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Capacity Region of Finite State Multiple-Access
Channels With Delayed State Information
at the Transmitters

Uria Basher, Avihay Shirazi, and Haim H. Permuter, Member, IEEE

Abstract—A single-letter characterization is provided for the ca-
pacity region of finite-state multiple access channels. The channel
state is a Markov process, the transmitters have access to delayed
state information, and channel state information is available at the
receiver. The delays of the channel state information are assumed
to be asymmetric at the transmitters. We apply the result to obtain
the capacity region for a finite-state Gaussian MAC, and for a fi-
nite-state multiple-access fading channel. We derive power control
strategies that maximize the capacity region for these channels.

Index Terms—Capacity region, delayed feedback, directed in-
formation, finite-state channel, Gaussian multiple-access channel,
multiple-access channel, multiplexing coding scheme, successive
decoding.

I. INTRODUCTION

IRELESS communication is an example of channels
where the channel characteristics are time-varying. In
a wireless setting, the user’s motion and the changes in the en-
vironment, as well as the interference, may lead to temporal
changes in the channel quality. Such channel variation models
can include fast fading due to multi-path and slow fading due
to shadowing. In fast fading, the channel state is assumed to
be changing for every channel use, while in slow fading, the
channel is assumed to be constant for each finite block length.
In such communication problems, the channel state informa-
tion (CSI) can be transmitted to the transmitters either explicitly,
or through output CSI feedback. Frequently, the CSI feedback
is not instantaneous; the transmitters have only delayed infor-
mation regarding the state of the channel. The availability of
the delayed CSI at the transmitters will possibly increase the ca-
pacity region. The increase in the capacity region due to CSI de-
pends on the CSI delays relative to the rate at which the channel
is time-varying. When a channel is slowly time-varying and the
delays are small, CSI may significantly increase the capacity re-
gion. However, if the channel is changing rapidly relative to the
CSI delays, the transmitters can no longer adapt to the channel
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variations. Hence, availability of delayed CSI may not result in
any significant capacity region improvement. Therefore, we are
motivated to study the effect of channel memory and delays on
the multiple access channel (MAC) capacity region.

Let us now present a brief literature review. We are modeling
a time-varying channel as a finite-state Markov channel (FSMC)
[1], [2]. The FSMC is a channel with a finite number of states.
During each symbol transmission, the channel’s state is fixed.
The channel transition probability function is determined by the
channel state. The time variation in the channel characteristics
is modeled by the statistics of the underlying state process.

Capacity of memoryless channels, with different cases of
state information being available in a causal or non causal
manner at the transmitter and at the receiver, has been studied
by Shannon [3] and by Gelfand and Pinsker [4]. In [5], Gold-
smith and Varaiya consider the fading channels with perfect
CSI at the transmitter and at the receiver. They proved that with
instantaneous and perfect state information, the transmitter
can adapt the data rates for each channel state to maximize
the average transmission rate. Viswanathan [6] loosened this
assumption of perfect instantaneous CSI, and gave a single
letter characterization of the capacity of Markov channels with
delayed CSI. Caire and Shamai [7] consider the case that the
channel state is independent identically distributed (i.i.d.), and
the CSI at the transmitter is a deterministic function of the CSI
at the receiver. They showed that optimal coding is particularly
simple. Chen and Berger in [8] found the capacity of an FSC
with inter-symbol interference (ISI), where current CSI is avail-
able at the transmitter and the receiver. For a comprehensive
survey on channel coding with state information see [9].

The MAC with state has received much attention in recent
years due to its importance in wireless communication systems.
On the one hand, complete knowledge of the CSI at the trans-
mitters is an unrealistic assumption in wireless communications.
On the other hand, it is reasonable to assume that the receiver
does possess full knowledge of the CSI. This practical consid-
eration has motivated the investigation of a MAC where each
transmitter is informed with its own CSI, while the receiver is
informed with the full CSIL.

Our work is also related to [10], [11], and [12]. In [10]
the authors found the capacity region of FS-MAC, where the
channel state process is i.i.d., the transmitters have access to
partial (quantized) CSI, and complete CSI is available at the
receiver. In [11] the capacity of general FS-MAC with varying
degrees of causal CSI at the transmitters is characterized in
non-single-letter formulas. In [12] the capacity region of the

0018-9448/$31.00 © 2012 IEEE



BASHER et al.: CAPACITY REGION OF FINITE STATE MULTIPLE-ACCESS CHANNEL

———» Encoderl » Ch l

I v

M, My

Si—ay p(ylz1, 22, 5) Decoder
Xz I
M2—> Encoder?2 2 > S;
Si—ds

Fig. 1. FSM-MAC with CSI at the decoder and delayed CSI at the encoders
with delays d and d - The state process has memory and is assumed to be FSM.
The CSl is fed back to the encoders through a noiseless feedback channel. CSI
from the decoder is received at Encoder 1 and Encoder 2 after time delays of dy
and d; symbol durations, respectively. We are considering the above problem
setting in the cases where dy > do,d; = do,and dy < d; = .

FS-MAC with feedback that may be an arbitrary time-invariant
function of the channel output has been derived. Recent related
works also include [13], [14], and [15]. In [13], the state-de-
pendent MAC with causal and strictly causal side information
at the transmitters has been studied. In [14], [15] the authors
considered a MISO broadcast channels with delayed feedback.
They established the optimal sum-degrees of freedom (DoF),
which shows that even when the state process is i.i.d., or in the
presence of arbitrary large delay, the CSI can still significantly
increase the DoF.

