Application of serial- and parallel-projection
methods to correlation-filter design

Tuvia Kotzer, Joseph Rosen, and Joseph Shamir

We describe generalized projection procedures for the design of arbitrary filter functions for correlators.
More specifically, serial and parallel implementations of projection-based algorithms are employed. The
novelty of this procedure lies in its generality and its ability to handle wide varieties of constraints by the
same procedure. The procedure is demonstrated by the design of filters for the 4-flinear correlator, the
phase-extraction correlator, and variants thereof. The filters are subject to a variety of constraints,
including rotation-invariant pattern recognition and class discrimination. Examples are given to show
the versatility, flexibility, and applicability of the design process to a variety of pattern-recognition

tasks.

Satisfactory results are also obtained because of the combination with the special nonlinear

correlators proposed for pattern recognition.

1. Introduction

Pattern-recognition (PR) systems are usually de-
signed with specific requirements. Examples of these
requirements are rotation invariance, scale invari-
ance, and tilt invariance. Various dedicated proce-
dures were proposed in the past, such as circular
harmonic component! (CHC) filters and CHC phase-
only filters? (CHC POF’s) for rotation-invariant PR,
the Fourier—Mellin transform? for scale-invariant PR,
position determination,* etc. The underlying charac-
teristic of the above approaches is that they assume, a
priori, a predefined structure for the filter. From a
systems point of view, a generalized procedure for the
design of arbitrary reference functions for correlators
is desirable, without an a priori limiting structure.

In this paper we show how such requirements can
be handled by general-purpose procedures. The
power of the algorithms lie in (a) their simplicity, and
(b) the fact that the solutions are not confined to a
predetermined structure, which leaves more flexibil-
ity to arrive at not only better solutions, but also at
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solutions that were not previously considered possible
because of a, perhaps mistaken, a priori confinement
of the solution. The purpose of the paper is thus
twofold: (a) introduce, review, and enhance some
new concepts in the design of optical PR systems (for
linear and nonlinear systems), and (b) demonstrate
the applicability of projection-based methods for the
achievement of superior performance in the above PR
systems under a wide and quite stringent range of
requirements.

The algorithms we employ are parallel and serial
versions of the projection-onto-constraint sets (POCS’s)
method: when the serial-projection method?9 is ap-
plicable we employ it; otherwise we employ the re-
cently introduced parallel-projection method,™® based
on Ref. 10, which may be employed for both linear-
correlator (LC) systems as well as non-LC systems,
such as the phase-extraction correlator'! (PEC) and its
variants. In Section 2, after some preliminary defini-
tions, we describe the parallel- and the serial-
projection methods and their characteristics. In Sec-
tion 3 we design filters by a parallel version of POCS,
for both the PEC and the 4-f LC. In Section 4 we
investigate rotation-invariant filtering, based on the
CHC! filter and introduce some energy measures
according to which we can establish a fair criterion for
comparison between PEC-based correlators and simi-
lar LC’s. In Section 5, based on CHC decomposition
theory and its application in Section 4, we design, by
the serial-POCS method, special rotation-invariant
filters to detect a class of objects that maintain the
narrow, high-intensity, correlation peaks typical of
the PEC. Conclusions are given in Section 6.
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2. Background

A. Serial Projections

Given a Hilbert space 7, a distance functiond on 7,
and a closed convex set (CCS) Cin 7, projection from

» onto C with respect to the distance function d is an
operation P that associates to every element h € »
the (unique) element 4’ in C closest to &z, where “close”
is measured by d:

Ph) =R
if and only if dh', h);

(1)

h' € Cand infd(y, h) =
yel

(projected vectors are henceforth marked by a prime).
Usually d is derived from the prevailing Hilbert-space
structure,

dh,h')=1h —h'l, = f hlx) — R'(x)Pdx. (2)

If the sets C; are closed with respect to d and are
convex, the projection element exists and is unique.
If the sets are not convex, procedures exist for deter-
mining the (unique) projection.!?

Sometimes the projection operation is modified to
admit relaxation. For instance, P may be replaced
by the relaxed operator P, defined by

P\(h) = Plh) + NP(h) — R/, (3)

where \ is a real relaxation parameter with |\| < 1.

Given N CCS’s, C;, 1 = 1 ,N,C;, C 7, with a
nonempty intersection Cy = NV ,C;, we can associate a
separate relaxed projection PL \; w1th each set C; and
corresponding projection P;. To obtain an element in
C( we iterate the composed operator 7, defined by,

T= PN,ANPN— o P1,>\1, (4)

Ly’

by using the following algorithm:

Algorithm 1:
hOlx),

Given an arbitrary initial function

h*T = TRk, k =0. (5)
For any arbitrary initial function ~A° we ensure that
the infinite sequence [h°, hl, h2,...] generated by
algorithm 1 converges weakly'® to an element in C,
provided all projections are performed with respect to
the same distance function'* and that all the N sets
are CCS’s (in finite dimension, e.g., » = C", weak and
strong convergence are the same). If some of the NV
sets are not convex, we are assured of a monotonic
nonincrease of some error function along the iterates,
provided N = 2. If N > 2 this is not guaranteed,
even if only one set is not convex.
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B. Parallel Projection

