)

under the assumption that all eigenvalues of the sample co-
variance matrix are greater than . If the noise and
interference covariance matrix is completely unknown, then

tends to zero, and this assumption is always satisfied since
the matrix is non-negative definite. In our problem, (10)
is equivalent to (24), where is given by ,
and . In this case, (26) can be rewritten in
the form

(27)

Maximization of (27) with respect to can be performed in
a similar fashion to the derivation of the ML estimator in the
previous subsection. Consequently, the resulting estimator for
the signal DOAs is given by

(28)

and the estimate of the polarization vectors is given by the cor-
responding generalized eigenvector

(29)

in which and are redefined as

where the signal estimate is obtained from (23). The MVDR
localization function is defined as the log-likelihood
function after maximization over the nuisance parameters, and
it can be written as

const (30)

IV. POLARIZATION SMOOTHING ALGORITHM (PSA)

The ML estimators for the two models discussed above are
known to be asymptotically efficient; however, they involve a

-dimensional search procedure for estimating . There-
fore, when is large, the above ML estimators are computa-

tionally expensive and can be solved numerically, as suggested
in [11]. Note that in contrast to [11], the ML estimators derived
above do not involve any search procedure over the polarization
vectors.

Eigenstructure-based techniques such as MUSIC and ES-
PRIT are computationally efficient for estimating source
directions in a multisource environment. These algorithms
assume uncorrelated or partially correlated signals. In this
section, we present a preprocessing method that enables the
utilization of eigenstructure-based techniques in the presence
of fully correlated signals.

The eigenstructure-based techniques for source localization,
such as MUSIC, rely on identification of the signal and noise
subspaces. In the presence of fully correlated signals, the di-
mension of the signal subspace is smaller than the number of
signals , and therefore, the signal subspace does not span
the -dimensional subspace of the spatial transfer functions

. In this case, it is required
to employ the information on the structure of the spatial transfer
function in order to determine its subspace. Spatial
smoothing [24], [33], redundancy averaging [28], [29], and FB
averaging [33] techniques utilize the information on the struc-
ture of the spatial transfer function in order to estimate this
subspace or part of it. The deficiency of the spatial smoothing
method is the reduction of the effective array aperture length re-
sulting in lower resolution and accuracy, whereas the deficiency
of the redundancy averaging method is that its estimation bias
does not vanish asymptotically for a large number of measure-
ments. In addition, both approaches are limited to the case of a
linear equally spaced (LES) sensor array with far-field approx-
imation. The FB averaging method assumes a symmetric array,
far-field approximation and unequal signal phases at the center
of the array.

In the proposed method, the vector sensor information is
used in order to determine the subspace spanned by the steering
vectors , which enables estimation
of DOAs using eigenstructure-based methods, such as MUSIC.
This objective can be obtained by the PSA, as described below.

By substitution of (2) into (4), the measurement model at the
array can be written in the form

(31)

If we consider only the sensors of type ( ), then the
corresponding measurement vector can be expressed as

(32)

which can be simplified to

(33)

where is the th row of the matrix , the
scalar denotes the response of the th
type sensor for DOA: , and stands for the corre-
sponding noise vector. This observation implies that each type
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of sensor array measurements provides a different linear com-
bination of the vectors , as would be
the case for uncorrelated signals. The information acquired by
the different sensor types helps to obtain a measurement space
in which the signals are not fully correlated. We utilize this con-
cept in order to span the signal subspace, which is a necessary
requirement of the eigenstructure-based algorithms for source
localization.

Equation (33) can be rewritten in matrix form as

(34)

where , and
diag . Therefore, the covariance ma-

trix of each sensor type is given by

(35)
in which denotes the signal power, and
denotes the corresponding noise covariance matrix. In the case
of fully correlated signals, the signal covariance matrix of
each sensor array type is of rank one. In the
proposed PSA, the covariance matrices are smoothed
for the elements of the vector sensor. Consequently, the signal
subspace is extended by averaging the sensor-type covariance
matrices, i.e.,

(36)

in which is defined as .
The smoothed sample covariance matrix

can be used by eigen-
structure-based techniques such as MUSIC, ESPRIT, etc., with
the steering vector .