In this work, we consider the capacity region of a finite state
Markov Multiple-access channel (FSM-MAC) with CSI at the
decoder (receiver) and delayed CSI at the encoders (transmit-
ters) with delays d; and d; as illustrated in Fig. 1. The channel
probability function at each time instant depends on the state of
an underlying finite-state Markov process. The decoder, in ad-
dition to the channel output, also receives the channel state at
each time instant (perfect CSI). The channel state is fed back to
the encoders through a noiseless feedback channel. CSI from the
decoder is received at Encoder 1 and Encoder 2 after time delays
of d; and d> symbol durations, respectively. The time delays d;
and d» are assumed to be known at both Encoder 1 and Encoder
2. Each encoder, at each time instant, chooses the channel input
based on the message to be transmitted and the CSI that he pos-
sesses. A formal description of the system model is presented in
Section II. The main result of this paper is a computable char-
acterization of the capacity region for this channel model.

The remainder of the paper is organized as follows: In
Section II, we concretely describe the communication model.
In Section III, we state our main results, which are the capacity
regions for different cases of time delays. Section IV provides
the outer bound on the capacity region of FSM-MAC with CSI
at the decoder and asymmetrical delayed CSI at the encoders.
In Section V, we complete the proof of the capacity region,
by providing the proof of the achievability. In Section VI, we
provide alternative proof for capacity region. The alternative
proof is based on a multi-letter expression for the capacity
region of FS-MAC with time-invariant feedback [12]. In
Section VII, we apply the general results of Section III to
obtain the capacity region for a finite-state Gaussian MAC,
and for a finite-state multiple-access fading channel. We derive
optimization problems on the power allocation that maximize
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the capacity region for these channels. This power allocation
would be the optimal power control policy for maximizing
throughput in the presence of delayed CSI. We conclude in
Section VIII with a summary of this work.

II. CHANNEL MODEL AND NOTATION

A. Channel Model

In this paper, we consider the communication system of
FSM-MAC with CSI at the decoder and delayed CSI at the
encoders with delays d; and dg, respectively, as illustrated
in Fig. 1. The MAC setting consists of two senders and one
receiver. Each sender j € {1,2} chooses an index m, uni-
formly from the set {1, oL 2nd } and independent of the
other sender. The input to the channel from encoder j € {1, 2}
is denoted by {X,1,X;2,X,3,...}, and the output of the
channel is denoted by {Y7, Yo, Y3, .. .}. We use the notation V'™
to denote the sequence (V1, ..., V), therefore, X}L, Y™ denote
the sequences {X,1,.... X}, {Y1,..., Y.}, respectively.
A finite-state Markov channel is, at each time instant, in one
of a finite number of states & = {s1,52,...,8;}. In each
state, the channel is a DMC with inputs alphabet A7, A5 and
output alphabet Y. Let the random variables S;, S;_4 denote
the channel state at times ¢ and 7 — d, respectively. Similarly,
denote by X ;, X5 ;, and Y; the inputs and the output of the
channel at time 4. The channel transition probability function
at time ¢ depends on the state .S;, and the inputs X, ;, X2, at
time ¢, and is given by P(yi|%1,i, ®2,4. 5;). The channel output
at any time ¢ is assumed to depend only on the channel inputs
and state at time ¢. Hence

)

P(yi\xivfﬂéﬁi) = P(?/i|171,i75[72,i:5i)-

The state process {S;} is assumed to be an irreducible, aperi-
odic, finite-state homogeneous Markov chain and hence is er-
godic. The state process is independent of the channel inputs
and output when conditioned on the previous states, i.e.,

P(Si|3i717$§717$;71ayiil) = P(51|‘5771) (2)
Furthermore, we assume that the state process is independent of
M 1 and 1M2 .

P(s",my1,ma) = P(s")P(m1)P(ms)

n

= [[ P(silsi—1)P(m1)P(my).

i=1

(€))

Now, let K be the one step state transition probability matrix
of the Markov process, and let 7 be the steady state probability
distribution of the Markov process. The (S;, S;_4) joint distri-
bution is stationary and is given by

Wd(Si = 81, Si,d = 57) = W(Sj)Kd(Sl, .S‘j), (4)
where K¢(s;, s;) is the (1, j)th element of the d-step transition
probability matrix K¢ of the Markov state process. Without
loss of generality, let us assume that dy > ds. Furthermore,
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for simplicity, let us define the joint distribution of the vari-
ables (5,51,52) as the joint distribution of the variables
(Si, Sifdl . Si,(]y2 ), i.e.,

P(S =g, S, = 85, Sy = Su)
= P(S; = 51,54, = 5§, Si-do = 5v)
= 71-(SJI‘)}'{(II?(]/2 (S'Uﬂ 5:1‘)[(([2 (Slv S’U)v (%)

where s;, 51,5, € S.

B. Code Description

An (n, 20 2nft: gy dy) code for FSM-MAC with CSI at
the decoder and delayed CSI at the encoders with delay d; and
d> consists of

1) Two sets of integers M; = {1,2,...,2"%1} and M,y =
{1,2,...,2"7%} called the message sets.

