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Abstract 
In this paper a piecewise-dependent-data (PDD) clustering 

algorithm is presented, and a proof of its convergence to a local 
minimum is given. A distortion measure-based model represents 
each cluster. The proposed algorithm is iterative. At the end of each 
iteration, a competition between the models is performed. Then the 
data is regrouped between the models. The “movement”  of the data 
between the models and the retraining allows the minimization of 
the overall system distortion. The Kohonen Self-Organizing Map 
(SOM) was used as the VQ model for clustering. The clustering 
algorithm was tested using data generated from four generators of 
Continuous Density HMM (CDHMM). It was demonstrated that the 
overall distortion is a decreasing function. 

 

1 Introduction 
 
Many time signals can be viewed as time-dependent-data, e.g. speech signals, bio-
signals, seismic signals, etc. In these, a signals dependence exists between 
consecutive samples or frames (e.g., the same speaker or the same sleep stage). 
Most of the clustering algorithms described in the literature are static [1]-[3]. This 
means that dependence between consecutive vectors is not taken into account. 
Although, several algorithms exist for clustering of piecewise-dependent-data [4]-
[8], no theoretical proofs of convergence have been provided. The objective of this 
research is to present a piecewise-dependent-data algorithm. This paper is divided 
as follows: a multi-VQ-based iterative algorithm is presented in section 2. In 
section 3 a convergence of the iterative algorithm is proven for the minimal 
distortion sense. The results of an experiment using Kohonen SOM [9] as a VQ 
algorithm for the cluster models is presented in section 4. The overlapping 
synthesized database simulates four CDHMM [8] generators. Conclusions are 
given in section 5. 
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2 The VQ-Based Clustering Algorithm 
 
For given piecewise-dependent-data, i.e., a database consisting of distinct segments 
while the vectors in each segment are dependent, the goal is to cluster the input 
data into R  clusters (Fig. 1). We assume that the switching points between non-
dependent segments are known (the switching points refer to the boundary between 
two adjacent segments). The piecewise-dependent-data consists of N  vectors, 
V =

=
vn n N1, ,�

. These vectors are partitioned into M  segments, V Vm=
=m M1, ,�

 

(equation 1) according to the switching points. The segments have to be clustered 
into R  clusters ( R M≤ ), i.e., two vectors that belong to the same segment must 
be clustered to the same cluster. In static algorithms each cluster is usually 
represented by one centroid. In the proposed algorithm each cluster is represented 
by a VQ-based model. For each model a CodeBook (CB) is created. Every CBr

 is 

of size Lr
 and presents the r -th cluster (equation 2). 
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Figure 1. The piecewise-dependent-data clustering algorithm. 
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cr
l

r R l Lr= =1 1, , , ,& & ; 
 is the union of all the Code-Words (CW) that belongs to CBr

. 

The initialization of the algorithm is performed by randomly assigning each of the 
M  segment to the R  codebooks; V r 0 ,  notates the segments that are partitioned to 
CBr

 at the beginning of the algorithm, and each model is trained with its segments. 

After the training, the regrouping process is applied and the models are retrained 
again. After i iterations the partition will be: 
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and the code-books are: 

CB cr
i

r
l i

r R l Lr

=
= =

  

  

,

, , ; , ,1 1( (
 (4) 

Different algorithms such as Kohonen SOM [9], LBG [10], fuzzy C-means [11], 
can be used for VQ training. 
After the retraining the data is regrouped. The reordering of the data is attained by 
finding which CBk

i  best fits every v Vm ∈  according to a given distance measure. 

Thus a new partition, Vr i 1  , +  is produced. 
The system has to be retrained according to the new partition. The convergence 
condition is met when: 

V Vr r,i ,i= +1  (5) 

 

3 Proof of System Convergence 
 
The distance measure can be any measure that meets the conditions that satisfy: 

d x y x y

d x y d y x

d x y d x z d z y

,

, ,

, , ,

≥ =
=
≤ +

0 where equality holds if and only if 
, (6) 

and the VQ algorithm must converge to at least a local minimum [9], [10]. 

