
730 IEEE TRANSACTIONS ON ELECTRONIC COMPUTERS OCTOBER

Transposing all terms to the left side produces the problem in the The ternary majority operation, negation, and constants 1 and
desired form; namely, find a vector w:- (w1i, W12, W13, W14, 0 are functionally complete in three-valued logic. In order to prove
W41, W42, W43, W44) such that completeness, it is sufficient to show that the functions max(x, y),

B'w > 0, min(x, y), and

x
1, if x=

where Bg is the matrix of coefficients of the above inequalities. 4(x)- 1_1 if xs au
may be expressed in terms of xAyAz and x (together with the coni-
stants) [5], [6]. Note that min(x, y) =max(., y).

Further,
a) frI(x) = x A x A-1
b) fi(x) = x A x A - 1

c) fo(x) =fri(x) A fi(x) A - I

Networks Composed of Ternary Majority Elements d) max (x, y) = (xf A y A - 1) A x A 1.
The correctness of these expressions which can be established by

V. VARSHAVSKY AND B. OVSIEVLCH substitution of different values of x and y proves the completeness.

SUMMARY 2) Functions of one variable we shall write as a row

Some methods of synthesis of networks composed of ternary F(x) = ||F(-1); F(O); F(1)11
majority elements such as the three-stable-state parametron or twin and functions of two variables as a matrix
are studied. It is shown that three-place majority operation and F(- 1, 1); F(O, 1); F(1, 1)
diametrical negation (negation in the strong sense) with constants
are functionally complete in three-valued logic. Classes of functions F(xi, X2) = F(-1, 0); F(0, 0); F(1, 0)
of two variables are studied for which networks realizing them con- F(- 1, -1); F(O, -1); F(1, -1)
tain no more than three cascades. This provides a possibility of An application of basic operations to the row or to the matrix is re-
realizing these functions in one full time unit in the case of three- duced to an application of these operations to every element of the
cycle excitation. Methods of synthesis are developed for the networks row or of the matrix, respectively.
which realize functions of an arbitrary number of variables. These Now consider realizations of functions of one variable. Table I
methods are based on the excluding of one or several variables contains all 33 = 27 functions of one variable.
simultaneously. Considerations are proposed on the order of the Note that f- = -f. =f.. Further, the majority operation xAyAz
excluding variables. Methods of majority decomposition of functions is a self-dual function in three-valued logic, i.e.,
of three-valued logic are developed.

X, A X2 A X3 = X1 A X2X3.
INTRODUCTION

Hence, it is sufficient to consider the functions with positive indexes
At the present time many attempts to build ternary automatic only because the networks realizing the functions with negative

and control systems are being made. The question arises whether indexes may be obtained from the networks realizing the functions
such systems have some advantages in comparison with those of with positive indexes by means of inversion of all input variables and
binary ones. The solution of this problem can not be provided without constants.
detailed analysis of ternary networks and a general comparison with The functionsfo andfia are constants. The realizations of all other
binary ones. functions of one variable with positive indexes are shown in Fig. 1.

Interest in ternary networks is no longer only academic since so that the network of 11 functional elements produces all functions
the appearance of three-stable-state elements which are equivalent in of one variable. (Where on Fig. 1 no connection is made, "0" is in-
their complexity of construction to two-stable-state elements. In tended.)
particular, a three-stable-state parametron is such an element. Any function of two variables can be decomposed, as

The threshold properties of the parametron provide natural rea-
sons for using it as a threshold element also in the three-stable-state F(xi, x2) = Ui-1(xs, x2) A Uj°(x1, x2) A Ut1(xs, x2) (2)
case. where

Properties of ternary threshold functions were studied in Bogo-
lubov and Varshavsky [1], Hanson [2], and Merrill [3]. In many U-'(x1, X2) = IIf(xi); 1; 1|| Uy0(x1, x2) = |l;f,(xi);-1W
cases, however, a general threshold conception is technically unrea- Uk'(xl, X2) = !!-1;- 1;f(X2)I1
sonable. From the practical point of view, it seems to be more con-
venient to have in design only identical elements with a limited num- Note that Uc-s(xn, x2) is equivalent to Uj.(x, x2) with respect to
ber of inputs and equal weights of all inputs. Networks of such ele- inversion of constants.
ments were studied in Varshavsky [4]. In the present paper we intend Consider the realizations of the functions Uj-l (x, x2) with differ-
to continue these investigations, ent indexesj. Among them are functions which are equivalent to each

1) The three-place operation on variables x, y, z which assume other with respect to inversion of x2. The realizations of representa-
values -1, 0,1defined as tives of the functions of the type U-1 are given in Table II.values-1 ~ ~~ ~ ~ ~ ~ ~ ~ ~ ~ ~~~~~~1 0,1tae--e TTas_ X

-4 T-Thus, all functions of the types Usc'(x,, xC2) and Ug-'(x,, x2) are
1 if X + y + z . 1 realizable by two-cascade networks which contain no more than four

xAyAtz- 0 if x+y+z=0 (1) elements.
i-1 if x + y + z <-1 Now consider realizations of the different types of the Uj°(x,, x2).

There are ten different types of the U3°(x,, x2) exact up to inversion
we shall call a ternary majority operation. The operation of diametri- of variables and constants. Their realizations are given in Table III.
cal negation x=-x we shall call inversion. Hence, all types of the funuctions of two variables except possibly

Manuscript received November 13, 1964; revised April 22, 1965. A - 0 -1 1
The authors are with the Department of Mathematical Tnst. of AS USSR, F( ,-) 1 (,-1

Computer Center of Leningrad, Leningrad, USSR. F-,-) 1 iV,l

Authorized licensed use limited to: BEN GURION UNIVERSITY. Downloaded on June 20,2010 at 16:57:19 UTC from IEEE Xplore.  Restrictions apply. 

730 IEEE TRANSACTIONS ON ELECTRONIC COMPUTERS OCTOBER 

Transposing all terms to the left side produces the problem in the 
desired form; namely, find a vector W=(Wll, W12, WlS, W14, ... , 
Wn, W'2, W43, w,,) such that 

where B' is the matrix of coefficients of the above inequalities. 

Networks Composed of Ternary Majority Elements 

V. VARSHAVSKY AND B. OVSIEVICH 

SUMMARY 

Some methods of synthesis of networks composed of ternary 
majority elements such as the three-stable-state parametron or twin 
are studied. It is shown that three-place majority operation and 
diametrical negation (negation in the strong sense) with constants 
are functionally complete in three-valued logic. Classes of functions 
of two variables are studied for which networks realizing them con
tain no more than three cascades. This provides a possibility' of 
realizing these functions in one full time unit in the case of three
cycle excitation. Methods of synthesis are developed for the networks 
which realize functions of an arbitrary number of variables. These 
methods are based on the excluding of one or several variables 
simultaneously. Considerations are proposed on the order of the 
excluding variables. Methods of majority decomposition of functions 
of three-valued logic are developed. 