2) For each encoder, an encoding function f;, j € {1,2},
maps the set of messages to channel input words of block
length n. Each f; works through a sequence of functions
f;.i that depend only on the message M; and the channel
states up to time ¢ — d;. For encoder 1 (j = 1):

- Jr.i(My), 1<i<d;
X —{flz(MhSl dl), di+1<:<n|’ (6)

Similarly for encoder 2 (j = 2):

‘ f2,:(M2),
Xai = {le(Mmg —dz),

3) A decoding function ¢ that maps a received sequence of 7
channel outputs and channel states to the messages set

YT X

We define the average probability of error for the
(n,27F 27z g, dy) code as follows:

Pﬁ(ﬂ) m Z ZPS“ .

Ty 1o bl

1<i<dy

S" s My x Ms. (8)

JPr{y(y". 5")

# (mq1, ma)|(m1, ma)was sent}. (9)

We use standard definitions [16] of achievability and ca-
pacity region, namely, a pair rate (R, R2) is achievable for
FSM-MAC with CSI at the decoder and delayed CSI at the
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encoders with delays d; and ds, if there exists a sequence of
(n, 278 9782 ) dy) codes with P 0 as n goes to in-
finity. The capacity region is the closure of the set of achievable
(R1, Ry) rate pairs.

III. MAIN RESULTS

Here we present the main results of this paper. Recall, that
the joint distributions of (.9, 51), and (S, S3) is given in (5).
Without loss of generality, let us assume that d; > ds.

Theorem 1 (Capacity Region of FSM-MAC With Delayed CSI
d1 > dy): The capacity region of FSM-MAC with CSI at the
decoder and asymmetrical delayed CSI at the encoders with de-
lays d; and d» as shown in Fig. 1 is given in (10) at the bottom
of the page. where U is an auxiliary random variable with car-
dinality || < 3.

The proof of Theorem 1 is presented in Sections IV, and V.
In Section IV we prove the outer bound of the capacity region,
and Section V is devoted to the proof of the achievability. The
proof of the achievability is based on a multiplexing coding
scheme, and successive decoding. In addition, we provide al-
ternative proof of Theorem 1 in Section VI. The proof for the
cardinality bound of U is presented in Appendix A.

Now, directly from Theorem 1 we can derive the capacity
region in the case ofd1 = dsy. Since d; = d> we have 51 52,
hence we denote S = S; = S5. Using Theorem 1 we get,

Theorem 2 (Capacity Region of FSM-MAC With Symmetrical
Delayed CSIdy = ds): The capacity region of FSM-MAC with
CSI at the decoder and symmetrical delayed CSI at the encoders
with delay d is given in (11) at the bottom of the page. where
U is an auxiliary random variable with cardinality [I/| < 3.

Now we consider the case that encoder 1 does not have state
information at all, i.e., d; = oo.

Theorem 3 (Capacity Region of FSM-MAC With Delayed CSI
Only to one Encoder): The capacity region of FSM-MAC with
CSI at the decoder and delayed CSI only to one encoder is given
by (12) at the bottom of the next page. Where @ is an auxiliary
random variable with cardinality |Q| < 3.

The proof of Theorem 3 is quite similar to the proof of The-
orem 1; the details are presented in Appendix B. In Appendix C,
we present the capacity region for the case where there are three
encoders. In addition, a sketch of the proof is provided.

R < I(X1;Y|X2,5. 81, 5. 0),

R = Ry < I(X3;Y[X1, S, 81, 8,U), (10)
P(u|a)P (e 81, u)Ples|51.82,u) \ B1 + Re < I(X1, X2;Y|S, Si, 8, U),
Ry < I(X1:Y|X5,8,8,U),
R = U Ry < I(X2:Y|X1,8,5,U), 1)

P(u|3)P(z1|5,u)P(xa|3,u)

Ri+ Ry < I(X,,X5:Y|S8,5,U),
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IV. CONVERSE

In this section, we provide the outer bound on the capacity
region of MAC with receiver CSI and asymmetrical delayed
CSI feedback, i.e., we give the converse proof for Theorem 1.
Without loss of generality let us assume that d; > d.

Proof: Given an achievable rate (R, R2) we need
to show that there exists joint distribution of the form
P(s, 81, 82)P(u|81)P(x1]81, u)P(x2]81, S2, u)P(y|r1, 22, 8)
such that,

Rl < I(XL Y|X23 Sa gla 5’2’ U’)7

Ry <I(X3;Y|X1,8, 81,8, U),

Ri+ Ry <I(X1,X5;Y|S, 81,5, U)

where U is an auxiliary random variable with cardinality
[4] < 3. The proof for the cardinality bound is presented in
Appendix A. Since (Ry, R2) is an achievable pair-rate, there

exists an (n, 2" 2772 d, dy) code with a probability of
error P\ arbitrarily small. By Fano’s inequality

H(My, Mo|Y™, 8™) <n(Ry + Ry)P™ + H(P(™)

énan (13)

and it is clear that ,, — O as Pe(n) — oc. Then we have
H(M|Y". 8™y <H(M;, Ma|Y", S") < ney,, (14)
H(M|Y™, S™) < H(My, Ma|Y™, S™) < nsg,. (15)

We can now bound the rate F; as

an = H(]M'l)
= H(My) + H(M|[Y™,8") — H(M|Y"™,5§")
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- H(Yilyi717 X{l X; ‘Sm)} + ney

w Z{H(Yi|X2,i;Si»Si—d27Si—dl7si7d171)
im1
— H(Yi|X1.i, X2.4, 54, Si s, Si—ay, Sp 4 1))

