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An RC Load Model of Parallel and Series-Parallel
Resonant DC-DC Converters with
Capacitive Output Filter

Gregory Ivensky. Arkadiv Kats. and Sam Ben-Yaakov

Abstract— A novel analytical methodology is proposed and
applied to investigate the steady-state processes in voltage-fed
parallel and series-parallel resonant dc-dc converters with a
capacitive output filter. In this methodology, the rectifier, output
capacitor. and load are replaced by an equivalent circuit which
includes a capacitor and resistor connected in parallel. Excellent
agreement was obtained when comparing numerical values calcu-
lated by the proposed model to cycle-by-cycle SPICE simulation
and to the numerical results of earlier studies.

Index Terms— Approximate methods. circuit analysis, model-
ing. resonant pewer conversion.

[. INTRODUCTION

XACT analysis of parallel and series-parallel de—dc res-
Eonam converters with a capacitive output filter (1]-{3]
is rather complex due to the fact that the equations include
unknown time instances at which the output rectifier begins
and ceases to conduct. The simplified analysis proposed by
Steigerwuld [4] is based on the method of the first harmonic.
This approach is applicable to parallel and series-paraliel
converters with an LC output filter. but does not cover the
cases of a capacitor filter, in which the input current of the
rectifier flows for only a part of the switching period.

The objectives of the present study are as follows:

1. 1o Jevelop a simple analytical method for the analysis of
parallel and series-parallel converters with a capacitive
output filter (Fig. 1):

2, to obtain easy-to-use formulas and to apply them to
develop design procedure for this class of converters.

I1. MAIN EQUATIONS DESCRIBING STEADY-STATE PROCESSES

The arulysis was carried out under the following basic
assumptions.
1) The converter’s elements (switches, transformer, induc-
tor. and capacitors) are ideal.
2) The reflected capacitance of the output filter ', and the
capucitances of the input capacitors (Y, (in the case
of half-bridge configuration) are much larger than the
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Fig. |. Half-bridge configuration of (a) parallei and (b) series-parallel reso-
nant de—dc converters with capacitive output niter.

capacitances of series and parallel capacitors (Cy and
Cp). ‘

3) The converter operates in continuous current mode.

4y The current i, of the resonant inductor L, (Fig. 2) can
be approximated by

iy, = I, sin (1)

where I7,, is the peak value and v = 27 ft is normalized
time in radians with zero value at ¥/, when the rectifier
ceases to conduct, f is the switching frequency, and ¢
is time. Experimental and simulation results obtained by
Bhat [3] and by us confirm the practical validity of the

last assumption.
The inductor current iy flows through the capacitor C,
during the nonconducting interval of the rectifier J,—J; and
through the primary of the transformer T during the conduct-
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Fig. 2. Current and voltage waveforms.

ing interval of the rectifier ©/;—». The rectifier’'s conduction
angle Uo—v; is defined as 8 (Fig. 2).

The voltage across the capacitor ', can be derived by
applving the following initial conditions: at Jy = ( when
the output rectifier ceases to conduct v, = —1,/n. At
#y = = —n. when the output rectifier begins to conduct again.
rep = Vi.oono where 1, is the output voltage and n is the
transformer’s turns ratio (secondary to primary). Applying (1)
adong with the above boundary conditions, we get

r~'——‘:’———[(1—"9)—'7"}1 (2
¢ T n{l + cos ) con - s -)
21,20,

Ij = —————
L n(l +cos 8)

(3)
where » = 2= f.

The output current of the converter [, is equal to the average
rectifier’s current [roc v

I() = [r(‘(f av
1 i .
= — Ipm sin dd
TN Ja_g
2 2 [ H
= — [, sin” <—> (4)
wn 2
or applving (3)
2 2 (8
", = Irvra\‘ = ";7 iCp tan” | - 5
! —5 VoG tan <2> )
On the other hand
Iy = Loens = <2 (6
o recav o Ro )

where 17, is the load resistance.
From (5) «nd (6), we find the rectifier’s conduction angle

f=2tan"! @)

Relauonship 17) is depicted in Fig. 3.

