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Cascade, Triangular, and Two-Way Source Coding
With Degraded Side Information at the Second User

Yeow-Khiang Chia, Haim H. Permuter, Member, IEEE, and Tsachy Weissman, Senior Member, IEEE

Abstract—In this paper, we consider the cascade and triangular
rate-distortion problems where the same side information is avail-
able at the source node and user 1, and the side information avail-
able at user 2 is a degraded version of the side information at the
source node and user 1. We characterize the rate-distortion region
for these problems. For the cascade setup, we show that, at user
1, decoding and rebinning the codeword sent by the source node
for user 2 is optimum. We then extend our results to the two-way
cascade and triangular setting, where the source node is interested
in lossy reconstruction of the side information at user 2 via a rate
limited link from user 2 to the source node. We characterize the
rate-distortion regions for these settings. Complete explicit char-
acterizations for all settings are given in the quadratic Gaussian
case. We conclude with two further extensions: a triangular source
coding problem with a helper, and an extension of our two-way cas-
cade setting in the quadratic Gaussian case.

Index Terms—Cascade source coding, triangular source coding,
two-way source coding, quadratic Gaussian, source coding with a
helper.

I. INTRODUCTION

HE problem of lossy source coding through a cascade was

first considered by Yamamoto [1], where a source node
(node 0) sends a message to node 1, which then sends a message
to node 2. Since Yamamoto’s work, the cascade setting has been
extended in recent years through incorporating side information
at either nodes 1 or 2. This model of cascade source coding
with side information has potential applications in peer-to-peer
networking, such as video compression and transmission over a
network, where each node may have side information, such as
previous video frames, about a video to be sent from the source.
In [2], Vasudevan et al. considered the cascade problem with
side information Y at node 1 and Z at node 2, with the Markov
chain X — Z — Y. They provided inner and outer bounds for
this setup and showed that the bounds coincide for the Gaussian
case. In [3], Cuff et al. considered the cascade problem where
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the side information is known only to the intermediate node and
provided inner and outer bounds for this setup.

Of most relevance to this paper is the work in [4], where
Permuter and Weissman considered the cascade source coding
problem with side information available at both node O and
node 1 and established the rate-distortion region for this setup.
The cascade setting was then extended to the triangular source
coding setting where an additional rate limited link is available
from the source node to node 2.

Given the results in [4], a natural question is whether it can be
extended to richer classes of cascade source coding problems.
A related question is the following. The achievability scheme
in the cascade result in [4] relies on node 1 decoding and re-
transmitting the codeword sent by node 0 to node 2. This is es-
sentially a special case of the decode and re-bin scheme where
node 1 decodes and re-bins the codeword sent by node 0 to node
2. When is this decode and re-bin scheme optimum and what is
the statistical structure of the sources and network topology re-
quired for this scheme to be optimum? In this paper, we extend
the cascade and triangular source coding setting in [4] to include
additional side information Z at node 2, with the constraint that
the Markov chain X — Y — Z holds. Under the Markov con-
straint, we establish the rate-distortion regions for both the cas-
cade and triangular settings. The cascade and triangular settings
are shown in Figs. 1 and 2, respectively. In the cascade case,
we show that, at node 1, the decode and re-bin scheme is op-
timum. To the best of our knowledge, this is the first lossy source
coding setting where the decode and re-bin scheme at the cas-
cade is shown to be optimum. (In [5], the decode and re-bin
scheme was shown to be optimum for some classes of source
statistics in a lossless setting.) The decode and re-bin appears to
rely quite heavily on the fact that the side information at node
2 is degraded: Since node 1 can decode any codeword intended
for node 2, there is no need for node 0 to send additional infor-
mation for node 1 to relay to node 2 on the R; link. Node 0 can
therefore tailor the transmission for node 1 and rely on node 1 to
decode and minimize the rate required on the R, link. We also
extend our results to two-way source coding through a cascade,
where node 0 wishes to obtain a lossy version of Z through arate
limited link from node 2 to node 0. This setup generalizes the
(two-rounds) two-way source coding result found in [6].! The
two-way cascade source coding and two-way triangular source
coding are given in Figs. 3 and 4, respectively.

The rest of the paper is as follows. In Section II, we pro-
vide the formal definitions and problem setup. In Section III,

IKaspi [6] considered multiple rounds. In this paper, we consider only two
rounds and when we mention the results in [6], we mean the two-rounds version
of the results
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we present and prove our results for the aforementioned set-
tings. In Section IV, we consider the quadratic Gaussian case.
We show that Gaussian auxiliary random variables suffice to ex-
haust the rate-distortion regions, and their parameters may be
found through solving a tractable low-dimensional optimization
problem. We also showed that our quadratic Gaussian settings
may be transformed into equivalent settings in [4] where ex-
plicit characterizations were given. In the quadratic Gaussian
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case, we also extended our settings to solve a more general case
of two-way cascade source coding. In Section V, we extend our
triangular source coding setup to include a helper, which ob-
serves the side information Y, and has a rate limited link to node
2. Our two-way cascade quadratic Gaussian extension is shown
in Fig. 5, while our helper extension is shown in Fig. 7. We con-
clude the paper in Section VI.

II. PROBLEM DEFINITION

In this section, we give formal definitions for the setups under
consideration. We will follow the notation of [7, Lecture 1].
Unless otherwise stated, all logarithms in this paper are taken
to base 2. The source sequences under consideration, {X; €
Xi=12..}L{Y;e)i=12,..} ,and {Z; € Z,i =
1,2,...}, are drawn from finite alphabets X, ), and Z, respec-
tively. For any ¢ > 1, the random variables (X;,Y;, Z;) are in-
dependent and identically distributed according to p(z,y, z) =
p(z)p(y|lz)p(zly);ie., X —Y — Z. The distortion measure be-
tween sequences is defined in the usual way. Let d : &' x X —
[0,00). Then

1 n
d(a",i") = — > d(wi, &)
=1

A. Cascade and Triangular Source Coding

We give formal definition for the triangular source coding
setting (Fig. 2). The cascade setting follows from specializing
the definitions for the triangular setting by setting B3 = 0. A
(n,2nf onk2 9nRs) code for the triangular setting consists of
three encoders

f1 (atnode 0) : X™ x Y™ — My € [1: 2"F1]

fo (atnode 1) : Y™ x [1:2"®] = M, € [1: 21
fa (atnode 0) : X™ x Y™ — M3 € [1: 2"F2]

and two decoders

g1 (atnode 1) : Y™ x [1:2"F1] — X7
g2 (atnode 2) : Z™ x [1: 2772 x [1: 27F] — X

Given (D1, D3),a(R1, Ra, Rs, D1, D5) rate-distortion tuple
for the triangular source coding setting is said to be achiev-
able if, for any € > 0, and n sufficiently large, there exists a
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(n,2nR1 gnRz 9nRs) code for the triangular source coding set-
ting such that

<Dj+e, j=1,2

1 & N
E [E > di(Xi, X;)
=1

where X7 = g (V" fi(X",Y") and Xy =
gQ(Zn7 fZ(Yn7 fl(Xn7 Yn))7 f3(Xn> Yn))

The rate-distortion region R(D1, D2) is defined as the clo-
sure of the set of all achievable rate-distortion tuples.

Cascade Source Coding: The cascade source coding setting
corresponds to the case where R3 = 0.

B. Two-Way Cascade and Triangular Source Coding

We give formal definitions for the more general two-way
triangular source coding setting shown in Fig. 4. A
(n,2nf onkz gnks onRa) code for the triangular setting
consists of four encoders

f1 (at node 0)
fo (atnode 1)

f3 (at node 0)
fa (at node 2)

SXT X Y — My e [1: 2"
(YU x 1 2m) 5 M, € [1: 2]
CAXT X YN — My € [1:2"Fq]
D27 x (1 2nBe] (1 : 2nfe)
— My € [1:2"R)
and three decoders
CY" 12 o A
g2 (atnode 2) : 2" x [1: 2% x [1: 273 — Xp
AT X YU x [ 2”R4] — 2",

g1 (atnode 1)

g3 (at node 0)

Given (Dl7 Do, D3), a (Rh Ro, R3, Ry, D1, Do, D3) rate-
distortion tuple for the two-way triangular source coding setting
is said to be achievable if, for any € > 0, and n sufficiently large,
there exists a (n, 27%1, 2nft2 onka gnRa) code for the two-way
triangular source coding setting such that

1 & o]
E|— di(X;, X)) | < D; . 7=1,2
and
1 ]
E ;;dg(z,;,zi) <Dj+e
where X7 = g1(Y", fr(X™,Y™)), Xg -

9227, fo(Y", (X7 Y™M), f3(X™,Y™), and 2" =
G (XY™, [ 27, oY, FL(X7 Y ), f5(X7,Y™)).

The rate-distortion region R(D1, Do, D3) is defined as the
closure of the set of all achievable rate-distortion tuples.

Two-Way Cascade Source Coding: The two-way cascade
source coding setting corresponds to the case where R3 = 0.
In the special case of two-way cascade setting, we will use R3,
rather than R4, to denote the rate from node 2 to node 0.

III. MAIN RESULTS

In this section, we present our main results, which are single
letter characterizations of the rate-distortion regions for the

four settings introduced in Section II. The single-letter char-
acterizations for the cascade source coding setting, triangular
source coding setting, two-way cascade source coding setting,
and two-way triangular source coding setting are given in
Theorems 1, 2, 3, and 4, respectively. While Theorems 1-3
can be derived as special cases of Theorem 4, for clarity and
to illustrate the development of the main ideas, we will present
Theorems 1-4 separately. In each of the theorems, we will
present a sketch of the achievability proof and proof of the
converse. Details of the achievability proofs for Theorems 1-4
are given in Appendix A. Proofs of the cardinality bounds for
the auxiliary random variables appearing in the theorems are
given in Appendix B. In each of the theorems presented, the
achievability scheme does not require the Markov structure
X —Y — Z, and hence, they can be used even if the sources
do not satisfy the Markov condition. The Markov condition is
required for us to prove the converse.

