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On the Role of the Refinement Layer in Multiple
Description Coding and Scalable Coding
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Abstract—We clarify the relationship among several ex-
isting achievable multiple description rate-distortion regions
by investigating the role of refinement layer in multiple de-
scription coding. Specifically, we show that the refinement layer
in the El Gamal-Cover (EGC) scheme and the Venkatara-
mani-Kramer-Goyal (VKG) scheme can be removed; as a
consequence, the EGC region is equivalent to the EGC* region
(an antecedent version of the EGC region) while the VKG region
(when specialized to the 2-description case) is equivalent to the
Zhang-Berger (ZB) region. Moreover, we prove that for multiple
description coding with individual and hierarchical distortion
constraints, the number of layers in the VKG scheme can be
significantly reduced when only certain weighted sum rates are
concerned. The role of refinement layer in scalable coding (a
special case of multiple description coding) is also studied.

Index Terms—Contra-polymatroid, multiple description coding,
rate-distortion region, scalable coding, successive refinement.

1. INTRODUCTION

fundamental problem of multiple description coding is to

characterize the rate-distortion region, which is the set of
all achievable rate-distortion tuples. El Gamal and Cover (EGC)
obtained an inner bound of the 2-description rate-distortion re-
gion, which was shown to be tight for the no excess rate case
by Ahlswede [1]. Zhang and Berger (ZB) [24] derived a dif-
ferent inner bound of the 2-description rate-distortion region
and showed that it contains rate-distortion tuples not included
in the EGC region. The EGC region has an antecedent version,
which is sometimes referred to as the EGC* region. The EGC*
region was shown to be tight for the quadratic Gaussian case by
Ozarow [13]. However, the EGC* region has been largely aban-
doned in view of the fact that it is contained in the EGC region
[24]. Other work on the 2-description problem can be found in
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[71, [8], [12], and [25]. Recent years have seen growth of interest
in the general L-description problem [14], [15], [18], [19], [21].
In particular, Venkataramani, Kramer, and Goyal (VKG) [21]
derived an inner bound of the L-description rate-distortion re-
gion. It is well understood that for the 2-description case both
the EGC region and the ZB region subsume the EGC* region
while all these three regions are contained in the VKG region;
moreover, the reason that one region contains another is simply
because more layers are used. Indeed, the ZB scheme has one
more common description layer than the EGC* scheme while
the EGC scheme and the VKG scheme have one more refine-
ment layer than the EGC* scheme and the ZB scheme, respec-
tively. Although it is known [24] that the EGC* scheme can
be strictly improved via the inclusion of a common description
layer, it is still unclear whether the refinement layer has the same
effect. We shall show that in fact the refinement layer can be
safely removed; as a consequence, the EGC region is equivalent
to the EGC* region and the VKG region is equivalent to the ZB
region.

An important special case of the 2-description problem is
called scalable coding, also known as successive refinement!.
The rate-distortion region of scalable coding has been charac-
terized by Koshelev [10] [11], Equitz and Cover [5] for the
no rate loss case and by Rimoldi [16] for the general case. In
scalable coding, the second description is not required to re-
construct the source; instead, it serves as a refinement layer to
improve the first description. However, it is clearly of interest
to know whether the refinement layer itself in an optimal scal-
able coding scheme can be useful, i.e., whether one can achieve
a nontrivial distortion using the refinement layer alone. This
problem is closely related, but not identical, to multiple descrip-
tion coding with no excess rate.

To the end of understanding the role of refinement layer in
multiple description coding as well as scalable coding, we need
the following elementary result.

Lemma 1: Let U,V, and W be jointly distributed random
variables taking values in finite sets U/, V, and W, respectively.
There exist a random variable 7, taking values in a finite set Z
with |Z] < [V|(]W| — 1) + 1, and a function f : V X Z - W
such that:

1) Z is independent of V;

)W = [f(V,Z);
3) U— (V,W) — Z form a Markov chain.
Proof: See Appendix A. ]

It is worth mentioning that Lemma 1 is not completely
new. Indeed, its variants can be found in [9], [23], and even in

IThe notion of successive refinement is sometimes used in the more restrictive
no rate loss scenario.
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Shannon’s paper [17]. Roughly speaking, this lemma states that
one can remove random variable W by introducing random
variable Z and deterministic function f. It will be seen in the
context of multiple description coding that Z can be incorpo-
rated into other random variables due to its special property,
which results in a reduction of the number of random variables.

The remainder of this paper is devoted to the applications of
Lemma 1 to multiple description coding and scalable coding.
In Section II, we show that the refinement layer in the EGC
scheme is not needed; therefore, the EGC region is equivalent
to the EGC* region and the ZB region includes the EGC region.
We examine the general L-description problem in Section III. It
is shown that the final refinement layer in the VKG scheme can
be removed. This result implies that the VKG region, when spe-
cialized to the 2-description case, is equivalent to the ZB region.
Furthermore, we prove that for multiple description coding with
individual and hierarchical distortion constraints, the number of
layers in the VKG scheme can be significantly reduced when
only certain weighted sum rates are concerned. We study scal-
able coding with an emphasis on the role of refinement layer in
Section IV.

II. TWO-DESCRIPTION CASE

We shall first give a formal definition of the multiple descrip-
tion rate-distortion region. Let { X (¢)}72, be an i.i.d. process
with marginal distribution px on X, and d : X x X — [0, 0)
be a distortion measure, where X’ and X are finite sets. Define
Zr ={1,..., L} for any positive integer L.

Definition 1: A rate-distortion tuple (Ry,...,Rp, Dx,0 C
K C Tp,) is said to be achievable if for any € > 0, there exist
encoding functions f,g") P C,(c")7 k € Iy, and decoding
functions g,(C") Nrex C,gn) — X", 0 Cc K C Iy, such that

1 n
—1og‘c,§> <Rp+e, kel
- ,

%i[E[d(X(t),f(K(t))] <Dx+e, BCKCIp

for all sufficiently large n, where X2 = g™ (f™(X™),k €
K). The multiple description rate-distortion region RDyip is
the set of all achievable rate-distortion tuples.

We shall focus on the 2-description case (i.e., L = 2) in
this section. The following two inner bounds of RDyp are at-
tributed to El Gamal and Cover.

The EGC* region R D+ is the convex closure of the set of
quintuples (I1, Ra, Dy1y, D2y, D1 2y) for which there exist
auxiliary random variables X1} and Xy, jointly distributed
with X, and functions ¢x, ) C K C {1, 2}, such that

Re > 1 (X;Xqy), ke{l,2}

Rit Re 2 1 (X5 X1y, Xpoy) + 1 (Xpay; Xp2y)
Dy 2 E[d(X, ¢y (X)), ke fl2)
Dp1gy 2 E[d (X, 1,2 (Xay, Xe2)))] -

The EGC region RDgg( is the convex closure of the set of
quintuples (Ry, Ra, Dy1y, D2y, D1 2y) for which there exist
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auxiliary random variables X, § C K C {1,2}, jointly dis-
tributed with X, such that

RkZI(X;X{k}), ke {1,2}

Ri+ Re > (X5 X1y, Xoy, X1y) + 1 (X(1y5 X2)
)
3)

ey

Dy > E[d(X, Xx)l, 0CKC{1,2}.