After the i -th iteration the partition of the data between the models will be 
according to equation (3), where V r i,  is the data set associated with the r -th 
model at the i -th iteration, and the CBr

 at the i -th iteration is 

CB cr
i

r
l i

r R l Lr

=
= =

,

, , ; , ,1 1) )  
. 
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Let the distance between the m -th vector of the n -th segment that belongs to 
CBq

i−1  ( vm n
q i

,
, −1) and cr

l i,  be d ,m,n
,il r q . Then the distance between vm n

q i
,
, −1  and CBr

i  is: 

d , min d ,m,n
i

, ,
m,n
,ir q r q

l L

l

r

=
=1 *

. (7) 

The distance between vm
q,i 1−  and CBr

i  is: 

D , d ,m
i

m,n
ir q r q

n

nm

=
=

∑
1

, (8) 

and the minimal distance between the segment that belongs to CBq
 at iteration 

i −1  from all the CB s is: 

D min D ,

argmin D ,

m
i

, ,
m
i

, ,
m
i

j r q
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r R

r R

=

= ⇒ =
=

=

−
1

0

+

+
v vm

q,i 1
m
j,i

. (9) 

If after the i -th iteration the overall distance is calculated, the partition before 
regrouping is: 

D D ,i
m
i=

==
∑∑ r r
m

M

r

R r

11

 (10) 

and the distance according to a new partition (after regrouping) is: 

~
D Di

m
i=

==
∑∑ r
m

M

r

R r

11

. (11) 

Because ~
D i −1  is the distance before the i -th retraining and D i  is the minimum 

according to the previous partition after retraining, the next inequality holds: 
~
D D

~
Di i i≤ ≤ −1  (12) 

if 
~
D Di i< . (13) 

This means that there exists at least one segment, v vm
r,i

m
q,i= −1 , whose distances 

are: 

D D ,m
i

m
ir q q<  (14) 

and there exists a CBr
 so that: 

D , D ,m
i

m
ir q q q< . (15) 

In other words, there exists a better partition of V  that gives a lower distance ~
D i . 

If the new partition is chosen, then the previous VQ is not optimal because it was 
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designed with an other partition. It can be seen that from the i -th to i +1 -th 

iteration the overall distance did not increase. The iterative process will stop when 

~D Di i

, ,

+ +

+

=
=

1 1

V Vr i 1 r i
. (16) 

In this case there is no change in the partition between the two consecutive 
iterations. 
 

4 Experiments and Results 
 
In order to test the proposed algorithm a dataset consisting of four clusters was 
created. Each cluster was produced by a CDHMM generator, and consisted of three 
states with two two-dimensional Gausian’s per state. The dataset consisted of 100 
segments, the length of each segment being a random variable that was uniformly 
distributed, U ,5100 . Each model was a Kohonen SOM [9] of size 5 5× . 

Clustering results and the distorsion are shown in Fig. 2 and 3, respectively. 
Although the data overlaps, the models fit the cluster properly. The error was only 
one segment out of a hundred. The segment was short (seven vectors out of 4726). 
An error percentage of only about 0.15% was found. Only five iterations were 
needed for the system to converge.  
 

 
Figure 2. Results of four CHMM clusters. Each subplot presents each model’s data 

(dots) and SOM convergence (+). 
 

5 Conclusions 
 
This paper presented an iterative algorithm for VQ-based PDD clustering. A 
general proof of the convergence of the algorithm was given as well. The 
effectiveness of the proposed algorithm was demonstrated on data generated from 
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four CDHMMs. The models converged correctly to the clusters and the overall 
distortion function decreased. 
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Figure 3. Distortion as a function of the number of iterations for data of 4 CHMMs. 
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