We start by defining generalized weighted, L2, norm-
squared distance functions, with weight W;:

djlhq, ho) = IH; — HQH%VL_
:f Hiu) -

where W,(u) is an essentially positive and essentially
bounded weighting function, and uppercase letters
denote the Fourier transform (FT) of the lowercase
functions, e.g., Hju) = ~{hx). We also define a cost
funct1ona1

W Wiwdu hy,hyE +,

6)

N
= 21 Bill APE(R) — ARG, 7)

where B; > 0 attributes an importance to the projec-
tion, Pd‘(h) denotes the projection of 2 onto the set C;
with respect to the distance function d;, i.e.,

P&(h) = I’ inf djhy, k) =

h1€C;

if and only if dih', h),

heC,. (8

We also denote by P;, the relaxed projections, as
above [where we omit the superscript (-9 for brevity/|.
If the sets C; are closed with respect to d; and convex,
the projection element exists and is unique. If the
sets are not convex, procedures exist for determining
the (unique) projection.’?  With these definitions we
can state the parallel-projection algorithm in its space
(time) representation, generating the sequence of suc-
cessive estimates {h0, A1, ...,. Although the algo-
rithm operates in an infinite-dimensional Hilbert
space as well,”15 we assume finite dimension (as it is
implemented on a digital computer).

Algorithm 2, space domain: Given an arbitrary ini-

tial function A%x), calculate,

vi ) = P, )|h*x),, foralli=1,2,...,N, (9a)

E BWilu) Aok )
Al yx) = 51 ’ (9b)
{ E BWilu)
i-1
where  and 1 denote the FT and its inverse,

respectively. For an equivalent frequency represen-
tation, see Ref. 16.

A detailed mathematical justification of this algo-
rithm is provided in Refs. 15 and 16, which is briefly



reviewed in appendix A. Here we note only that
iterates generated by this parallel algorithm converge
weakly to Cy, provided that all sets are CCS’s and \ €
(=1, 1), and that the individual projections may be
defined with respect to different distance functions, in
contrast to the serial algorithm. Also, even if some,
or all, of the sets are nonconvex, the cost function </ is
nonincreasing along the iterates, provided that A €
(0, 1), assuring us of improved estimates along the
iterates. This holds for an arbitrary number of sets,
as opposed to the serial algorithm in Subsection 2.A.

C. Correlator and Related Definitions

Using one-dimensional notation for brevity, we define
the correlation between an input function f(x) and a
reference (filter) function A(x) by

®x) = UN] ALIN] AR (10)
where NV, is a, possibly nonlinear, operator defined by

NiR(u)} = |R(uexplielu],

R(u) = |R(u)lexpliglu)], 0=I=1. (11)
We further define f,(x) and h,fx) by folx) = ~N,_,
[ Af)l, hylx) = 7 YN,_o{ #hlx)}], which corre-
spond to the phase parts of the functions f(x) and A(x),
respectively.

With these definitions, we are in a position to state
the following three correlators that are considered in
this work:

LC:

PEC:

Generalized PEC (GPEC):
Dlx) = hix) f,lx), (14)

Other degrees of nonlinearity, (monitored by ) can be
tried as well, leading to nonlinear correlators similar
to the nonlinear joint transform correlator,!’19 as
indicated in Ref. 20. Also, note that both the PEC
and the GPEC are nonlinear correlation systems.

In the rest of the paper we employ the serial- and
the parallel-projection methods for the design of
filters for the LC, the PEC, and the GPEC. This is
performed subject to a variety of demands (con-
straints) including class discrimination and class rec-
ognition with rotation invariance. We note that the
serial POCS has already been applied successfully to
the design of filters that are both rotation and shift
invariant, as well as having a predetermined, limited
scale range for which the response is constant too.2!
This was possible because of the flexibility of the
method. The optical implementations of the various

PEC’s and other non-LC’s!-18-2022 and LC’s?! were
given elsewhere and are not repeated here, for brev-
ity.

3. Applications

Throughout the following sections, we use various
projection algorithms to design filters for optical LC
and non-LC systems. In the design process the
constraints are basically composed of discrimination
and peak energy (amplitude) constraints. Noise con-
straints, e.g., noise robustness, can be easily incorpo-
rated into the design process as well, at least for the
parallel algorithm, as shown in Ref. 7 (in Ref. 7 the
noise is taken into account for image-restoration
purposes and the idea is similar for PR purposes).

Our interest here is concerned mainly with non-L.C
systems like the PEC and the GPEC that provide
better discrimination than the LC and are barely
affected by noise up to a certain level. Moreover, it
was shown in Ref. 20 that the presence of noise
actually assisted in the case of multiple-object inputs.
Thus, for brevity, noise problems are not considered
further, nor is shift invariance, which was demon-
strated in Refs. 11 and 20.

A. Class Discrimination by a Linear Correlator

For a class-discrimination problem we define a train-
ing set consisting of two classes. The class to be
detected is placed in a region of space Ry, and the class
to be rejected is situated in the region R;. The task is
to design a filter, &, such that

(1) Tts correlation with a given input function, f,
will satisfy some correlation constraint C;. Namely,
in the detection region, Ry, the correlation peaks will
be larger than some predetermined value T, whereas
in the rejection region, R,, the correlation will be
lower than some predetermined value T,. If the
complete training set is presented simultaneously
over the input plane, then R; corresponds to regions
in the correlation plane that correspond to the posi-
tions of objects to be detected, whereas the regions R,
represent the location of objects to be rejected and
empty regions surrounding the correlation peaks in
R;. During the learning stage the correlation peak is
assumed to be contained in a single pixel. Because
this is physically not possible, some of the peak
energy will leak out into neighboring pixels, constitut-
ing the background that should be below T5. Also, T,
and T are appropriately chosen threshold values to
provide sufficient discrimination (at least T)/T) as
well as sufficient energy in the peak (high absolute
value of T). The appropriate values will depend on
the specific application and the level of similarity
between both classes.