?

To see the connection between these two inner bounds, we
shall write the EGC region in an alternative form. It can be
verified that the EGC region is equivalent to the set of quintu-
ples (R1, Ry, D1y, Dyay, D{1,2y) for which there exist auxil-
iary random variables X, § C I C {1, 2}, jointly distributed
with X, and functions ¢x, ) C K C {1, 2}, such that

RkZI(X;X{k}), ke {1,2}

Rut Re 2 T (X5 X1y, Xpop, Xqgy) + 1 (X135 X2)
Dy 2 E [d(X, bpy (Xqiy))] . k€ {1,2}

D12y 2 E[d (X, dp12y (Xq1p, X2y X13))] -

It is easy to see from this alternative form of the EGC region
that the only difference from the EGC* region is the additional
random variable Xy, 5y, which corresponds to a refinement
layer; by setting Xy; 0y to be constant (i.e., removing the
refinement layer), we recover the EGC* region. Therefore, the
EGC* region is contained in the EGC region. It is natural to
ask whether the refinement layer leads to a strict improvement.
The answer turns out to be negative as shown by the following
theorem, which states that the two regions are in fact equivalent.

Theorem 1: RDgccs = RDrcc.
Proof: In view of the fact that RDpgcsx € RDggc, it
suffices to prove RDpgc € RDEcCx-
For any fixed pxx,,x,,x, .,  the region specified by
(1)—(3) has two vertices

U1 - (Rl(vl),RQ(’Ul),D{l}(vl),D{z}(’vl),D{LQ}(’Ul))
v ¢ (Ra(v2), Ra(v2), D1y (v2), D2y (v2), D1 23 (v2))

where

Ry(v1) =1 (X;X(3)
Ro(v1) = I (X; X2y, X123 [ X (1)

+1 (X(1y: Xq2p)
Ri(ve) =T (X; X1y, X123 [X2)

+1 (X(y: Xq2p)
Ro(va) = T (X; X(3y)
Dy (v1) = Di(v2) = E[d(X, Xx)]

0 cKC{1,2}

We just need to show that both vertices are contained in the
EGC* region. By symmetry, we shall only consider vertex v; .

It follows from Lemma 1 that there exist arandom variable Z,
jointly distributed with (X, X{1}, X¢2y, X{1,2}), and a function
f such that
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1) Z is independent of (X 13, X23)s

2) X{1,2} = f(X{1}7X{2}7Z);

3) X — (Xq1y, X2y, X{1,2)) — Z form a Markov chain.

By the fact that X — (X{1), X2y, X{12}) — Z form a
Markov chain and that Xy 5y is a deterministic function of
(X{l},X{Q},Z), we have

T(X5 Xy, X 1,0y [ Xqy) = T (X3 X2y, X101, 2 [ Xy )
= 1(X; X2y, Z [ X1y ) -

Moreover, since Z is independent of (Xyqy, X93), it follows
that

I(Xpy Xpoy) = 1(Xy: X2, Z)

By setting X{,, = (X{2},Z), we can rewrite the coordinates
of vy as

Ri(v1) =1 (X; X))
Ra(v1) :I(X%Xi’z} |X{1}) +1 (X{l}%ngz})
Dy1y(v1) = E[d (X, ¢(1y (X(1))]
Diay(0n) =E[d(X. b0 (Xiz1) )|
Dy12y(v1) = E [d (X» ¢{1,2) (X{l}»Xiz}))}

where ¢{1}(X{1}) = X{l}: ¢{2}(Xi2}) = X{Q}, and
(ﬁ{l’g} (X{l} X‘I{Q}) = f(X{l} X{2}7 Z) = X{LQ}. Therefore,
it is clear that vertex v; is contained in the EGC* region. The
proof is complete. [ |

Remark: It is worth noting that the proof of Theorem 1 im-
plicitly provides cardinality bounds for the auxiliary random
variables of the EGC* region.

Now we shall proceed to discuss the ZB region, which is also
an inner bound of RDyp. The ZB region RDyp is the set of
quintuples (Ry, Ra, D1y, D2y, Dy1,2y) for which there exist
auxiliary random variables Xy, Xy}, and X oy, jointly dis-
tributed with X, and functions ¢, C K C {1, 2}, such that

Ry > 1 (X:Xp, X (1)
Ry + Ro > 21(X; X,)
+1 (X3 X0y, Xy Xo) + 1 (X1ys Xy | Xo)
Dixy > E[d(X, dpry (X0, Xyxy))] k€ {1,2}
Dy12y 2 E [d (X, b2y (X0, X1y, Xq23))] -

Note that the ZB region is a convex set. It is easy to see from
the definition of the ZB region that its only difference from the
EGC* region is the additional random variable X, which corre-
sponds to a common description layer; by setting X to be con-
stant (i.e., removing the common description layer), we recover
the EGC* region. Therefore, the EGC* region is contained in
the ZB region, and the following result is an immediate conse-
quence of Theorem 1.

Corollary 1: RDEGC Q RDZB.

ke {1,2}

Remark: Since the ZB region contains rate-distortion tuples
not in the EGC region as shown in [24], the inclusion can be
strict.
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III. L-DESCRIPTION CASE

The general L-description problem turns out to be consider-
ably more complex than the 2-description case. The difficulty
might be attributed to the following fact. The collection of
nonempty subsets of {1,2} has a tree structure;2 however,
this is not true for subsets of 7y, when L > 2. Indeed, this
tree structure of distortion constraints is a fundamental feature
that distinguishes the 2-description problem from the general
L-description problem.

A. VKG Region

The VKG region [21], which is a natural combination and ex-
tension of the EGC region and the ZB region, is an inner bound
of the L-description rate-distortion region. We shall show that
the final refinement layer in the VKG scheme is dispensable,
which implies that the VKG region, when specialized to the
2-description case, coincides with the ZB region. It is worth
noting that the VKG scheme is not the only scheme known
for the L-description problem. Indeed, there are several other
schemes in the literature [14], [15], [18] which can outperform
the VKG scheme in certain scenarios where the distortion
constraints do not exhibit a tree structure. However, the VKG
scheme remains to be the most natural one for tree-structured
distortion constraints.