A. Cascade Source Coding

Theorem 1 (Rate-Distortion Region for Cascade Source
Coding): R(D1, Ds) for the cascade source coding setting de-
fined in Section II is given by the set of all rate tuples (R, R2)
satisfying

Ry > I(X; Xy, U|Y)

for some p(z,y,z,u,21) = p(@)p(ylz)p(zly)p(ulz,y)
p(Z1|z,y,u) and function g : U X Z — X, such that

Ed;j(X,X;) < D;, j=12.

The cardinality of ¢/ is upper bounded by [U/| < |X||Y| + 3.

If Z = (), this region reduces to the cascade source coding
region given in [4]. If Y = X, this setup reduces to the well-
known Wyner—Ziv setup [8].

The coding scheme follows from a combination of techniques
used in [4] and a new idea of decoding and re-binning at the
cascade node (node 1). Node 0 generates a description U™ in-
tended for nodes 1 and 2. Node 1 decodes U™ and then re-bins
it to reduce the rate of communicating U™ to node 2 based on
its side information. In addition, node O generates X 7' to satisfy
the distortion requirement at node 1. We now give a sketch of
achievability and a proof of the converse.

Sketch of Achievability: We first generate 2(I(X:Y5U)+e)
U™ sequences according to [[;_, p(u;). For each u" and y"
sequences, we generate 2K XIUY)+e) ¥n gequences ac-
cording to [];—, p(#i|u;, ;). Partition the set of U™ sequences
into 2nU(UiXIY)+2¢) bing, By (my). Separately and indepen-
dently, partition the set of U™ sequences into 2"/ (UiX,Y[2)+2¢)
bins, By(ms), my € [1 : 2nUIUXY[2)+20)]

Given 2™, y™, node 0 looks for a jointly typical codeword u";
thatis, (u™, 2™, y™) € ’]}(") .If there are more than one, it selects
a codeword uniformly at random from the set of jointly typical
codewords. This operation succeeds with high probability since
there are 2"(/(X:Y5U)+€) /™ sequences. Node 0 then looks for
a 27 that is jointly typical with ™, z™, y". This operation suc-
ceeds with high probability since there are 27(/(X1iX|U.Y)+e)
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27 sequences. Node O then sends out the bin index m1o such
that u™ € By (m1o) and the index corresponding to . This re-
quires a total rate of Ry = I(U; X|Y) + I(X1; X|U,Y) + 3e.
At node 1, it recovers " by looking for the unique u™ se-
quence in Bi(mig) such that (u™,y™) € 7™ Since there
are only 2nUI(XYU)—I(UXY) =€) — on(I(U:Y)=€) gequences
in the bin, this operation succeeds with high probability. Node
1 reconstructs ™ as 7. Node 1 then sends out mo such that
u™ € Ba(ma). This requires arate of Ry = I(U; X, Y |Z) + 2e.
At node 2, note that since U — (X,Y) — Z, the se-
quences (U™, X™ Y™ Z™) are jointly typical with high
probability. Node 2 looks for the unique w” in By(msz) such
that (u™, z") € 7™ . From the Markov chain U — (X,Y) — Z,
IU;X,Y) - I(U;X,Y|Z) = I(U;Z). Hence, this op-
eration succeeds with high probability since there are only
2n(I(U32)=€) " sequences in the bin. It then reconstructs using
To; = go(ui,z;) fori € [1: n).
Proof of Converse: Givena (n, 2" 2" D, Dy) code,
define U; = (X'~ Y=t 7= 7" | M5). We have the fol-
lowing:

’I’LR2 Z H(MQ)
> H(M,|Z")
=I(X", Y™ My|Z")

I(X’i7Yi;M2|Zn7Xi_17Yi_l)

-

Il
-

Il

<
Il
—

(H(X:,Yi|Zz", X",y
_H(Xi7YYi|Zn7Xi_17Y’i_l7 MZ))

(H(X:,Yi|Z;) — H(X;,YilZi,Uy))

I

&
Il
-

1(X;,Y; Uil Z;).

I

1

K2

Next

nRy > H(M)
> H(M Y™, Z")
= H(My, My|Y™, Z")
= I(X™ My, Mo|Y™, Z™)

=3 I(Xi; My, My|X* Y™, Z™)
i=1

:;(H

(Xi|Xi—17yn7 Zn)

_H(X'i|Xi_17Yn7Zn7M17MQ))

n

= (#

=1

(X,|Y;, Z:)
(AXV|*XvZ 17Yn7Zn7M17M2))

(a)z":( H(X V)

H(X;| X7y Xy, 2", M17M2))
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>Z( (Xi|Y;) —

ZZI(XZ‘;XMU@‘M)

i=1

H(X;| X1, s, Uv))

Step (a) follows from the Markov assumption X —Y — Z and the
fact that X, is a function of (Y™, Ms). Next, let () be a random
variable uniformly distributed over [1 : n] and independent of
(X", Y™, Z™). Wenote that X = X, Yy =Y, Zo = Z, and

Ry > 1(Xq,Yq: UqglQ, Zq)
= 1(Xq,Yq: Uqg, QlZq)
= I1(X,Y;Uq,Q|2),
1> 1(Xqi X1, Ug|Ya. Q)
= I(X; X109, Ug, QIY).
Defining U = (Ug, Q) and XlQ = X, then completes the

proof. The existence of the reconstruction function g follows
from the definition of U. The Markov chains U — (X,Y) —
Zand Z — (U, X,Y) — X required to factor the probability
distribution stated in the theorem also follow from definitions
of U and X 1. O

We now extend Theorem 1 to the triangular source coding
setting.

B. Triangular Source Coding

Theorem 2 (Rate-Distortion Region for Triangular Source
Coding): R(Dy, D) for the triangular source coding setting
defined in Section II is given by the set of all rate tuples
(Rl, Rs, Rg) satisfying

Ry > I(X; Xy, UJY)
Ry > I(X,Y;U|2)
Ry > I(X,Y;V|U, Z)

for some p(z,y,z,u,0,#1) = p@)p(yl)p(zly)p(ulz,y)
p(&1|z,y,uw)p(v|x,y,u) and function go : U X V X Z — X,
such that

Ed;(X,X;) <D;, j=1,2
The cardinalities for the auxiliary random variables can be upper
bounded by U] < |X||V|+4 and [V| < (|X[|V]+4)(|X[|V]+
1).

If Z = (, this region reduces to the triangular source coding
region given in [4].

The proof of the triangular case follows that of the cascade
case, with the additional step of node 0 generating an additional
description V™ that is intended for node 2. This description is
then binned to reduce the rate, with the side information at node
2 being U™ and Z™. Node 2 first decodes U™ and then V™.

Sketch of Achievability: The Achievability proof is an exten-
sion of that in Theorem 1. The additional step we have here is
that we generate 2"(I(V:XYIU)+e) yn gequences according to
[T, p(vi|u;) for each u™ sequence, and bin these sequences
to 2nUI(ViXYIU.2)42€) bing Bs(ms), ms € [1 : 2"7s]. To
send from node O to node 2, node O first finds a v™ sequence
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that is jointly typical with (u™, 2™, y™). This operation succeeds
with high probability since we have 2nUI(ViX,Y[U)+e) 4n g
quences. We then send out 3, the bin number for v™. At node
2, from the probability distribution, we have the Markov chain
(V,U) — (X,Y) — Z. Hence, the sequences are jointly typ-
ical with high probability. Node 2 reconstructs by looking for
unique v™ € Bs(mg) such that (u™, v™, 2™) are jointly typical.
This operation succeeds with high probability since the number
of sequences in By (ms3) is 2"I(ViZIV)=¢) Node 2 then recon-
structs using the function go.

Proof of Converse: The converse is proved in two parts.
In the first part, we derive the required inequalities and in the
second part, we show that the joint probability distribution can
be restricted to the form stated in the theorem.

Given a (n,2"f 2nF2 9nRs 1)) Do) code, define U; =
(XY=t Z= Zr My) and V; = (U;, Ms). We omit
proof of the R; and R, inequalities since it follows the same
steps as in Theorem 1. We have

nlky > ZI(Xi;X1i7Ui|Y;;)

i=1

nRy > I(X;, Y3 Ui\ Z:).
=1

For R3, we have

’I”LRg Z H(Mg)
> H(Ms|Ms, Z")
= I(X"™,Y"™; Ms|My, Z™)

= Z (H(X;,Y;| My, Z™, X771 Y1)
=1
—H(X;,Y;|Ma, M3, Z", X"~ V')

= (H(X:,Yi|Ui, Zi) — H(X;, Yi|U;, Vi, Z3))
=1

=Y I(X,, Y3 VilUs, Z)).

i=1

Next, let @ be a random variable uniformly distributed
over [1 n| and independent of (X™, Y™ Z™). Defining
U = (Ug,Q),V = (Vo,Q), and XlQ = X; then gives
us the bounds stated in Theorem 2. The existence of the
reconstruction function go follows from the definition of U
and V. Next, from the definitions of U,V and X 1, We note
the following Markov relation: (U,V, X;) — (X,Y) — Z.
The joint probability distribution can then be factored as
p(x,y,z,u,v,f;l) = p(x,y,z)p(u|x,y)p(jl,’u|w,y,u).

We now show that it suffices to restrict the joint
probability distributions to the form p(x,y,2)p(ulz,y)
p(Z1]z,y,w)p(v|z,y,u) using a method in [4, Lemma 5].
The basic idea is that since the inequalities derived rely on
p(&1,v|z,y,u) only through the marginals p(Z|z,y,u)
and p(v|z,y,u), we can obtain the same bounds even
when the probability distribution is restricted to the form
p(x,y,z)p(u|x,y)p(:f71|x,y,u)p(v|x,y,u).

Fix a joint distribution p(z,y,2)p(u|z,y)p(Z1,v|z,y,u)
and let p(v|z, y, w) and p(Z1 |z, y, u) be the induced conditional

distributions. Note that p(z,y, z)p(u|z,y)p(£1, v|z,y,w) and
p(z,y, 2)p(u|z, y)p(Z1|z, y,w)p(v|z,y,u) have the same
marginals p(z,y, z,u,v) and p(x,y, z,u, Z1), and the Markov
condition (U, V,X1) — (X,Y) — Z continues to hold under
p(z,y, 2)p(ulz, y)p(1]z,y, w)p(v|z, y, u).