INTRODUCTION 

At the present time many attempts to build ternary automatic 
and control systems are being made. The question arises whether 
such systems have some advantages in comparison with those of 
binary ones. The solution of this problem can not be provided without 
detailed analysis of ternary networks and a general comparison with 
binary ones. 

Interest in ternary networks is no longer only academic since 
the appearance of three-stable-state elements which are equivalent in 
their complexity of construction to two-stable-state elements. In 
particular, a three-stable-state parametron is such an element. 

The threshold properties of the parametron provide natural rea
sons for using it as a threshold element also in the three-stable-state 
case. 

Properties of ternary threshold functions were studied in Bogo
lubov and Varshavsky [1], Hanson [2], and Merrill [3]. In many 
cases, however, a general threshold conception is technically unrea
sonable. From the practical point of view, it seems to be more con
venient to have in design only identical elements with a limited num
ber of inputs and equal weights of all inputs. Networks of such ele
ments were studied in Varshavsky [4]. In the present paper we intend 
to continue these investigations. 

1) The three-place operation on variables x, y, IS which assume 
values -I, 0, 1 defined as 

1
1 ifx+y+z~1 

x/::"y/::"z= 0 ifx+y+z=O 
-1 ifx+y+z:5-1 

(1) 

we shall call a ternary majority operation. The operation of diametri
cal negation x= -x we shall call inversion. 
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The ternary majority operation, negation, and constants 1 and 
o are functionally complete in three-valued logic. In order to prove 
completeness, it is sufficient to show that the functions max (x, y), 
min (x, y), and 

( ~ I, if x = <T 
fir x) = 

-I, if x;;t. <T 

may be expressed in terms of x/::"y/::"z and x (together with the con
stants) [5], [6]. Note that min (x, y) -max(x, y). 

Further, 

a) i-I (x) = x /::" x/::"- 1 

b) ft(x) = x /::" x/::,,- 1 

c) io(x) = i_leX) /::"!l(X) /::" - 1 

d) max (x, y) = (x /::" y /::" - 1) /::" x /::" 1. 

The correctness of these expressions which can be established by 
substitution of different values of x and y proves the completeness. 

2) Functions of one variable we shall write as a row 

F(x) = II F( -1); F(O); F(I)1I 

and functions of two variables as a matrix 

I 
F(-I, 1); F(O, 1); F(I, 1) II 

F(xl, X2) = F(-I, 0); F(O, 0); F(l, 0) . 

F(-I, -1); F(O, -1); F(l, -1) 

An application of basic operations to the row or to the matrix is re
duced to an application of these operations to every element of the 
row or of the matrix, respectively. 

Now consider realizations of functions of one variable. Table I 
contains all 3s=27 functions of one variable. 

Note that f-a= -fa=]a. Further, the majority operation x/::"y/::"z 
is a self-dual function in three-valued logic, i.e., 

Hence, it is sufficient to consider the functions with positive indexes 
only because the networks realizing the functions with negative 
indexes may be obtained from the networks realizing the functions 
with positive indexes by means of inversion of all input variables and 
constants. 

The functionsfo andfl3 are constants. The realizations of all other 
functions of one variable with positive indexes are shown in Fig. 1. 
so that the network of 11 functional elements produces all functions 
of one variable. (Where on Fig. 1 no connection is made, "0" is in
tended.) 

Any function of two variables can be decomposed, as 

where 

UCl(Xl, x.) = IIf;(x2); 1; 111. UjO(Xl, X2) = 1!1;j;(x2); -111 
W(Xl, X2) = 11-1; -1;/kCx2)11· 

Note that Url(Xlo x.) is equivalent to Ujl(Xl, x.) with respect to 
inversion of constants. 

Consider the realizations of the functions Uri (Xl, X2) with differ
ent indexesj. Among them are functions which are equivalent to each 
other with respect to inversion of x •. The realizations of representa
tives of the functions of the type U,-l are given in Table II. 

Thus, all functions of the types U,-I(Xl, x.) and U,,-I(Xl, X2) are 
realizable by two-cascade networks which contain no more than four 
elements. 

Now consider realizations of the different types of the UjO(XI, X2). 
There are ten different types of the U;O(Xl, X2) exact up to inversion 
of variables and constants. Their realizations are given in Table III. 

Hence, all types of the functions of two variables except possibly 

A _II F(-l~ 1) _~ 
F(-I, -1) 1 

F(l'l 1) II 
F(l, -1) 
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Transposing all terms to the left side produces the problem in the 
desired form; namely, find a vector W=(Wll, Wl2, WlS, W14, ... , 
Wn, W'2, W43, w,,) such that 

where B' is the matrix of coefficients of the above inequalities. 

Networks Composed of Ternary Majority Elements 

V. VARSHAVSKY AND B. OVSIEVICH 

SUMMARY 

Some methods of synthesis of networks composed of ternary 
majority elements such as the three-stable-state parametron or twin 
are studied. It is shown that three-place majority operation and 
diametrical negation (negation in the strong sense) with constants 
are functionally complete in three-valued logic. Classes of functions 
of two variables are studied for which networks realizing them con
tain no more than three cascades. This provides a possibility' of 
realizing these functions in one full time unit in the case of three
cycle excitation. Methods of synthesis are developed for the networks 
which realize functions of an arbitrary number of variables. These 
methods are based on the excluding of one or several variables 
simultaneously. Considerations are proposed on the order of the 
excluding variables. Methods of majority decomposition of functions 
of three-valued logic are developed. 

INTRODUCTION 

At the present time many attempts to build ternary automatic 
and control systems are being made. The question arises whether 
such systems have some advantages in comparison with those of 
binary ones. The solution of this problem can not be provided without 
detailed analysis of ternary networks and a general comparison with 
binary ones. 

Interest in ternary networks is no longer only academic since 
the appearance of three-stable-state elements which are equivalent in 
their complexity of construction to two-stable-state elements. In 
particular, a three-stable-state parametron is such an element. 

The threshold properties of the parametron provide natural rea
sons for using it as a threshold element also in the three-stable-state 
case. 

Properties of ternary threshold functions were studied in Bogo
lubov and Varshavsky [1], Hanson [2], and Merrill [3]. In many 
cases, however, a general threshold conception is technically unrea
sonable. From the practical point of view, it seems to be more con
venient to have in design only identical elements with a limited num
ber of inputs and equal weights of all inputs. Networks of such ele
ments were studied in Varshavsky [4]. In the present paper we intend 
to continue these investigations. 