We shall adopt the notation in [21]. For any set .4, let 2A
be the power set of 4. Given a collection of sets B, we define
Xy = {X4 : A € B}. Note that Xy (which is a random
variable) should not be confused with X gy (which is interpreted
as a constant). We use R to denote ZkeK Ry for) C K CIy.

The VKG region RDvyk¢ is the set of rate-distortion tuples
(R1,...,Ry,Dx,0 C K C ZIr) for which there exist auxiliary
random variables X, K C 7y, jointly distributed with X, and
functions ¢x, C K C Zy,, such that

R 24(K), 0 cKCIy, “4)
Dy > E [dc (X, ¢k (X2x)))], OCKCIp (5

where
$(K) = (IK| = DI(X; Xg) = H (X(2c)| X)

+ > H(Xa|X@azqay).
ACK

Note that the VKG region is a convex set.3 In fact, [21] contains
a weak version and a strong version of the VKG region, and the
one given here is in a slightly different form from those in [21].
Specifically, one can get the weak version in [21] by replacing
(5) with D > E[dx(X, Xk )], and get the strong version in
[21] by replacing (5) with Dx > E[dic (X, ¢ (Xx))]. It is easy
to verify that the strong version is equivalent to the one given
here while both of them are at least as large as the weak version;
moreover, all these three versions are equivalent when L = 2.

2A collection of nonempty sets is said to have a tree structure if for any two
sets A and B in this collection, one of the following is true: 1) A C B, 2)
B C A,3) AN B = 0. A collection of distortion constraints is said to have a
tree structure if these distortion constraints are imposed on a collection of sets
(of descriptions) with a tree structure.

3The convexity of the ZB region and the VKG region follows from the fact
that one can incorporate a time-sharing random variable into X .
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Encoder 3

Encoder Z

Decoder {Z}
(o]

Fig. 1. Multiple description coding with individual and hierarchical distortion constraints.

We shall first give a structural characterization of the VKG
region.

Lemma 2: For any fixed pxx i the rate region

{(R1,...,RL) : Rx > ¢(K),0 c K C I} is a contra-poly-
matroid.
Proof: See Appendix B. [ |

Note that the random variable X7, corresponds to the final
refinement layer in the VKG scheme. Now we proceed to show
that this refinement layer can be removed. Define the VKG* re-
gion RDv kg« as the VKG region with X7, setto be a constant.

Theorem 2: RDvikax = RDvka.
Proof: The proof is given in Appendix C. ]

It is asked in [21] whether the VKG region strictly contains
the ZB region. A direct consequence of Theorem 2 is that the
VKG region, when specialized to the 2-description case, is
equivalent to the ZB region.

Corollary 2: For the 2-description problem, RDyzp =
RDvka.

Remark: For the 2-description VKG region, the cardinality
bound for Xy can be derived by invoking Carathéodory’s
theorem while all the other auxiliary random variables can be
assumed, with no loss of generality, to be defined on the re-
construction alphabet X. Therefore, one can deduce cardinality
bounds for the auxiliary random variables of the ZB region by
leveraging Corollary 2.

B. Multiple Description Coding With Individual and
Hierarchical Distortion Constraints

We can see that for the VKG* region, the number of aux-
iliary random variables is exactly the same as the number
of distortion constraints. Intuitively, the number of auxiliary
random variables can be further reduced if we remove certain
distortion constraints. We formulate the problem of multiple
description coding with individual and hierarchical distortion
constraints, which is a special case of tree-structured distortion
constraints, and somewhat surprisingly, we show that in this
setting the number of layers in the VKG scheme can be sig-
nificantly reduced when only certain weighted sum rates are

concerned; i.e., the number of auxiliary random variables can
be significantly less than the number of distortion constraints.

For any nonnegative integer k, define H;, = 0 if & = 0,
He = {{1}}ifk = 1, and Hp = {{1},..., {k}, Z,... . Tk}
if £ > 2. Multiple description coding with individual and hier-
archical distortion constraints (see Fig. 1) refers to the scenario
where only the following distortion constraints: Dy, K € Hp,
are imposed. Specializing the VKG region to this setting, we
can define the VKG region for multiple description coding with
individual and hierarchical distortion constraints RDig_vka
as the set of rate-distortion tuples (R, ..., Rr, D, K € Hr)
for which there exist auxiliary random variables Xy, K C 7,
jointly distributed with X, and functions ¢, K € Hp, such
that

Rx >(K), DCKCIp
Dy ZIE[dIC (X,¢K (X(QIC)))], K€ Hyp.
Define Rin—vke(Dx, KX € Hi) = {(Ri,....Rp)

(Ry,...,Rr, D, K € Hy) € RDm—vke}. It is observed in
[3] that for the quadratic Gaussian case, the number of auxil-
iary random variables can be significantly reduced when only
certain supporting hyperplanes of Ry vka(Dx, K € Hr)
are concerned. We shall show that this phenomenon is not
restricted to the quadratic Gaussian case.

Theorem 3: For any a; > -+ -« > 0, we have

L
min E o Ry,
(R1,...,RL)ERn—vka (D, KEHL) =1

L

> o [1(X:X)

k=1

= min
PXgXypy Xy | X0k, KEHL
k=1
+1 (X AX @ D X X0

where the minimization in (6) is over PXo X1y Xy | X0 and
¢x, K € Hp, subject to the constraints
Dixy 2 E[d (X, dixy (X0, Xny))], k€Tn
DIk >E [d (X7 ¢Ik (X@7X{1}7 S 7X{k}))]
kel — {1}

(6)
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Proof: The proof of Theorem 3 is given in Appendix D. B

Corollary 3: For any oy > ---ar, > 0, we have

L

min E o Ry,
(R1,...,RL)ERm-vka(Dr,KEHL) 1

L
~ i k(100 X0) + 1 (X0, X iy | Xo)
PXpX(np) 1 X 139
+7 (X;X{k},XIk |X(Z)7X(Hk—1))] D

where the minimization in (7) is over p XoX(rp) | X subject to
the constraints

Proof: See Appendix E. [ |

Remark: Tt should be noted that Xx, K € Hy, in (7) are
defined on the reconstruction alphabet X ; moreover, for Xy in
(7), the cardinality bound can be easily derived by invoking
Carathéodory’s theorem. In view of the proof of Corollary 3,
one can derive cardinality bounds for the auxiliary random vari-
ables in (6) by leveraging the cardinality bounds for the auxil-
iary random variables in (7). This explains why “min” instead
of “inf” is used in (6).

