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Complex Number Arithmetic with Odd
Valued Logic 
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IEEE 

Abstract-Digital signal processing such as discrete Fourier 
transform requires complex number arithmetic. Number-theoretical 
properties favor odd-radix systems for simple implementation of 
complex number operations. An array ternary complex multiplier is 
presented and compared to other complex multipliers. As an illustra
tion, a perfectly balanced ternary system is implemented by means of 
current-mode threshold logic gates. 

Index Terms-Balanced ternary logic, cellular arithmetic array, 
complex number arithmetic, discrete Fourier transform, digital signal 
processing, threshold logic. 

I. INTRODUCTION 

THE problem of designing multipliers or product accu
mulators has long been recognized as a suitable goal by 

LSI manufacturers. These devices could be used as parts of 
(nonrecursive) digital filters or they could cooperate with 
microprocessors so as to improve the speed performance in 
computations involving many multiplications. 

We tackle here the problem of designing a complex multi
plier. Such a device could indeed become useful in various 
applications such as discrete Fourier transform. In the fol
lowing, we shall present a ternary complex multiplier and 
compare it with other complex multipliers that have been 
proposed to date. We shall not give the complete theoretical 
background which may be found in [ 1] and [ 2]. 

The main conclusion of the theoretical study is that, as long 
as complex multiplication is considered, number-theoretical 
properties definitely favor the odd-radix systems. Accordingly; 
we describe a complex multiplier based on the perfectly bal
anced ternary system and implemented by means of I 2L cur
rent-mode threshold logic gates. 

When compared with four-valued logic, ternary logic has 
an advantage: the dependence of its behavior with respect to 
parameter variations is less critical. It also has a drawback: it 
is less efficiently interfaced with binary logics. For all these 
reasons, we also present some binary-coded forms of the bal
anced ternary complex multiplier in the Appendix. 

II. CELLULAR MULTIPLIERS 

A. Rational Integers 

We shall assume that the integers X and Y to be multiplied 
are represented in a signed digit (b,k) system. This means that 
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each digit of the representation has b possible values covering 
the interval [-(b - k - 1),k]. It is known [ 1] that the fol
lowing is true. 

Theorem 1: Any integer X belonging to the interval 

R = -(b - k - 1) -- k --[ bn - 1 bn - 1] 
n b- I' b-l 

has a unique representation 

x = [ Xn-I,Xn-2, . . .  ,xo] 

such that 

I) -(b - k - 1) � Xi � k; ('Vi = 0,1,"', n - 1) 

n-I 
2) X = L xibi. 

i=O 

(1) 

Two particular cases of the above systems will be of interest 
in the following discussion. 

1) The usual radix b number systems is obtained from the 
above equation for k = b - 1. Here, the digit range is [O,b -
1] and the set of numbers that may be represented with n digits 
is simply Rn = [O,bn - 1]. 

2) The perfectly balanced number systems (after Knuth 
[ 3]) is obtained for an odd radix 

b = 2m + 1 

with 

k=m. 

In this case, the digit range is [-m,m] and the representation 
interval is 

Rn = [- � (bn - I) , � (bn - I)] . 
Now, the basic method used to perform the product XY of 

two numbers given by their representations 

[ Xn-I,Xn-2," ', xo] and [ Yn-I,Yn-2, . .. ,Yo] 

in a positional number system consists of forming the n2 
digit-by-digit products XiYj and summing the results ade
quately weighted. The processes of digit multiplication and 
addition may be completely separated or partially or fully in
terleaved. For example, in the fastest known multipliers [ 4], 
[5], the multiplicative and the additive processes are com
pletely separated: all the digit-by-digit products are performed 
simultaneously and the conjunct use of carry-save techniques 
and of fast two-summed adders allows one to realize the 
multiplication in time 0 (log n). Similarly, the usual pencil and 
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paper multiplication algorithm provides us with an example 
of partial interleaving of the multiplicative and additive pro
cesses; that interleaving appears while computing the product 
of the whole multiplicand by a multiplier digit. Finally, a 
complete interleaving of the multiplicative and additive pro
cesses is observed in the cellular multipliers. For positive in
tegers (represented in the radix b number systems), the cellular 
multipliers make use of a cell with four inputs x,y,Z, wand two 
outputs rand s. The behavior of the cell is described by the 
arithmetic equality 

xy + Z + W = rb + s; (x,y,z,w,r,s E [O,b - 1]), 
(2) 

which, given x, y, z, and w, defines uniquely rand s. As it has 
otten been observed�this cell enjoys two properties which are 
interesting from a hardware point of view: 

1) Numerical Saturation: The input range I, i.e., the set 
of values assumed by the left-hand member of (2) , and the 
output range Q, i.e., the set of values assumed by the right-hand 
member of (2) , are identical. Specifically, 

I = Q = [O,b2 - 1]. 