Finally, note that the rate and distortion constraints given
in Theorem 2 depends on the joint distribution only through
the marginals p(z,y, z,u,v) and p(x,y, z,u, Z1). It therefore
suffices to restrict the probability distributions to the form
p(z,y, 2)p(ulz, y)p(1]z,y, w)p(vlz, y, u). O

C. Two-Way Cascade Source Coding

We now extend the source coding settings to include the case
where node 0 requires a lossy version of Z. We first consider the
two-way cascade source coding setting defined in Section II (we
will use R3 to denote the rate on the link from node 2 to node 0).
In the forward part, the achievable scheme consists of using the
achievable scheme for the cascade source coding case. Node 2
then sends back a description of Z™ to node 0, with X™, Y™ U7
as side information at node 0. For the converse, we rely on the
techniques introduced and also on a technique for establishing
Markovity of random variables found in [6].

Theorem 3 (Rate-Distortion Region for Two-Way Cascade
Source Coding): R(D1, D2, D3) for two-way cascade source
coding is given by the set of all rate tuples (R;, Ro, R3) satis-

fying
Ry > I(X; X1, U4|Y)
R3 > I(Uy; Z|Uy, X,Y)

for some p(w,y,z,u1,u2,%1) = p(x)p(ylz)p(z|y)p(uilz,y)
p(#1|u1, z,y)p(uz|z,u1) and functions g2 : Uy X Z — X, and
gs : Uy x Uy x X XY — Z such that

E(d;(X, X;)) < Dj,
E(d3(%, %)) < Ds.

j=1,2

The cardinalities for the auxiliary random variables can be upper
bounded by |t/1| < |X]|Y| + 5 and [Us| < [Uh|(| 2] + 1).

If Y = X, this region reduces to the result for two-way (two
rounds only) source coding found in [6].

Sketch of Achievability: The forward path (R; and R»)
follows from the cascade source coding case in Theorem
1. The reverse direction follows by the following. For each
ul, we generate on(I(U2;Z|Ur)+e) uy sequences according to
17, p(uzi|uy;) and bin them to 2" (UzZIU1.X.1)+2€) pipg,
Bs(ms), ms € [1 : 2"F3]. Node 2 finds a u} sequence that is
jointly typical with (u},2"). Since there are 2"(/(U2iZ|U1)+¢)
sequences, this operation succeeds with high probability. It
then sends out the bin index mg, which the jointly typical v™ se-
quence is in. At node 0, it recovers u5 by looking for the unique
sequence in Bs(ms) such that (uf,u},z™,y™) are jointly
typical. From the Markov condition Uy — (U1, Z) — (X, Y) and
the Markov lemma [9], the sequences are jointly typical with
high probability. Next, since there are only 27(/(V2:X,Y|U1)—¢)
sequences in the bin, the probability that we do not find the
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unique (correct) sequence goes to zero with n. Finally, node 0
reconstructs using the function g3.

Proof of Converse: Given a (n,2nft 2nfz gnRs
Dy, D>, D3) code, define Uy; = (MQ, Xi_l, Yi_l, Zin+1)
and Us; = Ms3. Note that unlike Theorems 1 and 2, Uy; does
not contain Z~'. We have

nRy > H(M )
H(M: Y™, Z™)
(Ml,M2|Yn Z")
—I(X My, Ma Y™, Z™)

= I(Xi; My, My| XY™, Z7)
=1

ZE(H

()(74/|)(i—17)/‘n7 Zn)

—H(X;| X7 Y™, 2", My, M>))
= (H(X;|Y;, Z;)—
=1

H(X;| X'~ Y™, 2", My, My))
H(X;| X1 Y™, 2", My, M>))

H(X;| X1 Xy, Y™, 2", My, Mz))

- H(Xi| %1, Vi, Uni))

=1

= I(Xi; X, Uni[Y)

where step (a) follows fromAthe Markov assumption X; —Y; — Z;
and step (b) follows from X; being a function of (Y™, M ).
Consider now R

TLRQ = H(Mg)

> H(My|Z™)
= I(My; X", Y™ |Z")

= Z (H(X;,Y;|z™, X7 YY)
i=1
_H(Xi7m|Zn7Xi_l7Yi_l7 MQ))

>y (X, YUl Zs).

-

Il
-

K2

Next, consider R3

nRy = H(Ms)

> H(M;|X™,Y™")

> I(Ms; Z"| X", Y™)

— H(Z"|X™,Y") — H(Z"|X",Y", My)

= H(Z'X",Y") = H(Z"|X",Y", My, My)

> Z (Zi|Xi,Y:) = H(Zi| 2}, 1, X*, Y Mo, M3))
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= ZI(Z71§ Uhi, Usi| X3, Y5)

i=1

=Y I(Zi;Uxi|Xi,Yi, Uni)
i=1
where the last step follows from the Markov relation
Z; — (X;,Y;) — Uy; which we will now prove, together
with other Markov relations between the random variables. The
first two Markov relations below are used for factoring the joint
probability distribution while Markov relations three and four
are used for establishing the distortion constraints. We will use
the following lemma from [6].

Lemma 1: Let Ay, As, B, Bo be random variables with
joint probability mass functions mf p(ai,as,bi,by) =

p(a1,b1)p(az,b). Let M be a function of (Ay, A) and
M be a function of (B, Bg,Ml) Then

I(Ag; B1|My, My, Ay, Bs) = 0 (1
I(B1; M)Ay, B2) =0 2)
I(Ag; M3| My, Ay, By) = 0. 3)

Now, let us show the following Markov relations.
D Z; — (X;,Y:) — (UM?AXM): To establish this relation, we
show that I(Zt, Uy, X1L|X” K) =0
1(Z3; X145, Uni| X, Y5)
= I(Zi; X1i, Mo, X7 V7L 2001 1X0, V)
<I(ZL7X117M27XL ! YL ! Xz+1 Y;ih ZTL+1|X17YZ)
= I(ZiaXl 17Y1 17X?+17K117Z?+1|X17K)

=0.
2) Uy — (Z,L',Uli) - (Xli,Xi,Yi)I Note that Uy; = Mj.
Consider

I(X;, X3, Yy Ui Zi, Uni)
<I(X XY™ Ms|Z7, Xi—l yi-t , M)
= I(XPM Y Ms| 2!, XP=H Y= My).
Now, using Lemma 1, set A; = (X'"7LY"1) By =
Zjil, Ay = (XZn/YZn) By = (Zzn)/ M, = Ms, and
My = M. Then, using the third expression in the Lemma,
we see that I( X, Y,"; M3|Z", X' =1 V=1 My) = 0.
3) Zi7t — (Ui, Z;) — (X,,,Y) Consider
I(X3, Y5 25 Ui, Zi)
< I(XP Yz X Ytz My)
= H(Z7YX=Ly' =tz M,)
- H(Zi71|Xn7Yn7Zzn7M2)
S H(Zi_l|Xi_1,Yi_17Z;-n)
— H(Z=YX"™ Y™, 70
— H(Zq',—1|X1‘,—17yi—1> _ H(Zq',—1|X1‘,—17yi—1>
=0.

4 (X4, Vi) —

I(X'ZL+17 5/77-7{—1’ Z1|Ul7, UQi; X’ia 5/7)
< I(X?+17Yi7-1|-1§ Z"'|My, M3, Z?+1=X17YZ)-

(U1i7U2i7Xi7Yi> — Z;: Consider
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Applying the first expression in the lemma with A, =
(X[‘H,Y'[h) A =(X"Y"),B1=2" and B> = Z};
gives I( X[ 1, Y% 1 Zi|Uri, Usi, X3, Y5) = 0.
Distortion constraints: We show that the auxiliary definitions
satisfy the distortion constraints by showing the existence of
functions &3;(U1;, Z;) and 2} (Uy,, Us;, X;,Y;) such that

E(da(Xi, 25;(Uris Zi)))

< E(dy(X;, £2i(Ma, Z"))) )
E(d( iy %, 1(U117U217X Y)))

< E(ds(Xi, 23: (M, X", Y™, Z7)) s)

where Zo;(Ms, Z™) and 2;( M3, X™,Y ™) are the original recon-
struction functions.
To prove the first expression (4), we have

E(da(Xi, &2i(M2, Z27)))

= ZP (z', 9, 2" mz)d2($i7§721(m2,zn))

(a) Z (13, 2
dg(xi7x2i(u1i7zi,z’_1)))

=2

1)]7(5'31', Yi |U1i7 Zi)-

371 "/z|u117 Z)

ulL Ziy %

do (s, B (urs, 2i, 27 1)))

where (a) follows from defining &5, (u1,2:,271) =

#2i(ma,2z™)  for all 27l yi~!  and the  last
step follows from the Markov relation Z~! —
(Ui, Z;) — (X;,Y;). Finally, defining (z%1)* =

argmini 35, p(wi, giluri, 2)da (i, 85 (u1i, 20, 271))
and 23, (w14, zi) = h;(uai, 2i, (2°71)*) gives us

E(do(X;, d2i(Ma, Z™)))

= Zp(u1i7zi,zi_1) <Z (p($i7yi|’u1i7zi)

Zi,Yi
dZ(xh iéi(uliv Zis Zi_l))) )

Z ZP Uiy Ziy 2 )d2(x17x21(u127zb))
= (o (X, % (Ui, 20)))

To prove the second expression (5), we follow similar steps.
Considering the expected distortion, we have

E(ds(Zi, 2:(M3, X", Y™)))
=> plz
=" (n

", y", ma)ds(z;, 2i(ms, 2", y"))
Wiy Uiy Tiy Yis Tig 15 Yig1)-
P(zilwri, uzi, i, Yi, Ty, Yit)-
d3(zi, 25; (Wi, Ui, Tis Vi Ty 1, Y1)
= Z (P(uu;uzuwuyi,xﬁhy?ﬂ)-
p(2’1‘,|uu, U2, T, yz)

ds(z;, 5§(u1i7 U245 Tiy Yis x?’+17 y?+1)))

where the last step uses Markov relation 4. The rest of the proof
is omitted since it uses the same steps as the proof for the first
distortion constraint.