(2) TIts FT, A}, corresponds to a passive element
(Cy).

(8) It should have finite support, say |—a, a|Cs).

Any filter h that satisfies all three constraints above is
considered a solution. More specifically, the con-
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straints are given by the following definitions:

=[h|h f)Jj) € C,, vjl, (15a)
C‘1=={ JHCDJ =T, forj€E€Ry;
®,(j) = Ty and ®;,(j) = 0, forj € Ry,
(15b)
= [hl| ARl = 1], (15¢)
C3 =1|hlh(j)=0, forj|—a,al; a>0|, (154)

where

D(j) =k fJ), Pl = Dl j) + 1Pl J);
que(j) = Re{(l)(J)}’ q)lm(.]) = Im{(D(J)}

Actually, the measured quantity is |®|2 and not its
imaginary or real values. However, the constraint,
|®(j)2 = const. is not a convex constraint set and
convergence is then not guaranteed. This is not the
case for Cy, where the constraint is |I(j) = const.
Thus with our choice, C, Cl, Cy, and C3 are CCS’s.

Projections onto Cz, C3 with respect to the distance
function given by Eq. (6) with unity weighting
[Wiu) = 1, i =2,3),ie., the Euclidean norm, are
simple and are given by

This careful choice of the weighting function results
in a simple projection, viz.,

{7V =}
Uy = P‘éll(h), where V,(m) = /{(;;;ﬁ}(m) ,
')

T, explieglJj), if j € Ry and |®lx)| > T,

@), if j € Ryand [ ®(j) = T,
= Tl’ lfJERlandqje(_])<T1,
D), if jER;and C,j) =
D), otherwise
where
®(j) = |®(j) exp|+iggl j)
= s UHmFm)| = h{j) f(j). (18)

For details see Ref. 16.
Algorithm 2 allows projections with respect to

P2 = ~YH (u several different distance functions, and, therefore,
cilhlx] ,
? projecting different quantities in domains where both
where the constraint set and the distance function are
. simple is possible (see Ref. 14, Section VIJ; hence it
H'u) = Hlu) if Hu) =1 is employed for this filter synthesis task. The se-
‘ expliex(u)| otherwise quence [R*7_, generated by algorithm 2 converges
=0
hix) ifx € (~a,a) to a function in Cy, satisfying all constraints,
Pdhlx) = - (16)  andis given by [see Egs. (9a) and (9b)| A**!{j) = ~1{H
Cs 0 otherwise k+1(m)}, where
ey AP W)+ P o)+ AP o N
m Wl( J+1+1 ’ (
where Hlu] = lhlx] = |Hlu)explignu)|. Unfor- and where d; is given by Eq. (17), a zero-relaxation

tunately, projection onto C; with respect to the Euclid-
ean norm is complicated and is a typical constrained
deconvolution problem in itself.14.16

To perform the projection onto C; easily we follow
the idea proposed in Ref. 14. We perform the projec-
tion onto C;, with respect to the distance function
induced by a weighted norm squared w1th the appro-

priate weighting given by Wim) = | Af(j)|? =
Flm):
d(H,, Hy) = EW1 | Hi(m) — Hafm)[?
mV¥ ) [l 3) = hal )

-S| W

(17)
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parameter (A = 0) is employed, and dyhq, hy) =
dslh1, he) = lhy — hsll (the Euclidean norm).

In one of our simulation experiments we started
from a filter A such that h Ci, h € Co, h
Cs. Figure 1 shows the input distribution.

The task is to detect the letter F and reject all
others. Figure 2(a) shows the correlation distribu-
tion with a LC, where the filter is a POF?3 matched to
the letter F. Fig. 2(b) shows the correlation distribu-
tion with the filter generated by algorithm 2. The
improvement in both recognition and discrimination
is obvious.

In the case of the GPEC, for which the correlation is
given by ®x) = hlx) f,lx, we may employ the
serial-projection algorithm (POCS) with equal ease.
This was already treated in Ref. 14 and is not
discussed here.
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Fig. 1. Input distribution.

B. Class Discrimination by the Phase-Extraction Correlator

For the PEC, for which the correlation is given by ®(x)
= fylx) hplx), the convex constraint set Cy in Eq. (15a)
must be replaced by the nonconvex constraint set
CZ—nc:

C2—nc = {hH /{h(‘]” = 1} (20)

In this case h is a solutionif h € C1 N Cy_,c N Cs,ie., b
= h,. Thus, to design a suitable POF #4,, it is
necessary to iterate the operator T' == Pc Pc, Pc,.
However, because one of the sets is nonconvex and we
have more than two sets to project onto, we are not
assured of any monotonic behavior of the iterates of
algorithm 1.2 However, the parallel algorithm, algo-
rithm 2, may be employed, with assured monotonic
reduction of the cost function « of Eq. (7).