C. Multiple Description Coding With Individual and Central
Distortion Constraints

A special case of multiple description coding with indi-
vidual and hierarchical distortion constraints is one where only
individual distortion constraints D{k}7 k € 1y, and central
distortion constraint Dz, are imposed (see [3] and [22]). Let
Gr = {{1},...,{L},Zr}. We can define the VKG region for
multiple description coding with individual and central distor-
tion constraints R Dic—vkg as the set of rate-distortion tuples
(R1,...,R1,Dxc,K € Gr) for which there exist auxiliary
random variables X,  C 7}, jointly distributed with X, and
functions ¢x, K € G, such that

Rx >¢(K), DCKCIp
DICZ[E[d/& (X,¢K (X(QIC)))] Kegr.
Define RIC—VKG(DKJC € gL) = {(Rl,...,RL)

(Ry,...,R1,Dx,K € Gr) € RDic—vke}- The following
result is a simple consequence of Theorem 3 and Corollary 3.

Corollary 4:

1) RDic—vkae is equivalent to the set of rate-distortion tuples
(R1,..., R, Dy, K € Gr,) for which there exist auxiliary
random variables X¢, Xy, £ € Zp, jointly distributed
with X, and functions ¢, K € G, such that

({X{k}}keK‘X XV’)
PcKC1Ip

Ry > |K|I(X; Xp) —

+ Y H(X| Xo)
ke

Dy 2 E[d (X, ¢y (X0, Xpiy))] 5
Dz, >E [d(X, ¢z, (X9, X(13.---. X1y))] -
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2) RDic—vke 18 also equivalent to the set of rate-distortion
tuples (Ry,...,Rr,Dx,K € Gr) for which there exist
auxiliary random variables Xy, X, K € G, jointly dis-
tributed with X, such that

R > |K|I(X; Xg) —

+ ZH(X{k}|Xw ,
ke

Ry, > LI(X; Xy) —

({X{k}}kek‘ X XQJ)
0 cKcIp

H ({X0 ez, | X Xo)
+ZH(X{k}|Xw)

k=1
+ 71 (X;XIL Xo, {X{k}}keIL)
Kegr.

DIC Z [E[d(X7 XIC)]7

3) For any (ay,...,ar) € R_Li_, let  be a permutation on Zp,
such that aur(1) > -+ > ax(z); we have

L

min E ap Ry
(R1,--sRL)ERIc-VvKG (DK ,KEGL) k 1

= min Zaw(k) [I(X§X(Z))

PXgX i1y Xy x,P,KEGL 1

1 (X X ;X{,,(k)}‘ Xw)} ®)

min Zaﬂ(k)[ (X; Xp)
@) ¥ =1

+1 (X'/{X”(i)}i:_l 3X{7r(k)}‘X@>}
+ ary! (X%XIL Xw»{X{k}}kezL) )

where the minimization in (8) is over DXy X1y X 1y | X
and ¢x, K € G, subject to the constraints

me

Dy 2 E [d(X, ¢ay (X0, X(1y))], k€T
DIL >E [d (X, ¢IL (X(OvX{l}/?X{L}))]

while the minimization in (9) is over px, Xg,) | X subject
to the constraints

D > E[d(X, Xk)], K€L

IV. SCcALABLE CODING

Scalable coding is a special case of the 2-description problem
in which the distortion constraint on the second description, i.e.,
D5y, is not imposed. In such a setting the first description is
commonly referred to as the base layer while the second de-
scription is referred to as the refinement layer.

A. Scalable Coding Rate-Distortion Region
The scalable coding rate-distortion region RDgc is defined
as
RDsc = { (R17 R27 D{l} ) D{l,Z}) :
(R1, Ry, Dy1y,00, Dy151) € RDup } -
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It is proved in [16] that the quadruple (R1, Ra, Dy1y, D1,2)) €
RDsc if and only if there exist auxiliary random variables X1y
and X1 ») jointly distributed with X such that

By > 1(X: Xqy)

Ri+ Ry > 1T (X; X1y, X(19})
Dy 2 E [d(X, X{1y)]

Dy12y 2 E [d (X, X{12))] -

Roughly speaking, here X1y and Xy, 2y correspond to the base
layer and the refinement layer, respectively. It is clear that one
can obtain this standard form of R Dg¢ from R Dggc by setting
X{2) to be a constant.

Since the EGC region is equivalent to the EGC* region, it
is not surprising that RDgc can be written in an alternative
form which resembles the EGC* region. Indeed, by leveraging
Lemma 1, one can express RDgc as the set of quadruples
(Ri,R2, Dy1y,Dy1,2;) for which there exist independent
random variables X (1} and X (2} jointly distributed with X,
and a function f, such that

Ry > 1(X; X))

Ri+ Ry > 1 (X; X1y, X{2y)

Dgy 2 E [d(X, X(1y)]

Diipy 2 E[d (X, f (X3, Xp23))] -

In contrast with the standard form of RDgc, here Xy3) cor-
responds to the refinement layer (Xqy still corresponds to the
base layer). It will be seen that this alternative form of RDg¢
is useful for clarifying the role of refinement layer in scalable
coding.

B. On the Role of Refinement Layer in Scalable Coding

Although Dyy is not imposed in scalable coding, it is cer-
tainly of interest to know whether the refinement layer itself can
be useful, i.e., whether one can use the refinement layer alone to
achieve a nontrivial reconstruction distortion. However, without
further constraint, this problem is essentially the same as the
multiple description problem. Therefore, we shall focus on op-
timal greedy scalable coding schemes (which will be defined
precisely).

Let R(D) denote the rate-distortion function, i.e.,

R(D) = min  I(X;X).
Px| < E[d(X,X)]<D
Define the minimum scalably achievable total rate

R(R1, D1y, Dy1,2y) with respect to (R1, D1y, Dy 2y) as

R (Rl,D{l}., D{l,Z}) = min {R1 + Ry :
(R1,R2,Dq1y,Dy19) € RDsc }
It is clear that [16]

R(R1,Dg1y, Dy1.9y)

= min
T(X;X13)<Ry
E[d(X, X (1})]<D 13
E[d(X.X [ 2})]<D g 03

I(X: Xy Xq2)) -
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Here we assume the right-hand side of the equality is greater
than or equal to Rj; otherwise, R(Ri, Dy, Dii9y) =
R;. Now we proceed to study the minimum Dy in
the scenario where Ry = R(D¢yy) and Ry + Ry =
R(R(D{l}), D{l}, D{LQ}). Define

min
Ry=R(Dq3)
Ri+Ro=R(R1,Dr1}.Drq 03)
(R1,R2.D13.D 23Dy 2})€RDND

Disy (Dy, Diigy) = Dyay.

We shall refer to Db} (D{1y, Dy1,2y) as the minimum distortion
achievable by the refinement layer in optimal greedy scalable
coding schemes.

Let Q denote the convex closure of the set of quintuples
(R1, R2, Dy1y, D2y, Dy1,2y) for which there exist auxiliary
random variables Xy, ) C K C {1,2}, jointly distributed with
X, such that

I(Xq1y; Xq23) =0

Ry > 1(X:Xu), ke{12}
Ri+Ry>1 (X§X{1}7X{2}7X{172})
Dy > E[d(X,Xx)], ®ckcC{12}.