It should be noted that the voltage and especially the
current waveforms of the transformer’s primary vy and i1
(Fig. 2) inciude high harmonics of significant amplitudes.
However. the fact that the inductor current 7y, i.e., the current
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Fig. 3. Rectifier conduction angle ¢ as a function on the load coefficient
CpRo /0.

of the unbranched part of the ac circuit. has practically a
sine waveform (see experimental results in [3]), only the
fundamental harmonics of rpy; and /7 will contribute to
the output power of the converter. Consegquently. an analysis
based on fundamental harmonic approximation should provide
a good approximation.

Now we find the first harmonics voltage and phase angle at
the transformer’s primary (Fig. 4). The pnmary transformer
voltage r7; is the voltage »¢, across the capacitor C,.
Applying (2) and the condition that r¢-; is equal to 1,,/n
during the conduction interval of the rectifier. we find the peak
value of the first harmonics of the pnmary transformer voltage

Vo,

‘Tn’l}m = ‘('pql,m = T Y (8)

where L, is the voltage waveform coefficient

A
ke = Ve + bl 9
and
2 1 .
== ——————— (1 —cos bt sinf
iy :(1«{-('().\'6’[( Cos t s
1 ]
- (ﬁ—(}—§siu;‘ti>}—siu(/> (10)
-
by == (1 —cos b). (11)

The relationship k. as a function of ¢ is depicted in Fig. 5
(solid curve). This can be approximated by

H
k, =14 0.27 sin ( ) (12)

2
(see the dashed curve in Fig. ).
The phase angle of the first harmonics component of the

transformer’s voltage (refer to the instant J,, in Fig. 4) will be

(L1,
) = tan”! (—'—(L>
bv(]»

Note that &1y < 0 because a,.;, < 0. The primary
transformer current i is the current of the resonant inductor
L, during the conduction interval of the rectifier and is zero
when the rectifier does not conduct. Applying (1), we find the

(13)
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Fig. & The voltage waveform coefficient k.. and phase angle 3 versus the
rectfier’s corduction angle #: solid curves obtained by Fourier analysis:
dashed curves—by approximate (12) and (16),

phase angle of the first harmonics transformer primary current
(refer to the instant ¥, in Fig. 4)

L (1 - cos 26)
i) = tan (—m . (14)
The difference
=&y — Vi (15)

1 the phase angle between the first harmonics of the primary
transformer voltage and current (Fig. 4). The relationship ;7 as
a function of # calculated from (10), (11), (13), and (14) is
depicted in Fig. 5 (solid curve). The graph can be described
approximately by

3= =25 sin 6 [deg] (16)

(see dushed curve in Fig. 5).

The fuct that the angle /3 is negative implies that the
first._harmonics of the primary transformer current iTi(1,
lead the first harmonics of the primary transformer voltage
Vri . . Hence, this analysis implies that the rectifier and
capacitor hiter load can be approximately represented by a

(1)
—_—

VT(1)¢ +Ce EERe

(@)

VTi(h)m
VT1(1)m®Cyq

VTi)m
IT1(1 Re

(b}

Fig. 6. Equivalent R-C circuit replacing the (a) loaded transformer and (b)
vector diagram of its voltage and currents.

resistive—capacitive (R-C) equivalent circuit such as shown
in Fig. 6(a). In the case of a parallel-connected R-C circuit
[Fig. 6(a)]. the equivalent resistor R. can be found from the
relationship

. -2
VoM m

= = 17
R, IR, h
Applying (8), we obtain
k2 ‘
R.=R,—- (13)
20
The equivalent capacitance C', is found from [Fig. 6(b)]
tan |3l = wC,. R.. (19)
Applying (18) and (19), we obtain
m?
C, = ——— tan|J. 2
SRR INEN (20)

The peak value of the first harmonics of the primary
transformer current can therefore be represented by

"T(l)m
[' m= 5 21
Tul) R, cos 1 D
or applying (6), (8), and (18)
I -7 2n 22
Ti(Mjm = Lo k. cos ;3 =)

The peak value of the first harmonics of the secondary
transformer current will thus be

Ityym 2
n “kecos 3

Irotym = (23)

Applying the equivalent resistance R, and the equivalent
capacitance C., the parallel and series-paralle! converters with
the capacitive output filter can be represented by the equivalent
circuits of Fig. 7(a) and (b), respectively. 7, is the voltage
between the points a and b of the original converters (Fig. 1).
This voltage has a rectangular waveform with an amplitude
of ¢V, where V, is the converter input voltage and g is
topology constant (g = 1 in full bridge and ¢ = 0.5 in half
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bridge). Hence. the peak value of the first harmonics of the
voltage r,, can be found from