Figure 3(a) shows the result of the PEC, according
to Eq. (13), where the input is given by Fig. 1 and the
filter is the POF, matched to the letter F. Figure
3(b) shows the result of the PEC with the same input,
with the POF generated by algorithm 2. The im-
provement is again quite evident. Also, note that the
correlation peaks are sharper in the PEC com-

Fig. 2. Correlation results with a LC. The input is Fig. 1, where
the filter is (a) a POF matched to letter F, (b) generated by algorithm
2 for the LC.

(b)
Fig. 3. Correlation results with the PEC. The input is Fig. 1,

where the filter is (a) a POF matched to letter F, (b) generated by
algorithm 2 for the PEC.

pared with those of the LC. This is due to the
intrinsic high-frequency amplification of the PEC.
However, as noted above, there may be some shift
variance. To minimize this, we confined the impulse
response of the filter to be narrow in the space
domain (constraint Cs3). The impulse response of the
filter is shown in Fig. 4(a). Indeed, when taking the
input shown in Fig. 1 and interchanging the positions
of the letters F and E, we obtain the correlation
function shown in Fig. 4(b), which is similar to that of
Fig. 3(b) (when noting the interchange of letters),
demonstrating approximate shift invariance. We also
note that another approach for the design of filters
for the PEC may be to do a phase-only operation on
the filter generated for the GPEC (thus avoiding
the problematic nonconvex constraint). However,
clearly, it is better to incorporate the phase-only
requirement in the design procedure, ensuring that
all parameters involved are being optimized and
designed according to them. Also, naturally, the
parallel-projection algorithm is stopped after a finite
number of iterations |basically when J(A) is consid-
ered to be small enough| and thus not all constraints
are (yet) strictly satisfied. Nevertheless, in our simu-

i

iy .",m'
BT A
: ped

|
! .
[T

v .‘-'.ﬁ‘t PATIES

(b)

Fig. 4. (a) Impulse response of the filter. (b) As Fig. 3b, but with
the letters of the input (from Fig. 1) F and E interchanged.
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lation, almost all constraints were satisfied, i.e., the
filter passed over 99% of the incident energy.

4. Distortion-Invariant Filter Design

Distorted views of an object are of major concern in
optical correlators and were widely treated in the
literature. The procedures described in this paper
are particularly suitable to treat distortion problems.
As an example we demonstrate the efficiency of a new
concept in rotation-invariant signal processing by
combining the PEC11:22 and its generalization, the
GPEC, with the rotation invariance of the CHC POF.2
A schematic diagram of the rotationally invariant
PEC is shown in Fig. 5. For simplicity, in the analy-
sis below we assume a single object in the input plane
to which the filter is matched. The complications
arising from multiple objects are seldom observable.20
We denote the complex amplitude distribution of a
given object (in polar coordinates) by alr, 0), and its
version rotated by an angle « is given by alr, 8 + ).
The respective FT’s are denoted by Alp, ¢) = /alr, 0)|
and Alp, ¢ + o =
Aalr, 8 + «)l. Putting this single object as an input,
we have f(r, 8) = alr, 0), and write its FT in the form

Flp, ¢) = |Alp, ¢)lexplivlp, 9.

Taking a filter function matched to our present
input, we may write h(r, ) = a(r, 8 + m) and obtain
Hlp, ¢) = |Alp, ¢)lexp|—ivlp, ¢)J, which, after the
phase-extraction operation (which corresponds to the
operator N;_o), turns into H'(p, ¢) = exp|—ivlp, ¢).
Expanding explivy(p, ¢)| into its CHC! yields

explivp, ¢l = X, AnplexpliNe), (21a)
N=—cx
E(x,0) F(p.9) F’(p.¢) d(r,0)
N L e |
l FT [ ‘r;x‘mcmnl
INPUT CHANNEL H{ (p.:¢) OUTPUT CHANNEL
H! (9,9)
FILTER CHANNEL [j
H'(p.9)
H(p,P)
FT |
h(r,e)

Fig. 5. Block diagram of the phase-extraction rotation-invariant
correlator: IFT, inverse FT; flx, y), hlx, y) the input and the filter
functions, respectively; CHCF, CHC filter.
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where

Anlp) = |Anipllexpli arglAnip)l
1 21
- %f expliy(p, ¢)lexp(—iN¢)de. (21D)
0

First we analyze the output signal quality of the
rotation-invariant PEC and compare it with its linear
counterpart by using the measure of peak sharp-
ness,2¢1i.e., the peak-to-correlation energy (PCE), which
is defined by the relation

@0, 0
PCE = : (22)

ff D (x, y)|2dxdy
So

where ®(x, y) is the output correlation function as
above, at position (x, y), and S, is the aperture size.
Choosing the Nth-order CHC for the filter calculator
in Fig. 5, we get Hylp, ¢). After performing the
phase-extraction operation, we obtain the final filter
function:

H{p, ¢) = expli argiHylp, ¢|
= exp(—i[N¢ +arglAyip)]). (23)

Note that this is the phase distribution in the Nth
component of the CHC decomposition of the phase
part of the FT of the filter function. With the input
alr, 6 + a) constrained by a circular aperture of radius
R and using the orthogonality of CHC’s, we obtain

12 27 [Ro
®(0, 0) = P f f F'lp, o + ¢HRlp, ¢Jpdpde
0 0
expliNa) 7
=—5—— | |Axbpllpdp, (24)
0

the intensity of which is independent of the rotation
angle.