Note that Q is essentially the EGC region with an additional
constraint I(X{l};X{Q}) = 0 (.., X{l} and X{Q} are
independent).

Lemma 3: The EGC region as well as Q is tight if Ry + Ry =
R(Ry1, D1y, Dy1,2y); more precisely

{(R1, Ry, D1y, Dyay, Dy1.2y) € RDyip :
Ri+ Ry = R(R1, Dy, Dyi o)
= {(B1, R2, D1y, D2y, Dya,2) € RDkcc -
Ri+ Ry = R(R1, Dy, Dyi o)
= {(B1,R2, D1y, D2y, Dpn2y) € Q:
Ri+ Ry =R (Ry,Dg1y, Di1y) } -

Proof: Note that this problem is closely related to multiple
description coding without excess rate. Indeed, for the special
case R(Ry, D1y, Dy12y) = R(Dq1,2y), this lemma follows
immediately from Ahlswede’s classical result [1]. In fact, even
for the general case, Ahlswede’s proof technique [1] (also cf.
[20]) can be directly applied with no essential change. Note that
for the no excess rate case, the two descriptions are (approx-
imately) independent (see (3.4) in [1]). It is easy to verify that
this (approximate) independence also holds under the constraint
Ry + Ry = R(Ry, D1y, Dy1,23). The rest of the proof is es-
sentially the same as that in [1] and is omitted. [ |

Though sz}(D{u; Dy123) is in principle computable
using Lemma 3, the calculation is often complicated by the
convex-hull operation in the definition of the EGC region
and Q. We shall show that under mild technical conditions
such a convex-hull operation is not needed for the purpose of
computing D}‘Q (Dg1y, Dy ay)-

We need the following definition of weak independence from

[2].



WANG et al.: ON THE ROLE OF THE REFINEMENT LAYER IN MULTIPLE DESCRIPTION CODING AND SCALABLE CODING

Definition 2: For jointly distributed random variables U and
V., U is weakly independent of V' if the rows of the stochastic
matrix [py | v (u|v)] are linearly dependent.

The following lemma can be found in [2].

Lemma 4: For jointly distributed random variables U and V,
there exists a random variable W satisfying

1) U -V — W form a Markov chain;

2) U and W are independent;

3) V and W are not independent;
if and only if U is weakly independent of V.

Theorem 4: If X is not weakly independent of X for any
X {1y induced by px,, | x that achieves R(Dy1y), then

Disy (Dp1y, Dy1ny)

Eld(X.91 (X»))]  (10)

= min
PX (13X 0y 1 X091,92

where the minimization is over px,, x,, | x - g1, and g2 subject
to the constraints

I (X Xq2y) =0

I(X;Xpy) = R(Dyy)

I(X; X1y, X(y) = R (R (Dq1y) . Diay, Dy 2y
E[d(X,X(1y)] <Dy

E [d(X, 92 (X1}, Xq21))] < Dyazy-

Here one can assume that X (5, is defined on a finite set with
cardinality no greater than | X'|* — | X[ + |X)].

Proof: First we shall show that the right-hand side of (10)
is achievable. Given any D1y and Dy 5 for which there exist
auxiliary random variables Xx, ) C K C {1,2}, jointly dis-
tributed with X, and a function g» such that

I (X Xq2y) =0

R(Dpy) =1 (X;:Xpy)

R (R (D), Doy, Dinoy) = T(X3 X1y, Xi2y)
Dy > E[d (X, Xp1y)]

Dy10y 2 E [d(X, 92 (X (13, Xq2}))]

and we have

R(R (D) Dy, Dia2y)
=1 (X; X1y, Xgoy) + 1 (X(13: X(2y)
R(R (D). Dpy, Diagy) — R (Dpyy)
=1 (Xpy, X X)) 2 1 (X5 Xqgy)

Therefore, the quintuple (11, Rz, D1y, D{2y, Dy1,23), where

Ry =R (Dyyy)
Ry =R (R (D)), Dy, Dpagy) — R (Dpay)
Dy =E [d(X, g1 (X(o3))]

is contained in the EGC* region for any function g; . This proves
the achievability part.

Now we proceed to prove the converse part. Let R; =
R(Dg1y) and Ry = R(R(Dy13), Dg1y, Di12y) — R(Dyay).
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Since the VKG region includes the EGC region, Lemma 3
implies that the VKG region is also tight when the total rate is
equal to R(R(Dy1y), D1y, D12} ). Therefore, if the quintuple
(R1, Ra, D1y, D2y, Dy1,2y) is achievable, then there exist
auxiliary random variables X, K C {1, 2}, jointly distributed
with X such that

Ri + Ry > 21(X; Xyp) +I(X;X{l};X{2}7X{1,2}|X(/J)
+1( Xy Xqzp| Xo)
Dy > E[d(X, Xx)], 0cCKC{1,2}.

By the definition of R(D{l}) and R(R(D{l}) D{1}> D{LQ})’
we must have

R(Dpy) =1 (X;Xg, X(1y) =1 (X3 X1y)
R (R (Dy1y) ,Dpy, Dy 2y) = 21(X; Xyp)
+1 (X3 X1y, Xpap, Xq1,23| Xo)
+1(Xp1y; X2y Xo)
=1 (X; X1y, X(1,2})

which implies that

1) X and Xy are independent;

2) X — Xy1y — X form a Markov chain;

3) X1y — Xp — X2y form a Markov chain;

4) X — (Xq13, X{1,2)) — (Xg, X{23) form a Markov chain;

5) px,, | x achieves R(Dy1y).
Since X is not weakly independent of X4y, it follows from
Lemma 4 that X and Xy, are independent, which further im-
plies that Xy and Xy, are independent. By Lemma 1, there
exist a random variable Z on Z with |Z| < |X? — |X|? + 1
and a function f such that

1) Z is independent of (X1}, Xy2});

2) Xq19y = f(X{1y, X2y, 2);

3) X — (X1, Xq23, X{1,2)) — Z form a Markov chain.
By setting Xb} = (Xy2y, Z), it is easy to verify that

I(Xp1):Xpy) =0

R(R (Dyy) . Dy, Diasy) = 1 (X3 X1y, X )
Dy > E [d (X, o (ng}))

Dpry 2 E [ (X, 02(X 1, Xy ) )|

where
N(X{ay) = 1(Xq2y, Z) = X2y
and
92(X 1y, X{oy) = f( X1y, X2, Z) = X(1.9y.
The proof is complete. ]

Remark: Theorem 4 is quite natural in view of the alternative
form of RDg¢ defined in Section IV-A. Moreover, it is easy to
show that (10) can be alternatively written as