1) The three-place operation on variables x, y, 11 which assume 
values -I, 0, 1 defined as 

1
1 ifx+y+z~1 

xb.yb.z= 0 ifx+y+z=O 
-1 ifx+y+z~-1 

(1) 

we shall call a ternary majority operation. The operation of diametri
cal negation x= -x we shall call inversion. 
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The ternary majority operation, negation, and constants 1 and 
o are functionally complete in three-valued logic. In order to prove 
completeness, it is sufficient to show that the functions max (x, y), 
min (x, y), and 

( ~ I, if x = <T 
fir x) = 

-I, if x;;t. <T 

may be expressed in terms of xb.yb.z and x (together with the con
stants) [5], [6]. Note that min (x, y) -max(x, y). 

Further, 

a) i-I (x) = x b. x b. - 1 

b) ft(x) = x b. x b. - 1 

c) io(x) = i_leX) b.!I(X) b. - 1 

d) max (x, y) = (x b. y b. - 1) b. x b. 1. 

The correctness of these expressions which can be established by 
substitution of different values of x and y proves the completeness. 

2) Functions of one variable we shall write as a row 

F(x) = II F( -1); F(O); F(1)1I 

and functions of two variables as a matrix 

I 
F(-I, 1); F(O, 1); F(I, 1) II 

F(xl, X2) = F(-I, 0); F(O, 0); F(I, 0) . 

F(-I, -1); F(O, -1); F(l, -1) 

An application of basic operations to the row or to the matrix is re
duced to an application of these operations to every element of the 
row or of the matrix, respectively. 

Now consider realizations of functions of one variable. Table I 
contains all 3s=27 functions of one variable. 

Note that f-a= -fa=]a. Further, the majority operation xb.yb.z 
is a self-dual function in three-valued logic, i.e., 

Hence, it is sufficient to consider the functions with positive indexes 
only because the networks realizing the functions with negative 
indexes may be obtained from the networks realizing the functions 
with positive indexes by means of inversion of all input variables and 
constants. 

The functionsfo andfl3 are constants. The realizations of all other 
functions of one variable with positive indexes are shown in Fig. 1. 
so that the network of 11 functional elements produces all functions 
of one variable. (Where on Fig. 1 no connection is made, "0" is in
tended.) 

Any function of two variables can be decomposed, as 

where 

UCl(Xl, X2) = IIf;(x2); 1; 111. UjO(Xl, X2) = 1I1;j;(x2); -111 
W(Xl, X2) = 11-1; -1;!k(x2)11· 

Note that Uri (Xl , X2) is equivalent to U;I(Xl. x.) with respect to 
inversion of constants. 

Consider the realizations of the functions Uri (Xl, X2) with differ
ent indexesj. Among them are functions which are equivalent to each 
other with respect to inversion of X2. The realizations of representa
tives of the functions of the type U;-l are given in Table II. 

Thus, all functions of the types U,-I(Xlo X2) and Uk-l (Xl, x.) are 
realizable by two-cascade networks which contain no more than four 
elements. 

Now consider realizations of the different types of the U,o(XI, X2). 
There are ten different types of the Ul(Xl, X2) exact up to inversion 
of variables and constants. Their realizations are given in Table III. 

Hence, all types of the functions of two variables except possibly 

F(-I, 1) 0 F(l, 1) II 
o -1 1 

F(-I, -1) 1 F(l, -1) 
A = II 



1965 SHORT NOTES 731

TABLE I

x fn1 f1-2 f-11 f-1o f-9 f..8 f-7 f-6 f-s f-4 fjs f-2 f-1 ft fl 12 ft 14 Is 1, f, f8 fs fit nfii J fIa

--1 0 1 -1 0 1 -1 0 1 -1 0 1 -1 0 1 -1 0 1 -1 0 1 -1 0 1 -1 0 1

0-_1-1- 0 0 0 1 1 1 -1 -1 -1 0 0 0 1 11 -1 -1 -1 0 00 1 1 1

1 -1 -1 -1 -1 -1 -1 -1 -1 -1 ~~~~~00 0 0 0 0 0 00 1 1 1 11 1 1 1

A= 1 1 1 A 0 -1 -1 AL -1 -1 1

F(- 1, -1) 1 1 1 1 -1 -1 -1 F(1, -1)

where the first and the third matrices were shown to be realizable
by two-cascade networks and the second is presentable, as

Fig. 1. Network generating all functions of one variable. 1 0 1~

TABLE II 1 lii1
_________ ________________________________-The realizations of some special kinds of the matrices of the
i ~~~~~Realizations Equivalent type B may be suggested in the similar way. We could not find two-

13 - cascade realizations only for functions of the types:

12 (XtA t2A1)AILA0 -1 1 10 1 -1 0 1 -1

I11 (XtA X A1) A(XIA -tA 1) Al 5 1- - 1- 1

10 (XI 2AX2A)AL t2 A1 - 1-1 0 1-

9 (xt A 1 A 0) A (t2 A - 1 A 0) A II The number of functions represented by these types is 18. It should

8 (xi A 1 A 0) A (zt A 1 A 0) A i2 - be noted that the total number of the functions of two variables is

7 (xoAxtAxt)A(xtAi~~~~~oA~~t)Al - -~ 3~19683.
-~~~~ 6 --~~~~~~~~~~3) Now we consider methods of the synthesis of networks which

6 (xi AX2A0) A(xiA 12A t2) A -I-2 realize functions of an arbitrary number of arguments. At first, we

5 (xi A 1 A 0) A (xt A 1 A 0) A (;i2 A;i2 A - ) 11 consider a method of synthesis by sequential excluding of variables.
3 (XI AlI A 0) A (X2 A X2 Al1) A t2- To exclude one variable, we shall use the representation which

2 (zoAxtAl) AGttAtAl) A(xoAl AO) -6 we have already met in the synthesis of networks realizing functions

0 xoAlAO - - ~~~~~~~~~oftwo variables. Every function of three-valued logic can be pre-
0__ xi__ __I__ ___A O__ _- -sented, as

-
3 (xitAxi A0) A (x2A I A 0) Al - F(xt, Y) = fF(- 1, Y); F(0, Y); F(1, Y)jJ = JIF(-1, F); 1; ifl

-43 (XI A Xt AO) A (xi A-t2 Al0) Al -Ij1F0 ) il ~-;-;(,Y1

7 (XItA-t2A0) A (xi AxiA1)A(lt±A 1
-1 =[(xi A1A0) A(xi A 1A0) AF(-1, Y)]

-1 (xitAxi Al1) A (x2AxA2l ) A t21 - A [,lA 91A F(0, Y)I

-13 xtAxtAl ~~~~~~~~~~~~~~~~~~~~~~~A[(xsAI1AO0)A(xiA1A ) A F(1,Y)]. (3)
-_______ ______________________ _________-A network corresponding to (3) is presented in Fig. 2.