Finally, using the standard time sharing random variable )
as before and defining Uy = (Ui, @), Us = Us(,, and X, =
X 1Q» we obtain the required outer bound for the rate-distortion
region. The bound for the distortions follows from defining in-
equalities 4 and 5. We show the rest of the proof for D, and
omit the proof for Dj since it follows similar steps. Defining
#3(u1, 2i) = T55(u1q, 2i), we have

E(d2(X, #5(U1, 2))) = EQB(da(X, #5(U1, 2))|Q)
1 n

. > E(da(Xi, &5:(Uni, Z4)))

=1
n

1
<= Z E(do(Xi, #9i(Ma, Z™))

<D, O

We now turn to the final case of two-way triangular source
coding.

D. Two-Way Triangular Source Coding

Theorem 4 (Rate-Distortion Region for Two-Way Triangular
Source Coding): R(D1, Dy, D3) for two-way triangular source
coding is given by the set of all rate tuples (R1, Rz, R3, R4)
satisfying

L > I(X; Xy, UL ]Y) (6)
ZI(X7Y§U1|Z) @)
3 > I(X,Y;VI|Z,Uh) ®)
ZI(U2;Z|U1~/V~/X7Y) ©

p(z)p(yl|z)p(2|y)

p(v|7,y, u1)p(uz|z, u1,v) and func-

for some p(z,y,z,u1,us,v,T1) =
p(uslz, y)p(21 |2, y, u1).

tiOHng M1XV><Z g X2 andgg L{l XZ/[QXVXXXJ} s Z
such that

E(dy (X, X1)) < Dy (10)

E(d2(X, X32)) < Dy (1D)

E(ds(Z,7)) < D3 (12)

The cardinalities for the auxiliary random variables are upper
bounded by |41 < |X[IY] + 6, [V| < 4 [(|X][V] + 3). and
U] < U |IVI(Z] + ).

Sketch of Achievability: The forward direction (R, Ra, R3)
for two-way triangular source coding follows the procedure in
Theorem 2. For the reverse direction (R4), it follows Theorem
3 with (Uy, V') replacing the role of Uy in Theorem 3.

Proof of Converse: Given a
(n,2nf gnRz gnks onRs D)) D, Dsj) code, define
Uli = (M27XL 1 YL 1 ZL+1) U2i = M4, and

Vi = (Ms5,Uy;). The R1 and Ry bounds follow the same steps
as in Theorem 3. For R3, we have

TLR3 Z H(Mg)
> H(Ms|Ms, Z™)
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n,an M3|M2, Zn)

(
(H(X;, Y| M, 2™, X771 Y1)

~
[y

_H(Xi7}/;|M27 M37 ZnaXi_17Yi_1))

3

> (H(X;,Yi|U;, Z;) — H(X;,Yi|Uvi, Vi, Zi))

i
I

-

I(X3, Y ViU, Zy).
1
Next, consider
nRy = H(M,)
> H(MyX",Y™)
> I(Myg; Z™ X" Y™
=H(Z"|X",Y") = H(Z"|X",Y", My)
=H(Z"| X", Y™) - H(Z"| X", Y", Mo, M5, My)

~

> " H(Zil X, Yi) = H(Zi| Z}y1, X' Y, My, M, My)

i=1

= ZI(Zq',; U1, Vi, Ugi | X3, Y5)

i=1

i=1

where the last step follows from the Markov relation
Z; — (X;,Y;) — (V;,Uy;) which we will now prove together
with other Markov relations between the random variables.
The first two Markov relations are for factoring the probability
distribution while Markov relations 3 and 4 are for establishing
the distortion constraints.

Markov Relations

D Z; — (X:,Y;) — (U, Vi,f(li): To establish this relation,

we show that 1(Z;; X1;, Uy, Vi| X3, Y;) = 0

I(Zs; X14,Uni, Vil X3, Y3)
= 1(Z;; X1i, My, My, X' 71 Y71 711X, Ys)
< I(Zl,Xll, M37M27X1717Y2717Xin+17Yviﬁ-lv Z?+1|X1sz)

= I(ZZ, Xi_17Yi_17 Xin+17 Yiih Zin+1 |Xi7 Yz)
=0.

2) Uy — (Z;, Ui, Vi) — ()A(l,;,Xi,Y,;): Consider

I(XZ/XZ71/Z7 U2i|Zi7 U1i7 sz)
< I(X;, XY Myl 2P X1 Y My, My)

= I(an7}/1n7 M4|Z?7Xi_17yi_17 M2>M3)~

Now, using Lemma 1, set A; = (X1 Y1), B =
Z'=' Ay = (XP,Y"), By = (Z), My = My, and
Ml = M. Then, using the third expression in the lemma,
we see that I( X[, Y;"; My| 28, X1 V=1 M) = 0.

3) Zi-1 (U1, Vi, Z;) — (X;,Y;): Consider

I(X;,Yi; 277\ Uvi, Vi, Z3)
< I(XPM Y Z0HXTL YU 2 Mo, M)
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= (H(Z'7HX Y™ 27, My, M)
—H(Z'7Y X", Y™, 27, My, My))
(ZXTLY T 20 - H(Z XY 20

<H
H(Zi_l|Xi_l., Yi—l) _ H(Zi_1|Xi_l., Yi—l)
0.

4) (X?+17Y’1:11) — (Uli; UQi,%,Xi7YZ‘) — Zii Consider

I(X34, Y5 Zi|Uri, Ui, Vi, X3, Y5)
< I(X3q, Yias Zi|M2~/ M3, My, ZZL+17Xi7Yi)-

Applying the first expression in the lemma with Ay =
(XinJrl?Yiil)v Ay = (Xi'/Yi)’ By Zi’ and By = Z’in+1
giVCS I(in+17 Yiﬁ_l; Zi|U1i, Ugi, Xi, Yl) =0.

Distortion Constraints: The proof of the distortion con-
straints is omitted since it follows similar steps to the two-way
cascade source coding case, with the new Markov relations 3
and 4, and (Uy;, V;) replacing Uy; in the proof.

Using the standard time sharing random variable @
as before and defining U, (U1g,Q), Uy Usq,
Xl XlQ, and V' = Vg, we obtain an outer bound
for the rate-distortion region for some probability distri-
bution of the form p(z,y,z,u1,us,v,21) p(z,y,2)
p(ur|z, y)p(&1,v|x, y, u1)p(ue|z, ur,v). It remains to show
that it suffices to consider probability distributions of the form
p(z,y, 2)p(urlz, y)p(E1|z, y,u1). p(v|z,y, ui)p(us|z, ui,v).
This follows similar steps to proof of Theorem 2. Let

P1 = p(d?,y, Z)p(ul|w7y)p(ilv’U|$7y7ul)p(u2|z7ul7v)7
p2 = (p(z,y, 2)p(ui|z,y)
xp(&1]z, y, u1)p(vlz, y, ur)p(uslz, u1,v))

where p(Z1|z,y,u1) and p(v|z,y,u;) are the marginals
induced by p;. Next, note that Ry, Ro, R3, R4, and the dis-
tortion constraints depend on p; only through the marginals
p(z,y,z,u1,us,v) and p(x, y, z, u1, &1). Since these marginals
are the same for p; and po, the rate and distortion constraints
are unchanged. Finally, note that the Markov relations 1 and 2
implied by p; continue to hold under p,. This completes the
proof of the converse. O

IV. QUADRATIC GAUSSIAN DISTORTION CASE

In this section, we evaluate the rate-distortion regions when
(X,Y, Z) are jointly Gaussian and the distortion is measured in
terms of the mean square error. We will assume, without loss
of generality, that X = A+ B+ Z,Y = B+ Z,and 7 =
Z, where A, B, and Z are independent, zero mean Gaussian
random variables with variances 0%, 0%, and 0%, respectively.
While the results in Section III were proven only for discrete
memoryless sources, the extension to the quadratic Gaussian
case is standard and can be found in, for example, [10] and [7,
Lecture 3].

A. Quadratic Gaussian Cascade Source Coding
Corollary 1 (Quadratic Gaussian Cascade Source Coding):

First, we note thatif Ry < 3 log U;‘g;é , then the distortion con-
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straint D5 cannot be met. Hence, given D1, Dy > 0 and Ry >
max{3 log M ,0}, the rate-distortion region for quadratic

Gaus51an cascade source coding is characterized by the smallest
rate R, such that (D, D2 R, Ry) are achievable, which is

2 2
g
bg——l S
D, 2 TAlU,B

R; = max

where U = o*A + 3*B + Z*, Z* ~ N(0,0%.), with a*, 3*
and 0%. achieving the maximum in the following optimization
problem:
maximize ofHU B
o2

subjectto  Ro > log

0%.
Dy > 0% A+B|U"

The optimization problem given in the corollary can be solved
following analysis in [4]. In our proof of the corollary, we will
show that the rate-distortion region obtained is the same as the
case when the degraded side information Z is available to all
nodes.

Converse: Consider the case when the side information
Z is available to all nodes. Without loss of generality, we can
subtract the side information away from X and Y to obtain a
rate-distortion problem involving only A + B and B at node 0,
B at node 1 and no side information at node 2. Characteriza-
tion of this class of quadratic Gaussian cascade source coding
problem has been carried out in [4] and following the analysis
therein, we can show that the rate-distortion region is given by
the region in Corollary 1. O

Achievability: We evaluate Theorem 1 using Gaussian aux-
iliaries random variables. Let U’ = o* X + (3* —a*)Y + Z* =
a*A+ (*(B+ Z) + Z* and V be a Gaussian random vari-
able that we will specify in the proof. We now rewrite 1 =
I(X;U', X,|Y) as Ry = I(X;U’,V|Y) with X; = V +
E(X|U',Y), V independent of U’ and Y. Let ¢go(U’, Z) =
E(X|U’, Z). Evaluating R; and R» using this choice of aux-
iliaries, we have

Ry = I(X; U, V|Y)
—WA+B+Z|B+Z7) -

2
0a

h(X|U,V,Y)

—_

= —log

N

0§(|U’,V,Y
=1(X,Y;U'|Z)
WU'|Z) — h(U'|X,Y, Z)
02*A+(?*B+Z*
lo B o

1

3 oy
1

3

F
|

Next, we have

2 _ 2
OX|U"Y = OA+B+Z|a* A+B*(B+2Z)+Z* ,B+Z
_ 2
= OAla*A+Z*,B+7Z
_ .2
= OAla* A+ 2+

_ 2
= 0aU,B

If U%(|U’ v = ‘7,24|UB < Dy, weset V = 0 to obtain R; =

1 log CIf JMU, y > D1, then we choose V = X —

\’|L’Y

E(X|U",Y) + Zy where Zy ~ N(07D1‘7X\U’,Y/(JX|U',Y -
Dy)) so that UE(IU,’V_’Y = D; and obtain R1 = slog H

o3 }-

1 AlU,B

Finally, we show that this choice of random variables satisfy
the distortion constraints. For Dy, note that since E(X — X1)? =
J?\,IU,T‘,’Y, the distortion constraint D; is always satisfied. For
the second distortion constraint, we have

Therefore, Ry = max{3 log log —

E(X — XZ)Z = 0§(|U’,Z

2
= 0A4Bla*A+B*(B+2)+2*.Z

2
= 0A+4Bla*A+B*B+2Z*.Z

2
= 0A4Bla* A48 B+2*

2
= 0A4+BlU
< Ds.