Diyy (Dny: Dpaay) = min

Xy X2y X2y 11X

E [d(X, X{2})]
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where the minimization is over px ., x,,x,, ., | X subject to 2) Nondecreasing: If S C 7, then
the constraints

I (Xpy: Xzy) =0 W(T) = P(S)

I(X;Xqy) = R (D) = (IT1—1SNI(X; Xo)

I(X: X1y, X2y, X(1,2)) = R(R (Dq1y) , Dyay. Dyazy) — H (X(r) |X) + H (X35 |X)
E[d(X, X1)] < Dy + Y H(Xa|Xea_qayp)
E[d(X,X{1,21)] < Dy AeaT 28

Now we give an example for which Di‘{‘Q}(D{l}7 Dyy,23) can be > —H (X(z7_ss) |X7 X2s))

calculated explicitly. + Y H(Xa|X@a_gap)
Theorem 5: For a binary symmetric source with Hamming A;ﬂ_?s
distortion measure 7|
1 > — Z Z H (Xa|X AX5}peor )<k )
Disy (Pi1y, Do) = 5 + Doy = Dy k=1 Ae2T—25 | Al=k
+ H (X 4| X2a_

for 0 < D{LQ} < D{l} < % Ae;zs ( -A| (24 {A}))

Proof: The proof is given in Appendix F. [ | 7|

>=% Y H(Xa|Xeaqap)

k=1 Ac2T —25 | A|=k

APPENDIX A
PROOF OF LEMMA 1 * Z " (XA |X(2A_{A})) =0
A € 27 —_ 25
Let Y be a random variable independent of V' and uniformly
distributed over [0, 1]. It is obvious that for each v € V we can
find a function f, satisfying

3) Supermodular: We have

) — (P(SUT) =(T)) = (%(S) —¢(SNT))
P(fo(Y)=w) =pw v(wl|v), weW.
(V) =) = v lwl ) w e SOt )
Now define a function f such that _H (X(ZSUT_2T) |X, X(ﬂ))
f(vvy):fv(y)> ’Uev,ye [07 1]' + Z H(XAlX(ZA—{A}))

Ae€28UT _ 27T

It is clear that
= (IS = 1SN TI(X; Xp)

P(f(V.Y)=w|V =v) :pW'lV(w|'U)7 vEV,weW. +H(X(25_25m*) |X,X(25n7))
It can be shown by invoking Carathéodory’s theorem that there - Z H (X A |X (2A—{A}) )
exist a finite set Z C [0, 1] with | Z| < [V|([W|—-1)+ landa Ag2s 28T
random variable Z on Z, independent of V, such that = —H (X(gsur_o7) | X, X (27))

+ H (X(QS_QSF]T) |X, X(gsnT))

+ > H(Xa|Xpa_qap)
A€25VT _ M

> —H (Xpsorp) [ X, X))

P(f(V.Z)=w|V =v) =pw v(w|v), veV,weW.

We can see that pyyy is preserved if W is set to be equal to
f(V,Z). Now we incorporate U into the probability space by

setting py |vwz = pu|vw. It can be readily verified that
puvw is preserved and U — (V, W) — Z indeed form a Markov + Z H (Xa|X@a_gay)
chain. The proof is complete. AE2SVT — M
|SUT|
Z - Z Z H (X4 |X,{X5}peosur 5j<k)
APPENDIX B k=1 A28V7 —M,|A|=k
PROOF OF LEMMA 2 + Y H(Xa|Xea_qay)
By the definition of contra-polymatroid [4], it suffices to show A€28UT —M
that the set function ¢ : 27 — R, satisfies 1) ¥(}) = 0 |SuT|
(normalized), 2) ¥(S) < (7)) if S C 7 (nondecreasing), 3) 2 - Z Z H (XA |X(2*‘—{A}))
P(S) +P(T) < P(SUT) + (SN T) (supermodular). k=1 A€2SVT —M, | A=k
1) Normalized: We have + Z H (Xa|X@a_(ap) =0
Ae25VT — M

() = —I(X; Xp) — H(Xy | X)+ H(Xy) =0. where M = 25 U 27 . The proof is complete.



WANG et al.: ON THE ROLE OF THE REFINEMENT LAYER IN MULTIPLE DESCRIPTION CODING AND SCALABLE CODING

APPENDIX C
PROOF OF THEOREM 2

Itis clear that RDvkg« € RDvkg- Therefore, we just need
to show that RDvka € RDvKGs-

In view of Lemma 2 and the property of contra-poly-
matroid [4], for fixed pxx . and ¢, 0 ¢ K C Iy,

the region specified by (4) and (5) has L! vertices:
(Ri(m),...,Rp(m),Dk(m),0 C K C ZIp) is a vertex for
each permutation 7 on Zy,, where

Regay(m) = p({x(1)})
Roga(m) = p({(1),..., 7(k)})
—¢p({n(1),...,7(k-1)}), keZIp—-{1}
D () =E[d (X, ¢k (X@x)))], DCKCIp.
Since the VKG* region is a convex set, it suffices to show that
these L! vertices are contained in the VKG* region.

Without loss of generality, we shall assume that 7(k) = k,
k € Zy. In this case, we have

Rp(m) = ¢(Zr) — (Zr-1).

Now we proceed to write Rz (7) as a sum of certain mutual
information quantities. Define

Sik)={A: AeTp,|A =k Le A
Solk) = {A: AeTp,|Al <k Le A}

X)

Note that

RL(W) = I(X,X(/J> + H (X(QIL—I)
X)

L
+Y Y H(Xa|Xeaqay)

k=1 A€S; (k)

= I(X;Xy) - H (X(ZIL)

—H (Xgn)

X, X0, )

L
+ H(X{L}|X(/)) + Z Z H (XA |X(2A,{A}))
k=2 A€S, (k)

=I(X;Xp)+1 (X;X{L} ’X<21L,1))
+1 (X(QIL,I);X{L}‘Xm)
- H (X(QZL) X7X(21L—1)7X{L})

L
+Y > H(XalXpa_gay)

k=2 A€S (k)

=I(X;Xp)+ 1 (X;X{L} ’X(fH))
i (X(QIL,I);X{L}‘ Xw)

D)

k=2

H (Xa|X@a_qay)
AeS (k)

—H (X<sl<k>> ‘X’ X(QIL—I)’X(52(’€)))
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We arrange the sets in Sy (k) in some arbitrary order and denote
them by Sk 1, ..., Sk, N (k) respectively, where N (k) = ({;) —
(Lgl). Then for each k

o H(XalXea_qay)
A€S, (k)

- H (X($1<k)) ‘X,X(21L71)7X($2<k)))
N(k)

_ ; [H (ng_i

~H (Ko, | X Xraosy, Xssan Xgsu iz )|
NG

= 21X X X Xy
i=1

X

X(zsk,i —{Sk.:}) )