Now consider a joint co-excluding of two variables. Let it be neces-

TABLE III sary to exclude variables xi and x2. We define other arguments of the
____ ___________________________________ ____________ function as Y. Functions which are obtained from F(xt, X2, . X.~)
j ~~~~~~Realizations Equivalent to by substitution of xt = qt and x2 = q2 into it we shall define as F(ql, q2).

13 -tiA tiAl -13 Function F(x1, X2, Y) can be presented, as

12 (ht2Al AO0) A;ti A±t 4, -4, -12f 1 1 1 1 1 F (1, 1)
I11 (ht tA LsA) ;1A-tAIhs s-5s-it F(xi,X2, Y)= 1I A 1 F(1, 1) -1I

10 (isAiL t2 A -I) A(Gih A _i tAz2) AGIA±1 i; Al) -10 1 1 F(l1,1) F(1, 1) -1 -1

9 (21 A hiA 1) A (ht2A -IA0)ALhti 1 -1 -9 1 F(12,0) -1

5 htlA htALhs -s AI F(12,0)
3 (;tlAzht2A1) A (;tlA AL )A-L -3 1 1 1

h,_ F(-1, 1) -1 -1

6 is not realizable by two-cascade network 2, -2, -6 A 1 -1- F(-1, 0) 1 -1

7 is not realizable by two-cascade network -7 1 - -11 F(-1, 0) -1
1 1 ~~~~F(-1, -1)
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TABLE I 

:c 1-13 1-12 I-ll I-to ~!.=-~~ I~ I~I!.=J~ ------
-1 -1 0 1 -1 0 1 -1 0 1 -1 0 1 
------ ------1---o -1 -1 -1 o 0 0 1 1 1 -1 -1 -1 
------ ------------------

1 -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 0 

Fig. 1. Network generating all functions of one variable. 

TABLE II 

Realizations Equivalent 
to 

-----1-------------------------
13 

12 (Xl 6 X2 6 1) 6 1 60 4 

11 (Xl 6 x, 6 1) 6 (Xl 6 x, 61) 6 1 - 5 
----1------------------------1------

10 (Xl 6X2 6 x,) 6x, 61 
---·1---------------1-------

9 (Xl 6 1 60) 6 (x, 6 - 1 6 0) 6 1 
--------

8 (Xl 6 1 6 0) 6 (Xl 6 1 6 0) 6 x, - 8 
-----------

(Xl 6 x, 6 :C2) 6 (Xl 6 x, 6 x,) 6 1 

6 (Xl 6 x, 6 0) 6 (Xl 6;;;2 6 x,) 6 1 - 2 
-----,-------------------------------------

5 (Xl 61 60) 6 (Xl 61 60) 6 (x, 6 x, 6 - 1) -11 

3 (Xl 6 1 6 0) 6 (x, 6 X2 6 1) 6 x, 

~--2-1 (Xl 6 Xl 6 1) 6 (x, 6 i2 6 1) 6 (X2 6 1 6 0) - 6 

o Xl 6 160 
-----1------------------- -------

- 1 (Xl 6 Xl 6 1) 6 (,to 6 I 60) 6 0 - 9 
--------1-----------------------

- 3 (Xl 6 X2 6 0) 6 (Xl 6 X2 6 0) 6 1 
-----------------------.-----------

- 4 (Xl 6 x, 6 0) 6 (Xl 6 Xl 6 1) 6 1 -12 
-----1-------

7 (Xl 6 Xl 6 1) 6 (x, 6 X2 6 1) 6 (i2 6;;;2 6 1) 

-10 

-13 x16x161 
----'--------------------------------

j 
----

13 
----

12 

II 
--

to 

9 

8 

3 

0 

6 

7 

and 

TABLE III 

Realizations 

x16x161 

(x261 60) /';. Xl D..;fI 

(x, 6 x, 6 1) 6 Xl 6 Xl 

(x, 6 X2 6 - 1) 6 (Xl 6 Xl 6 X2) 6 (Xl 6 Xl 61) 

(Xl 6 'VI 6 1) 6 (X2 6 - 1 60) 6 Xl 

Xl .6 Xl .6 X2 

(i1 6 X2 6 1) 6 (Xl 6 X2 6 1) 6 - 1 

Xl 

is not realizable by two-cascade network 

is not realizable by two-cascade network 

II 
F(-l, 1) 

B = F(-l,O) 

F(-l, -1) 

-1 
F(l, 1) II 
F(1,1_ 1) 

Equivalent to 

-13 

4. -4, -12 

5, -5, -11 
-------

-10 

1, -1, -9 

-8 

-3 

-
2, -2, -6 

-7 

are realizable by networks which contain no more than 13 elements 
in three cascades. 

Any function of the type A can be decomposed, as 

1-1 10 j, j, I. f< I. I, IT Is j, Ito III Ita I" 
-1 0 1 -1 0 1 -1 0 1 -1 0 1 -1 0 1 

0 0 0 1 1 1 -1 -1 -1 0 0 0 1 1 1 

0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 

A = 1 1 1 [:, ° -1 -1 [:, -1 -1 1 II F(-l, 1) 1 111 11 ° -111 11-1 -1 F(l, 1) II 
F(-l, -1) 1 1 1 1 -111 -1 -1 F(l, -1) 

where the first and the third matrices were shown to be realizable 
by two-cascade networks and the second is presentable, as 

11
1 0-1 

° -1 -1 
1 1-1 

The realizations of some special kinds of the matrices of the 
type B may be suggested in the similar way. We could not find two
cascade realizations only for functions of the types: 

1 -1 l' 1 -1 l' 1 -1 1 11 -1 1 -1 II II ° 1 -1 II I ° 1 -1 II 
-1 1 -1' -1 1 -1' ° 1 -1 . 

The number of functions represented by these types is 18. It should 
be noted that the total number of the functions of two variables is 
332 =19683. 

3) Now we consider methods of the synthesis of networks which 
realize functions of an arbitrary number of arguments. At first, we 
consider a method of synthesis by sequential excluding of variables. 

To exclude one variable, we shall use the representation which 
we have already met in the synthesis of networks realizing functions 
of two variables. Every function of three-valued logic can be pre
sented, as 

F(xI, Y) = IIF(-l, Y)j F(O, V); F(l, y)/I = /IF(-l, V); 1; 1/1 
[:, /11; F(O, V); -1/1 [:, /I -1; -1; F(l, y)1I 

= [(Xl [:, 1[:' 0) [:, (Xl [:, 1 [:, 0) [:, F( -1, Y)] 

[:, [XI[:, x, [:, F(O, Y)] 

[:, [(Xl [:, - 1[:' 0) [:, (Xl [:, - 1[:' 0) [:, FCl, V)]. (3) 

A network corresponding to (3) is presented in Fig. 2. 
Now consider a joint co-excluding of two variables. Let it be neces

sary to exclude variables Xl and X2. We define other arguments of the 
function as Y. Functions which are obtained from F(XI, X2, ••• , Xn) 
by substitution of Xl = q, and X2 = q2 into it we shall define as F(q!, q,). 