The denominator in Eq. (22) is the energy over the
whole correlation plane. Thus, because the filter is a
POF, we may use Parseval’s theorem to write

’ R po
ff \‘P(x,dexdy:% > f Apylp)2pdp.  (25)
So M=—c

Substituting Eqs. (24) and (25) into the sharpness
criterion |Eq. (22)| we obtain

2

Ro
f Anip)lpdp

PCEL, = — —— : (26)

2w~ PO
> Aylp)?pdp

M=-x g

where the subscript denotes the order of the filter and
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the superscript P denotes that we are dealing with a
PEC system.

To compare this result with the conventional LC,
we take the phase-only CHC filter.2 Defining

Bylp) = |Bylp) expli arg[Blp)|
= o Alp, 0] exp|ivy(p, 6)lexp(—iN6)d6,
0

27)

we obtain the linear phase-only CHC filter distribu-
tion as

Hi{ip, ¢) = exp(—ilN¢ + argiByp)]), 28)

which is, in general, different from the filters for the
PEC.

The peak sharpness measure for this linear filter is
given by

2

[ f Bylp) pdp
1

0

L _ . (
PCE} = 5—— / (29)
> B,,.(p)|%pdp

m=-0 Jq

Figure 6 shows some input distributions. In one

20
40
60
80
100
120

20 40 ((?O 80 100 120
(%}

Fig. 6. Three input distributions.

of the simulation experiments performed, the input
distributions of Figs. 7(a) and 7(b) were used with
CHC filters of various orders (N = 0, 1, 2) prepared for
the letter P. For illustrative purposes, the correla-
tion-plane distribution for the different filters, of the
order of N = 1, with the corresponding input patterns
are shown in Fig. 7 for the LLC and in Fig. 8 for the
PEC.

A comparison of the two figures clearly demon-
strates that both the rejection, where rejection =

Fig. 7. Output correlation distributions for the LC corresponding
to the input patterns of Figs. 6(a) and 6(b), with the appropriate
CHC POF matched to the letter P of the order of N = 1.
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Fig. 8. AsFig. 7, but for the PEC.

(peak corresponding to P)/(largest other peak), and the
sharpness of the peak are substantially superior for
the PEC compared with those of the conventional LC.
The numerical comparison of the two results for N =
0, 1, 2is summarized in Table 1.

It is also interesting to compare the two correlators
with respect to the energy distribution among the
various harmonic components. For the sake of com-
parison we normalize the function at the Fourier
plane, |A(p, 8)| = 1, and obtain, by Parseval’s theorem,

27w MR
f f Alp, ¢lexplivlp, ¢||*pdpde
0 0

—2172

=— Jy

2w MRo
< f f 'explivylp, ¢)| >pdpde
0 0

22172

N=-x g

BN(p %pdp

Apip) %pdp. (30)

This relation shows that under our present normaliza-
tion the energy in the correlation plane generated by
the PEC is larger than that of the LC. Thus, effec-
tively, the phase-extraction operation amplified the
energy contained in the sum of all the harmonics.
This is not necessarily true for each individual har-
monic, and it may very well be that some of the

Table 1. PCE and Rejection Measurements for the LC and the PEC for
Various Orders of CHC's ¢

PCE Rejection
N LC PEC LC PEC
0 0.117 0.148 1.33 3.36
1 0.05 0.14 1.17 2.09
2 0.012 0.069 1.06 3.14

aRejection = (peak corresponding to P)/(largest other peak).
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harmonics have higher energy in the LC than in the
PEC. Thus, in order to compare on a fair basis the
performances of the PEC and L.C, we look for harmon-
ics with similar fractional energy, which is defined by
the energy measure EM:

the energy in the Nth order
EM = : (31)
the total energy

For the LC this measure is given by

PO

‘Bylp)|?pdp
L _ 0
EMf = ———~ ’ (32)
> Bylp)|%pdp
M=-x= g

whereas, for the PEC, we have

PO

Apip)/?pdp
EME = —— : 33)

E \AM Zpdp

M=-x g

Because for both correlators we used POF’s matched
to a certain CHC, it cancels the phase of that CHC.
The result is that most of the energy contained in that
component is concentrated into the correlation peak,
and thus the EM establishes a fair measure for
comparison between the PEC and the L.C.

Table 2 shows that for N = 1 the EM of the LC is
similar to the EM of the PEC for N = 2. Neverthe-
less, the sharpness, as defined by the PCE criterion, is
40% better in the PEC. The rejection of the PEC is
2.6 times as much as that offered by the LC.
Another interesting example illustrating the superior-
ity of the PEC over the L.C is for N = 0. Despite the
fact that the EM of the L.C is almost 3 times larger
than the EM of the PEC, both the PCE and the
rejection are better for the PEC. As expected, it is
also evident from the tables that the lower the EM,
the lower the corresponding PCE in the given correla-
tor. Another interesting point is that the energy in
the PEC is far less concentrated in the lower orders
than in the LC. Thus in the PEC we may use
higher-order CHC’s, which leads to better discrimina-
tion (as the differences between objects are usually in
the higher spatial frequencies) without severe degra-
dation in the peak intensity. It should also be noted

Table 2. EM for the LC and the PEC for Various Orders of the CHC's
EM
N LC PEC
0 0.61 0.22
1 0.11 0.16
2 0.0029 0.12




that in our simulations the problem of proper center!
was much less severe than in the LC. Whereas in
the LC, displacements of the expansion center by
~20% of the pattern size caused up to 300% variation
in the correlation-peak intensity, the variation for a
similar change observed in the PEC was only 30%.
Thus in the PEC it is not so important to search for a
proper center.

