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Abstract—The notion of directed information is intro- the road to a computable characterization of feedback
duced for stochastic processes in continuous time. Proper- capacity; see [7], [8] for examples.
ties and operational interpretations are presented for ths  Dijrected information and its variants also characterize
notion of directed information, which generalizes mutual (via multi-letter expressions) the capacity of two-way
information between stochastic processes in a similar ., onelg and multiple access channels with feedback [2],
manner as Massey'’s original notion of directed information . . . .
generalizes Shannon’s mutual information in the discrete- [9], and the rate distortion fuqctlon W_'th feedforward
time setting. As a key application, Duncan’s theorem is [10]; [11]. In another context, directed information also
generalized to estimation problems in which the evolution captures the difference in growth rates of wealth in horse
of the target signal is affected by the past channel noise, race gambling due toausalside information [12]. This
and the causal minimum mean squared error estimation is provides a natural interpretation dffX"™ — Y™) as
related to directed information from the target signal to the  the amount of information abott™ causallyprovided
observation corrupted by additive white Gaussian noise. by X™ on the fly. A similar conclusion can be drawn
An analogous relationship holds for the Poisson channel. for other engineering and science problems, in which

The notion of directed information as a characterizing of = ..o 1o information measures the value of causal side
the fundamental limit on reliable communication for a . .
information [13].

wide class of continuous-time channels with feedback is

dicussed. In this paper, we extend the notion of directed in-
formation to continuous-time random processes. The

|. INTRODUCTION contribution of this paper is twofold. First, the definition

Directed informationI(X" — Y™) between two We give for directed information in continuous time is
random n-sequencesX” = (X;,...,X,) andY" = valuable in itself. Just as in the discrete-time setting, di
(Y1,...,Y,) is a natural generalization of Shannon’ected information in continuous time generalizes mutual

mutual information to random objects with causal strué#formation between two stochastic processes. Indeed,
tures. Introduced by Massey [1], this notion of directe@then two processes do not have any causal dependence
information has been shown to arise as the canoni@nong them, the two notions become identical. Directed
answer to a variety of problems with causally dependdhformation in continuous time is also a generalization
components. For example, it plays a pivotal role in cha@f its discrete time counterpart.

acterizing the capacity’rg of communication channels Second, we demonstrate the utility of this notion of
with feedback. Massey [1] showed that the feedbaélitected information by generalizing classical results

capacity is upper bounded by on the relationship between mutual information and
1 causal estimation in continuous time. In particular, we
Crg < lim max —I(X"—=Y"), generalize Duncan’s theorem which relates the minimum

neep(anflynTh M mean squared error (MMSE) of a target signal based

where the definition of directed informatioh X™ — on an observation through an additive white Gaussian
Y™) is given in Section Il andp(2"||y"~!) = channelto directed information between the target signal
[T, p(x;|2i~1, y*~1) is the causal conditioning notationand the observation. We similarly generalize the Poisson
streamlined by Kramer [2], [3]. This upper bound is tightnalogue of Duncan’s theorem.

for a certain class of ergodic channels [4]-[6], paving The rest of the paper is organized as follows. Section



Il is devoted to the definitions of directed informatiorNote that each sequence component is a continuous-time
and directed information density in continuous timestochastic process. Define now

which is followed by key properties of continuous- (XT —>YT)

time directed information in Section Ill. Section IV *\"° 0

presents a generalization of Duncan’s theorem, and of (XOT’t — YOT’t) 3

its Poisson counterpart, for target signals that depend 1 ,
on the past noise. In Section V we present a feedback [Z[ (ytt:;Xéi—%tiil—)
communication setting in which our notion of directed |;=;

information in continuous time emerges naturally as the (4)
characterization of the capacity. We conclude with \ghere on the right side of (3) is the directed information
few remarks in Section VI. This extended abstract isetween two sequences of length+ 1 defined in
taken essentially verbatim from [14], with the additiO@)revious sections, in (4) we takg = 0, and the mutual

of Section V. More details, proofs of the stated resultfformation terms between two continuous time pro-
and additional related results will be given in [15].  cesses, conditioned on a third, are well defined objects,

as developed in [16], [17]f; (X — Y{') is monotone
Il. DEFINITION OF DIRECTED INFORMATION IN in t in the fo”owing sense:

CONTINUOUS TIME

+I (Y XTYE),

Proposition 1. If t' is a refinement oft, then
Let (X", Y™) be a pair of random-sequences. Di- ,, (xt-Yd) < (xf —-Y).

rected information (fromX™ to Y™) is defined as _ L
The following definition is now natural:

n
I(X"—Y™) = ZI(X";YZ-|YZ"1). Definition 1. Directed information betweeX [ and Y

i—1 is defined as

Note that unlike mutual information, directed informa- I(Xg - YY) = inf Iy (X5 —Yd), %)

tion is asymmetric in its arguments, $0X" —Y") # \here the infimum is over al andt as in (1).

