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ABSTRACT
A method is presented for the disjunctive
sinplificationof 3-valued |ogic functions
usi ng 3-val ued Karnaugh naps. The nunber of
vari abl es which can be depicted is at nost
four. While a particular set of prinmtive
operationsis used with the sinplification
met hod, the nethod is not restricted to any
particular operation set, provided only
that the operations of disjunction and
conj unction are included.

SECTI ON 1.  BACKGROUND

The 2-valued K-nmap nmethod [5]
sinmpl e strai ghttorward
m nim zing Bool ean functions. This

provides a
met hod for
met hod

may be regarded as a pictorial inprovenent
over the nethod of truth tables or Venn
di agr ans.

K- maps for 2-valued functions are easy to

vi sual i ze, as long as the nunber of
variables is small. Maps of nore than seven
vari abl es can not be visualized easily.

The algebra for n-valued logic is called
Post algebra of order n [3,8,9]. Boolean
al gebras are Post al gebras of order 2 Sone
basi c operations in Post al gebras of order
3 are given in the table bel ow

L]
X |egle;|es co(x} Cl(x) Cz(x) N(X) | X
0 0] 1] 2 2 0 0 2 i
1 0o} 1] 2 0 2 0 1 2
2 0] 1] 2 0 0 2 0 [6]

The prinme operation X' conmes fromPost in
1921 [8]. The strong negation operation
N(X) comes fromCukasiewicz in 1920 [6].
The operations e, and C. conme from Epstein
in 1960 [3]. The* approach of this paper
uses all of these colums except for the
| ast colum Xx'.

order n, aV b is
defined as the |east upper bound of a, b
and aA b =ab is defined as the greatest
| oner bound of a, h

In Post al gebras of
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Ve refer to two mgjor discussions on
mul ti pl e-valued K-naps. The first was by
Epstein in 1959 and 1960 [2,3]. The second
was by Gvone and Snelsirein 1968 [4].
These are di scussed bel ow

Epstein in 1959 [2] gave n-val ued K-man
for n»3. A 3-valued K-map for a 2 variable
functTon i s shown bel ow.
~ T
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This function takes the value 0 at 7 cells,
the value 1 at the cell determned by
c2(x)cl(Y), and the value 2 at the cell

det erm ned by cl(x)cz(y). The functionis
thus elcz(x.)cl(y) v eZCl(X)CZ{Y) =

e,C,(X)C (V) V €, (X)C,(Y). Here map entries

i are represented within the function as
e, Recall that for n = 3, e, =0 is FALSE
and e, = 2 is TRE

Epstein in 1959 and 1960 [2,3] allows

single variables such as X. Yin the sim

plification, but doesn't envi sion t he
appearance of strong negation, such as
N(X), N(Y). For example, Epstein allows

XCl(Y) as a sinplified answer, but not

XN(Y). No details are given by Epstein for
obtai ning such sinplifications.

A method of map ninimzation for multiple-
valued logic was given by Gvone and
Snelsire in .1968 ([4]. They used x’3
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standing for x -ci(x)Vci+l(x)V...Vc3(X).

The G vone- Snel sire approach al |l ows neither
single variables such as X. Y nor strong
negation, such as N{(X), N{(Y), in the

sinmplification. For exanple (xl'l)(yl’z) =
Cl(x)(cl(Y)Vc (Y)) is allowed as a
simplified answer, but neither XY nor



N{xX)N(Y) is allowed.

It should be nentioned
that there are nany i

tabular or cubical

nethods in the literature which share this
kind of deficiency (see for exanple,
vari ous sinplification nmet hods in

[10,11,12]). It is shown belowthat there
is a powerful geonetric reason for allow ng
strong negation, N(X), in K-naps.

It is the intention of this paper to
present a method to mninize K-maps of 3-
val ued logic functions. The 3-valued, 2
variable case is treated and it is shown
how this may be extended to 3-valued
functions of 3 or 4 variables.