Function F(xl, X2, Y) can be presented, as 

'11" I 
11
6

11 F(i, I) 
1 F (1, 1) 

II 
F(XI, X2, Y) = l 1 1 1 F(l, 1) -1 

1 1 F(l, -1) -1 -1 

[:'11 
F(l,O) -1 

III 

1 F(l,O) 

1 1 

III 

F(-l,l) -1 -1 

11[:'11 
-1 -1 -1 

II 

[:, -1 -1 -1 F(-l,O) -1 -1 

-1 -1 -1 1 FC-1,0) -1 

611 
1 1 F(-~:-I) III 1 F(-1, -1) 

FC-1, -1) -1 

III -I -I F(O,O) II r F(O, I) 
1 

II 

[:, -1 F(O, 0) 1 6 -1 -1 F(O, 1) 

F(O, 0) 1 1 -1-1 -1 

[:'11 
1 1 

III· 
F(O, -1) 1 (4) 

-1 F(O, -1) 1 
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TABLE I 

" l..:t. 1-12 1-11 1-10 I-I I-a 1-7 1-. 1-'> ~I~I~ --------
-1 -1 0 1 -1 0 1 -1 0 1 -1 0 1 
--------------------------

0 -1 -1 -1 0 0 0 1 1 1 -1 -1 -1 --------------------------
I -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 0 

Fig. 1. Network generating all functions of one variable. 

TABLE II 

i Realizations Equivalent 
to 

13 1 -

12 (Xl 1:. X, 1:. 1) 1:. 1 1:. 0 4 

11 (Xl 1:. X. 1:. 1) 1:. (Xl 1:. X. 1:. 1) 1:. 1 - 5 

10 (Xl 1:.x. 1:. x.) 1:.;;" 1:.1 -
9 (Xl 1:0. 1 1:. 0) 1:. (x. 1:. - 1 1:. 0) 1:. 1 1 

8 (Xl 1:. 1 1:. 0) 1:. (Xl 1:. 1 1:. 0) 1:. x. - 8 

7 (Xl 1:. X, 1:. X,) 1:. (X, 1:. x, 1:. x,) 1:. 1 -----
6 (Xl 1:. X, 1:. 0) 1:. (Xl 1:. X, 1:. x.) 1:. 1 - 2 

5 (Xl 1:. 1 1:. 0) 1:. (x, 1:. 1 1:. 0) 1:. (x. 1:. x, 1:. - 1) -11 

3 (x, 1:0. 1 1:. 0) 1:. (x. 1:. x, 1:. 1) 1:. x, 
----

j 

13 

12 

11 

10 

9 

8 

3 

0 

6 

7 

and 

2 (Xl 1:. X, 1:. 1) 1:. (x, 1:. x, 1:0. 1) 1:0. (x, 1:0. 1 1:0. 0) 

0 Xl 1:.11:.0 

- 1 (x, 1:0. Xl 1:0. 1) 1:0. (:fo 1:. 1 1:. 0) 1:. 0 

- 3 (x, 1:0. x, 1:. 0) 1:0. (x, 1:. x, 1:. 0) 1:0. 1 

- 4 (Xl 1:0. x, 1:0. 0) 1:0. (Xl 1:0. X, 1:. 1) 1:0. 1 

7 (x, 1:. Xl 1:0. 1) 1:0. (X2 1:0. x, 1:0. 1) 1:0. (X2 1:0. x, 1:0. 1) 

-10 (Xl 1:0. Xl 1:0.1) 1:0. (X2 1:.I:o.X2 1:0.1) 1:. X, 

-13 x, 1:0. Xl 1:.1 

TABLE III 

Realiza tiona 

Xl 1:0. Xl 1:0.1 

(x, 1:0. 1 1:0. 0) 1:0. x, 1:. x, 

(x, 1:. x. 1:. 1) 1:. Xl 1:. Xl 

(x. 1:. X. 1:0. - 1) 1:. (Xl 1:0. Xl 1:. xtl 1:. (Xl 1:. Xl 1:. 1) 

(Xl 1:. Xl 1:. 1) 1:. (x, 1:. - 1 1:. 0) 1:. Xl 

x, 1:. Xl 1:. X. 

(Xl 1:. x, 1:. 1) 1:. (Xl 1:. X, 1:. 1) 1:0. - 1 

Xl 

is not realizable by two-cascade network 

is not realizable by two-cascade network 

II 
P(-I,I) 

B = P(-l,O) 

F(-I, -1) 

-1 

1 

PCl, 1) II 
F(l,l_l) 

-

- 6 

-----
- 9 

-----
-
-12 

-

-
-

Equi valen t to 

-13 

4. -4, -12 

5, -5, -11 

-10 

1, -1, -9 

-8 

-3 

-
2, -2, -6 

-7 

are realizable by networks which contain no more than 13 elements 
in three cascades. 

Any function of the type A can be decomposed, as 

1-1 I. 11 " I. I. I. I, " I. I. 110 111 I" lu 

-1 0 1 -1 0 1 -1 0 1 -1 0 1 -1 0 1 
-------- - - -------- - - ------

0 0 0 1 1 1 -1 -1 -1 0 0 0 1 1 1 
-------- - - -------- - - ------

0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 

II P(-l, 1) 1 111 11 0 -1" 11-1 -1 P(l, 1) II 
A = 1 1 1 6 0 -1 -1116 -1 -1 1 

PC-I, -1) 1 1 1 1 -1 -1 -1 pel, -1) 
where the first and the third matrices were shown to be realizable 
by two-cascade networks and the second is presentable, as 

11
1 0-1 

o -1 -1 

1 1-1 

The realizations of some special kinds of the matrices of the 
type B may be suggested in the similar way. We could not find two
cascade realizations only for functions of the types: 

11 -1 1 -1 II II 0 1 -1 II 1 -1 l' 1 -1 1 . 
-1 1 -1' -1 1 -1 ' 

o 1 -1 II 1 -1 1 . 

o 1-1 

The number of functions represented by these types is 18. It should 
be noted that the total number of the functions of two variables is 
331 = 19683. 

3) Now we consider methods of the synthesis of networks which 
realize functions of an arbitrary number of arguments. At first, we 
consider a method of synthesis by sequential excluding of variables. 

To exclude one variable, we shall use the representation which 
we have already met in the synthesis of networks realizing functions 
of two variables. Every function of three-valued logic can be pre
sented, as 

P(XI, Y) = IIF(-l, Y); F(O, Y); F(l, y)II = IIF(-l, V); 1; II! 