Hence, our choice of auxiliary U’ and V satisfies the rate-dis-
tortion region and distortion constraints given in the corollary,
which completes our proof. O

B. Quadratic Gaussian Triangular Source Coding

Corollary 2 (Quadratic Gaussian Triangular Source
Codzng) leen Di,Ds > 0and Ry, R3 > 0,Ry + R3 >
1 5 log UA+UB , the rate-distortion region for quadratic Gaussian

trlangular source coding is characterized by the smallest R; for
which (D1, Ds, Ry, Ro, R3) is achievable, which is

1 21 2
Ry = max { —log U—A, —log QJA
2 D1 2 O—A\U,B

where U = o*A + 3*B + Z*, Z ~ N(0,0%.), with o*, 3*,
and o%. satisfying the following optimization problem:

maximize aiw B

2

1

—log %y
Z*

22R3D2 Z O’A-‘,—B‘U

subjectto Ry >

As with Corollary 1, the optimization problem given this
corollary can be solved following analysis in [4].

Converse: The converse uses the same approach as Corol-
lary 1. Consider the case when the side information Z is avail-
able to all nodes. Without loss of generality, we can subtract the
side information away from X and Y to obtain a rate-distor-
tion problem involving only A 4+ B and B at node 0, B at node
1 and no side information at node 2. Characterization of this
class of quadratic Gaussian triangular source coding problem
has been carried out in [4] and following the analysis therein,
we can show that the rate-distortion region is given by the re-
gion in Corollary 2. O

Achievability: We evaluate Theorem 2 using Gaussian aux-
iliary random variables. Let U’ = o* X 4+ (f* —a*)Y + Z* =
A+ (B+Z2)+ Z*and V' = X +qgU' + Zs, Z3 ~
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N(0,0%,). Following the analysis in Corollary 1, the inequali-
ties for the rates are

R a lo ‘24 L lo Ui
1 = Imax g— — g
Dy 2 ‘7124|U,B
Ry > - log UU
2 %02,
Ry > I(X,Y;V|Z,U") = I[(X; V'|2,U)
2
1 9Xx|z,U’
= — log —-
2 Ox|zU v

As with Corollary 1, the distortion constraint D1 is satisfied
with an appropriate choice of X;. For the distortion constraint
D5, we have

2
D2 Z O-X|Z,U’,V"
Next, note that we can assume equality for R3, since we can

adjust  and 0’2 7, so that 1nequahty is met. Since this operation
can will only decrease o2 X|zu v the distortion constralnt Do

A\z U’

will still be met. Therefore, setting Rz = 5 log —

, We
X|Z v, v’
have

2
D2 Z O’XlZ,U',V’

2
_ Ox1z,ur
T 92Rs
Since 0%, ;1 = 0% |y this completes the proof of achiev-
ability. O

Remark: As alternative characterizations, we show in
Appendix C that the cascade and triangular settings in Corol-
laries 1 and 2 can be transformed into equivalent problems
in [4] where explicit characterizations of the rate-distortion
regions were given.

C. Quadratic Gaussian Two-Way Source Coding

It is straightforward to extend Corollaries 1 and 2 to quadratic
Gaussian two-way cascade and triangular source coding using
the observation that in the quadratic Gaussian case, side infor-
mation at the encoder does not reduce the required rate. There-
fore, the backward rate from node 2 to node 0 is always lower

bounded by 3 log Z'B+Z . This rate (and distortion constraint
D3) can be achieved by simply encoding Z. We therefore state
the following corollary without proof.

Corollary 3 (Quadratic Gaussian Two-Way Triangular
Source Coding): Given D,,Ds,D3 > 0, Rz,Rg, >
0,Ry + Ry > 110g0‘+03 and R, > max{3log -5 Z‘Y ,0},
the rate-distortion region for quadratic Gau551an two -way

triangular source coding is characterized by the smallest R, for
which (Ry, Ra, R3, R4, D1, Dy, D3) is achievable, which is

}

where U = o*A + 3*B + Z*, Z ~ N(0,0%.), with o*, 3*
and o%. satisfying the following optimization problem:

2
0A

2
Ry :max{—logD—A 3 1)

2
9AlU,B

.. 2
maximize 0%y g
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1 02
—10g

Z*
22R3D2 Z UA—‘,—BIU'

subjectto R >

Remark: The special case of two-way cascade quadratic
Gaussian source coding can be obtained as a special case by
setting 3 = 0.

Next, we present an extension to our settings for which we can
characterize the rate-distortion region in the quadratic Gaussian
case. In this extended setting, we have cascade setting from node
0 to node 2 and a triangular setting from node 2 to node 0, with
the additional constraint that node 1 also reconstructs a lossy
version of Z. As formal definitions are natural extensions of
those presented in Section II, we will omit them here. The set-
ting is shown in Fig. 5.

Theorem 5 (Extended Quadratic Gaussian Two-Way Cascade
Source Coding): Given D1,Ds > 0,0 < Dy, ,Dy, < J%W

and Ry > max{3log U‘J”TB ,0}, the rate-distortion region
for the extended quadratlc Gaussian two-way cascade source
coding is given by the set of Ry, R3, R4, R5 > 0 satisfying the
following equalities and inequalities:

_2 - 1 UA

Dy UA|U B

where U = a*A + *B + Z*, Z* ~ N(0,0%.), with a*, 3*
and 02, satisfying the following optimization problem:

Ry = max { log

.. 2
maximize O'A\U

2

subjectto Ry >

Zv
Dy > UA+B|U
and
1 J%lyv
Rs > —log
2=5% D,
2
. ozly
min{Dzl,DZQ}

R3 + Rs

Ry + Rs

Proof: Converse: For the forward direction (R, R2), we
note that node 2 can only send a function of (My,Y™, Z"™) to
nodes 0 and 1 using the R4 and Rj links. Since M7 and Y™
are available at both nodes O and 1, the forward rates are lower
bounded by the setting where Z™ is available to all nodes. Fur-
ther, in this setting, the distortion constraints Dz, and Dy, are
automatically satisfied since Z is available at nodes O and 1.
Therefore, (R3, R4, R5) do not affect the achievable (R, R2)
rates in this modified (lower bound) setting. (R1, R2) are then
obtained by the observation in Corollary 1 that the rate-distor-
tion region obtained for our quadratic Gaussian cascade setting
in Corollary 1 is equivalent to the case where the side informa-
tion Z is available at all nodes.

For the reverse direction, the lower bounds are derived by
letting the side information (X, Y") to be available at node 2, and
for side information X to be available at node 1. The D; and D5
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Node 0 Node 2

Rs

Fig. 6. Setup for analysis of achievability of backward rates.

distortion constraints are then automatically satisfied since X is
available at all nodes. We then observed that (R;, Ry) do not
affect the achievable (Rj3, R4, R5) rates in this modified (lower
bound) setting. The stated inequalities for R3, R4, R5 are then
obtained from standard cutset bound arguments and the fact that
X — Y — Z form a Markov chain.

Achievability: We analyze only the backward rates R3, R4,
and R since the forward direction follows from Corollary 1. For
the backward rates, we now show that the rates are achievable
without the assumption of (X, Y") being available at node 2. We
will rely on results on successive refinement of Gaussian sources
with common side information givenin [11]. A simplified figure
of the setup for analyzing the backward rates is given in Fig. 6.
We have three cases to consider.

Case 1: Dz, < Dz, .Inthis case, the inequalities in the lower

bound reduce to
2
9z1y
log

1
Ra > —

=9 DZI
1

vV

og JZly .
2 Dz,

From the successive refinement results in [11], we can show
that the following rates are achievable:

R4+ Rs >

R = I1(U,,U,,Us; Z|Y)

Ry, =1(Uy; Z]Y)

R; = I(Us; Z|Y, Us)
for some conditional  distribution
Z1(U1,Us,Us,Y), and Z3(Uy,Us, Y
Now, for fixed R4 S

F(U17 U27 U3|Z>7
) satisfying the distortion

z|y

2 log 2, choose

constraints.
/ \ Y

D'(> Dg,) such that Ry = 1 log —3*. We now choose the
auxiliary random variables and reconstructlon functions in the

7;”z|y
97Z|y
where W1 ~ N(0,Q(Dz,))

where W3 ~ N(0,Q(Dz,) — Q(Dz,))

where Wy ~ N(0,Q(D") — Q(Dz,))

following manner. Define Q(z) :=

Uy =27+ Wy,
Us = Uy + W3,
Uy =Us + W,
Z1 =E(Z|U1,Y)
7y = E(Z|U3,Y).

From this choice of auxiliary random variables, it is easy to
verify the following:

Ry = 1(Uy,Us,Us; Z|Y)

D/

Case 2: Dz, > Dgz,, R3 > Ry. In this case, the active
inequalities are

1 971y
Ry > =1
325 og Dy,
1 2|
Zly
R, + Ry >—10
4 Ds,

From [11], the following rates are achievable:
R; = I(U1,Uy; Z]Y)
Ry = 1(Uy; Z]Y)
Rs = 1(Us,Uy; Z|Y, Us).