SECTI ON 11. | NTRODUCTI ON

The minimzation of two-valued functions
may be acconplished by two-valued K-maps.
For a smal| nunber of variables, a function
to be mninized nay be rmPped by expandi ng
the expression into a full disjunctive

normal form and marking a "one" on the map
for all cells corresponding to fundaments
of the function. The object is to obtain a

mnimzed disjunctive form in which the
di sjunction consists of a mni numnunber of
conjunctive-i-players, and further t he
total nunber of ternms is a nininum A
conjunctive-i-player is a conjunctlon of i
ternms. For exarrpl e, WX¥ V WKY V WKY sinpli-

fies to WKV XY. There are two conjunctive-
2-players in this answer and the total
nunber of terns is 4

In the K- ma met hod, every ossi bl e
conbi nation o the input variables is
represented on the map by a cell. Thus. for
2- vaI ued functions of mvariables, we have

2 cells and for 3-valued functions we have

cells. For 3-valued |ogic systems and
their functions, we use as prinitive terns
the fol | ow ng: e ci(xj), xj, N(Xj). Each

X, takes values 0,1,2; j=1,2,....,m, Where

tHere are muvariables. C.(x.)=2 for X, =i
and C(X_)=0 otherwise; 3=0,1,2. Je
represefits’the constant i for i=0,1,2 anc’i
finally wN(i)=2-i, where the synbol "~
denotes integer subtraction. |In particular
e,=0 is FALSE and e,=2 is TRUE These
operators are shown “in the  previous
section.

An exanple of a 3-valued logic function

using the above operations can be
consi dered. For mr2 vari abl es, consider the
3-valued function of 2 variables shown in
the 3x3 K-map of Section I.

As explained in Section I, F(X.,¥) =
1C2(X)C (¥Y) V ¢, (x)c,(Y). In F(X,Y),
(X)C (Y) is & ﬁjundtive—B—player,

and C,(x)c,(¥) is a conjunctive-2-player.
It should 4Fso be noted that there exist
certain identities in the 3-valued -case.

For exanple, XN(x) = elcl(x). Al so note

that by definition the primitive terns are
the conj unctive-1- pl ayers.

SECTION 111. A METHOD TO M NI M ZE THREE-
- VALUBb FONCITTONS

In order to be able
mnimze a three-val ued K-map,
fication method is required.

able to apply this method to 3-valued
functions of mvariables and obtain the
desired resultsr where l<m<5. The result
nust be ina mninumor sinplified form
The sinmplified disjunctive form is a
di sjunction of conjunctives; (i.e., a "sum
of products"™ usina the usual operations of
MAX; MIN). Specifically, the- nunber of
conjunctives nust be a minimum, and for
this mni mum nunber of conjunctives, the
total nunbers of ternms nust be a m ni mum

to systematically

a simli-
One nust  be

In 1953 Karnaugh's nmethod for 2-val ued K-

maps was successf uI I ﬁpl ied to several
functions. Later owed how to obtain
a mninum expreSS| on w thout redundant
conjunctives(see for exanple [7],pp.120-

121,prob.4.19]1).

Karnaugh's nethod was described for 2-
val ued functions. A nethod for 3-valued
functions of m variables is devel oped
below This method renmoves redundant
conj unctives whenever they occur. Before
the nmethod is discussed, we introduce sone
t er m nol ogy.

First, the 3-valued K- map of mvariables i
a hypercube of 3% cells. An exanple i
shown below for the 3-valued, 4 variabl
caic,(le. In this exanple there are 3 =8
cells.

S
S
e
1

The nunber of variables is linmited to 4 for
obvi ous vi sual reasons.

Conj uncti_ve-i-gJI ayers are defined to be
conjunctions of .terns taken i at a tine.
Conj unctive-1-players coincide wth the
primtive terns.