6 I! 1; FeO, V); -III 6 II -1; -1; F(l, y)II 

= [(Xl 6 1 6 0) 6 (Xl 6 1 6 0) 6 F( -1, Y) 1 6 [Xl 6 x, 6 FeO, Y) 1 6 [(Xl 6 - 1 6 0) 6 (Xl 6 - 1 6 0) 6 F(l, Y) 1. (3) 

A network corresponding to (3) is presented in Fig. 2. 
N ow consider a joint co-excluding of two variables. Let it be neces

sary to exclude variables x, and X2. We define other arguments of the 
function as Y. Functions which are obtained from F(xI, X., ..• , Xn) 
by substitution of Xl =q, and x. =q2 into it we shall define as F(q" q2). 

Function P(XI, X., Y) can be presented, as 

fill 1 F(XI, XI, Y) = l 1 1 
1 1 F(I,: -1) II" II F(I~ 1) 

1 F (I, 1) II 
F(l,l) -1 

-1 -1 

"II: F(: 0) F~10) II 

6 [II F( __ i 1) =~ =~ [I 61.1 F(~:' 0) =~ =~ II 
-1 -1 -1 1 F( -I, 0) -1 

"II F(-:, -1) F(-L-l) F(-~'t) III 
6 [1·1 = ~ F~,l 0) F(O, 0) I[ 611 = ~ F~'11) F~O, 1) II 

F(O,O) -1 -1 -1 

611 F(0,1_ 1) ~ ~1 III· 
-1 F(O, -1) 

(4) 
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7 (-1 , (0,)\ 7)(1,0)

) (i-)- 7- I,(0,-I(00 (01) 1.0) 1 7(1,-

Z1

Fig. 2. Excluding of one variable.

A network corresponding to (4) is shown in Fig. 3. Not to overload
the paper with a detailed proof, we give only a network by which l'
three variables can be excluded (Fig. 4).

As for the realization of all functions of one variable, no more than Fig. 3. Excluding of two variables.
17 elements in two cascades are required, any function of four argu-
ments is realizable by no more than 79 elements in six cascades, and
any function of three arguments is realizable by no more than 39
elements in five cascades.

In most practical cases it is often possible to synthesize networks
with a considerably lower number of elements. For example, the sum

X

by modulo 3 of two variables is realized as

0 1 -1
-1 0 1 =(xi Ax2A 0)A (xi G AxlL x2)A (xA2 A x2/ XI)-)

1 -1 0

In synthesizing, the order of excluding variables often appears to L_-
be essential. In synthesizing networks which realize functions of -_________________________________
three and four variables, the number of different orders is relatively
small, especially when two or three variables are simultaneously ex-
cluded; in synthesizing networks of higher complexity, however, the
amount of enumeration rapidly increases.

For the choice of the order of excluding variables, it seems to be a-r
reasonable to use approximate methods which provide the choice of Fig. 4. Excluding of three variables.
an optimal order only, that is, on the average over all the networks.
We consider here one heuristic way. We have no proof for it, but, as
we have shown, it provides considerable simplification of networks. Methods of the functional decomposition were studied by many
The general idea of this method is the following: the first to be ex- authors [7]-[9]. In Varshavsky [10], necessary and sufficient condi-
cluded are those variables that bear the greatest amount of informa- tions of decomposability of functions of three-valued logic have been
tion about the function. developed. If the given function is decomposable, the representation

The probabilistic scheme is associated with a function. The of the function in form (5) considerably simplifies its realization. In
appearance of every constituent is of equal probability here. In this this case, it is natural first of all to exclude a decomposition com-

case every variable takes on any of its values with the probability ponent.I
1/3. The entrophy of the function F(xi, X2, * * X0) of three-valued It is often convenient to reduce the problem of synthesis to solving
logic can be calculated, as a system of linear inequalities. In this case, the desirable configura-

o'(Tj) 0(TM) .tion of the network may be chosen in advance.
H(F)=-0ilog ( j -1, 0, 1, Consider this approach in the example of synthesizing the sum-

j 3n 3n mator modulo 3 for three variables. The function is defined by
where Tj is the set of n tuples of arguments where the function takes Table IV. We shall search the realization of chis function in the form
on the value j, and o(Tj) is the cardinal number of Tj.

The mean conditional entrophy of the function F with respect to F(xi, x, X), X4) = f' A,h Af3 (6)
its argument x, can be calculated as where

H(F/x,) = -
I F ua(Tfir Si) log)3cr i S=f2(imo, ml)
3n i n1f =f(O 2

where Si is the set of n tuples of arguments with x8=i, i= -1, 0, 1. fs = f3(mO, M3)
The amount of information the variable x8 contains about the and

value of the function F is
mO =0Ac/X2 A\ X3

I(x8, F) = H(F) - II(F/ x.). mO xl A x2 A X3
,M. = -i A X. A X)

These data can be calculated in the same way for both completely in2 = xl A x2 A\ X3
and incompletely defined functions.

4) For some functions networks realizing them can be syn- m) = xl A\ x2 A\ X^3
thesized by using methods of functional decomposition. A function Expression (6) may be considered as an equation where fi, j'O, andf)
F(xi, x>, * - , x0) is said to possess a disjunctive decomposition if it are unknown.
can be represented in the form Define the values of the functions fi, f2, and f3 are tuples of fixed

F(xo, x2, * * , xn) = G[f(zs, x2, * * , xe), xclXk+,X±2, * * *, x0] (5) values of ma0, inl, in, and in3, as

where {xl, x2, * , xa} and {Xk+1, Xk+), * * *, x are nonoverlapping
subsets of the set of arguments of the given function. 'Tbe decomposition component isf(x,, X2, * , xk) in (5).
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Fig. 2. Excluding of one variable. 

A network corresponding to (4) is shown in Fig. 3. Not to overload 
the paper with a detailed proof, we give only a network by which 
three variables can be excluded (Fig. 4). 

As for the realization of all functions of one variable, no more than 
17 elements in two cascades are required, any function of four argu
ments is realizable by no more than 79 elements in six cascades, and 
any function of three arguments is realizable by no more than 39 
elements in five cascades. 

In most practical cases it is often possible to synthesize networks 
with a considerably lower number of elements. For example, the sum 
by modulo 3 of two variables is realized as 

11-: _ ~ -~ II ~ i .. ",," 0) " if, " i, " .,) " if, " '. " ,J. 

In synthesizing, the order of excluding variables often appears to 
be essential. In synthesizing networks which realize functions of 
three and four variables, the number of different orders is relatively 
smaIl, especiaIly when two or three variables are simultaneously ex
cluded; in synthesizing networks of higher complexity, however, the 
amount of enumeration rapidly increases. 

For the choice of the order of excluding variables, it seems to be 
reasonable to use approximate methods which provide the choice of 
an optimal order only, that is, on the average over all the networks. 
We consider here one heuristic way. We have no proof for it, but, as 
we have shown, it provides considerable simplification of networks. 
The general idea of this method is the foIlowing: the first to be ex
cluded are those variables that bear the greatest amount of informa
tion about the function. 