The rank of the smoothed signal covariance matrix
is limited by rank . Since rank

, then

rank (37)

For eigenstructure-based techniques, it is required that

rank rank (38)

The requirement in (38) and the limitation in (37) imply the con-
straint . In addition, in eigenstructure-based techniques,
it is required that . Combining these two constraints
yields

(39)

This constraint can be eased if one uses other methods for signal
“decorrelation.” For example, by applying the FB averaging
[25], the maximum number of the fully correlated signals,
which can be localized, is doubled. This observation can be
justified by noting that in FB-averaging, (36) is modified to

, and based on (36) and
(37), the rank of satisfies

rank

rank rank

(40)

From the constraints (38) and (40), we obtain . Com-
bining this requirement and the eigenstructure-based technique
limitation ( ) results in the requirement

(41)

which is an improvement beyond the condition derived in (39).
As shown above, the PSA technique averages the data co-

variance matrix along the elements in the vector sensors of the
array, whereas in the spatial smoothing technique, the averaging
operation is performed along the array aperture. Accordingly,
the PSA has the following advantages on the spatial smoothing
technique:

• There is no limit on the array geometry.
• The array aperture is not decreased.

The vector sensor array contains sensors, and therefore,
receivers are required for data collection. However, the

PSA computes the smoothed covariance matrix by averaging the
matrices . In stationary scenarios, these ma-

trices can be calculated in different periods. This implies that
by an appropriate switching scheme [34], [35], one can use
receivers in order to collect the required data.

V. SIMULATION RESULTS

In this section, we evaluate the performance of the proposed
techniques for different scenarios. The CRB for source localiza-
tion using a vector sensor array was derived in [2] and calculated
for the scenarios presented below. For the simulations, a five-el-
ement linear array of dual polarized vector sensors (see sensors
1 and 3 in Fig. 1 with ) along the -axis with half-wave-
length interelement spacing was chosen. The methods evaluated
in this section assume zero elevation incident angle ( )
for all sources.

Two scenarios are considered for comparison between the
performances of the algorithms. In the first scenario, two equal
power, fully correlated sources with DOA azimuth angles

and elliptical polarizations, ,
were considered. The phase difference

between the two incident signals at the origin was 260 such that
, . The number

of samples taken from the array was . In the second
scenario, an uncorrelated interference source was added with
the following specifications: DOA azimuth angle and
polarization .

Figs. 2 and 3 show a comparison between the performances
of the ML, MVDR, MUSIC, PSA-MUSIC methods, and the
CRB. The performance is evaluated by the root-mean-square
error (RMSE) of the first source DOA estimation versus
signal-to-noise ratio (SNR), where SNR is defined as SNR

. The implemented ML and MVDR
methods involve two-dimensional (2-D) search procedures
over the DOA paths of the source of interest, whereas in
MUSIC and PSA-MUSIC, a one-dimensional (1-D) search
is conducted. Fig. 2 refers to the first scenario in which no
interference source exists, and therefore, the noise and inter-
ference covariance matrix is equal to , where
is the noise variance at each sensor. One can observe that all
the estimators except MUSIC achieve the CRB. The ML and
MVDR estimators are superior to the PSA-MUSIC at low
SNRs, but they are computationally extensive. Fig. 3 refers
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Fig. 2. DOA estimation RMSE versus SNR.

Fig. 3. DOA estimation RMSE versus SNR in the presence of an uncorrelated
interference.

to the second scenario, which includes an uncorrelated inter-
ference source in addition to the two fully correlated sources.
In this case, the noise and interference covariance matrix is
given by INR ,
where is given in (2), and INR denotes the interfer-
ence-to-noise ratio, which is defined as INR .
The INR was chosen to be equal to the SNR. This figure shows
that the MVDR and the PSA-MUSIC achieve the CRB in the
presence of unknown interference, whereas the RMSE of the
ML estimator approaches a constant level when the SNR tends
to infinity. The reason for this behavior is that the implemented
ML estimator ignores the existence of the uncorrelated inter-
ference source. In other words, there is a mismatch in the noise
and interference covariance matrix. On the other hand, the
MVDR is obtained by derivation of the ML estimator for the
model in which the matrix is unknown and estimated. The
plain MUSIC method fails as in the previous scenario.