Consi der a 3-val ued funcrtni on of mvariabl es
on a 3-valued K-map of 3" cells. Denote the



3™ entries on this map by the m dinensional
array M Consi der the placement of a
conjunctive-i-player on such a mp. For
this placement, denote the corresponding

entries of the player by the mdinmensional
array P
For a conjunctive-i-player to be placed on

a K-map, It isrequired that P < Mat each

cell. If at one nonzero cell the value of P
at that cell is equal to the value of M at
that cell, the player is said to touch the

function at t hat cell. Whenever a
conjunctive-i-player is placed on a K-map,
an asterisk is placed at each touched cell
whi ch does not already have an asterisk.
Al nonzero cells on the map which are not
asterisked are called newcells. For fixed
i, let a conjunctive-i-plrayer be placed on
a K-map such that the nunber of new cells
which are touched is a maxi mum over all
possible placements  of conj unctive-i -
pl ayers on the map: such a conjunctive-i-
layer is said to maximally touch the
uncti on.

Final ly, suppose a set of ﬁlayers has been
pl aced upon a K-map, touching a certain
number of cells. If one of these players
can be renmoved such that the remainin
pl ayers still touch the sane nunber o
cell's, then the renoved player is called a
redundant pl ayer or conjunctive. The nethod
s below.

Sinplification Method

Part 1.
on the K-map, initially all
map are untouched.

(1) Using conjunctive-1-players, nake
all possible placements on the K-map usin
maxi mal | y touchi ng PI ayers. Repeat unti
done.  For each placenent asterisk the
touched cel | s and conti nue.

(ii) Using coniunctive-2-pl avers, nake
all possible ﬁl acements on the K-map USin
maxi mal |y touching players. Repeat unti
done.  For each placenent asterisk the
touched cells and conti nue.

(iii) Continue the above steps for con-
junctive-3-players, conjunctive-4-playersl
etc. until all nonzero cells are touched.

For a given sw tching function
cells of the k-

Part II. Part | generates various sets
of conjunctive players. Each set of
con{' unctive players touches all the nonzero
cells of the function. However, these sets
need not be distinct.

(i) Reduce these sets to distinct
sets. Note that the disjunction of players
in any one set vyields an expression which
is equal to the given switching function.

(ii) Renpve redundant players in all
possi bl e ways.

(iii) ind the sinplified disjunctive
forms fromthe expressions of Part II(ii).

(iv) If there are cost preferences,
sel ect those expressions which have

preferred cost. For exanple, e
preferred over x (since the “forner is
Internally available and does not require
an input) and x mght be preferred over
C%(x) (since the former is an input and
ddes not require a unary operation).

SECTI ON 1v. 3- VALUED FUNCTI ONS OF ONE

m ght be

VARl ABLE
The nethod described in the previous
section can be applied to the 27 three-
val ued functions of one variable. Since

there are only 27 such functions, they can
al | be treated easily. Sinplified
disjunctive forms for all 27 three-val ued
functions of one variable may be found in
[1]. The above method gives all of these
answers exactly. In applying the method,
alternative sol utions and redundant players
arise. Since all of the answers for this
case are in {1), we rely on the remaining
sections to provide exanpl es of our method

SECTI ON v. 3- VALUED FUNCTI ONS OF TWO
VAR ABLES

In this section, 3-valued functions of two
variables  x, y are considered. A
correspondi ng 3x3 K-map i s shown bel ow
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o
co(x)
Cl{xJ
cz(x}

The conjunctive-i-players for this case are

determ ned. The method of Section III is
then applied to minimze thege 3- val ued
functions. Since there are 3° = 191683

possible functions, it is difficult to be
exhaustive, as in Section |V. Below are the
conjunctive-i-playersfor two variables X,y
(we excl ude e, and e, as trivial).

CONJUNCTIVE-1-PLAYERS

® e, is obtained by placing the player
s%ape

L Tl [ on the 3x3 K-map
1101 inits one position.
L XFEL

® X,¥,N(X),NY are obtained by placing the
pl ayer shape:

oJo o on the 3x3 K-nap
) Y T in 4 different
2212 posi tions

® c,(x),c,(¥) (i,j=0,1,2) are obtained by
placingithe player shape on

the 3x3 K-map in 6 different positions.