First, assume R3 < 3 log D < D' <D"<
Dz, . We choose the aux111ary random varlables and reconstruc—
tion functions as follows:

Us =Z+W;, where W3 ~ N(0,Q(Dz,))
U1 = 173—{—1/1717 where W1 NN(O/Q(DI) _Q(DZZ))
Uy =U; + Ws, where Wy ~ N(O, Q(DH) - Q(D/))

7y = E(Z|U1,Y)
Zy = E(Z|Us,Y).

From this choice of auxiliary random variables, it is easy to
verify the following:

R3 = I(Ul, Uz; Z|Y)
= I(Uy; Z|Y)

_ llo U%\Y
T2 %D

Ry = I(Uy; Z|Y)

U%\Y

D"

R4 + R' = I(Ug, Z|Y) + I(Ug Ul; Z|Y, Ug)

= I(Us,Uy,Us; Z|Y)

1
= —log

N}
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z|y

D 1 5 log 75— . Then,
itis easy to see from our achlevabﬂlty scheme that we can obtain
R < R4, Ry < R3,and R5 = 0 by setting D’ = D" = Dg,.

X and R, <

2
Next, consider R3 > 1 log 72

Flnally, consider the case where Rz > 1 log

% log

Dy

Z\Y

5, - Then, we observe from our ach1evab1hty scheme

that we can achieve Ry = 1 5 log 5 ’“ < Rj3 for any R4 and
R satisfying the inequalitles by settlng D’ = Dy,.
Case 3: Dz, > Dg,, Rs < Ry. In this case, the active

inequalities are

Rs

Rs + Rs

We first consider the case where R3 < 5 log D

a scheme for which R} = R3(<R4) and still satlsﬁes the con-
straints. This procedure is done by letting Us in case 2 to be
equal to Uy.For Dz, < D’ < Dy, , define the auxiliary random
variables and reconstruction functions as follows:

Us =7+ Ws, where W3 ~ ]\I(O7 Q(DZQ))
Uy =Us+ Wy, where Wi ~ N(0,Q(D') — Q(Dz,))
7y = E(Z|UL,Y)
7y = E(Z|Us,Y).
Then, we have the following:
R3; = I(Uy; Z]Y)
LN Ty
T2 %D
Ry, = I(Uy; Z|Y)
l10 Uély
2% D
Ry + Rs = I(Uy; Z|Y) + 1(Us; Z|Y, Uy)
= I(U37 Ul; Z|Y)
= I(Us; Z|Y)
l10 U%IY
2% D,
E(Z—271)>=D" < Dy,
E(Z — Z5)* = Dy,.
Finally, we note that in the case where R3 > % log UD_"“' we
0'2 -
can always achieve R} = 1 log o Ry = 1 log DZ‘Y and

RL = 0by letting D' = D,.

Remark 1: The two-way cascade source coding setup given
in Section II can be obtained as a special case by setting R3 =
R4 = 0 and DZ1 — 0OQ.

Remark 2: The rate-distortion region is the same regardless
of whether node 2 sends first, or node O sends first. This ob-
servation follows from i) our result in Corollary 1 where we
showed that the rate-distortion region for the cascade setup is
equivalent to the setup where all nodes have the degraded side
information Z; and ii) our proof above where we showed that

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 58, NO. 1, JANUARY 2012

Node 1

Ry

Node 2

—>)}'2

Ry,

Helper

Fig. 7. Triangular source coding with a helper.

the backward rates are the same as in the case where the side
information (X,Y") is available at all nodes.

Remark 3: For arbitrary sources and distortions, the problem
is open in general. Even in the Gaussian case, the problem is
open without the Markov chain X — Y — Z. One may also
consider the setting where there is a triangular source coding
setup in the forward path from node O to node 2. This setting is
still open, since the tradeoff in sending from node O to node 2
and then to node 1 versus sending directly to node 1 from node
0 is not clear.

V. TRIANGULAR SOURCE CODING WITH A HELPER

We present an extension to our triangular source coding setup
by also allowing the side information Y to be observed at the
second node through a rate limited link (or helper). The setup is
shown in Fig. 7. As the formal definitions are natural extensions
of those given in Section II, we will omit them here.

Theorem 6: The rate-distortion region for triangular source
coding with a helper is given by the set of rate tuples

R, > I(X;X17U1|Y7 Uhn)
Ro > I(Uy; X, Y|Z, Uy)
Ry > I(X,Y;Us|Us,Un, 2)
Ry > I(Un;Y|7)

for some p(z,y, 2, uy,uz, un, 1) p(x)p(yle)p(zly)
p(uh |y)p(u|£l7/ Y, uh)' p(‘%l |‘T7 Y, U1, ’U,Ah)p(/U,2|£17/ Y, u1, ’Lbh,) and
function go : Uy X Us X Uy, X Z — X4 such that
Ed;j(X;,X;)<D;, j=1,2

We give a proof of the converse in Appendix D. As the achiev-
ability techniques used form a straightforward extension of the
techniques described in Appendix A, we give only a sketch of
achievability.

Sketch of Achievability: The achievability follows that of
triangular source coding, with an additional step of generating
a lossy description of Y. The codebook generation consists of
the following steps.

+ Generate 2"UI(Un)+e) [ sequences according
to [I- (1 p(upi). Partition the set of U;' sequences
into 2"UWnYI2)+2¢) bins By, (my), mn, € [1

zn(I(Uh,Y|Z)+25)].
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* Generate 2"U(XY:Uni)te) n sequences according
to I, p(u1;). Partition the set of UJ* sequences
into 2nU(WuXIYU)+29)  bing, By(myg). Separately
and independently, partition the set of U™ sequences
into 27X YIZU+2¢) bing, By(my), me € [l
Zn(I(U;A\',Y‘Z)—l—ZE)].

» For  each (ul, ul,y™)
2n(I(X{1;4\'|U1,Y,Uh)+5) XIL
17y p(&i|uti, wni, vi).-

+ Generate 2"((U2:X.Y U, Un)te) U sequences according
to [T, p(uai|uis, un;) for each (ul,uy) sequence, and
partition these sequences to 27/ (U2:X:Y[U1,Un, Z)+2¢) g,
Bg(mg,).

Encoding consists of the following steps.

» Helper node: The helper node (and nodes 0 and 1) looks for
a uy sequence such that (u},y") € 7™ This step suc-
ceeds with high probability since there are 27(I(Y3Un)+e)
Uy sequences. The helper then sends out the bin index my,
such that u} € B(my). The sequences (u},z",y", z™)
are jointly typical with high probability due to the Markov
chain (X,Z2) =Y — U,,.

* Node 0: Given (z™,y"™,u}) € 7™ node 0 looks for a
jointly typical codeword w7 . This operation succeeds with
high probability since there are 2" (XYUniUn)+e) 1 1 se-
quences. Node O then looks for a 27 that is jointly typical
with (uf,z",y", uy ). This operation succeeds with high
probability since there are 27((X1X[ULULY)+e)
quences.

* Node 0 also finds a u5 sequence that is jointly typical with
(uf,uy, ™, y™). This operation succeeds with high prob-
ability since we have 2*(/(U2:X.Y|ULUR)+€) 7 sequences.

e Node O then sends out the bin index mjy such that
u? € Bi(mio) and the index corresponding to
27 to node 1. This requires a total rate of Ry =
I(U; X|Y) + I(X7; X|U,Y) + 3¢ to node 1. Node
0 also sends out the bin index mg such that uj € B(ms) to
node 2. This requires a rate of I(Usz; X, Y |U1, Up, Z) +2e.

* Node 1 decodes the codeword ] and forwards the index
my such that u} € B(mg) to node 2. This requires a rate
of I(Uy; X,Y|Z,Up) + 2e.

Decoding consists of the following steps.

* Node I: Node 1 reconstructs u] by looking for the unique
U7 sequence in By (mqo) such that (U, Ur,Y™) € 7M.
Since there are only 27(/(X:YUnsUn)=T(ULXY,Ur) =€) —
27(I(U1:Un,Y) =€) sequences in the bin, this operation suc-
ceeds with high probability. Node 1 reconstructs X" as
X7 (m1g,ma1). Since the sequence (X7, X™) are jointly
typical with high probability, the expected distortion con-
straint is satisfied.

* Node 2: We note that since (Uy,Us, Uy, X) =Y — 7, the
sequences (U}, U, Uy, X", Y™, Z™) are jointly typical
with high probability. Decoding at node 2 consists of the
following steps.

1) Node 2 first looks for u} in Bj(my) such that
(up,z™) € 7™ This operation succeeds with high
probability since there are only 27(/(UriZ)—¢ uy se-
quences in the bin.

sequence, generate
sequences according to

o 1
7 se-

2) Itthenlooks for ul in Ba(mn2) such that (u}, uf', z™) €
7™ Since I(Uy; X, Y, Uy) — I(Uy; X,Y|Z,U) =
I(Uy; Z,Uy) by the Markov chain Z — (X,Y,Uj) —
U,, this operation succeeds with high probability as
there are only 2"([(U1:Z,Ur)—¢ 42 sequences in the bin.

3) Finally, it looks for u% in Bs(ms) such that
(u, ut ug, 2m) € T . Since I(Us; X, Y |Uy, Uy) —
1(Uy; X, Y|Z,U,,Uy) = I(Uy; Z|U1,Up) by the
Markov chain Z — (X,Y,U,,U;) — Us, this opera-
tion succeeds with high probability as there are only
2n(I(U232]Un,Ur) =€ 1 sequences in the bin.

4) Node 2 then reconstructs using the function
To; = gg(ul,;,uzi,uh,;,zi) for ¢ € [1 : TL] Since
the sequences (X", 2™, U, Uy, U}}) are jointly typ-
ical with high probability, the expected distortion
constraint is satisfied. O

VI. CONCLUSION

Rate-distortion regions for the cascade, triangular, two-way
cascade, and two-way triangular source coding settings were es-
tablished. Decoding part of the description intended for node 2
and then re-binning it was shown to be optimum for our cascade
and triangular settings. We also extended our triangular setting
to the case where there is an additional rate constrained helper,
which observes Y, for node 2. In the quadratic Gaussian case,
we showed that the auxiliary random variables can be taken
to be jointly Gaussian and that the rate-distortion regions ob-
tained for the cascade and triangular setup were equivalent to
the setting where the degraded side information is available at
all nodes. This observation allows us to transform our cascade
and triangular settings into equivalent settings for which explicit
characterizations are known. Characterizations of the rate-dis-
tortion regions for the quadratic Gaussian cases were also es-
tablished in the form of tractable low-dimensional optimization
programs. Our two-way cascade quadratic Gaussian setting was
extended to solve a more general two-way cascade scenario. The
case of generally distributed X, Y, Z, without the degradedness
assumption, remains open.