5. Rotation-Invariant Class Discrimination

Section 4 described a rotation-invariant non-LC based
on circular harmonic decomposition, with extremely
high discrimination. However, if this method is ap-
plied to the problem of class discrimination, in which
different objects should generate similar correlation
peaks, performance is substantially reduced. In this
section we demonstrate that this and other difficult
problems can be handled by our procedures demon-
strated in Section 3. As an example, we design a
rotation-invariant filter to discriminate between a
class containing the letters P, F, and X from the class
containing the letter E by using the GPEC. Note
that the members of the first class have much less
features in common among them than with the second
class (X is completely distinct from P and F, whereas E
is quite similar to the latter two and is difficult to
discriminate by conventional spatial filtering).
Looking at Fig. 8b), we find that the task is not
simple. It may be easily shown that using a filter of
the form Hip, ¢) = H(plexp(iN¢), where Hlp) is not
necessarily any of the Nth CHC’s of the Fourier
phases of the letters, still leads to an invariant
correlation response. What is desired is that the
filter will, basically, detect the Nth harmonic of P
(constraint C,_q.¢) and be orthogonal to the differences
in the Nth harmonic between P and F (constraint
Cpf-rej) and P and X (constraint Cpy—rej), where differ-
ences and orthogonality are defined by integrals.
This leads us to the following set of constraints:

Cyaes=1Hlp) J‘H(p)ap(p)pdp =const, constEIR/,
(34a)

Cpf*rej = |H(p) fH(Pjapf(P)PdP = 0] ’ (34b)

Cpxrej={Hlp) f Hipjo,{plpdp = O], (34c)

where c,p] = ARip), cip) = AZlp) — Akl apulp) = ARfp)
— Aj/p), and the superscript over Ay indicates what
letter the expansion of the phase corresponds to,
where Ay is as given in Eq. (21b). The other con-
straint required in the design process is that the filter
correspond to a passive element Cp,s [this constraint
was described above in Eq. (15¢) and is not repeated|.
We note that the set of constraints in Egs. (34a}-(34c)

is equivalent to

C,_qet = {Hlp) f Hip)oy,(plpdp = const, (35a)
Crger = |H(p) f Hiploylp)pdp = const, (35b)
C,—qet = {Hlp) f Hipjo(pjpdp = constf, (35c)

and aylp) = AQlp), ap) = ARlp).

As all constraints are convex (and the projections
are simple to perform with the Euclidean norm as a
metric) one may employ the serial-projection algo-
rithm described in Subsection 2.A. Hence, iterating
the composition operator,

THip) =P cpEsP cp_detP .. .Po  (Hbpl, (36)

of-rej Cpr—rej
generates iterates converging to a solution. The
projections onto the sets described by Eqgs. (34a)—(34c)
are readily solvable by the use of Lagrange optimiza-
tion techniques. These projections are derived and
given in appendix B [see Egs. (B10) and (B13) for Pc, .,
and Egs. (B10) and (B14) for Pc g @0 Pe

i
‘px—rej

We generated a filter by iterating the composition
operator T defined by Eq. (36). When placing it as
the filter in the GPEC with the input shown in Fig.
6(a), we obtained the correlation output distribution
shown in Fig. 9(a), demonstrating the full rotation
invariance required. When changing the input to
that of Fig. 6(b), we see that the letters P, F, and X are
detected, with a strong rejection of the letter E, i.e.,
the ratio of the lowest peak from the detection class to
the largest peak from the rejected class is (peak of
letter F)/(peak of letter E) = 2.22, as shown in Fig.
9(b). Clearly, the more dissimilar the objects from
the rejection class (from those of the recognition class),
the greater the rejection, as is demonstrated in Fig.
9(c).

We note that in the design process, as given by the
constraint sets in Eqs. (34a){(34c), it was implicitly
assumed that each letter would be presented in the
input alone. However, the actual inputs, e.g., Fig.
6(b), which is composed of multiple inputs presented
simultaneously, do not adhere to this implicit assump-
tion. Therefore, because of the lack of strict shift
invariance of the GPEC, the output correlation distri-
bution is not the superposition of each of the correla-
tion distributions generated by each input alone.
Hence, despite the synthesis algorithm that arrives at
a solution that satisfies Eqs. (34a)-34c), the actual
correlation result from the designed filter and the
input of Fig. 6(b) does not generate identical correla-
tion peaks in the center of positions of the letters P, F,
and X; they are only approximately the same [see Fig.
9(b)|, as expected.20
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This last synthesis example demonstrates that,
despite the wide class of letters to be recognized,
adequate discrimination against other letters, al-
though similar, is still maintained. Clearly, discrimi-
nation constraints could have been employed in the
design process as well, enhancing the rejection capa-
bilities. Also note that, although the appropriate
CHC POF, matched to A%, discriminated quite
strongly against the letter F (and of course against
letters which are more dissimilar, like X) [see Fig. 8(b),
we were able to design a filter that recognizes all
letters from the recognition class similarly [Fig. 9(b)|.