CONJUNCTIVE-2-PLAYERS

@ e X,e Y,e N(X).e N(Y) are obtained by

p‘}acing the play%r shape: 0JoTJoO
T T
on the 3x3 K-map in 4 U TR B




di fferent positions.

&) elci(x),e&cé(v) (i, j,=0,1,2) are obtained
by placing the player shape [T 11 I | on
tﬁe 3x3 K-map in 6 different posi |onsl.

& XY, XN(Y),N(X)Y,N(X)N(Y) are_obtained by

pl aci ng the player shape: 0 J0JO
0111
on the 3x3 K-map in 4 0J1]2
di fferent positions.

@ ¢, (X)N(Y).xC, (¥),C (X)Y,N(X)C,(Y) are
obtained by placing the playef shape
[01112 Jon the 3x3 K-map in 12

rfferent positions.

® C. (x)c.(Y) {i,j=0,1,2) are_obtained by

placind the player shape on the
3x3 K-map in 9 different positions.

CONJUNCTI VE- 3- PLAYERS
@ e XY e XN(Y),e,N(X)¥,e,;N(X)N(Y) are ob-
tained"by placing the player shape:

0 J0 on the 3x3 K-map in 4
1|1 di fferent positions.
1 |1

Oo|o| O

@ e xC.(¥),e,C, (X)Yre N(X)C, (X)N(Y)
(ito,1,2) atelobtaindd by placing the

pl ayer shape F on the 3x3

K-map in 12 different positions.
@ e,C (x)c.(¥) (i,3j=0,1,2) are obtained by
placing the pl ayér shape on the 3x3

K-map in 9 different positions.

1t should be noted that each player shape
can be placed on the nap in different
positions. As a result, for each placenent
of a player on a map, a different nanme is
found. Thus, for exanpler the player shape
ET2T2 ]can be placed on the 3x3 K-map In

6 different positions--yielding the 6
di fferent conj unctive- 1-pl ayers Co(X)s
Cl(X), CZ(X)' CO(Y)’ ¢ (¥), CZ(Y)-

Conj unctive-i-pl ayers consi st of

conjunctions of i terms. |In the case of
this section, there is no conjunctionof 4
or more terns because any such conjunction
nust reduce to a conjunction of 3 or |ess
terns. For exanple, e XYN(X) is reducible
to 2.C, (x)Y. The exanpl e bel ow denpnstrat es
how th& method is appl i ed.

Exa%l e ) )
€ 3Xx3 K-map for the function E(X,Y) is
gi ven bel ow

ro|o|r C'(\[)

= =] C.(YJ
of™fefealy)

non

(X
(X
(X

0
1
2

I(i) No conjunctive-1-player touches the
above function.

I(ii) The con' unctive-2-pl ayer shape .
11711 |nmxinally touches this k-

map at 3 cells, as shown bel ow

2 [1*]0
0 [1*)2
2 ]1*]0O
The nane for this placenment is
elcl(Y).
The three remaining new cells can be
treated in any order. There are two possi-
bilities for each of these new cells,
nanely the player shape or the
pl ayer shape The names t hese
pl acements are shown in Part II bel ow

This conpl etes Part 1, as all nonzero cells
are now touched.

1I1(i) The 8 distinct sets are;. {e,C, (¥Y),
Co(XIN(Y), C (0¥, C(xIN(¥)}, LeC tyl,
Co(X)N(Y), C(X)¥, CH(X)C (¥)3, {él& (Y),
ColXIN(¥),Cy x)cz(v),cz(xQN(Y)J, 12.C,(Y),
cQ(x)N(¥), C1(X)Co(¥)sCa(x)C (¥)3 B3¢ ),
Co(X)C(¥), ) (XTY, czfx)N(Q)} fe cl(d),
Co(X)c (¥), Ci(X)¥, ci(X)C (Y)j: {% & (Y),
cdxred(x). e txic, (e, xINnw, {88 (xv),
cd(xicdix), & (018,(v), 2, (x)c (n)].