Xslc.i
N (k)

=1 (X@Ihl)?X<S2<k>>7X<{sk,j}§;i>?
=1

(28"'i—{5k.i})>

XSL»,1
N(k)

YT (Xixs, \X<zfr~1>7X<52<k>>vX<{sk,j};:>)
=1

N (k)
= Z 1 (X(21L—1)7X(Sg(k))7X({$k_j}ifi);
i=1

Jj=

X

(2% {8k }) )

XSL»,1

X(25k,i—{5k,i}))
L1 (X;X(sl(k)) ‘X(QIL_1)7X($2(7€))) :

Therefore, we have

RL(W) = I(X;X@) + 1 (X;X{L} ‘X(2IL71))

+1 (X(21L71)§X{L}‘ XVJ)
L [V

30 [ 20T (Ko Xy Kooy,
k=2

1

X(Sz (k)) ‘X(ZS’W —{Sk.i}) )
+1 (X;X(sl(k» ‘X(sz—l)’X@(k)))

= I(X; Xo) + T (X; X8y, X1,

+1 (X(QIL,I);X{L}‘ Xo)

X))

L—1 N(k)
30| Y (X rimy Xty Xgsi,yicty
k=2

i=1

Xs, . (11)

X(2Sk.i —{Sk,:i}) )

It follows from Lemma 1 that there exist an auxiliary random
variable Z and a function f such that

1) Z is independent of (X(QIL,I),X(SQ(L)));
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2) Xz, = [(X(pzr-1y: X(s52(2)): £):
3) X—(X(QIL_I),X(SQ(L))./XI,‘)—ZformaMarkov chain.
Therefore, we have
I(X§X(52(L))7XIL X(QILA))
= 1 (X: X500 2| Xzrimn) )
I (X(ZIL_I);X{L}‘ X@> —1 (X(ZIL_I);X{L}, Z‘ X@)
and
I (X@fmwX<52<k>>vX<{sk.j};:>;
XSk.i X

@5kt —{Sk i }) )
=1 (Xrssy X Xy i)

XSk.i X

25k —{SM}))

for1 <7 < N(k)and 2 < k < L — 1. Now it can be
easily verified that (Ry(n), ..., Rp(7), Dx(w),0 C K C Z1)
is preserved if we substitute X7y with (Xzy, %), set X7,
to be a constant, and modify ¢xc, § € K C Zr, accord-
ingly. By the definition of the VKG* region, it is clear that
(R1(7r), ceey RL(W), D}C(’/T), hcKkC IL> € RDvkags«- The
proof is complete.

APPENDIX D
PROOF OF THEOREM 3

Let R"{ = 1/)({1}), and th = 1/J(Ik) — w(Ik—1)7 kelr—
{1}. By Lemma 2 and the property of contra-polymatroid [4],
(R3,...,R}) is a vertex of the rate region {(Ry,...,RL) :
Ri > ¢(K),0 C K C I}; moreover, we have

L

min E OékRk
(Ri,..sRL)ERm_vka(Dx,KEHL) =1

L
= min E ar R (12)
PXgX {1y Xipy | x,¢,KEHL =1

where the minimization in (12) is over px, x (- Xpy | X0 and
¢ox, K € Hp, subject to the constraints
Dic > E [d(X, g (Xee))] . K€My,
It follows from Theorem 2 that Xz, can be eliminated. In-
specting (11) reveals that the same method can be used to elim-
inate X, £ € Sy(L) — {L}, successively in the reverse order
(i.e., the bottom-to-top and right-to-left order in Fig. 2). For k
from L — 1 to 2, we write 2}, in a form analogous to (11) and
execute this elimination procedure. In this way, all the auxiliary
random variables, except X¢, X{13,. .., X1}, are eliminated.
It can be verified that the resulting expression for (R}, ..., R})
is

Ry = 10X Xo) + T (X AX (110 i X | Xo) b€ T

The proof is complete.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 57, NO. 3, MARCH 2011

APPENDIX E
PROOF OF COROLLARY 3
First, we shall show that (6) is greater than or equal
to (7). Let X{k} = ¢{k}(X®X{k}) k € Ip, and
X%k = ¢Ik(X07X{1}7---7X{k})7 k e Iy — {1} It can
be verified that

3 [I(X Xw)+l(X Xk, ’X{k}‘X@)}

>~
Il
-

ke [ 1(X; Xy) +I({X{'}}f_1l;X{k}‘X"’>
(X X{k}lXQ)»{X{Z}} )}

o [106:X0) + 1 ({X 0 1) s X | X0 )]

M~ = HMH

>~
[|

2

+
Mh

(g — agpqr) (X§X07 {X{i}}f:1>

=1

Qay [I(X§XVJ) +1 (XEHk—l); X‘I{k}’ X@)}

AR

>

>~
[|

2

+
M=

(ok = )T (X3 Xo, Xy, )

=1

[
-

g [I(X;qu) +1 (XEHk_l); X*I{k}’ Xw)

?r'

=1
I (X-X@.Xgm 1)) +I(X;Xm,XZHk>)}

HMH

[ (X; X)) +I(X(H 1),X{k}’X@>

+ I(X X1y X0 | X0, X, 1))}

where a4 EX)}

Now we proceed to show that (7) is greater than or equal to
(6). It follows from Lemma 1 that there exist a random variable
Z and a function f such that

1) 7 is independent of (Xg, X(3, _,), X{£});

2) Xz, = f(Xp, Xm, 1), Xy}, 2);
3) X — (Xy,X(3,)) — Z form a Markov chain.
Note that

I (X(poiy: Xy | Xo)

=1 (X3 X(ry. Z] Xo)
I(X: X0y X7, | X0, X9, 1))

= 1 (X; X1y, Z] X, X, ) -

Therefore, we can substitute X7y with (X{zy,7) and elim-
inate X7,. It is clear that one can successively eliminate
Xz, 4,--., Xz, in a similar manner. The proof is complete.

APPENDIX F
PROOF OF THEOREM 5
It is obvious that Db} (Dg1y, Dyaay)
Therefore, we shall only consider the case Dy} < 3.

= Dy if Dy = 5.
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r -0 _I X2IL—1
By
Ly N s
: o _: :— 1 Sa(k)
P X Xy Xy Xy NXy (Xs1,) |
k=l: O 1 '________& _____ A
(]
| X2y Xpgy X1z} Xspy X Xsppm1 |
k=2 e N |
| ] |
| A
! @ —@— Y i Sji’”)
R g
P 0 S,
: : :_XSk 1 X8, Xseq XSI:.N(k)—:
£ 10 00 o ! e - |
! N Xewm ]
! |
S -
XIL(XSL,I)
k=L
Fig. 2. Structure of auxiliary random variables for the VKG region.
Since binary symmetric sources are successively refinable, it Xy X, 2 X
follows that O O
Dy 2
Dy
R(Dy) =1-H, (Dyyy) 2 “3
R(Ry (Dgy) . Dy, Diazy) = 1= Hy (Dyaay) o ©

where Hy( -) is the binary entropy function. If Dy < 1. then
R(Dy1y) is achieved if and only if px | x is a binary sym-
metric channel with crossover probability Dyy; it is clear that
X is not weakly independent with the resulting X ;. There-
fore, Theorem 4 is applicable here.