. 4.
‘ub(l)m = :.V‘in- (24)
The expressions of the ac voltage ratio
Vi
kyoy = o (25)
- ‘41}/ Do

can be found by analvzing the equivalent circuits of Fig. 7.
For the parallel converter [Figs. Ttay and Tta)]
]
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The de transformer ratio of the converter

. Vo Voo Ve Vasm
‘; - = : ‘T(l) ((}) (32)
ngVi, nl T(1)m ‘ab(l\m g‘/iu

or applying (). (24), and (25)
4 kay

A — .
k.

5

33

Now we define the input phase angle y(y). i... the angle
between the voltage 1, and the first harmonics of the inductor
L, current /p .y, (Fig. 7.

In the parallel converter [Figs. 1(a) and 7(a)]

w - 1 5
tan 2o, = | — 1= [wC, +COR)
N S <*’1’> “".(ﬁl’R"{ CAL )R}

- (Cp =R, (34)

where R. is equivalent load resistance [see (18)) and C. is

equivalent capacitance [see (2]
In the series-parallel converter (Figs. 1(b) and 7(b)|

ran ooy

wn

(3

)

ka_y = — (26)
Jf-l L, e (4;1,,. ) Normalized output voltage V7 and the input phase angle
\' : T n. -y, versus normalized frequency («, «p, in parallel and w/w,
or in series-parallel converter) were caleulated using the derived
equations for different values of the quality factor
Fea_y
+,CLR,
_ ! ()= == (36)
- R RY =
- (:) ) (1 + (_ﬂ _ <i>- ! The results presented in Figs. 8 and 9 clearly show the resonant
V “p C, C\w, ) SCUR attributes of the converters.
(27) For a sinusoidal inductor current (assumption 4), we obtain
the following expressions for the average input current (i, 1)
where and for the average currents of the transistors and reverse
1 diodes (/. and Tp o
u;,, = —\/_[T—-C_— (28) .
rp 2
’ lill;\\' == _’}[Lm €08 ;11‘, (37)
For the series-parallel converter [Figs. 1(b) and 7(b)]. it is I A
shown in (29) and (30), given at the bottom of the page. where [ == 11m cos® <le1— (38)
wy = ! , (31) Ipaw = L Ip o sin® (L‘“) (39)
chs av x L 2
1
kaoy = S > (29)
¢+ C. B I\ 1
1 k S -WLAC, L O el - — )
\/[ e re “Cy) R?
or
1
l"‘l—l = (30)
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Fig. 8. «a) Normalized output \ulmge 1, and (b) nput phase angle -, ,,
versus normalized frequency . /., for different values of the quality factor
(2. paruilel converter.

or applying (37)

'1(]1(2;)\' 1
Doy = — = +1 (40
Qa ]in 1 COs :
491p av 1
Ipae = JDax -1 41
Fna COS Sy
Equa(ions (40) and (41) are plotted in Fig. 10 as a function
of = . The lowest values of these currents and therefore the
Io»\est losses correspond to the case ¢y = 0.
Applying (4) and (37), we obtain
CO8 2
Tinaw = ngl, —Y;— (42)
2
sin <§>
Neglecting losses (assumption 1)
[in av ‘/u
UL (43)
I, Vin

“atiag into account (42) and (43), we obtain an important
expies:ion of the output-to-input voltage ratio which can be
useful in the design phase of the converter

v, Cos £

V= = : (44)

".{/Viu gi“2 (ﬁ)
' 2

]

— ) W L O =)
J
=

08 10 12 14 16 18 2

(a)

thy

Fig. 9. ta) Normalized output voltage 1°* :nd tby input phase angle =,
versus normahized frequency /.. for differznt values of the guality factor
(: series-parallel converter when (', = C,,.
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Fig. 10. Normalized average currents of the wransistors (1' .) and reverse
diodes (I}, ,.) as functions on the input phase angle Pr1) m parallel and
series-parallel converters.