The probabilistic scheme is associated with a function. The 
appearance of every constituent is of equal probability here. In this 
case every variable takes on any of its values with the probability 
1/3. The entrophy of the function F(Xl, X2, ••• , Xn) of three-valued 
logic can be calculated, as 

( ) " u(Tj) u(Tj) 
H F = - £...., -- loga --

j 3" 3" 
j = - 1,0,1, 

where Tj is the set of n tuples of arguments where the function takes 
on the valuej, and u(Tj) is the cardinal number of Tj. 

The mean conditional entrophy of the function F with respect to 
its argument x. can be calculated as 

1 u(T/'IS.) 
H(F/x.) = - - L L u(TjIlSi) loga---'---'----'.:.. 

3" i j 3,,-1 

where Si is the set of n tuples of arguments with x,=i, i= -I, 0,1. 
The amount of information the variable x, contains about the 

value of the function F is 

l(x" F) = H(F) - H(F/x.). 

These data can be calculated in the same way for both completely 
and incompletely defined functions. 

4) For some functions networks realizing them can be syn
thesized by using methods of functional decomposition. A function 
F(Xl, X2, ••• , x,,) is said to possess a disjunctive decomposition if it 
can be represented in the form 

F(XI, X2, ••• ,x") = G[j(Xl, X2, ••• ,Xk), Xk+h Xk+2, ••• , x.] (5) 

where {Xl, X2, ••• ,Xk I and {Xk+l' Xk+2, ••• ,x" I are nonoverlap ping 
subsets of the set of arguments of the given function. 

C===========i=======~±:~ 
Fig. 3. Excluding of two variables. 

Fig. 4. Excluding of three variables. 

Methods of the functional decomposition were studied by many 
authors [7]-[9]. In Varshavsky [10], necessary and sufficient condi
tions of decomposability of functions of three-valued logic have been 
developed. If the given function is decomposable, the representation 
of the function in form (5) considerably simplifies its realization. In 
this case, it is natural first of all to exclude a decomposition com
ponent. l 

I t is often convenient to reduce the problem of synthesis to s')lving 
a system of linear inequalities. In this case, the desirable configura
tion of the network may be chosen in advance. 

Consider this approach in the example of synthesizing the sum· 
mator modulo 3 for three variables. The function is defined by 
Table IV. We shaIl search the realization of chis function in the form 

where 

and 

/1 = h(ma, ml) 

h = h(ma, m2) 

fa = !a(ma, rna) 

rna = Xl 1::;. X2 1::;. Xa 

ml = Xl 1::;. X2 1::;. Xa 

m2 = Xl 1::;. X2 1::;. Xa 

ma = Xl 1::;. X2 1::;. xa. 

(6) 

Expression (6) may be considered as an equation where /1, j2, and ja 
are unknown. 

Define the values of the functions jl, j2, and ja are tuples of fixed 
values of mo, ml, m2, and ma, as 

I The decomposition component is/(x •• X2 ••••• Xk) in (5). 
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A network corresponding to (4) is shown in Fig. 3. Not to overload 
the paper with a detailed proof, we give only a network by which 
three variables can be excluded (Fig. 4). 

As for the realization of all functions of one variable, no more than 
17 elements in two cascades are required, any function of four argu
ments is realizable by no more than 79 elements in six cascades, and 
any function of three arguments is realizable by no more than 39 
elements in five cascades. 

In most practical cases it is often possible to synthesize networks 
with a considerably lower number of elements. For example, the sum 
by modulo 3 of two variables is realized as 

11-: _ ~ -~ II ~ i .. ",," 0) " if, " i, " .,) " if, " '. " ,J. 

In synthesizing, the order of excluding variables often appears to 
be essential. In synthesizing networks which realize functions of 
three and four variables, the number of different orders is relatively 
smaIl, especiaIly when two or three variables are simultaneously ex
cluded; in synthesizing networks of higher complexity, however, the 
amount of enumeration rapidly increases. 

For the choice of the order of excluding variables, it seems to be 
reasonable to use approximate methods which provide the choice of 
an optimal order only, that is, on the average over all the networks. 
We consider here one heuristic way. We have no proof for it, but, as 
we have shown, it provides considerable simplification of networks. 
The general idea of this method is the foIlowing: the first to be ex
cluded are those variables that bear the greatest amount of informa
tion about the function. 

The probabilistic scheme is associated with a function. The 
appearance of every constituent is of equal probability here. In this 
case every variable takes on any of its values with the probability 
1/3. The entrophy of the function F(Xl, X2, ••• , Xn) of three-valued 
logic can be calculated, as 

( ) " u(Tj) u(Tj) 
H F = - £...., -- loga --

j 3. 3· 
j = - 1,0,1, 

where Tj is the set of n tuples of arguments where the function takes 
on the valuej, and u(Tj) is the cardinal number of Tj. 

The mean conditional entrophy of the function F with respect to 
its argument x. can be calculated as 

1 "" u(T/l Si) H(F/x.) = - - £...., £...., u(TjI\S,) loga-'--3-'--~ 
3". i n-I 

where S, is the set of n tuples of arguments with x.=i, i= -1, 0,1. 

C===========i=======~±:~ 
Fig. 3. Excluding of two variables. 

Fig. 4. Excluding of three variables. 

Methods of the functional decomposition were studied by many 
authors [7]-[9]. In Varshavsky [10], necessary and sufficient condi
tions of decomposability of functions of three-valued logic have been 
developed. If the given function is decomposable, the representation 
of the function in form (5) considerably simplifies its realization. In 
this case, it is natural first of all to exclude a decomposition com
ponent. l 

I t is often convenient to reduce the problem of synthesis to sJlving 
a system of linear inequalities. In this case, the desirable configura
tion of the network may be chosen in advance. 

Consider this approach in the example of synthesizing the sum· 
mator modulo 3 for three variables. The function is defined by 
Table IV. We shaIl search the realization of chis function in the form 

where 

/1 = /1 (mo, ml) 

h = h(mo, m2) 

fa = /a(mo, ma) 

(6) 

The amount of information the variable x. contains about the and 
value of the function F is 

l(x" F) = H(F) - H(F/x,). 

These data can be calculated in the same way for both completely 
and incompletely defined functions. 

4) For some functions networks realizing them can be syn
thesized by using methods of functional decomposition. A function 
F(Xl, X2, ••• , x,,) is said to possess a disjunctive decomposition if it 
can be represented in the form 

F(Xl, X2, ••• ,x.) = Gfj(Xl, X2, ••• ,Xk), Xk+l, Xk+2, ••• , x.] (5) 

where {Xl, X2, ••• ,Xk I and {Xk+l' Xk+2, ••• ,X. I are nonoverlap ping 
subsets of the set of arguments of the given function. 

mO = Xl 1:. Xz 1:. x. 

ml = Xl 1:. Xi 1:. Xa 

m2 = Xl 1:. X2 1:. Xa 

ma = Xl 1:. X2 1:. xa. 