This clearly means that the output connections r and s are 
efficiently used since their b2 configurations are actually 
used. 

2) Expandability: We mean by this term that the numer
ical function 

X Y+Z+ W; (X, Y,Z,W E [O,bn - 1]) 

of four n-digit numbers may be computed by using only copies 
of the cell (2). This is generally realized by cellular arrays, such 
as ripple-carry multipliers, or Guild [ 6] or De Mori [7] mul
tipliers. All these arrays may be used for arbitrary radices, 
though they are generally presented as binary arrays. They all 
use n2 cells of the type (2) and have computation time O(n). 

A difficulty arises when one tries to extend the same prin
ciples to signed-digit number systems. The first observation 
is that all the above mentioned arrays immediately extend to 
the signed-digit systems under condition that the 4-input 2-
output cell described by 

(4) 

It may however be shown that, given b, condition (4) is not 
satisfied for all the values of k and, when it is satisfied, it 
generally does not correspond to a situation of numerical sat
uration. We shall not give here the proof of these assertions but 
we shall merely check their validity for perfectly balanced 
number systems with b = 2m + 1 and k = m. In that case, we 
have 

xy + Z + W = rb + s; 
(x,y,z,w,r,s E [-(b - k - 1),k]) (3) 

actually exists. This is only true if the 2-digit number available 
as output is able to represent all the possible input combina
tions, i.e., if 

1= [-m(m + 2),m(m + 2)]; 
Q = [-2m(m + I),2m(m + 1)]. 

Clearly, for m > 0, one has m(m + 2) < 2m (m + 1) and this 
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ensures both the existence of the cell (3) and its nonsatura
tion. 

The striking property for our purpose is that, in the case of 
perfectly balanced number systems, the six-input two-output 
cell described by 

xy + uv + Z + W = rb + s; 
(X,y,u,v,z,w,r,s E [-m,m]) (5) 

is both expandable and numerically saturated. Numerical 
saturation is readily checked: the input and output range of 
the cell described by (5) are immediately seen to be equal 
to 

1= Q = [-2m(m + I ),2m (m + 1)]. 

The expandability of the function is clear as well. Indeed, it 
is easy to observe that the function 

XY+ UV+Z+ W; 

X,Y,U,v,Z,W E [- � (bn - I) ; � (bn - 1)] (6) 

may be computed by using only copies of the cell (5). As a 
matter of fact, the replacement of the cell (2) by the cell (5) 
in the above-mentioned multiplication arrays provides one with 
computation scheme of (6). 

The interpretation of the above property is fairly simple. It 
indeed shows the existence of expandable schemes for the 
computation of a scalar product X Y + UV in a two-dimen
sional space. As a consequence, we may already foresee the 
interest of perfectly balanced systems in the computation of 
a complex product. 

B. Gauss Integers 

A Gauss integer is a complex number 

x = X(O) + iX(I); (i = yCT) 

with integer real and imaginary parts X(O) and X(I). Clearly, 
if we expand separately the real and imaginary parts of X in 
a signed digit number system, we immediately reach the 
complex counterpart of Theorem I, viz. 

Theorem 2: Any Gauss integer X = X(O) + iX(I) such 
that 

X(O) X(I)E -(b- k-I)-- k --[ bn - 1 bn - 1] 
, 

b-l' b-I 

has a unique representation 

x = [ Xn-I,Xn-2, . . . xo]; 

satisfying the two conditions 

(X' = x(O) + ix(l) J J J 

1) -(b - k - 1) � xjD),xj l) � k; ('Vj = 0,1,··· ,n - 1) 

n-I 
2) X = L xjbj. 

j=O 
Note that the radix b is a rational integer while the quan

tities Xi, which form the "digits" of the representation, are now 
themselves Gauss integers. We shall refer to these digits as the 
complex digits of X. A base-3 representation system with 
digits a + bi, where a,b E I-I,O,I} has been proposed by 
Holmes [8]. 
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Other approaches to Gauss integer representations have 
been followed by Knuth [3], [9] and Penney [10]; the latter 
systems use the complex radices 2i and -1 + i, respectively. 
So far [2], these systems do not seem to offer significant ad
vantages from a hardware point of view. 