APPENDIX A
ACHIEVABILITY PROOFS

A. Achievability proof of Theorem 1

1) Codebook Generation:

* Fix the joint distribution p(z,y, z,u,£1) = p(x)p(y|z)
p(zly)p(u|z, y)p(&1|z,y,u). Let R = Rig + R11, R >
RIO and R2 Z Rl[)-

* Generate 2"%10 U™ (]) sequences, | € [1 : 2"F1], each
according to [, p(u;).

» Partition the set of U™ sequences into 270 ping,
Bi(mig), mig € [1 : 2"fi0]. Separately and inde-
pendently, partition the set of U™ sequences into 2"
bins, Ba(my), mg € [1 : 2782].

e For each »™(l) and %™ sequences, generate 2"
X7(I,m1;) sequences according to [T/, p(d1:|us, vi)-
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2) Encoding at the Encoder: Given a (x",y™) pair, the
encoder first looks for an index [ € [1 : 2"f] such that
(u(l),z",y") € T, where 7\™ stands for the set of
jointly typical sequences. If there are more than one such [,
it selects one uniformly at random from the set of admissible
indices. If there is none, it sends an index uniformly at random
from [1 2nfi] 2 Next, it finds the index mj; such that
(#1(1,ma1), u(myg), 2™, y™) € TA™. As before, if there are
more than one, it selects one uniformly at random from the set of
admissible indices. If there is none, it sends an index uniformly
at random from [1 : 2"F11]. Finally, it sends out (m1g, m11),
where my is the bin index such that u™(l) € Bq(mqp). The
total rate required is R.

3) Decoding and Reconstruction at Node 1: Given
(m19,m11), node 1 looks for the unique [ such that
(u”(lA),Ay") e 7™ and u"() € By(l). It reconstructs 2"
as £"(l,mq7). If it failed to find a unique one, or if there are
more than one, it outputs [ = 1 and performs the reconstruction
as before.

4) Encoding at Node 1: Node 1 sends an index 74 such that
u™(I) € By(rny). This requires a rate of Rj.

5) Decoding and Reconstruction at Node 2: Node 2 looks
for the index [ such that (u"(I),y") € 7 and [ € By (1z).
It then reconstructs ™ according to #o; = gg(u"(i)i7 z;) for
i € [1 : n]. If there is no such index, it reconstructs using [ = 1.

6) Analysis of Expected Distortion: Using the typical av-
erage lemma in [7, Lecture 2] and following the analysis in [7,
Lecture 3], it suffices to analyze the probability of “error”; i.e.,
the probability that the chosen sequences will not be jointly typ-
ical with the source sequences. Let L and M;; be the chosen in-
dices at the encoder. Note that these define the bin indices M
and M. Let Mz be the chosen index at node 1. Define the fol-
lowing error events.

1) & = {(X",v") ¢ T

2) & = {(U™(1), X", Y") ¢ T<“>}for alll € [1:2nR],

3) & = {(U™(1), X", Y™, Z") ¢ 7" } foralll € [1 :
Zan].

4) & = {(U™(L), X"(L,my), X", Y") ¢ T™} for all
my € [1: 2]

5) &y ={(U™(I),Y™) €
Bl(Mlg).

6) E(My) = {(U™(I),2Z") € 7™} for some [ # L and
Un(l) € BQ(MQ).

We can then bound the probability of error as

71 for some | # L and U™([) €

P < P& = Y PLE N (N £
=0 7=0

o P{&} — 0asn — oo by law of large numbers (LLN).
* By the covering lemma in [7, Lecture 3], P{€&1 N &S} — 0
asn — oo if

R > I(U; X,Y) + 8(e).

2For simplicity, we assume randomized encoding, but it is easy to see that the
randomized encoding employed our proofs can be incorporated as part of the
(random) codebook generation stage.
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o P{&NENESH — 0asn — oo by the Markov relation
U — (X,Y) — Z and the conditional joint typicality lemma
[7, Lecture 2].

e By the covering lemma in [7, Lecture 3],

P{ggﬂ
(ﬂf 0 &5 — 0asn — ocif

Ri1 > I(Xl;X|U,Y) + (5(6)

* From the analysis of the Wyner—Zlv coding scheme (see
[8] or [7, Lecture 12]), P{€4N (ﬂ ¢} —>0asn — oo
if

JOJ

R — Ry < I(U,Y) - 5(6)

¢ For the last term, we have
ﬂ &)

ﬂ E)N{ My # Mp}}

7=0

P{&( M2

=P{&; (M) N

4
+ P{& (M) N ﬂ

)N {MZ My}

4
W pie; (M) N ﬂ

)N {M2 My}}

4

= P{&(M2) N ([ &) N {My = My}}

7=0

< P{&(M2) N &3}
Step (a) follows from the observation that (ﬂ =0 &) N
{M, # M,} = {. The analysis of the probability of
error therefore reduces to the analysis for the equivalent
Wyner—Ziv setup with Z4as the side information at node 2.
Hence, P{&5(M2) N (N;29&5)} — 0asn — ooif

Ry — Ry < I(U; Z) — §(e).

Eliminating R; in the aforementioned inequalities then gives us
the required rate region.

B. Achievability Proof of Theorem 2

As the achievability proof for the triangular source coding
case follows that of the cascade source coding case closely, we
will only include the additional steps required for generating
R3 and analysis of probability of error at node 2. The steps for
generating I?; and R, and for reconstruction at node 1 are the
same as the cascade setup.
1) Codebook Generation:
« Fix p(z,y,z,u,0.81) = p(@)p(yle)p(zly)p(ulz,y)
p(Z1|z,y, w)p(v|x,y,u). i

s For each u"(l), generate V"(l3), I3 € [1 : 2"F3], ac-
cording to [, p(v;|u;). Partition the set of v™ sequences
into 272 bins, Bs(ms3).

2) Encoding:

* Given a sequence (z™,y™) and u™(l) found through the

steps in the cascade source coding setup, the encoder looks
for an index 3 such that (u™,v™(l,13), 2", y") € 7 1
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it finds more than one, it selects one uniformly at random
from the set of admissible indices. If it finds none, it outputs
an index uniformly at random from [1 : 2"%3]. The encoder
then sends out mg such that L3 € Bs(msg).

3) Decoding: The additional decoding step is in de-
coding L3. Node 2 looks for the unique /3 such that
(ur(D),v"(I,13),2") € T and v"(i3) € By(Ms). If
there is none or more than one, it outputs 13 = 1.

4) Analysis of Distortion: Let L, M1 and M3 be the indices
chosen by the encoder. Note that these fix the indices My and
Ms. We follow similar analysis as in the cascade case, with the
same definitions for error events &, to £5. We also require the
following additional error events.

D) & = {(U"(L), V"(L, Ls), X", Y") ¢ TV},

2) & = {(U"(L),V™(L,L3), X", Y™, Z") ¢ T(")}

3) &(L) = {(U"(L),V"(L,i3), 2") € T} for some

13 ;é L3 and 13 € Bg(Mg)
To bound the probability of error, we have the following addi-
tional terms.

* By the covering lemma, P(Eg N ES) — 0 as n — oo if

Ry > I(V; X, Y|U) + §(e).

e P(& N ES) — 0 as noo from the Markov condition
(V,U) = (X,Y) — Z and the conditional joint typicality
lemma.

« P{&(L)NES(Ma) NESN (ﬂJ —0&5))}. We have

ﬂg"

P{ E(L)NES(NL) NES N

=P &(L) NES(My) N &S
4 ~
(&5 | N {My = My}
=0
+P 58( ) 055(M2) 057
4 ~
()& | n{M2 # My}
=0
=P &(L) NES(My) N ES

4
(&5 | N{My = My}
=0

=P &(L)NES(My) N ES

( £ | N{M; = My}
L)

m 1;3»&

< P{&s( )N ESY

W pleg(L)nE(My) nEEN{L = L}}
= P{&(L)NESM) N EEN{L = L}}
< P{&(L)N&SY.

(a) follows from the observation that £¢(M,) N ES N {L #
L} = (. It remains to bound P{&s(L) N ES}. Note that the
analysis of this term is equivalent to analyzing the setup
where U™ is the side information at node 0 and (U, Z") is
the side information at node 2. Hence, P{Es(L)NESY — 0
asn — oo if

Rs — R3 < I(V; Z|U) — 6(e).
We then obtain the rate region by eliminating Rs and R;.

C. Achievability proof of Theorem 3

As with the case for the triangular setting, the proof for this
case follows the cascade setting closely. We will therefore in-
clude only the additional steps. We have a change of notation
from the cascade setting. We will use U; instead of U

1) Codebook Generation:

* Fix p(z,y,2,u1,u2,31) =
p(Z1|ur, z,y)p(uzlz, u1).

« For each uf (1), generate 2"%s U7 (l3) sequences, | € [1
2"Hs], each according to [;—, p(us;|u1;). Partition the set
of U into 2" bins, Bz(m3).

2) Encoding: The additional encoding step is at node 2. Node

2 looks for an index L3 such that (uf(L),uy (L, L3),Z") €
’]Z(n). As before, if it finds more than one, it selects an index
uniformly at random from the set of admissible indices. If it
finds none, it outputs an index uniformly at random from [1:
2713] Tt then outputs the bin index m3 such that Ly € Bs(ms3).

3) Decoding: Additional decoding is required at node 0.
Node 0 looks the index [3 such that (u (1), u5(l,13), 2™, y") €
,]—E(n) and Zg € Bg(mg).