11(ii) There are no redundant players in 7
of these. However elcl(y) is a redundant
player in the first~ of these. The renoval
of e.C. (v) in the fticst, set vyields
{e, (R, ¢ (v, ¢, xinu)]. _

II(iii) Thé sifigie answer is
Co(XIN(Y) V c (X)Y V C (X)N(Y).

The sinplificationof 3-valued functions of
1 or 2 variables by 3-valued K-naps can be
extended to nore than 2 variables. This is
di scussed in Section vI bel ow

SECTION M. M N M ZATI ON CF 3- VALUED

In this section the nunber of variables is
extended from 2 variables to 3 variables.
ghle 3x3x3 K-map for this situationis shown
el ow




Here the top plane is Col2)e the mddle
plane is c,(z), and the“bottomplane is
C,(z). The“vertical planes fromleft-rear
t8 right-front are c,(Y), c,(¥), and C,(¥).
The vertical plane £ront right—rea% to
left-front are ColX)r Cy(X)s and C,y(x).

The conjunctive-i-players for the 3-val ued,,

3-variabl e case are bel ow(we again exclude
ey and e, as trivial).

CONJUNCTIVE-1-PLAYERS

® e, is obtained by
shape

pl acing the player

on the 3x3x3 K-map
inits one position.

oo
&9

Q
%
%

%
&

%
5

4
&

@ X/Y,Z,N(X),N(Y),N(2Z)

are obtained by
pl aci ng the player shape

on the 3x3x3 K-map in
6 different positions.

S
oo
&

®
e
&

%
Vaw
‘<%sgg§>

& c.(x).C.(¥)eC, (2) (ir3,k=0,1,2) are
obt ained By pf a’érng the player shape

2 ]2 ]2 _
2122 on the 3x3x3 K-map in 9
2 |2]2 di fferent positions.

CONJUNCTI VE- %PLAYERS

e.X,e ¥,e z,eln(x),elN(Y).elN(z) are

%bta}nedlby Eslaclng the pfrayer “shape

on the 3x3x3 K-map in
6 different positions.

%
&0
é%@

4‘;
&
&

<
av

@ elCi(X):elC_.l(Y):elck(Z) (iljlk=ollI2) ar e

obt ai ned by pl acing the player shape

1173 on the 3x3x3 K-map in 9
I 1T different positions.
111711
AT, Z7r Y2, XN(Y)I XN(Z)I N(X)Yl N(X)ZI

IN(Z), N(Y)Z, N(XI)N(Y), N(X)N(Z), N(Y)N(Z)
are obtained by placing the player shape

<>

on the 3x3x3 K-map in
12 different positions.

3
o
£
%

Y,
s
&

&
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& X (¥)s XCi(2), CL(X)Y, Yc, (z), C,(X)2:
c,(¥)z, Ci(X)N(Y): ci(x)N(z). N(X)C, (Y),

¢, (Y)N(2),N(X)C; (2),N(¥)C (2) (i=0,1,2) are

obt ai ned by pl acing the player shape
0J1T2

012 on the 3x3x3 K-map in 36
ol172 di fferent positions.

e)ci(x)cj(Y), ci(x)cj(z). ci(vicj{z)

,j=0,1,2) are__obtained by placing the

(i
pl ayer shape [2]2 J2 ]on the 3x3x3 K-map
In 27 different positrons.

() e XY, e XZ/e YZ:elXN(Y):eIXN(Z),elN(X)Y,

1
elYN(Z):elN(X)Z,elN(Y)Z,elN(X)N(Y)'

e N(X)N(Z),e;N(Y)N(Z) are obtained by



pl aci ng the player shape

on the 3x3x3 K-map in
12 different positions.

&
%
5%

>
B>
K

y

D
5

© e,XC, (¥), e;XC,(2), e C,(X)Y, e,¥C,(2),
elci(X)Z,elci(Y)Z,elCi(X)N(Y): elci(x)N(z)n
elci(Y)N(Z):elN(X)Ci(Z):elN(Y)Ci(Z);

e;N(X)C, (¥) (i=0,1,2) are obt ai ned by

lacin the player shape
lacin Th )
0 11 on the 3x3x3 K-map in 36

1 ; LA
o111 different positions.