If we now think of multiplying two Gauss integers X = X(O) 
+ iX(I) and Y = y(O) + iY(l), given by their complex digit 
representations 

[ Xn-I,Xn-2, ... ,xo] and [ Yn-I,Yn-2, .. .  ,Yo], 

we would probably first try to obtain the real and imaginary 
parts p(O) and p(l) of the result P = p(O) + iP(l) as 

P(O) = X(O) y(O) - X(I) y(l) 

p(l) = X(O) y(l) + X(I) y(O). 

That first approach would require the computation of the four 
n-digit by n-digit products 

X(O) y(O) ,X( I) y( I) ,X(O) y( I) ,X( I) y(O) 

followed by an addition and a substraction of two 2n-digit 
numbers. Clearly, if we decide to use cellular multipliers, the 
considered approach would require 4n2 cells having the be
havior (3). It is worthwhile to remember here that such cells 
are nonsaturated whenever they exist. 

This is, however, by no means the only way to compute the 
complex product P = XY. As mentioned by Winograd [11], 
it is possible to compute P at the expense of three products 
only. A possible scheme would be 

QI '= X(O)( y(O) + y(l»; Q2 = (X(O) + X(I) y(I); 
Q3 = (-X(O) + X(I) Y(°l; p(O) = QI - Q2; p(l) = QI + Q3. 

No actual hardware design seems to have been grounded on 
these premises. 

The advantage of the complex digit approach is that it allows 
one to handle the complex case in a way which closely parallels 
the one followed in the rational case. It is indeed immediately 
clear that, if the (compl�) cell described by 

xy +z + w = rb + s; 
x(i),y(i),z(i),w(i),r(i),s(i)E [-(b-k -l) ,k];k=O,I, (7) 

actually exists, the rational cellular multipliers have immediate 
complex counterparts obtained by replacing the cells of type 
(3) by cells of type (7) . The connection pattern remains iden
tical while each b-valued connection is replaced by a pair of 
b-valued connections representing the real and imaginary parts 
of the carried complex quantity. 

The existence of a logical block described by (7) is obviously 
equivalent to the possibility of representing the result of xy + 
z + w with two complex digits in the radix b system. The the
oretical approach followed in [2] reveals that very few complex 
number representation systems enjoy the above property. As 
a matter of fact, the perfectly balanced number systems are 
the only suitable ones we have discovered. If we split (7) into 
its real and imaginary parts, we obtain 

x(O)y(O) - x(l)y(l) + z(O) + w(O) = r(O)b + s(O) 

x(O)y(1) + x(l)y(O) + z(1) + w(1) = r(l)b + s(l). 
(8) 

These equations describe a pair of cells of type (5) whose 

IEEE TRANSACTIONS ON COMPUTERS. VOL. c-29. NO.7, JULY 1980 

properties have been described in the previous section. Actu
ally, the expandability and numerical saturation of the rational 
function X y  + uv + z + W in perfectly balanced systems 
imply the expandability and numerical saturation of the 
complex function X y  + Z + W in the same systems. 

We conclude this section by observing that the computation 
of the value of the complex expression 

X y+z+ W, 

in which X, y , Z and W have n-digit representations, may be 
carried out with exactly n2 cells of type (8) instead of the 4n2 
cells of type (3) , which perform the real operation ab + c + 
d. 

The hardware reduction indicated by these figures will be 
discussed further on, once we have a better knowledge of the 
cells (3) and (8) . However, we may understand that a perfor
mance improvement may be achieved thanks to a modification 
of the multiplicative and additive process interleaving which 
allows one to use numerically saturated modules. 

The obtained multipliers should finally be compared with 
other cellular multipliers that have been described in the lit
erature. Such multipliers have been described by Deverell [12] 
and Agrawal [13]. They use the basic cells 

ab ± cd + e + f + g = (P2 ± pd2 + Po 

and 

ab ± cd + e + f + g = 4P2 - 2pI + Po, 

respectively. These cells each have six outputs (instead of 4) 
and this explains the complexity of the corresponding con
nection patterns which probably makes them less suitable for 
electronic integration. Observe, furthermore, that they do not 
enjoy numerical saturation. 