4) Analysis of Distortion: Let E.ascade denote the event that
an error occurs in the forward cascade path. In addition, we de-
fine the following error events.

o Erw_i(L) = {(UPL),US(L.15), 2") ¢ T for all

p(x,y7z)p(u1|x7y)

I3 €]l AZ"RS]} R R
¢ Erwoa(l) = ((UP(D), U Ly), 2% X7 ¥") ¢
T(n)}

o Erw_s(L) == {(UP(L),U3(L,I5), x",Y") € T for
some l3 S Bg(Mg) 13 ;é Lg}

* P(E"T"’Vfl( )mgcascade) - P(ETV‘]*l(L)mggascade> —0
asn — oo if

Ry > I(Uy:; Z|Uy) + 6(e).

* P(E"T"’V*Q( )mggascade) - P(ETVV*Z( )mgcascade> —0
as n — oo by the strong Markov lemma [9].

* P(STVV_g( )mgccascado) - P(ETVV—&O’( )mgcascado) —0
asn — oo if

Rg, —R3 < I(UQ;X7Y|U1) — (5(6)

Finally, eliminating Rs and R, gives us the required rate re-
gion.
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D. Achievability Proof of Theorem 4

The achievability proof for two-way triangular source coding
combines the proofs of the triangular source coding case and the
two-way cascade case. As it is largely similar to these proofs, we
will not repeat it here. We will just mention that the codebook
generation, encoding, decoding, and analysis of distortion for
the forward path from node 0 to node 2 follows that of the trian-
gular source coding case, while codebook generation, encoding,
decoding, and analysis of distortion for the reverse path from
node 2 to node O follows that of the two-way cascade source
coding case, with (Us, V') taking the role of Us.

APPENDIX B
CARDINALITY BOUNDS

We provide cardinality bounds for Theorems 14 stated in
the paper. The main tool we will use is the Fenchel-Eggle-
ston—Caratheodory theorem [12].

A. Proof of Cardinality Bound for Theorem 1

For each z,y, we have

z,yu)) (z,ylu) = p(z,y).

Zp

We therefore have | X'||)| — 1 continuous functions of p(z, y|u).
These set of equations preserves the distribution p(z,y) and
hence, by Markovity, p(«, y, z). Next, observe that the following
are similarly continuous functions of p(z, y|u):

filpxyiv(z

I(U;X,Y|Z)= H(X,Y|Z) - HX,Y, Z|U) + H(Z|U)
I(X; X1, U)Y) = HX[Y) - HX|U) + H(X, X1, Y|U)
EleXl Zpa:a:l (z,21)
Eda(X, X) = Z ple,y, u)d(z, ga(w, u)).

z,y,u

These equations give us four additional continuous functions
and hence, by Fenchel-Eggleston—Caratheodory theorem, there
exists a U’ with cardinality of |X'||)| + 3 such that all the con-
straints are satisfied. Note that this construction does not pre-
serve p(Z1 ), but this does not change the rate-distortion region
since the associated rate and distortion are preserved.

B. Proof of Cardinality Bound for Theorem 2

We will first give a bound for the cardinality of U. We look
at the following continuous functions of p(z, y|u):

Zp
(X»YIZ)
— H(X,Y, Z|U) + H(Z|U)

p(w,y)

Va,y

bE (PX Y|U z,y|u)) (z,ylu) =

I(U; X,Y|%) =
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I(X; X1, U|Y) = H(X|Y) — H(X|U)
+ H(X, Xy, Y|U)
I(X,Y:V|U,Z) = H(X,Y, Z|U) — H(Z|U)
~H(X,Y,V,Z|U) + H(V, Z|U)
EleXl Zpa:a:l (z,21)
Edo (X, X5) = Z p(x,y, u,v)d(z, go(x, uw)).

z,Y,u,v

From these equations, there exists a U’ with |{'| < |X[|V| +
4 such that the equations are satisfied. Note that the new U’
induces a new V’. For each U’ = u, consider the following
continuous functions of p(x, y|u, v):

p(z, ylu) =

Zp v|w)p(z, yl|v, w)

(X,Y|U =u,2)
~ H(X,Y|V,U =u,2)

I(X.Y; VU =u,Z) =

E(dy(X, Xo)|U = u) = Z p(z,y,vu)d(z, g2 (z,w)).
ERTRY
From this set of equations, we see that for each U’ = u, it

suffices to consider V’ such that |V'| < |X||Y| + 1. Hence, the
overall cardinality bound on V'is [V| < (|X||Y| +4)(|X|| Y| +
1). The joint p(x,y, z) is preserved due to the Markov chain
(V,U) = (X,Y) - 2.

C. Proof of Cardinality Bound for Theorem 3

The cardinality bounds on U; follow similar analysis as in
the cascade source coding case. The proof is therefore omitted.
For each U; = ug, the following are continuous functions of
p(z|ug, uq):

(zlu1) = (2uz,u1)

Zp ug|ug)p
(Z|U1 —ul,X,Y)

—H(Z|U1 :’U,17U27X,Y)
Z (p(a:7y,z7u2|u1).

T,Y,Z,uz2

I(Us; Z|Uy = u1, X, Y) =

E(ds(Z, Z)|Us = w1) =

d(z, gs(z,y,u1,u2))).

From this set of equations, we see that for each U; = u, it suf-
fices to consider U} such that |U4}| < | Z|+ 1. Hence, the overall
cardinality bound on U is |Uz| < |U4](|Z]| + 1). The joint
p(z,y, z) is preserved due to the Markov chains Uy — (X, Y)—Z
and U2 - (Z, Ul) - (X7 Y)

D. Proof of Cardinality Bound for Theorem 4

The cardinality bounds follow similar steps to those for the
first three theorems. For the cardinality bound for |Us|, we find
a cardinality bound for each U; = u; and V = v. Details of the
proof are omitted.
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Node O

O Node 1
Ry Ry

Fig. 8. Cascade source coding setting for the optimization problem in Corollary
1. X'} and X, are lossy reconstructions of A + B.
Node 2

Node 0 *
Node 1
X — X,
R1 Rz

} {

Y=X+2Z2 Y=X+2

X

Fig.9. Cascade source coding setting for the optimization problem in Corollary
1. Xy and X, are lossy reconstructions of X and Z is independent X'

APPENDIX C
ALTERNATIVE CHARACTERIZATIONS OF RATE-DISTORTION
REGIONS IN COROLLARIES 1 AND 2

In this Appendix, we show that the rate-distortion regions in
Corollaries 1 and 2 can alternatively be characterized by trans-
forming them into equivalent problems found in [4], where ex-
plicit characterizations were given. We focus on the cascade
case (Corollary 1), since the triangular case follows by the same
analysis.

Fig. 8 shows the cascade source coding setting which the op-
timization problem in Corollary 1 solves.

In [4], explicit characterization of the cascade source coding
setting in Fig. 9 was given.

We now show that the setting in Fig. 8 can be transformed into
the setting in Fig. 9. First, we note that for the setting in Fig. 9,
the rate-distortion regions are the same regardless of whether the
sources are (X, Y) or (X, aY’) where o # 0 since the nodes can
simply scale Y by an appropriate constant.

Next, for Gaussian sources, the two settings are equivalent
if we can show that the covariance matrix of (X, aY’) can be
made equal to the covariance matrix of (A + B, B). Equating
coefficients in the covariance matrix, we require the following:

2 _ 2 2
Ox =04 +0p
aok = oy

o*(o% +0%) = 0.

Solving these equations, we see that « = 0% /(0% + %) and
0% = (0% — a?0%)/a?. Since (0% — a?03%) > 0, this choice
of 0% is valid, which completes the proof.

APPENDIX D
PROOF OF CONVERSE FOR TRIANGULAR SOURCE
CODING WITH HELPER

Given a (n,2nfr 2nfz onks onBu D) D,) code, de-
fine Uhi = (YL ! ZZ ! Z?+17Mh)7 Uli = (Xi717M2)7

and Us; = (Upi,Uri, M3). Observe that we have the
required Markov conditions (X;,Z;) — Y; Up; and
Z; — (X;,Y:,Upi) — (Uy4,Uy;). For the helper condition,
we have

nRy > I(Mh; Yn|Zn)

= ZI(UMEYi|Zi)~

=1

H(Y;|Z;) — H(Y;|Y'"™', My, Z™))

For the other rates, we have

nRy > H(M )
H(M|Y™, Z")
H(My, Mo|Y™, Z™)
= I(X",Ml,M2|Y",Z”)

= I(Xi; My, My|X*H, Y™, Z7)

=1
n

:Z(H

(Xi|Xi—l7yn7 Zn)

—H(X;, ;| X7 Y™, 2", My, M)

n

:Z(H
1=1

(Xi|Yi, Zs)
_H(Xivyvi|Xi_17Yn7 Zn; M17M2))
@ i

_H(Xi7Yi|X1_17YnaXli7Zn7M17M27Mh))

H(X;|Y;)

> Z (H(Xi|Yi7 Uni) — H(X;| X1, Y;, Uy, Uhi))

= ZI(Xi;Xu, U1ilYs, Ur).
=1

(a) follows from the Markov chain condition. Next

’I”LRQ Z H(M2|Mh)
> H(M|Z™, M})
= I(X",Y"™; Ms|Z™, My,)

= ZI(XZHY;';M2|Zn7Xi_17Yi_17Mh)
i=1
= Z (H(Xi7n|Zn7Xi_17Yi_17Mh)
=1
_H(Xi7n|Zn7Xi_17Yi_17M27Mh))

(H(X'i7 }/1|ZL7 Uhi) - H(XL }/7|Z1 Uli; Uh1))

I(X;,Y;; U1\ Z;, Upy).

n
i=1
n
=1
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Next

7’LR3 Z H(Mg)
> H(M3| M2, My, Z™)
:I(Xn7yn;M3|M27Mth>

= (H(Xi,Yi| Mz, My, 2", X1 Y
=1
—H(X;,Yi|My, M3, My, Z", X'~ 1, V' 1))

=Y (X, Y3 Ugi|Usi, Uni, Zi).
i=1

Finally, it remains to show that the joint probability distri-
bution induced by our choice of auxiliary random variables

p(@)p(yle)p(zly)p(unly)p(ule, y, un)p(dy, uelz, y, ur, un)
can be decomposed into the required form. This step follows
closely the similar step in the proof of Theorem 2, which we
therefore omit.
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