S

1

~

j(Y):elci(X)C?;(Z):elci(Y)Cj(Z)

(i,3=0,1,2) (i,3=0,1,2) are obtained by

placing the player shape [I ]I 1 jon the
3x3x3 K-map in 27 different positions.

© xyz, xyN(z), XN(Y)N(Z), XN(Y)Z, N(X)YZ,
N(X)¥YN(Z), N(X)N(Y)z, N(X)N(Y)N(Z) are
obt ai ned by placing the player shape

on the 3x3x3 K-map in 8
di fferent positions.

g
B
&

O
QR
%

9
Y,
<a!§§E$>

3 xyc,(2),x¢, (¥)2,C, (X)YZ, XN(Y)C, (Z),
XC; (Y)N(Z),N(X)¥C, (2),C, (X)YN(Z),
N(X)Ci(Y)Z,Ci(X)N(Y)Z:N(X)N(Y)Ci(z):

N(X)C, (¥Y)N(zZ),C, (X)N(YIN(2) (i=0,1,2) are
obtained by placing the player shape

0 2
01171 on the 3x3x3 K-nmap in 36
0Jo o di fferent positions.

@ ci(chj(!Jz,xci(Y)cj(zJ,ci(x)xcj(z).
n(x}citr)cj(z),ci(x}utrlcj(Z),

ci(x)ca(y)n(z) (i, j=0,1,2) are obtained by
placind the player shape —E- on the
3x3x3 K-map i ﬂ 5% di ffePen posrtions.

(i) c, (X)c.(¥Y)c, (2) (irjrk=0,1,2) are
obtained by Jplacing the pl a;:/'er shape
di fferent

on the 3x3x3 K-map in 27
posi tions.

CONJUNCTIVE-4-PLAYERS

i3 elxyz.elxmtzi.elxmy)z.elxuw)u{z).
e N(X)YZ, e N(X)YN(Z) e N(X)N(Y)2Z,

e,N(X)N(Y)N(2Z) are obtained by placing the
p}ayer shape

<o

%
<>

<>
20
O

<o>
<< o>
<o
i %0 !

D
&)

S
Q

on the 3x3x3 K-map in
@ 8 different positions.

D

)
%9

Q

@ e xvc;(2)se,xC, (¥Y)Zse,C, (X)¥2Z,

e, XN(Y)C;(2)re XC, (YIN(Z) e N(X)YC, (2),
e,C; (X)¥N(Z),eN(X)C;(Y)Zre,C; (XIN(Y)2Z,
e, N(X)N(Y)C, (2),e;N(X)C, (YIN(Z),

e.C.(x)N(¥)N(2Z)., (i=0,1,2) are obtained by

acing the player shape

o1 ]1

011 on the 3x3x3 K-nap in 36
0]0]o di fferent positions.

a2 elci(x)cs.(y)z,elci(x)cé(y)n(z).

elci(xlrcj(z)aelci(x}ﬂtv}cj(z}-



elN(x}ci(z)cj(z).elxci{!)cj{z) (i,j=0,1,2)

are obtained b

P [T [I Jon the
di erent posi tions.

pl aci ng
3x3x3

the player

shape
K-map in 54

() e%c.(x)c.(y)cé(zl (i,3,k=0,1,2) are

obtain&d by3 plading the player sh_aPe
on the 3x3x3 K-map in 27  different
posi tions.

Recal | that a conjunctive-i-player consists
of a conjunction of i terms. In this case
any conjunction of 5 or nore terns is
reducible to a conjunction of 4 or less
terns.

The nethod of Section

) III i S now aﬂpl i ed.
The foll owi ng exanpl e denpnstrates how t he
nmethod is wused in ninimzing a 3-valued -
map for a function of 3 variables.