Define X1 9y = go(Xy1y, X{2}). Note that we must have
E[d(X, X{Lz})] S D{172} and

(X Xy Xgoy) = (X5 X1y, X2y X )
=1(X;X[10)
=1- Hb (D{I,Z})

which implies that X — Xy — (X{13, X{2y) form a
Markov chain and DXy 0y | X is a binary symmetric channel
with crossover probability D{l,g}. Therefore, px X1y X(12) is
completely specified by the backward test channels shown in
Fig. 3. Now it is clear that one can obtain D* (D13, Dy 23) by
solving the following optimization problem:

D* (Dp1y, D1 9y)

min
PX o) | XX 113X g 93090

E[d (X, 91 (X))}

subject to the constraints

1) X1y and X, are independent;

2) Xy1,2y is a deterministic function of X1y and Xya};

3) X — X123 — (X{13, Xy23) form a Markov chain.

Assume that X5, takes values in {0, 1,...,n — 1} for some
finite . We tabulaterX{l}X{Q}X{lwz} DX (1) X (20 PX X oy » and
PX{1) X2y X1, fOT €ase of reading.

Fig. 3. Backward channels for successive refinement of a binary symmetric
D —D

Ly — A1rT {12}

source: p = 15D, 5y

According to px x,, x, ,, (cf. Fig. 3), itis easy to see that

%(1 —p) (1= Dp1gy)

n—1 n—1
E ag,; = E a7 i
=0 =0

n—1 n—1 1

Z a1 = Z ag; = ng{Lz}

1=0 1=0

n—1 n—1 1

Z a; = Z a5, = 5P (1= Dyi,9y)
i=0 i=0

1
5(1 —p)Dy1,93- (13)

n—1 n—1
E as,q E a4 i
i=0 i=0

Furthermore, one can verify the following statements.
1) The fact that X and X5, are independent and that X (1,
is uniformly distributed over {0, 1} implies

aoi+ a1+ ag; +as;

=ag;tas;+as;+ar;, =0 n—1.

(14)

ey

2) The fact that X{l,Q} is a deterministic function of
(X{l},X{Q}) implies

(ao,i + a4,1:)(a1,1: + a5,,;)
= (a2; + a¢;)(as; +a7;) =0
i=0,...n—1.

5)
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Z{2
2o | g n—1
T, T{1}>T{1,2}
0,0,0 ao,0 | Go,1 | Qo2 a0,n—1
0,0,1 aio | a1 | a2 a1,n—1
0,1,0 az0 | a2,1 | a2 a2,n-1
1,1,1 aro | a7 | arz a7p-1
T2 0 n—1
T{1}
0 ap,0 + a0 + aspo + aspo a0,n—1+ A1,p—1 + Q41 + A5 pn—1
1 azo+aso+ aso + azo a2n—1+a3n—1+ e n-1+ a7 n-1
T2} 0 n—1
x
0 ap,0 + a0+ a0 +aso aon—1+ a1 p—1+ a2p—1+azn-1
1 a4,0 + aso+ago +aro A4p—1+ a5.n—1 + A6,n—1 + A7 n—1
T{1},T{2
{(1}>42) 0,0 0,n—1 1,0 1,n—1
L{1,2}
0 ap,0 + aq,0 Agp—1+ A4n—1 | 2,0 + A0 a2.n—1 1 G n—1
1 a1+ aso 1n—1+a5n—1 | 3,0 + a7 a3;n—1+ a7n-1

3) The fact that X — X4 9y — (X{13, X{2) form a Markov

chain implies

a1
a1,

ao,;

ag,; =

Combining (16) and (17) yields

=asz;, a5; = ar;, €8]
=ag,i, A2, = A5,4, 1€ Sy
=ar;, a3; = a4, 1€ S3

A2, G4; = G5, o€ Sy.

It is easy to see that different values in each S;, 7 = 1,2, 3,4,
can be combined. That is to say, we can assume that Xyo,
takes values in {0, 1, 2, 3} with no loss of generality. As a con-
SeqUENCe, PX X (1} X ) X{(1.0} and PXX,, can be re-tabulated
shown at the top of the page.

1-Dpgy 1-Dpoy
g = ———Q44, G5 = —F5 01,
Dy 5y D12y
az; = it 2 6,4y 075 = #03,1‘
Dy 5y D12y
i=0,....n—1. (16)
According to (15), there are four possibilities for each ¢
ag; = a2 = a4; = ag; = 0
or ag; =az;=a4; =a7; =0
or ay;=az;=as; =ag; =0
or ay;=a3;=as; =a7; =0, i=0,...,n—1
Moreover, in view of (14), we can partition {0,1,...,n — 1}
into four disjoint sets S;, j = 1,2, 3,4, such that
ar;+as;=a3;+ar;, €S
ar1;+as; =az;+ag;, €Sy
ap; +asi =a3;+ar;, ¢€S3
ap; + a4 =a2;+ ag;, € Sy (17)

Bi =

o 1 - D{172} o

Note that a; and f3; satisfy

o 1=1,2,3,4
Dy1,2y

1
ar + o =ay+az = EPD{LQ}

1

a1 +az = 5(1—-p)Dj 9

2
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o 1|23
L, T{1}>%{1,2}

0,0,0 0| 0 |fB|fs

0,0,1 ap | ag | O 0

0,1,0 0 | B2| O | Ba

0,1,1 ar | 0 a3z | O

1,0,0 0 0 | as | ag

1,0,1 Br|B2] 0| 0O

1,1,0 0 |ag | O | g

1,1,1 Bi] 0| B3| O

2 I 2 3
T

0 200 | ag+ B2 | az+ P3| 204
1 26y | ag+ B2 | az+ (B3 | 204

where the first four equalities follow from (16) while the others
follow from (13). Using X} to reconstruct X, one can achieve

Dy =201 + ag + B2 + az + B3 + 24

1
25_(/31—0614‘54—0!4)
_ 1 1-— 2D{1’2} 1-— 2D{1,2} N
= _ — 4
2 D2y D12y

It can be easily verified that Dy is minimized when oy =
= 1pD Theref h
a4 = 5pDy1 2y. Therefore, we have

* 1
Dy (Ppay, Divzy) = 2pDpay + 5 (1= 2p)
1

5 T Pz = Py
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