(Y™ — X™). o y

For a continuous-time procegsy,}, let X = {X,:  Note, in light of Proposition 1, that

a < s < b} denote the process in the interval, b] I(XOT N YoT) — lim inf I (XOT N YoT)-

whena < b and the empty set otherwise. L&t~ = e=0F {tits—ti1<e} 5

{Xs : a < s < b} denote the process in the interval ©6)

a,b) if a < b and the empty set otherwise. Similarly Directed information can be given an integral repre-
Ie'E Xt — {X,:a < s < b} denote the brocess in’sentation via the following notion of a density.
a+ S - =

the interval (a,b] if « < b and the empty set other-Definition 2. For0 <t < T, definei; (Xg — YOT)

wise. Throughout this section, equalities and inequalitie . . 1 b6 bt

between random objects, when not explicitly indicated, i+ (Xo — Yy ) = Jm STV X Yg), (7))

are to be understood in the sure sense (i.e., hold for all o T T

sample paths). Functions of random objects are assurrellrgcclj for0 <t <T, definei, (XO =Y ) by

measurable even though nqt eXp|ICIj[|y |nd|c§1ted. - i (Xg“ - YOT) — lim _I(tht_(S;XéD/Ot 5) @)
We now develop the notion of directed information 6—0%

between two continuous-time stochastic processes on tteenever the limits exist. Whe#, (X¢ — Y') and

time interval[0, T]. Lett = (¢1,ts,...,t,) denote am- 4, (X§ — Y{]) exist and are equal, we denote them
dimensional vector with components satisfying by i, (XOT — YOT), which we refer to as thdirected
information density
0<t1 <ta<---<t,<T. 1 i
" @ Proposition 2. I gy (X - YY) and

Let X_'* denote the sequence of lengiht 1 resulting ir— (X§ — Y) exist and are finite, and the directed
from “chopping up” the continuous-time signa(! into information density i, (X§ — Y{") exists for all
consecutive segments as follows 0<t<T,then

T
Xpt= (X XL XET D) @) I(X5 —Yy) =/O i (Xg =Yg )dt (9



and, for every0 <t < T, XTI by ¢ to the right and filling the gap witt), i.e.:
d thﬂ =X, s fort e [6,T] and X,@ = 0 for t € [0,9).

(X5 = Y§) =iy (Xg = Yy). (10)  pefine now

Example 1. Let {B,} be the standard Brownian motion 7 (XOT— - YOT) .— limsup I (X([f]vT - YOT) (12)
and let A ~ N(0,1) be independent of B;}. Let §—0+

Xy = A for all t and dY; = X.dt + dB;. Letting gnd

J(0%,0%) =3In % denote the mutual information
between a Gaussian random variable of variargeand
itself corrupted by an independent Gaussian of varia
0%, we have for every € [0, T)

L(5 =¥ =t 1 (5 = ¥). )

"$Rere the directed information expressions on the right

sides of (12) and (13) are according to the definition we
1/t 1 1 6 | already have for directed information between two pro-
141/t 5) 9 [ T H——l] cesses o0, 7. Finally, define the directed information

I(y;t+5;Xé+5|th) = J < 5 n
T T
and, similarly, for everyt € (0, 7], 1 (Xo — Y5 > by

10 5 XY = 7 (% %) 1(x3 = v) = Jim 1 (X ) s
_ lln [1 n ) } !vhenever the limit exists or, equivalently, when
2 t—o+1] T(x3~—vf) = 1(x§~ —YJ). The fifth part
Evidently, for allt € (0,T), of Proposition 3 below provides, among other im-
plications, a regularity condition that suffices to en-
i (Xg = Yg') =0t (Xg = ¥0') sure the existence df (X!~ — Y{'). In some senses,
=i7_ (XOT — YOT) T(xT- L yT) 1 (x7- . yT : )
5 (0 —>0>,_<0 —>0>and,whenltex
= %13(1] % In [1 + H—J ists, T (XOT‘ — YOT> are continuous-time analogues of
1 5 1 I(X"~! — Y™). One such sense is the conservation law
= %1_% 25 In [1 i 1] = 3(t1 1) Provided in Proposition 3.
We can now compute the directed information by applytl. PROPERTIES OF THEDIRECTED INFORMATION IN
ing Proposition 2: CONTINUOUS TIME

The following proposition collects some properties of

T
T Ty __ . T T
I(Xg =Yy ) —/ i (Xo — Yy ) dt directed information in continuous time:

0

_ /T LI lln(l +7). (11) Proposition 3. Directed information/ (X — Y{) has
0 2(t+1) 2 ' the following properties:
Note that in this exampld (X(:]r;%:r) = J(1,1)T) = 1) Mono_toni_city: I(X{ — Y{) is monotone nonde-
$In(1+7) and thus, by (11), we have(X! — Y{) = creasing int.