Expression (6) may be considered as an equation where /1, /2, and f. 
are unknown. 

Define the values of the functions fl' f2, and fa are tuples of fixed 
values of mo, ml, m2, and ma, as 

'The decomposition component is/(x •. x, . .... Xk) in (5). 
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TABLE IV

x1 -1 0 1 -1 0 1 -1 0 1
Xs

X2 -1 -1 -1 0 0 0 1 1 1

-1 0 -1 1 - 0 -1 0 1
0 1 -1 0 -1 0 1 0 1 -1

-1 0 1 0 1 -I 1 -1 0

X2./\ \

a2 a3 a4

fi(mo,ms) = a-, ao a,

a-4 a-3 a-2

b2 bs b4 Fig. 5. Summator modulo 3.

f2(mO,m2) = b- bo b1
b-4 b-3 b2i It should be noted that a summator realizing the sum modulo 3

of three variables and generating a carryover may be designed of 11

f3(mo, M3)Cl1 co C4 elements and three delays using a number of informal considerations
fs(ms,m3) = 6_ co clC . (Fig. 5).

C_4 CG3 CG2
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a-3+bs +cO = 0
ao + bo +co = 0 (7)
a3 +b-3+co = 0

ao +b5 + c-3 = 0
a3 +bo +c-s= 0

a-2 +bo +C4 > 1 "Ideally Fast" Decimal Counters with Bistables
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I. SUMMARY
al +b^1 +C4 <-1
a-2 + b4 + C-2 > 1 The counting speed is taken as the most important factor in the
a4 + b, + C-2 >

selection of decimal counter logical arrangements. Decimal counter
arrangements with the counting speed equal to that of the basic

al + b4 + Cl -1 bistable, termed "ideally fast," are considered. The methods for
a4 + b-2 + C2> 1 making "ideally fast" counting logics are outlined. A number of
a4 + b1 + C4 <-1 "ideally fast" decimal counter arrangements with weighted and un-

a4 + b4 + C4 = O weighted codes are presented and their features are discussed.

The system (7) has the following solution: II. INTRODUCTION

To perform aperiodic counting in a scale of N it is necessary to
' ~~~have a device or circuit which is capable of existing in any one of N= = =as 1u2 = C~= a5 = b3= C~ = 1different stable states and which at the occurrence of an input pulse

a1 -=bs=c1= as= bs=cG2=a3 = b3= C3=-1; steps from one state to the next in a cyclical sequence. A set of M

then bistable circuits assembled with decision elements in such a manner
that the set as a whole can exist in N<2M stable states is usually used= (ns o3~ A0)(is Am~ Pl) A(01 A i~ ~)when the counting iS performed by means of circuits. A decimal
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TABLE IV 
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b. 
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C1 
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I -I 
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Developing (6) for every tuple of the fixed values of Xl, X2, X3, and 
X" we obtain the system of logical equations. This system, taking 
into account the definition of ternary majority operation, is equiv
alent to the foIIowing system of linear inequalities: 

a_.+L,+,-.= -0 

a_. + b_1 + C_1 ~ 1 

a_. + bi + C2 ~ - 1 

a_I + b_. + C_l 2 1 

a_. + b-4 + C2 ~ - 1 

a2 +L.+C2 ~-1 

a_I + b_1 + '-. ~ 1 

a_. + bl + '-4 ~ - 1 

a. + b_. + '-. ~ - 1 

a2 + b2 + c_. ~ - 1 

a-a + bo + C3 0 

ao +La+ca 0 

a_a + b3 + Co 0 

ao + bo +co 0 

aa + b_3 + Co 0 

ao +ba +C-3 = 0 

as +bo +C-3 = 0 

a-2 + bo + c. 2 
a_2 + b. + c. ~ 1 

a. + b_2 +c. ~ 
al +b1 +C4 ~ -1 
a-2 + b. +C-2 ~ 1 

a. +b. +C-2~ 1 
a1 + b. +C1 ~ -1 
a. + L 2+c_2 ~ 1 
a. +bl + C. ~ -1 
a, + b. +c. 0 

The system (7) has the foIIowing solution: 

then 

a_. = b_. = '-. = ao = bo = Co = a. = b. = c. = 0, 
~=~=~=~=~=~=~=~=~=1 

al = bl = Cl = a2 = b. = C2 = a3 = b, = c, = - 1; 

It = (mo /::,. iiil /::,. 0) /::,. (ml /::,. ml /::,. iiio) /::,. (iii1 /::,. iii1 /::,. iiio) 

j. = (mo /::,. iii2 /::,. 0) /::,. (m2 /::,. m2 /::,. iiio) /::,. (iii2 /::,. iii2 /::,. fiio) 

h=~/::"./::"0/::"~/::"~/::"~/::"~/::"~/::"~ 

and the final network requires 17 elements in four cascades. 

(7) 

Fig. 5. Summa tor modulo 3. 

It should be noted that a summa tor realizing the sum modulo 3 
of three variables and generating a carryover may be designed of 11 
elements and three delays using a number of informal considerations 
(Fig. 5). 
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selection of decimal counter logical arrangements. Decimal counter 
arrangements with the counting speed equal to that of the basic 
bistable, termed "ideally fast," are considered. The methods for 
making "ideally fast" counting logics are outlined. A number of 
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Developing (6) for every tuple of the fixed values of Xl, X2, X3, and 
X" we obtain the system of logical equations. This system, taking 
into account the definition of ternary majority operation, is equiv
alent to the foIIowing system of linear inequalities: 

a_.+L,+,-.= -0 

a_. + h_l + C_l ~ 1 

a_. + bi + C2 ~ - 1 

a_I + h_. + C_I 2 1 

a_. + b-4 + C2 ~ - 1 

a2 +L.+C2 ~-1 

a_I + b_ I + '-. ~ 1 
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a_2 + h. + c. ~ 1 
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ai + bi + C4 ~ - 1 

a-2 + h. + C-2 ~ 1 

a. + h. + C_2 ~ 1 

al + h. + Cl ~ - 1 

a, + h_2 + C_2 ~ 1 

a. + hI + C, ~ - 1 j 
a. + b, + c. = 0 

The system (7) has the foIIowing solution: 

then 

a_. = b_4 = c_. = ao = bo = Co = a. = b. = c. = 0, 
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a, = b, = c, = a2 = h2 = C2 = aa = ha = Ca = - 1; 
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and the final network requires 17 elements in four cascades. 

(7) 

Fig. 5. Summa tor modulo 3. 
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of three variables and generating a carryover may be designed of 11 
elements and three delays using a number of informal considerations 
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