6. Conclusions

The powerful procedure of some new enhanced projec-
tion algorithms was shown to be suitable for the
design of a wide variety of spatial filters, either for
linear or nonlinear PR processes. The described
procedures can, in principle, be used to design filters
with arbitrary requirements, as long as they do not
violate physical principles. Moreover, if the require-
ments are not consistent among themselves or with
the physical principles, the designed filter will ap-
proach the requirements, i.e., be at the smallest
average distance from the requirements.!> The aver-
age distance is defined in terms of the proper distance
functions used in the algorithm, i.e., the solution
generated by algorithm 2 is a global minimizer of </,
defined by Eq. (7).15

The procedures were demonstrated by several PR
cases, some of which were not achieved earlier.

Appendix A. Multidistance Product-Space Formalism

1. Introduction and Basic Definitions

The product-space formalism, originally due to
Pierra,?> was subsequently generalized by Censor and
Elfving [10], although in a finite dimensional Hilbert
space. For definity we assume » = LZIR) consist-
ing of square integrable functions, N convex con-
straint sets C;, C; C 7, and N, possibly different,
weighted norm-squared generalized distance func-
tions d;, where each set C; is closed with respect to the
corresponding generalized distance function d;.
Throughout, for the analogous construction for prac-
tical purposes, i.e., [2 for the discrete case and IRY for
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Fig. 9. (aj-{c) Output correlation distributions for the GPEC that
correspond to the input patterns of Figs. 6(a-6/(c), respectively, but
with the filter generated by the serial POCS algorithm, for the
GPEC.

the finite-dimensional case, integration should be
replaced by summation.

2. Construction of the Product Space

Denoting quantities that correspond to the product
space by boldface type, we define the product space:

N
H:= H 7is

=1

(A1)

which consists of compound functions of the form
h = (hy, ho,...,hn), h; € 7, We also define the
convex set C = [IY,C;; C € H, where the N constitu-
ent constraint sets are usually different. A natural
way to embed a vector A €  in the product space is
by associating with 4 an element in the product space
that consists of N copies of &, namely 7(h), where

wh) = (h, h, ..., hH

N times

(A2)

This provides a convenient means for studying the
properties of h. However, in general, the N compo-
nents of functions in the product space, which are not
necessarily of the form h = 1(h), will be different.
It is useful to define the subspace A, which consists of
functions that have N identical components, i.e., A =
hh=xh; RreENY, 7|

Define the weighted generalized distance function
in the product space:

N
Dhy, hy) = E Bidilhy;, hoy;
i=1

’ hN)a J = 17 2’
(A3)

hisho € 75 hy=(hy, by, ...

where [B,/¥, are as in algorithm 2. Then \D is the
norm in the product space, and H is a closed inner
product space with respect to D, i.e., a Hilbert space
(Ref. 15, Section 4). C is a closed convex subset of H
with respect to D that is due to the closedness and the
convexity of C; with respect to d;, respectively. By a
general Hilbert-space theory, A is a closed convex



subset of H with respect to D as well, in fact, a closed
linear subspace (Ref. 15, Section 4).

Using this formalism, one may define a projection
in the product space onto an arbitrary set S, closed
with respect to D, as follows. h’ € Sis the projection
of h onto S, denoted by

P2h)=h’ if and only if

inf Dhy, h)=Dh’, h). (A4)
h;eS
If S is C (or A) then the projection onto C (or A) exists
and is unique because of the closedness and convexity
of the sets.26
It follows from Eq. (A3) that, forany h € 7,

N
Jnf Diby, vlh) = 2, B inf dihy, h). (A5

Using Eqgs. (A5) and (8) it is not difficult to derive an
explicit expression for a projection in the product
space onto C (see Lemma 4.1 in Ref. 10). This is
obtained when parallel projections are performed on
the individual sets C;, i.e.,
PYe(h) = [PU(R), PEh), ..., P2R). (A6
The projection PY can be expressed in a similar way
with the relation (see Lemma 4.2 in Ref. 10 and the
derivation in Sections 3 and 4 in Ref. 15)

h'=P2h) ifandonlyif h'=n1h')
where V, D [1(h), hl; —, = 0. (A7)
This leads to
N
> BWuViu)
h' = k'), whereh =
2 B:Wilu)

Here V;, denotes the gradient.

3. Projections onto Nonconvex Sets
Define the relaxed projection operators by

P,h) = Pdh) + Nh = Pdh). A8

We have the following theorem, which is from Levi
and Stark, Ref. 12, p. 934:

Theorem 1: Given a Hilbert space » with an inner
product (A1, ho), h1, hs € . Let Cy, C; be two closed
subsets of 7, not necessarlly convex, Wlth relaxed
projection operators given by Ty = T¢.» Ty =
Tc,\,h), respectively. Then a recursion olf t]he form

REFL = Tl[Tz(hkﬂ;

k=0, (A9)

has the property that the summed-distance error

functional, J, given by

2
= > I = Pg(hll, (A10)

i—1
where |-l is the appropriate norm in the Hilbert

space 7, is nonincreasing for any \;, Ay in the
interval |0, 1].

Now consider the following algorithm:
Algorithm 3: Initialization: Leth®=1(h0),h0€ »
arbitrary.
Iterative step: given the function h* = 1(h* ), calcu-
late

k+ 1 — PD (hk)
and then, set

h**1 = PR(v%), (A11)
where P, (h):=P2h) + \[h — P2hJ|.