C. Example 

Fig. 1 illustrates the computation of the complex function 
X y  + Z + W for 3 digit numbers X. y ,Z, W by a Guild inter
connection pattern. Thus 

x = [ X2,XI,XO], y = [ Y2,YI,yd, .. . 

and each complex digit, e.g., Xj = x?) + ixJI) is represented 
in the figure by a symbol like 

XO J 
I Xj' 

The arrows entering the boxes are the additive inputs z and w 
of the cell described by (7), while the quantities written within 
the box are the multiplicative inputs x and y of the cell. The 
result F has six complex digits and appears at the lower border 
of the cell. 

Fig. 2 gives a numerical example with radix b = 3 on the 
same array. It computes the value of the expression 

(12 + 5i) (-3 + 8i) (-7 - 4i) 
'== " • "" +- . .  

X y Z 

(9 - 9i) -74 + 68i 
+- '- ' ' 

W - F 
. 
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Fig. I. Multiplication array. 

Using upper bars to represent the eventual minus signs of 
the digits, we first compute the representations of the oper
ands 

x = (12) = (1 � �). 
5 1 1 1 ' 

z= (-7) = (I' � �. 
-4 0 1 IJ' 

y = (�3) = (� � �) 
w = (9 ) = (� 0 0)

. 
-9 1 0 0 

The real and imaginary parts of the cell outputs are next 
computed step-by-step. Using (8) for cells 1 and 5, one ob
tains 
CellI 

Cell 5 

(0.0 - 1.1) + 1+0 = -2 = 1.3 + 1 
(0.1 + 1.0) + 1+0 = -1 = 0.3 + I 

(1.0 - 1.1) + 0 + 1 = 2 = 1.3 + I 
(1.1 + 1.0) + 0 + I = -2 = 1.3 + 1. 

Once this computation has been performed for all the cells, the 
result appears as 

f= (0 I 0 � � �). o 1 0 1 1 1 

It is readily checked that this result actually represents 

F = -74 + 68i in the perfectly balanced system. 

Remarks: Let us define the cost ratio K as 

cost of cell (5) K= . 
cost of cell (3) 

Fig. 2. Numerical example. 

1 ; 
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o 
o 

1) The complex Guild cell (8) uses two elementary cells of 
the type (5) . Hence, the complex multiplier based on the 
complex Guild cell uses 2n2 cells of the type (5). The complex 
multiplier built in this way is thus cheaper than the complex 
multiplier using 4n2 real Guild cells (3) iff K < 2. 

)) It is possible to build a real multiplier using cells (5). In 
this case, each <;ell adds up two digit-by-digit products together 
with two incoming carries. It is easy to see that the number of 
cells (5) used in the design is 

(n + 1) r�l. 
Hence, this new multiplier is cheaper than the conventional 
real multiplier iff 

K(n + 1) r�l < n2• 

For n even, say n = 2m, the latter condition amounts to 

m2( 4 - 2K) + Km > O. 

It is acceptably satisfied iff 

K 
.K < 2 and 2m > -- . 

K- 2 

III. CELL DESIGN 

A. Preliminary Remarks 

The advantages of the complex multipliers described in 
Section II essentially rest upon their properties of numerical 
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x y u v z w 

5 

5 

Fig. 3. Guild cells. 

saturation and of expandability. As we have seen, these 
properties are shared by all the perfectly balanced number 
systems. It is thus theoretically possible to use any odd radix 
for representing the real and imaginary parts of complex 
numbers. 

An alternative appears at the design level: either we use 
a proper multiple-valued technology, or we select some binary 
coded form of a multivalued algorithm. In the former situation, 
we know that we shall face increased difficulties to obtain re
liable production techniques every time we attempt to increase 
the number of logical values: in the present state of the art 
it seems wise to limit oneself to the radix 3. The second attitude 
could be dictated by a requirement of compatibility with ex
isting binary logics. If we use a binary-coded form of multi
valued logics, the technological difficulty disappears; fur
thermore, the choice of higher and higher radices will allow 
us to get closer and closer to an actual saturation. The bi
nary-coded ternary solution has been discussed by Frieder and 
Luk [ 14]. 

In the case of the ternary realizations, we tried to compare 
the cost of the real Guild cell (3) and that of the scalar product 
cell (5) so as to obtain an estimate of the cost ratio K. We 
followed the following steps: 

design of the multiplication cell x . y 
design of a three-summand adder p + q + z 

design of a four-summand adder p + q + z + w 

where (x,y,p,q,r,s E [-1,0,1]). The two cells will then be built 
from these blocks as shown in Fig. 3. 