Fig. 4 shows the log-likelihood functions and
from (20) and (30) for the two scenarios discussed

Fig. 4. Normalized log-likelihood functions with and without uncorrelated
interference.

Fig. 5. Spatial spectrum of plain MUSIC and PSA-MUSIC with and without
uncorrelated interference.

above with SNR dB. One can observe that in the first
scenario, distinct peaks around the true source locations are
identified in the ML and MVDR localization functions. In each
figure, two peaks are obtained because of the symmetry in the
localization function with respect to and . In the second
scenario, with SNR INR dB, the peaks in the ML
localization function are slightly shifted due to the mismatch in

. In addition, the interference signal is not detected in this
case. On the other hand, the MVDR successfully detects both
the coherent and the interference sources.

Fig. 5 shows the spatial spectrum functions of the MUSIC
and PSA-MUSIC for the scenarios stated above with SNR

dB. One can observe that in the first scenario, distinct peaks
around the true source DOAs are identified in the PSA-MUSIC,
whereas the plain-MUSIC fails. In the second scenario, in the
presence of an uncorrelated interference source, with SNR
INR dB, the PSA-MUSIC is able to locate both the
coherent and incoherent signals. On the other hand, the plain
MUSIC fails to locate the coherent signals.
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Fig. 6. DOA estimation RMSE versus polarization vector parameters.

Fig. 7. Spatial spectrum of MUSIC with PSA and PSA-FB preprocessing and
vector sensor structures with eight fully correlated sources at �70 , �50 ,
�30 , �10 , 0 , 20 , 40 , and 60 .

In the next example, the robustness of PSA-MUSIC to signal
polarization parameters is evaluated. Two types of arrays were
considered: a) Dual polarized array, as in the previous example,
and b) quadrature polarized array (see sensors 1, 2, 4, and 5 in
Fig. 1 with ). The vector sensors consist of two electric
dipoles and two magnetic dipoles with in (1). Scenario
1 was considered with an SNR of 10 dB. The RMSE of the first
source DOA estimation versus the signal polarization parame-
ters of the second source ( and ) is depicted in Fig. 6. One
can observe that the PSA-MUSIC with dual polarization sen-
sors fails in two polarization cases in which

[see (1)]. This deficiency can be solved either by
applying FB averaging in addition to PSA-MUSIC or by using
a higher order polarized array such as array of type B, as intro-
duced above. The RMSEs of the two cases as a function of po-
larization appear in the two other surface plots in Fig. 6. These
plots show that the RMSEs of the two cases are insensitive to
the signal polarization.

Fig. 7 presents the spatial spectrum of the MUSIC algorithm
for the two types of arrays used in the previous example for
PSA-MUSIC and PSA-FB-MUSIC. The array in this scenario
was comprised of elements of vector sensors. Eight
equal power, fully correlated sources with DOAs , ,

, , 0 , 20 , 40 , 60 , and randomly chosen polariza-
tions were considered. The SNRs of all the signals were 20 dB.
This figure shows that in this case only, the PSA-FB-MUSIC
with quadrature vector sensor array ( ) successfully
resolves the eight fully correlated signals, as stated in (41):

.

VI. CONCLUSIONS

In this paper, the problem of fully correlated source localiza-
tion, characterizing multipath scenarios, using a vector sensor
array was addressed. The ML and MVDR estimators for source
DOA and polarization were derived. The resulting estimators
do not require any search over the polarization parameters
space. In addition, a novel preprocessing method based on the
polarization smoothing algorithm (PSA) for “decorrelating”
the signals was presented. This method enables the use of
eigenstructure-based techniques, such as MUSIC, for fully cor-
related signals. In contrast to other preprocessing methods,
such as spatial smoothing, forward–backward averaging, and
redundancy averaging, the PSA is not limited to any specific
array structure. By combining the PSA and forward–backward
averaging, one is able to resolve up to coherent
sources, where is the number of elements in each of the

vector sensors in the array. Simulations were carried out
to evaluate the performance of the proposed methods: ML,
MVDR, and PSA-MUSIC for coherent source localization with
and without an uncorrelated interference source.
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