This algorithm performs two alternating opera-
tions in the product space: a relaxed projection onto
C and a projection onto A. Even if all sets C; are not
convex (implying that C is not convex), in any event, in
the product space we have only two sets: C and A.
Thus we may apply the theorem of Levi and Stark,2
cited above, in the product space, where the Hilbert
space is H, the distance function is the norm in the
product space \5, and the appropriate summed-
distance error functional in the product space is

Jih) = [D[Pgh), h|"* + [D[PRh), h|'>  (A12)
Because it can easily be shown that algorithms 2 and
3 are equivalent and that h* generated by algorithm 3
is equal to 7(h*), where h* is the sequence generated by
algorithm 2, we have the following corollary.

Corollary 2: The functional J(h*) given by Eq. (7),
which is equal to J(h*) given by Eq. (A12), is (monotoni-
cally nonincreasing) convergent along the iterates of
the respective algorithm 2, i.e., [J(A*)},=¢ is a conver-
gent sequence, for any sequence k%)~ generated by
algorithm 2, irrespective of the sets C; being convex or
not. Moreover, if all sets C; are convex, then C is
convex, and if NY,C; is nonempty then C N A is
nonempty, and hence i* converges to Cy.

Appendix B. Some Specific Projections

Below we develop the projections onto the sets given
by Egs. (34a)—34c). Define the distance function by

d?Hip), H'(p)|
= f |H,p) — Hilp)? + [H{p) — Hi{p)Plpdp, (B1)

which is just the Euclidean norm.
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Let

A= f \H,(p)f,(p) — Hip)fip)lpdp, (B2)

B = f [H,{p)fi{p) + Hip)f{p)lpdp, (B3)
where the subscripts r and i denote the real and
imaginary parts, respectively:

Hlp) = H/lp) + iHjp); ~ H'lp) =
flp) = filp) + ifip). (B4)

Writing the constraints of Egs. (34) in full yields
requirements of the following form:

f [H lp)filp) =
0

f [H'lp)f{p) + Hi{p)flp)lpdp = 0 (B5)

0

H'lp) + iH fp),

H'{p)f{p)lpdp = 0

for Cpffrej and Cprrej;

f [H'p)flp) —
0

f \H(p)fip) + H'{p)flp)pdp = 0 (B6)
0

H'p)fipllpdp =T},

for Cp*det-

We note that the functional form of the require-
ments in Egs. (B5) and (B6) are similar. Therefore we
develop the projection onto C, 4. first and then arrive
by inspection at the projection onto Cprrej and Cpy—rej.

Rewriting the requirement of Eqgs. (B6) yields

glp) = f \H'p)f,p) — H'{p)fip)lpdp — (T; + & = 0,
0
(B7)
qlp) = f \H'{p)flp) + H lp)fip)lpdp = 0, (B8)
0

where we introduce the surplus variable &, which is
confined by £ = 0.

To determine the projection we must minimize Eq.
(B1. By defining V7 (3/0H,, 9/9H}), then, with
the above notation, the Lagrange requirement be-
comes [remembering that our task is to minimize Eq.
(B1) subject to the requirements given by Eqgs. (B7)
and (B8],

Vd?H, H') = \Vg + uVq. (B9)

Performing the necessary derivatives given by the
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V operator in Eq. (B9) and applying Eqs. (B7) and (BS8)
yield

)\ r\ ) i

H' (p) = H,(p) + w (B10a)
_)\ i’ ‘ r\M)

H'{p) = H{p)+ M - (B10b)

To determine \, n, we substitute Eqgs. (B10a) and
(B10b) into Eqs. (B7) and (B8) to find the \, n values
that satisfy the necessary constraints. After some
algebra we finally arrive at

—2A-T,—§
N (Blla)
_ 28
E = f flp)|Zpdp. (B11b)
0

Substituting the values of \, p from Egs. (B11) into
Egs. (B10) and minimizing Eq. (B1) yield
A\ + 2

dH, H') = min 1

E. (B12)

Thus A is the value that will minimize A2 subject to the
constraint that £ = 0. n is given by Eq. (B11b). To
determine A\, we examine two cases:

(a) A=T,.
In this case, \2, as given by Eq. (B11a), is a monotonic
increasing function of £ for ¢ = 0, \2 attaining its
minimum with £ = 0, \ = —2(4 — T})/E.

(b) A>T,
In this case we may choose £ = A — T; and A = 0.
Hence we have
AN=0, ifA>T,
+2T,-A) , (B13a)
A= — 7 ifA <T,
28 B13b)
n=-7 ( )
Thus, finally, Pc |Hlp)| = H'(p)is given by Eqgs. (B10),

with \, n given pby Egs. (B13), where the values of A
and B are determined by Egs. (B2) and (B3) and f(p) =

ap(p)

By analogy we identify that P¢ . PC . follows

the same analysis with 77 = 0 and & = O hence we get
—2A

\= 7 (B14a)

2B B14b

=7 (B14b)



Thus finally Py Hlp)| = H'(p) and Pp.—vef Hlp)| = H'(p)
are given by Eqs. (B10) with A, n given by Eqs. (B14),
where the values of A and B are determined by Egs.

B
P

2) or (BS) and f(p> = apf(p) Orf(p) = inx(P) for Pp —rej and

r—rej> TESPeEctively.

This work was performed within the Technion

Advanced Opto-Electronics Center established by the
American Technion Society, New York.
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