1(xT;v{). This equality between mutual and directed 2) Invariance to time dilation: Fora > 0, if X, =
information holds in more general situations, as elabo- Xiw and Y; = Y, then I (Xér/a - YoT/a> =
rated in the next section. I(X§T — Y{). More generally, if¢ is mono-
tone strictly increasing and continuous, and

The directed information we have just defined is o !
(Xo0: Vo) = (X1, 1), then

between two processes 4, 7"]. We extend this def-
inition to processes on any other closed and bounded T T SO(T)  -o(T)
interval, and to the conditional directed information I(Xo = ¥g) _I<X¢>(0) _>Y¢>(0) ) (15)

I(Xg —YJ|V), whereV is a random object jointly ~ 3) Coincidence of directed and mutual information:

distributed with(Xg, Yg), in the obvious way. If the Markov relationY!~ — X!~ — X" holds for
We now define the notion of directed information all 0 <t <T then

between a process @0, T") and a process off), 7). Let - - oo
X([)‘;}’T denote the process df,T] formed by shifting I(Xg =Yy)=1(X:Yy). (16)



4) Equivalence between discrete-time and piecewise2) The third part of the proposition is the natural ana-

constancy in continuous-time: Léf”, V" be an
arbitrarily jointly distributed pair of n-tuples and

logue of the fact thaf (X";Y™) = I(X™ — Y™)
whenevery’ — X* — X" forall 1 <i < n.lt

covers, in particular, any scenario wheX(gF and

Yy are the input and output of any channel of the

form Y, = g,(X§ W), where the process/I

(which can be thought of as the internal channel

noise) is independent of the channel input process

XZ'. To see this note that in this case we (trivially)

have (X{~, W) — X{~ — X forall 0 <t <T,

implying Yy~ — X5~ — X[ sinceY{ ™ is determined

by the pair(X{~, W).
3) Particularizing even

let ¢g,t1,...,t, be a sequence of numbers satisfy-
ingty=0,t,=T,andt; 1 <t; for1 <i<n.
Let the pair X[, Y’ be formed as the piecewise-
constant process satisfying

(X, Y) = (U, V) i i <t<t; (17)

and (Xr7,Yr) = (Up, V,,). Then

I(X§ -Y)=1(U"—>V").

further, we get

5) Conservation law: For all0 < 6 < T we have I(Xg“ SYT) = I (.X(c)p;T%T-) whep_ever %T
I(X YY) + 1(XT = YY)+ 1 y T _, xT is the result of corrupting{; with additive noise,
(Xo T? )T (X5 o [¥o7) +1(% 0) ie, Y, = X, + W, where X! and W are
=1(X0:Y ) independent.
In particular, 4) tThhe fiftr;. part oftt_he prop:)sition cfa;?] b((e]I _constid?red
. 5= o T T v 6— e continuous-time analogue of the discrete-time
a) hg%ljp[[(XO a}/b )+[(X5 - Y5 ‘}/b )] conservation law
_ T.yT T— T
=71 (XO ,Yb ) — l <Yb — XO > . I(Un _ Vn) + I(Vn—l N Un) —_ I(Un; Vn)
b) liminf[I(X0~;YJ™) + I(XF — Y [YS™ (19)
) 6—0* (X 0_) X5 s 15l It is consistent with, and in fact generalizes, the
=1 (x5;Yd) -1 (YOT‘ — ng) . third part. Indeed, if the Markov relatiokiy ™ —
c) If the continuity condition X, — XtT holds for all0 < ¢t < T then our
i P T . definition of directed information is readily seen to
51,%[]()(0 Yo ) +HI(Xs = YY)l imply that I (1/0[5]T — Xg) =0 forall 6 > 0 and
T T
=1(Xg —Yy) therefore thatl (Y, ~ — XJ') exists and equals
holds, then the directed information zero. Thus (18) in this case collapses to (16).
T— .
I <Yo - X{f) exists and IV. DIRECTED INFORMATION AND CAUSAL
. . . ESTIMATION
I(Xg =Yy )+1 (YO - X0> A. The Gaussian Channel
=1(X7;Yy). (18)  In[18], Duncan discovered the following fundamental
Remarks. 1) The first, second and fourth items ir]relatlonshlp between the minimum mean squared error