+ ney

= Z {I(YﬁXl,i‘XZi-, S, Si—dys Si—dy s S;Zrdhl)}
=1
+ nen

where
a) follows from Fano’s inequality;
b) follows from chain rule;
c¢) follows from the fact that M7 and S™ are independent;
d) follows from the fact that X{" is a deterministic function of
(Mj, S™) and the Markov chain (M7, S™) — (X7, S™) —
Yy,
e) follows from the fact that X7* and M, are indepen-
dent, and the fact that X3 is a deterministic function of
(Ms, S™). Therefore, Xi* and X7 are independent given
ST
f) (f) and (g) follow from the fact that conditioning reduces
entropy;
g) follows from the fact that the channel output at time :
depends only on the state S; and the the inputs X; ; and
Xo;.
Hence, we have

1 o,
I’y < —ZI(YL‘;XLJXz,uSuSide,SideSi “ 1e,.

n =1
(16)

Similarly, we have

(a)
< I(Ml;YTLvsn)+"L5n, 1 n
h _ L. . . . . . i—dy—1
(I:)I(Ml;YnLSn)+I(A{1§Sﬂ)+7l€n Ry < n ZI(K’X2J|X1,‘MSlaS’t—de’t—del ! )+€n'
i=1
© (M1;Y7S™) + ne,, an
(@ , To bound the sum of the rates, consider
= HXTY™S™) 4 nen
=H(XP|S") ~ H(XT|Y", 8") + ne, n(ffy + ftz)
(e:) H(X{L|X§L Sn) _ H(X{l|YIL7 Sn) +ne, :H(Mla MZ)
0 :H(Ml,Mz)+H(M1.,MQ|Y”,S”)
S H(X{L|X2” Sn) _ H(X]’_L|Yn?X2n7 K rL) + ney, _ H(M17M2|Yn, Sn)
:I(Xil' Y’L|X£L7 S’ﬂ) + nen (Q)I M. M. Yn an
= H(Y"|X§,5") — H(Y"| X}, X§,5") +ne,, o (M, Mes Y™, S%) + e
n - :](1M1,]Lf2;Y"l|S’l)—I—I(Ml,Mg;S")
- Z{H(Y"Wh Xz, 5") + ney,
i=1
. ) n|gn
- H(}/;|Yl—17 X{LvXQH'/ S n)} + ney :I(iwl’ ]\/[2 v |S ) +nén
(9) n ) (i) o1 n,yn|gn
< Z{H(Y‘ilXQKM SiySi—ays Si—a,, SR I(XT, X35 Y7|S™) + nen
o | — H(Y"|S™) — H(Y"|X], X5, 5") + ne,
Rl < I(Xlﬂ Y|X27 S~, Sa Q)7
R = U RQ <I(X2vY|X175,‘§7Q)7 (12)

P(q)P(=1lq)P(w2]5,q)

Rl +R2 < I(Xle2~Y|S Sa Q)7
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=Y AHW[Y' 8
i=1
- H(Yi|Y’-’71~, X1 X3, 8 ) + ney
EDNUN A ERND
i=1
— H(Yi| X1, X2, 8, Si—ay Si—ar, SN}
+ ne,
(<& o
< Z{H(YVZ“ShSi*anSifd“S/ 1 )
i=1
— H(Yi| X1, X2.0, 8i, Si s Siay, S )}
+ ne,
= Z{I(yr“ Xl,iaX27'i|Si~/ Si—dgﬁsi—dl,siidlil)}
i=1
+ ne,
where

a) follows from Fano’s inequality;

b) follows from chain rule;

c) follows from the fact that A, M>, and S™ are indepen-
dent;

d) follows from the fact that X', X3 is a determin-
istic function of (M, M3, §") and the Markov chain
(]\417M273n) _ (X{Lan: Sn) _ Yn;

e) follows from the fact that the channel output at time
depends only on the state S;, and the inputs X ;, and
Xas4;

f) follows from the fact that conditioning reduces entropy.

Hence, we have

1 n
R Ry < — IY;.X i.X{Si,
1+ 2_n;( P X1 Xo il

Sicdys Sicay, SN e, (18)

The expressions in (16)—(18) are the average of the mutual in-
formations calculated at the empirical distribution in column ¢
of the codebook. We can rewrite these equations with the new
variable ), where @ = i € {1,2,...,n} with probability 1.
The equations become

1 — 4
Ry <= IV X1l X4, 86, Sicays Sicay, S0
T i1

+en

1 n
Y 1(Yo: X10|X20: 50, Sq-—dx»

T
i=1
SQ—d175Q7d171% Q = Z) +én
=1(Yo; X1,01X2.0, 50, SQ-dz» Sy
S9N Q) + e (19)
A A A A
Now letus denote X1 = X1 g, X2 = X24,Y =Yg, 5 = Sq,
S £ SQfdl, Sa = SQ,dz, and U £ (SQ—dl—l7 Q)
We have
Ry <H(X1;Y[X2, 5,51, 82, U) + e,
R2 SI(XQﬂY‘le Sv Sls S’?'/ U) + Eny
Ry + Ry <I(Xy, X3;Y[S, 51, 92, U) + &,
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To complete the converse proof we need to show the following
Markov relations hold:
1) P(uls, 31,52) = P(u|s1);
2) P(IE1|8,§1,§2,U) = P(l‘l\él,u);
3) P($2|$1,37§1,§27U) :P(,’L‘Q|§1,§2,u);
4)  P(y|z1,z2.8,51, 82, u) = P(y|z1,22. 9).
We prove the above using the following claims:
1) follows from the fact that S 41 — 5, , — S, 4 —S;
andsois (S¥ 1 Q) = So_a, — So_a, — S0:
2) follows from the fact that X7 ; = f1 ;(M;, S* %) and that
M and S™ are independent. Hence

q—di—1 ,-)