B. Ternary Design 

An example of ternary design is easily produced if one se
lects as supporting technology a ternary version of the I2L 
circuits described in [ 15]-[ 19]. Also an ECL version [ 20], and 
an MOS version [ 21] of ternary logic exist. The logical values 
[ -1,0,1] are mapped onto the current values or the voltage 
values [ 0,1,2] according to 

-1-0; 0-1; 1-2. (9) 

Let us denote by x the quantity 2 - x and by x[al the 
function 
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TABLE I 
BALANCED-TERNARY PRODUCT X, Y MAPPED INTO (0, 1,2) VALUES 

� a 1 2 

a 2 1 a 

1 1 1 1 

2 a 1 2 

2 

Fig. 4. Digit product. 

x[al=2ifx=a 
x[al = ° otherwise. 

The multiplier cell may then be described by 

x X y = max (min(y,x[Ol), min (I,x[11), min (y,x[21» 

or by, 

( 10) 

x x y = max max (jJ,x), max (y,x» (11) 

as it is easily checked from Table I. An implementation of (10) 
is shown in Fig. 4. The 3- and 4-summand adders are shown 
in Figs. 5 and 6, respectively. The 4-summand adder is the 
easiest to design since, as shown in [ 1], it is insensitive to the 
shift (9). (See, also, [ 22].) 

The comparison of various cost measures, such as count of 
current mirrors, count of current sources, count of transistors, 
indicate that an acceptable value of the cost ratio K is 1.5. In 
this case, the advantage is obtained by the complex Guild cells 
(8) for the complex multiplier. For n large enough, the scalar 
product cell (5) also becomes an interesting substitute to the 
real Guild cell (3) for real multiplication. 

IV. CONCLUSION 

In this study we have considered the representation of a 
complex number by a simple word of complex digits instead 
of the more usual double words of real digits. The choice of the 
odd radix and its complex digit values set must be appro-
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Fig. 5. Three-summand adder. 

Fig. 6. Four-summand adder. 

-+ 5 

-+ 5 

priately made in order to avoid redundancy, followed by the 
implementation of the iterative array of an extended Guild cell 
to this number field. This cell is chosen for its VLSI compati
bility and its suitability as the butterfly element of an FFT. To 
illustrate the advantage of this approach over the conventional 
way of performing a complex number product, we have shown 
the design of the aforementioned cell with ternary and bi
nary-coded ternary I2L circuits. The same design can be easily 
extended to ECL and MOS. In fact, further FFT design sim
plification can be obtained by extending the CORDIC algo
rithm [23], [24] into this novel complex number representa
tion. 

ApPENDIX 

Binary-Coded Ternary Design 

A ternary quantity x will now be represented by two binary 
quantities (x-,x+) according to 

Fig. 7. Two-digit product in binary-coded ternary. 

q � r p� � a �  5 

Fig. 8. Binary-coded ternary adders. 
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x -+ (x-,x+) ; -1 -+ (1,0) ; 0-+(0,0) ; 1 -+ (0,1). 
(12) 

In this case, the two binary components P- and P+ of the 
product P = xy are given by the Boolean expressions 

P- = x-y+ V x+y-
(13) 

P+ = x+y+ V x-y-. 

A corresponding circuit is shown in Fig. 7. 
The 3- and 4-input adders provide 4 binary functions of 6 

and 8 binary variables, respectively. They could thus be real
ized as standard ROM's of 256 and 1024 bits. It seems, how
ever, interesting to take advantage of the highly sparse nature 
of the truth tables to obtain smaller size circuits. Various al
ternative solutions have been discussed. We shall not give here 
a detailed account of these solutions since they may be obtained 
by classical Boolean methods. 

I) The truth tables defining the three- and four-input adder 
contain 20 and 62 "true" minterms, respectively. This could 
yield an interesting PLA synthesis. 

2) Classical Boolean minimization procedures show that 
the 3-input adder has a three logical level synthesis using 30 
gates and 108 gate inputs, while the 4"input adder has a three 
logical level synthesis using 74 gates and 410 gate inputs. 

3) Finally, the 3- and 4-input adders may be built up from 
two -input adders as shown in Fig. 8. Observe that some of the 
constituent two-input adders have been truncated since they 
would generate a zero-carry output. These adders are denoted 
by f3 in Fig. 8. If bne again applies Boolean minimization 
techniques to the a-type and f3-type adders, one obtains designs 
of the 3- and 4-input adders having 76 and 122 gate inputs, 
respectively. 