the above broposition present properties that ai causal estimation of a target signal corrupted by an
brop P prop a%lditive white Gaussian noise in continuous time and

known to hold for mutual information (i.e., when ) . .
. . , . ; the mutual information between the clean and noise-
all the directed information expressions in those . .
rrupted signal:

items are replaced by the corresponding mutu&?
information), and that follow immediately from theTheorem 1 (Duncan [18]). Let X/ be a signal of
data processing inequality and from the invariandgite average powejOT E[X?]dt < oo, independent of

of mutual information to one-to-one transformathe standard Brownian motiofiB;}, and letY satisfy
tions of its arguments. That these properties holty;, = X,dt + dB;. Then

also for directed information is not as obvious in T

view of the fact that directed information is, in gen- l/ E[(X; — BIX,|Y{])?*] dt =1 (X3:Y). (20)
eral, not invariant to one-to-one transformations < “0

nor does it satisfy a data processing inequality in A remarkable aspect of Duncan’s theorem is that the
its second argument. relationship (20) holds regardless of the distribution of



Xg. Among its ramifications is the invariance of the Proof of Theorem 2:For everyt > 0 ande < §,

causal MMSE (minimum mean squared error) to the flow e
of time, or indeed to any way of reordering time [19], / E[(X, - E[XSIYOS])Q] ds (24)
[20] tl t+e—

A key stipulation in Duncan’s theorem is the inde- — _/ B [E [(Xs _ E[Xs‘y*(]s])2yy()t—“ ds (25)
pendence between the noise-free signgl and the 2

channel noisg B, }, which excludes scenarios in which _ E [} /Hs_ E [(X E[X |YS])2|Y1&—] ds} (26)
the evolution of X, is affected by the channel noise, 2 J; * s170 0

as is often the case in signal processing (e.g., target 1 [ite— s 3 3
[I5] plox - eximeig) as] apoi)

tracking) and in communications (e.g., in the presence™ 2
of feedback). Indeed, (20) does not hold in the absence (27)
of such a stipulation. (a) e e 4 .

As an extreme example, consider the case where the= /I (XY yg ) dP(yy ) (28)

channel input is simply the channel output with some

delay, i.e.,X; . = Y; for somee > 0 (and sayX; =0

for ¢ € [0,¢)). In this case the causal MMSE on the leftvhere(a) is due to the following: sincéYt‘,Xé‘, W

side of (20) is clearly, while the mutual information on is independent of3/™=~, and X]™=~ is determined by

its right side is infinite. On the other hand, in this case thé¢/—, X/ ~, W, it follows that Yy, X/~ is indepen-

directed informatior/ (X{ — Y{') = 0, as can be seendent of Bt~ Thus, (a) is nothing but an application

by noting thatl; (XI — Y§') = 0 for all t satisfying of Duncan’s theorem on the conditional distribution

max; b — ;-1 < € (since for sucht, X~ is determined of (X;7*, B{*°") given y;~ to get equality between

by Y07 ' for all 7). the integrand of (27) and that of (28). Fixing now an
The third comment following Proposition 3 impliesarbitraryt that satisfiesnax; t; —t;_; < 6 gives

that Theorem 1 could equivalently be stated wit

I(X0;Y{) on the right side of (20) replaced by 5 E[(X; — B[X,|Y{))?] dt (30)

I(X{ — Y{). Further, such a modified equality would 2

=7 (Xt+€— Yt+€ D/O ) ’ (29)

be valid in the extreme example just given. This is no_ }/ti_ ENX, — EIX, V2 31
coincidence, and is a consequence of the following result [Z s [( ! X 0])] (31)
that generalizes Duncan’s theorem. 1
L _ )2
Theorem 2. Let {B,} be a standard Brownian motion, *y /t (X = BIX[Yo))"] (32)
let {W;} be independent ofB,}, and let {(X;,Y:)} N
satisfy @ [ZI (Yt s XET Yy 1‘) +I (Y XGY)
X, = ap (X0, Y0 wT 21
t=a(Xy%, Yp 0) (21) (33)
(for deterministic mappings; and somecS > 0) such _ I, (XOT . YE]T)7 (34)
that {X,;} has finite average powefO [X?|dt < oo
and where (a) follows by applying (29) on each of the
dY; = X,dt + dB,. (22) summands in (32) with the associations; — ¢ and
t; — t;_1 <« . Finally, since (34) holds for arbitrary
Then satisfyingmax; t; — t;_1 < d, by (6) we obtain
1 T 1 T
5/0 E (X — BIX,|Y{])?]dt =1 (X5 — Y). _/ E[(X; - EX/|Y{])?] =1(XJ —Y). (35)
(3 i