P(e1,4]84, $q—dvs Sq—ds» 51 g=i
= P("I;L’I‘S(I*dlvstf—dl—ln — Z)

Since this is true for all ,

o . , g—di—1
P(21,48q, $q-dys Sq—dzs 51

_ g—di—1

= P(a1,4|8q-a,: 51

' q)
1 q)-

Therefore we have
P(x1|s, 81,82, u) = P(x1|81,u);
3) we assume that d; > do, since M» and (M;, S™) are inde-
pendent, and the state process is Markov chain, we have
i—dy

1)
ifdl).

i—d.
P(ma, 8" (8,8 dy+8i—dys 5

= P(ma, PaalE [Si—dys Si—dys S

Therefore, we have the Markov chain (M, S'-92) —
(Si,dl,Si,dei’idl) — (Ml,Si,Siidl). Since
X1 = f1;(M,857%) and Xo; = fo; (M, S7%)
where f1 ;, fo; are deterministic functions, we obtain the
following Markov chain:

Xo,i — (M2, S™%) — (Si_a,. Si—a,, S %)

—(M1, 8,87 ")~ X1; (20

which implies
i—dy—1
P(xoilzii, 8is8i-dy:Siody, 8 )
i—dy—1
:P(.7227i|5i_d1,S.i_dz,S o1 )

Since this is true for all ¢:
q—di1—1
P(x2,4|21,4: $q5 Sq—dys Sq—dz» 51

_ g—d;—1
= P(m27¢1|5q—d1vsq—d2751 3

.q)
q)-

Therefore we have

P(zs|z1, 8,81, 82, u)
21
4) follows from the fact that the channel output at any time :
is assumed to depend only on the channel inputs and state
at time ¢.
Hence, taking the limit as n — oo, P .0, we have the fol-
lowing converse:
Ry <I(X1;Y|Xy,8,51,8:.0),
Ry <I(X3:Y|X1,S,51,8,.U),
Ry + Ry <I(X1,X2;Y1S,S1,8,U)

= P(x9]81, 82, u);
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for some choice of joint distribution P(s, 3y, $2)P(u|31)
P(x1|51, u)P(x2]81. $2. u)P(y|z1, z2, s) and for some choice
of auxiliary random variable U defined on |1/| < 3. This
completes the proof of the converse. ]

V. PROOF OF THE ACHIEVABILITY OF THEOREM 1

In the previous section we proved the converse of the capacity
region of Theorem 1. In this section we prove the achievability
part. The main idea of the proof is using multiplexing coding
(e.g., [5] and [6]), i.e., multiplexing the input of the channel at
each encoder (the multiplexer is controlled by the delayed CSI),
then, using the CSI known at the decoder, demultiplexing the
output at the decoder.

Proof: For simplicity, we present first the proof without
the auxiliary random variable U'. Then, we complete the achiev-
ability proof of Theorem 1 by using time sharing, where the time
sharing is a function of the delayed CSI. To prove the achiev-
ability of the capacity region, we need to show that for a fix
P(.’L‘1|§1)P(II}2|§1, 52) and (Rl, RQ) that satisfy

S I(Xl, Y|X2, S, S’h SQ),
2 <I(X2;Y]X1, 8,51, 5s),
R1+ SI(X1X27Y|S§1§2)
there exists a sequence of (n, 2751 2782, ds) codes where
Pe(”) — 0 asn — oo. Without loss of generality, we assume that
the finite-state space S = {1, 2, ..., k}, and that the steady state
probability w(1) > 0 foralll € S. i
Encoder 1: Construct k codebooks C;' (where the sub-
script is for Encoder 1) for all 5’1 € &, when in each
codebook Cfl there are 21(1F1(51) codewords, where
ni(51) = (P(8; = %1) — ¢)n, for ¢ > 0. Every code-
word Cj' (i) when i € {1,2,...,2m G0 GO} has a length
of n1(51) symbols. Each codeword from the C7* code-
book is built Xi' ~ iid. P(zi'|S; = &) (where the
subscript is for Encoder 1). A message M; is chosen ac-
cording to a uniform distribution Pr(M; = my) = gty
my € {17 2,...,2"h } Every message m; is mapped into k
sub messages Vi(m1) = {V{(mq),ViZ(my),...,VF(m1)}
(one message from each codecook). Hence, every message
is specified by a & dimensional vector. For a fix block length 7,
let Nz, be the number of times during the n symbols for which
the feedback information at encoder 1 regarding the channel
state is 5‘1 = $1. Every time that the delayed CSI is 5’1 = 31,
encoder 1 sends the next symbol from the C;! codebook. Since
Ny, is not necessarily equivalent to n1 (51 ), an error is declared
if N5, < n1(31), and the code is zero-filled if N5, > nq(51).

1 (31) Ry (3
Therefore, we can send a total of 2#%1 = 2 es MEDRIE)

messages. The codebook construction of encoder 1 is illustrated
in Fig. 2.