All those results are gathered in Table II. It is not possible 
to draw definite conclusions from these data, but we are in 
position to make two observations. 
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TABLE II 
BALANCED TERNARY IMPLEMENTATIONS 

MULTIPLIEF 3 INPUT ADDER 4 INPUT ADDER 

256 1 ROM fbi ts 

4 funct PLA 20 term� 

3 level gates 6 
gate 
synthesis 

gate 12 inputs 

Multilevel gate gate 
synthesis inputs 

I) One may, in general, not claim that the binary encoding 
of an optimal multivalued algorithm is optimal within the class 
of equivalent binary algorithms; for example, in the PLA 
synthesis, the cost ratio K is surely larger than 2. 

2) Multivalued algorithms may, however, be of great help 
to binary design if the use of a binary technology is an un
avoidable constraint. Observe in Table II that, in spite of a poor 
encoding efficiency, the cost ratio K is never much larger than 
2. It may be conjectured that the choice of odd bases of the 
form 2P - I (p = 3,4, ... ) would finally favor the use of scalar 
product cells. 
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Optimiza tion of Memory Hierarchies in 
Multiprogrammed Computer Systems With 

Fixed Cost Constraint 
SAMUEL T. CHANSON, MEMBER, IEEE A ND PREM S. SINHA 

Abstract-This paper presents, using queuing theory and optimi
zation techniques, an approach for estimating the optimal capacities 
and speeds of the memory levels in a memory hierarchy operating in 
the multi programmed environment. Optimality is defined with respect 
to mean system response time under a fixed cost constraint. It is as
sumed that the number of levels in the hierarchy as weD as the capacity 
of the lowest level are known. The effect·of the storage management 
strategy is char.acterized by the miss ra.M.0 function which, together 
with the device 'technology cost function?, is assumed to be represen
table by power functions. It is shown that as the arrival rate of pro
cesses and/ or the number of active processes in the system increase, 
the optimal solution deviates considerably from that under a unipro
grammed environment. It is also shown that the solution obtained is 
the global optimum. 

Index Terms-Hit-ratio function, Lagrange multipliers, memory 
hierarchies, multiprogramming, queuing theory, response time. 

I. INTRODUCTION 

THE optimization of memory hierarchies is recognized as 
an important research area and has been attacked from 

several directions. Various solutions optimal under certain 
constraints have been obtained [1]-[5]. Ramamoorthy and 
Chandy [1] have obtained the size and type of each memory 
level by minimizing the average access time of an information 
block in a program for a given cost constraint. The concept is 
then extended to a general case in multiprogramming. The 
approach presupposes the knowledge of the frequency of access 
for each information block. MacDonald and Sigworth [3] have 
dealt with various combinations of optimization criteria, such 
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as fixed cost constraint, fixed and variable page size, etc. They 
too assume knowledge of the storage address sequence and 
have used its statistical properties extensively in their work. 
The objective function to be minimized is average access time 
or a function of it. Chow [2] has very nicely applied geometric 
programming to obtain not only the optimal size and speed of 
each memory level, but also the optimal number of levels for 
a given cost constraint. There it is assumed that storage 
management strategy is characterized by a hit-ratio function. 
Furthermore, the hit-ratio function and device technology cost 
function are taken as power functions of the capacity and ac
cess time, respectively, of each level of memory. Chow's 
analysis is restricted to uniprogrammed systems. Welch [4] 
gives a very simple and straightforward analysis of a memory 
hierarchy for speed-cost tradeoff with the assumption that the 
size and access probability of each level of memory are known 
and fixed. Rege [8] uses a simple two-server queuing network 
model to analyze the cost-performance tradeoff by using dif
ferent sizes and speeds at different memory levels. There is no 
optimization study. Foster and Browne [10] are the first to 
explicitly account for queuing at devices in the memory hier
archy to study a related but different problem-that of file 
assignment in the hierarchy. 

All previous work in optimization has used the mean 
memory access time as the objective function for minimization 
and, with the exception of [I], has dealt only with the uni
programmed environment where only one process is active at 

any time and the processor is idle when a request is made to 
any memory level. It is not clear that in a multiprogramming 
environment, where a process may be blocked while it is ref
erencing information in a certain memory level, that mini
mizing the average memory access time is meaningful. In this 
paper we have combined performance evaluation techniques 
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