Note that since, in general] (Xér — YOT) is not The evolution of the noise-free process in the above
invariant to the direction of the flow of time, Theorenmtheorem (equation (21)), which assumes a nonzero delay
2 implies, as should be expected, that neither is tirethe feedback loop, is the standard evolution arising in
causal MMSE for processes evolving in the generalisignal processing and communications (cf., e.g., [21]).
afforded by (21) and (22). The result, however, can be extended to accommodate a

more general model with zero delay, as introduced and



developed in [22], by combining our arguments abow encoding functions{f;}7_,. While similar settings
with those used in [22]. were studied by lhara [25], [26], the focus therein is the
information capacity, that is, the maximal mutual infor-
mation between the message and the output processes.

The following result can be considered an analogyg contrast, we focus on the operational capacity, defined
of Duncan’s theorem for the case of Poisson noise. g5 follows.

B. The Poisson Channel

Theorem 3 ( [23]). Let Y:gT be a doubly stochastic pefinition 3. A rate R is said to beachievable with
Poisson process and lek; be its intensity process.feedhack delay if for eachT there exists a family of

. T
Then, provided® [; |X; log Xy|dt < oo, encoding functiong f;}~_, such that
T ~ T—o0
| B l60x) 6 (B di = 1 (X)) P(M # J1(Y)) "= o, (39
0 .
(36) where M (Y) in (39) is the maximum likelihood es-
whereg¢(a) = alog a. timate of M given Y;', when employing the encoding

It is easy to verify that the condition stipulated ifunctions{, }i.
the third item of Proposition 3 holds wheyj{ is a Let
doubly stochastic Poisson process affl is its intensity _ . _
process. Thus, the above theorem could equivalently & = sup{R : R is achievable with feedback delay}
stated with directed rather than mutual information on o _ (49)
the right hand side of (36). Indeed, with continuous-tinfé® the feedback capacity with delayand, finally, define
directed information replacing mutual information, thighe feedback capacity by
relationship remains true in much wider generality, as C = sup Ca. (41)
the next theorem shows. In the statement of the theorem, A>0

we use the notions of a point process and its predictalghgy goal is to characterizés and C for the class of
intensity, as developed in detail in [24, Chapter Il].  channels defined by (41).

Theorem 4. Let Y; be a point process and let Our preliminary result suggests th@atis given by
X, be its F) -predictable intensity, whereF} = B .1 T T
o(X}) (the o-field generated byX{). Then, provided ¢= Z‘;%Sglf%f%o TI(XO —Y), (42)

E Jo | Xelog Xeldt < oo, where the inner supremum in (42) is ou8k, which is

r ' T T the set of all channel input processes of the foXin=
/0 E[6(Xe) — ¢ (B[Xe[Yo])] dt = 1 (X — Yy) . g:(U, YI=2 ), some family of functions{g;}~,, and
(37) some proces#/] which is independent of the channel
V. COMMUNICATION OVER CONTINUOUS-TIME noise processVj" (appearing in (38)). Existence of the
CHANNELS WITH FEEDBACK limitin (42) folloyvs a standard §uperadd|t|V|ty argument;
_ i _ . recall that the input memory is bounded in (38). The
Consider a channel characterized via the following . difficulty in completing the proof is the fact that

ingredients: chopping the time into small segments causes technical

« X' andY are the channel input and output alphabetgificulties such as not preserving the ergodicity of the
« M is the message, uniformly distributed ORhannel in the segment.

{1,2,...,[27%]} and independent of the stationary

and ergodic channel noise procqwt}_ VI. CONCLUDING REMARKS AND RESEARCH
« Channel output process: DIRECTIONS
Y; = g(X!_ ., W) 38) . The machinery Qevelopgd here for d_irected informa-
tion between continuous-time stochastic processes ap-
for some fixeds > 0. pears to have several powerful applications, emerging
« Encoding processX; = fi(M,Y'=27) for ¢ > 0 naturally both in estimation and communication theoretic
and someA > 0 (and set arbitrarily fort < 0). contexts. In [15], we provide further substantiation of the

Here A is thefeedback delayAn encoding scheme for significance of directed information in continuous time
the time interval[0, 7] is characterized by the familythrough connections to the Kalman—Bucy filter theory.



One immediate goal of our future research is to compldte]
the characterization of feedback capacity as presented in
Section V and to establish the capacity of certain powers
constrained non-white Gaussian channels with feedback:
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