Encoder 2: Construct k x k codebooks C3"** (where the sub-
script is for Encoder 2) for all (51, 52) € {S x S}, when in each
codebook C;l 2 there are 22(51,52)F2(51,52) codewords, where
n2(81,82) = (P( 5’1 Sy = 51, §2) — €)n, for € > 0. Every
codeword C3V™*(i) when i € {1,2,...,2"(15)R2(1.5)1
has a length of ny(31, 52) symbols. Each codeword from the
C5** codebook is built X5'** ~ iid. P(z3"**|(S1,S:) =
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C1§1=1 CleQ Cl§1:k

A=l i et
ale) ) crhe)
@) =) e r@)

‘ Cf1:1(2m(51:1)1?,1(§1:1)) Cflzk(gm(§1=k)R1(§s=k))

—

ni(§1=1) ni(5; =2) n1(31 =k)

=2 emE=DR(Gi=2)

Fig. 2. Multlplexmg coding: Encoder 1’s codebook is assembled from #
sub codebooks Ci*, when in each codebook Ci' there are 271(3DFL(L)
codewords. Each codeword from the C;* codebook is built X[ o~ iid
P(x]'|S1 = 51). In a similar way, we use multiplexing coding to assembled
the codebook of Encoder 2, where the multiplexer is controlled by both 5;
and 3.

(31,52)) (where the subscript is for Encoder 2). A mes-
sage M, is chosen according to a uniform distribution
Pr(My = mg) = 27" my, € {1,2,... 2"},
Every message mo is mapped into & x k sub messages
Vo(ima) = {VQI’ (mg), Vo 2 (ma), . .., V;’k(mg)} (one
message from each codecook). Hence, every message my is
specified by a £ x % dimensional vector. For a fix block length
n, let N3, 3, be the number of times during the n symbols for
which the feedback information at encoder 2 regarding the
channel state 15(91 Sg) (81, &2). Every time that the delayed
CSI is (51, 82) = (81,342), encoder 2 sends the next symbol
from the C3'** codebook. Since N;, 3, is not necessarily equiv-
alent to nz(sl, $2), an error is declared if Ny, 3, < na(81,52),
and the code is zero-filled if Nz, 5, > mna(81, §2). Therefore,
we can send a total of 2R = 22u1.5esxs M1 (B12)
messages.

Decoding: We use successive decoding; in this method,
instead of decoding the two messages simultaneously, the
decoder first decodes one of the messages by itself, where the
other user’s message is considered as noise. After decoding the
first user’s message, the decoder turns to decode the second
message. When decoding the second message, the decoder uses
the information about the first message as side information.
This decoding rule aims to achieve the two corner points of
the rate region, i.e., (Ry = I(X;Y|X5, S, Sl,Sz) — &Ry =
I(Xz 52) — 6) and (Rl = I(Xl Sz) —
e, Ry = I(Xg Y|X1, S, St Sg) — ¢€). The rate reglon is illus-
trated in Fig. 3.

To achieve the first point, let us analyze the case where
the decoder first decodes X3. The information Sl, 52
used to multiplex the codewords at the encoder is also
available at the decoder. Hence, upon receiving a block
of channel outputs and states (Y™,S5™), the decoder first
demultiplexes it into outputs corresponding to the com-
ponent codebooks of encoder 2. Then, the decoder sep-
arately decodes each component codeword V' 2 where
(51,52) € 8 x S. For each codebook C5*+** , the decoder has
(Ym2(51.82) gral51.82)) and searches (X;”(SI’SZ)) such that
(X505 yma(3182) gna(152)) are strongly jointly typical
sequences [16], i.e., (X;z(sl"sz),Y“(gl?gz), Sra(31,52)) ¢
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R2 A

I(X2;Y|X1,8,5,5:) -

I(X2;Y|S, 81, 82) =

>

1 t B

I(X1;Y]S, 51, 82) I(X1;Y|X2, 8,51, 5)

Fig. 3. Rate region.

A*(ng(515g))(X2 ,S) given (gl,gg) = (‘7‘1,52) The
decoder declares that ms is sent if it is a unique mes-
sage such that (X2’L2(51757)(,”2) ynrz (31, .57)7 [SEICE a)))
AzeGr®)(x v ) given (S1,5:) = (51.8:) for
all 51,55 € S x &, otherwise it declares an error. If
such m, is found, the decoder has X7I'(niz), but now
the decoder is using the information Sy to demultiplex
(Y™, 58™) into outputs corresponding to the component
codebooks of encoder 1 (which have %k codebooks). The
decoder declares that m; is sent if it is a unique message
such that (Xfl(”)(ml) X”L(%)( 2), YmG) gmGEnye
A*("l(“))(Xl,Xg Y, S) given S, = § foral s € S,
otherwise it declares error.

Analysis of the probability of error: First, we analyze the
probability of error for the component codeword V;*'*** at
encoder 2, ie., Pr(Nz :, < mn2(8,582)). Since that the
state process is stationary and ergodic lim, — o @ =
P(31, §2) in probability. Therefore, Pr(N;, 5, < n2(31,52))
— 0 as n — oo. Now, we analyze the probability to decode
incorrectly the component codeword V;'** that was sent
from the C3;'*? codebook of encoder 2. Without loss of
generality, we can assume that the first codeword was sent
from the C5'"*? codebook of encoder 2, which we denote
by C3*4(1 ) Since S$72(51:%2) s ergodic and by using the
Law of Large Numbers (L.L.N.) as n2(3;, 82) — oo we have
Pr {S"Z(g“g?) € A:("Z(gl’gz))(S)} — 1. By the construction

of the codebook C;"**(1), X5 and S are independent given
(S1,82) = (51, 82). Hence X225%)(1) and §72G1:%2) are
strongly jointly typical sequences with probability 1. Finally
from the codebooks construction and the channel transition
probability we have that

p(ylllf% Si7 51, 52)
= Z p(ml,i|xé7Sivgl'/’52)])(.7/”-7;1:%'7;3»Siv§17§2)
21:€X1,:

Z p(1ild1, 82)p(yile1i, T2, 84, 81, 82)
1, €X 5

:p(yilgfzi, Si, 51, 52).
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Now using the fact that p(yi|ah, s, 51,352) =
o(yi|2.i, 8i. 51, $2), and the L.L.N. we have

Pr { (X;m(ghé'z)(l)./ e (5'1,52)7 yre (51,52)> e

A= Br8)(X,,Y, 8)|(S1, ) = (51, 52)} -1

as na(81, §2) — oo. A decoding error occurs only if either the
correct codeword X, n2(8..52) (1), is not strongly jointly typical
with (Y72 (51,52) 9’”2 (31,5203 or there is an incorrect codeword
X, n2(51,82) (i), where i # 1, that is strongly jointly typical with
(Y"’(*l’” §m2(51:52)) et us define these events:

E] _ {(X;u(h,g'z) (1)7}/1@(5’1,52)‘ S’Ilg(g'l..;’g)) ¢
AN (X, Y, 9)[(51,52) = (uda) . (22)

o {31#1 ( nz(81,sz>() Yn;(S 1,52) Snz(bl .57))
AN (X, Y, 9)[(51,52) = (uda) . (23)

In addition, we define the following event:

By = {(X;z(él’bz)( ) yn2(51.52) Snz(bl .52))

A8 (X, Y, 8)|(S1, gz):(‘;l,gﬂ}, (24)
Then by the union of events bound:

pir2G152)) = Pr(Ey U E)

<P(Ey)+ P (Es). (25)

Now let us find the probability of each event,
1) P (E1)- As mentioned above as n2(81, $2) — oc we have,

P(FEq)—0.
2) P(FEs,)-fori # 1 the probability of error,

P (E»)
— Pr { (X;z(bl 82) (i), Y28 grats, 52))

AT (3, 85) = (51, 52)

ong(31,32) Ry (31,82)

< > P(Ey)
i=2
(%) 2%2(51,52)R2(5l,§2)

% 27”2(,«;31752)(1()(2;Y,S\Sl:gl,32:.«52)75)7 (26)
where (a) follows from the fact that X32***) (1) and
X;Z(” -92) (i) are independent given (51, Sp) = (31, 82)
for i # 1, so are (yn2(E52) gna(sese))
and X;Q(S“Sz) (¢). Hence, wusing [16, Lemma

10.62] the probability that X5*“1**) (i) and
(Y’”(Slv”,S"?(“"l’”)) are strongly jointly typical is
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2777,2 (S’l,gz)(l(XQ;Y:S‘Sl:gl,5225’2)75) . FOI‘ P (EZ) SN O as
no(81, §2) — oc, we need to choose

Rz(gl,g'z) SI(XQ.Y,S|S’1 = .§1,5’2 = 52) — €
=I(X9;Y|S, S1 = 51,52 = &)

+I(X2,S|Sl—52,52 5)*6

()(XQ Y|551—51 52_52) €

where (a) follows from the independence of X» and S
given (Sl, SQ) = (51, 52)
Similarly, we can analyze the probability of error to the rest of
the codebooks of encoder 2, i.e., C5'** for every (51, 52) €
{8 x &}. Therefore, as n — o

Ry
n2(81,8 .
< kz %Rz(sl,&)
81,82
na(s1, 8 ~ Lo~ .
<y %(I(XQ;YLS', 8 =51, 8 = 52)— )
51,52
_ Z bl éQ )(I(X2§}7|S7§1:§1,§2:§2)—€)
81,89

=I(X2:;Y|S,81,8) — ¢’ (27)
where €/ = ¢ + E’Zghgz I(Xs; 51 =51,8, = 39) — €€,

Let us analyze the probability of error for the component
codeword V;°*. As mentioned above, since that the state process
is stationary and ergodic lim,, — . Mn—gl) = P(5;) in proba-
bility. Therefore, the probability that an error is declared at en-
coder 1, Pr(Nz, < n1(§1)) — 0 as n — co. Now, we analyze
the probability to decode incorrectly the component codeword
Vy’*, that was sent from the C7* codebook of encoder 1 after
Mo was decoded correctly. Without loss of generality, we can
assume that the first codeword was sent from the C;* codebook
of encoder 1, i.e., C;l (1) was sent. Again from the ergodicity of
5§71G51)  the construction of the codebooks, and channel transi-
tion probability we have that

Pr {(an(ﬂ) (1)7X;Ll(§1)(lw2)7ynl(§1)7 Sn,l(El)) e

51} —1
as n1(81) — oc.