Exanpl e The 3x3x3 K-map for R(X/Y,2) is
given below: Q
030C
0
<o>
000
<>
<>
OS00C
<>
I(i) No conjunctive-1-player touches this
function.
I1(ii) The conjunctive-2-player [1 1 ]1
I1T]I
BB
touches this K-map at 9 cells, as shown

below.

~
X
%geé

v
U
°¢§e°

S
S
X

(¥).- No

The nane for this placement is e Cy
¢ this

other conjunctive-2-player touchés
functi on. ]
1{iii) There are two different conjunctive-

3-players which touch the remaini ng new
cell. The player shape 11 avi ng
name YC (x)cy(2) acconpli shes this, as does
the player® shape having nane
ColX)Cy(¥)C,(2)-

This conpl etes Part 1, as all nonzero cells

are now touched.

11(i) The 2 distinct sets_are

e,Co(X)Cy (Y),¥C (X)C (z)3} and
etcd(x)cl (v),c x)c,v)cy (2)3.

11%11) Thére afe no’ redfndant pl ayers
either of these 2 sets.

T1(iii) There are two distinct
elco(x)cl(y) \Y2 yco(x)co(z) and
e1Co(X)C(¥) V ¥Ci(X)Co(Y)C,(2).
13 (%v) 1}, ‘as exBlaindd if section IIr, Y
is preferred in cost over C,(¥), then the
first of the two expressions®n II(iii) is
the preferred answer. In the absence of
cost preferences, II(iii) vyields two
di fferent answers.

in

answer s

Thi s exanpl e hel ps to denonstrate the power
of our method in mnimzing 3-valued
functions of 3 variables. It is also
possible to extend the nunber of variables
fromthree to four. In order to ninimze 3-
val ued functions of 4 variables, the 81

cell K-map given in Section I1II is used. W
refrain fromgiving details.
SECTI ON vII. SUMVARY

Thi s paper contains several results. These

results are revi ewed bel ow.

(1) a nethod is presented that works wth
any set of primtive operations, provided
only that the answer is a di s% unction of
conjunctives (i.e., a "sumof-products”

usi n% the operations of MAXi MIN).

(2) This nethod works for the Epstein case
[2,3]1, using besides disSjunction, V., and
conjunction, A, constants e ,el,ez,c.(x)»
and m single variables Q. §=071, 2,
k=1,2,...,m. In this case thé operation N
is withheld. For this case, it is only
necessary to disallowrotation of players
through multiples of 90 degrees, thus
preventing the operation N from appearing.
(3) A method is presented which includes
the operations of (2) above and al so stron
negation nN(x,). A feature of the metho
with these Bperations is that rotations of
pl ayers through multiples of 90 degrees
correspond to use of the N operator. This
is the first Karnaugh method that exploits
such a feature.

(4) The approach of this paper limts for
ease of visual conprehension the nunber of
variables to 4 at nost.

(5) The heart of the nethod is the use of
conjunctive-i-players, which players are
determined by the case at hand. For



exanple, there are the follow ng distinct
nontrivial conjunctive-i-player shapes for
one, two, and three vari abl es.
TOIAL NUMBER OF
3-VALUED SECTION|DISTINCT NONTRIVIAL
CASE NUMBER |CONJUNCTIVE-i-PLAYER
SHAPES

T VARFABLE iV 5

2 VARF ABLES v 11

3 VARIABLES VI 19

The conpl exity of determining the placement
of the conjunctive-i Tpl aé/ers depends in

part on the nunber fferent player
shapes. As the nunber  of vari abl es
i ncreases, the nunber pl ayer shapes

i ncreases and m ni m zation becones harder.

Finally, the sinplification nethod in
Section 111 works equally well for n-valued
functions and n-valued K-maps, Wwhere n>3.
Also, this sinplification nmethod is not
restricted to the primtive operations of
(2) or (3) above, provided only that the
operations of disjunction and conjunction
are included. It is only necessary to
conpute the appropriate conjunctive-i-
players for the desired set of primtive
operations. We plan to explore these issues
in later work.
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