III. OUTPUT CHARACTERISTICS
Applying the per unit system. the base current unit is
choosing to be as follows:

parallel converter [Figs. 1(a) and 7(4;]
gt

[’mu p = (45)
L,
)] —
! \/ C',,
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TABLE |
OUTPUT-TO-INPUT VOLTAGE RaTIO (1) OF THE PARALLEL DC-DC CONVERTER
WITHOUT TRANSFORMER COMPUTED BY PROPOSED METHOD AND BY STEIGERWALD m

ofep 0GR, |0(deg]| k, |BldegloCpRe | Co/C | kog | Vo' | Vo

[Q LB ] €q.(7) | €q.(12) | €q.(16) | €q.(18) | €q.(20) | €q.(27) [ eq.(33)} [1]

wP
0700 | 1.594 | 89.6 | 1.190 | -25.0 { 1.129 | 0.413 | 1.880 { 2.0115} 2.0
1.155 | 2.353 78.5 | 1.171 ] -24.5 | 1.613 | 0.283 | 0.917 |0.9970] 1.0
0.940 | 6.369 | 52.9 ! 1.120 | -19.3 ] 3.988 | 0.0878 { 4.446 | 5.0540| 5.0
0940 | 3622 | 66.7 | 1.148 | -23.0 | 2.387 | 0.178 | 2.685 | 2.9780] 3.0
0940 | 1214 | 974 | 1.203 | -24.8 | 0.8785] 0.526 1 0.9395|0.9944{ 1.0
0.940 | 0.6655 | 113.9 | 1.226 | -22.9 {0.5001 | 0.845 ] 0.5331]0.5536 | 0.5
and series-parallel converter [Figs. 1(b) and 7(b)] %)

aVia 14 f

Thass = T (46) ! o
S i 124 =07
Vc. ] R

Equations for the normalized average output current are ob-
tained from (28), (31}, (32), (36). (45), and (46) as follows:

parallel converter {Figs. 1(a) and 7(a)]

Vo
R,V
=t =2 47)
! Ibu.-rp (,)
and series-paralle! converter [Figs. 1(b) and 7(b)]
v,
R, Vi [C
=" =2/ (48
° Ihuxx (2 C'_., )

Equations derived in Section I can be used for calculating
the output voltage V. for given parameters of converter
elements and given switching frequency (see Table I). The
output current /5 can be calculated after that from (47) or
(48). The exception is short-circuit condition (R, = () when
the average output current I? , must be found from other
equations.

The parallel converter [Figs. 1(a) and 7(a)] (under assump-
tion 4

- _ Iosh

Wy
osh = -

w

(49)

A more exact equation can be derived without the restriction
of assumption 4

Y T Wy w -
— =—22 =078 2. 50
osh Iba.qp 4 w 109 w (50)
The series-parallel converter [Figs. 1(b) and 7(b)}

[osh 8 1 .

* = o - 1

osh [bass 1"2 w @, (5 )

W, W

The cquations derived above were applied to elucidate the
output characteristics of the converters (Fig.. 11, solid curves).
The curves are in excellent agreement with simulation results
ubtained by our group (see the crosses and circles in Fig. 11).
They also agree very well with the results of the complex
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Fig. 11. The output characteristics of the (a) parallel converter and (b)
series-parallel converter when C's = Cp; solid curves obtained by calculation
using the proposed method. with points (+) and (o) obtained by cycle-by-cycle
simulation.

analysis of Johnson and Erickson [2] and Bhat [3]. The output-
to-input voltage ratios of the parallel converter calculated by
the proposed method agree with the results of Steigerwald [1]
to within 2% except for the very low  case (see Table 1),
Table I can be also used as a calculation guid. Note that the
determination of output characteristics by the proposed method
is much simpler than by more exact analyses [1j-[3]). This
benefit is most important for circuit optimization for which
the numerical data given in previous studies [1]-[3] may not
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suffice. For example, in [3] the data for the series-parallel
converter is given only for the case Cs = Cp.

IV. CONCLUSIONS

The proposed equivalent circuit method simplifies the anal-
ysis and design of parallel and series-parallel resonant de—de
converters loaded by a capacitive output filter. In contrast
to previous, more exact numerical derivations, which were
presented by tables and plots, the analytical relationships
derived by the proposed method are more convenient as design
tools and in particular for parameter optimization of these
types of converters.
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