A decoding error occurs only if either

(XILI(S’I) (1) 7X;L1(E1)(AM2)7Y'H1(§1)7Snl(él)>

A:(nl(gl))(Xl’ X27 1/’7 S)|‘§1 =

are not strongly jointly typical, or there is an incorrect codeword
X nu(E) (¢), where ¢ # 1, that is strongly jointly typical with
(X nl(“)(Mg), y b, S”“(“)). Let us define these events:

F; :{ (Xiu(ﬁl) (1)7X;l(gl)(Mg),Ynl(gl),Snl(gl)> ¢
A’:(Tu(;l))(Xl,XQ,YSNS =& } (28)
E,= {32;&1 ( nl(ﬂ) ( )/X;l(gl)(Mg),Ynl(gl)’Snl(gl))

€ AfmBI(X,, X,,Y, 9)|S1 = sl} (29)
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In addition, we define the following event:

B, = {(Xlﬂl(i) (Z) ,X;l(gl)(MQ),Ynl(gl)7S"l(gl)) c

A ED (X, X5, Y, 8|81 =51 ) (30)
Then by the union of events bound,
PlmG)) = Pr(Fs U Ey)
<P(Es)+P(Ey). (31)

Now let us find the probability of each event:
1) P (F3)- As mentioned above as n1(81) — oo we have,

P(E3)—0.
2) P(E,)-fori # 1 the probability of error,
P (E4)
— Pr ((Xn1(81) ([/) 7)(2”1(51)(]\22)’yrnl(él)7 S’m(Sq))
e Agnl(h))lgl = 5‘1)
on1(F1)R1(31)

< P (Ey;)

i=

3]

(é) o1 (31)Ri (1) 27711(51)(1()(1;XQ,Y',S‘Slzg'l)*E)‘

where (a) follows from the fact that X" (5) and
(XD (A1,), Y G0, §mG)Y are independent given
S, = 5. For P (E4) — 0 as n1(81) — oo, we need to
choose,

Ri(31) <I(X1;X5,Y, 8|S = 51) —
=I(Xy;Y|X5,8,5 = 5)
+ I(X1; X5, SISy = 51) —
@ (X1 Y| X2, 8, 81 = §1) —
=H(Y|Xs,S,51 = 5)
—H(Y|X:,X2,5.81 =4 —
H(Y|X5,5,81 =51,5,)
—H(Y|X1,X5,88 =5,5) —¢,
=I(X1;Y|X2,8,8 =5§1,8) —¢,

(b)

where (a) follows from the independence of X; and
(X2, 8) given 51 = 51, and (b) follows from the indepen-
dence of Y and S, given (X2, S, Sy = 51).
Similarly, we can analyze the probability of error to the rest
of the codbooks of encoder 1, i.e., Ci* for every 51 € {S}.
Therefore, as 7 — oo

1{1<Z”1 51) L (51)
_an ‘:1
—Z

= (X15Y|X27 S, 81,8:) — €',

X Y|X2 S Sl = 91,52)—6)
(X17Y|X2,S Sl = 91,52) — 6)

(32)
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where €’ = ¢ + ¢ 25’1 I(Xl,Y|X2 S, gl = 51, 52) — e,

Thus the total average probability of decoding error
P —0asn—oc if Ry < I(X1;Y|Xo, 8,51, 8), Ry <
I(X5;Y|S, S1, S2). The achievability of the other corner point
follows by changing the decoding order. To show achievability
of other points in R(X;, X5), we use time sharing between
corner points and points on the axes. Thus, the probability of
error, conditioned on a particular codeword being sent, goes to
zero if the conditions of the following are met:

Ry <I(X1;Y X2, 5,51, S2),

Ry <I(X3;Y|X1, 8,81, 8),

Ri+ Ry <I(X1, X;YS, 1, So). (33)

To show that the region in Theorem 1 is achievable, we use

time sharing, where the time sharing is a function of s;. In the

analysis of the probability of error, we analyze the probability

to decode incorrectly the component codeword V;**** that was

sent from the C5'*** codebook of encoder 2. We derived that in

order that the probability of error will be arbitrarily small, one
have to choose,

(31, 52) < I(X9; X1, Y5, 51 = 51,8 = &) — c.

In addition, we analyze the probability to decode incorrectly the
component codeword V;** that was sent from the C;* codebook
of encoder 1. We obtained,

R1(§1) S I(Xl; Y|)(2, S, g]_ = .§1, 512) — €.

Now, since §1 is fixed, and the fact that §; is known at the de-
coder and in both of the encoders, we can use time sharing,
where the time sharing is a function of s,

Ry(51, 82)
< ZP ul3i)

—I(XQ X1 YlS Sl —51 SQ —52,U)—€.

(X2; X1,YS, 81 = 51,8 = 50, U = u) — ¢,

Similarly, for encoder 1
R1(51)
< D pluls

= ](Xl§ VX5, 8,81 = 81,5,U) — e

)767

X1 Y|X2,S Sl = 51,52 U=

Similarly, we can analyze the probability of error to the rest of
the codebooks of encoder 1 and encoder 2. Hence, the proba-
bility of error, conditioned on a particular codeword being sent,
goes to zero if the following conditions are met:

Ry <I(X1;Y|X5, S, 51,8, U),
R2 S I(XQvY|X17 Sa gla g?? U),

Ry + Ry <I(X1,X2Y|S, 81,8, U). (34)

The above bound shows that the average probability of error,
which by symmetry is equal to the probability for an individual
pair of codewords (mq,m2), averaged over all choices of
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codebooks in the random code construction, is arbitrarily small.
Hence, there exists at least one (n,2"fL 2782 d, dy) code
with arbitrarily small probability of error. This completes the
proof of achivability proof. ]

VI. ALTERNATIVE PROOF

In this section, we provide an alternative proof for Theorem
1. The alternative proof is based on a multi-letter expression for
the capacity region of FS-MAC with time-invariant feedback
[12]. In order to use the capacity region of FS-MAC with time-
invariant feedback, we treat the knowledge of the state at the
encoders as being part of the feedback from the decoder to the
encoders.

Throughout this section we use the causal conditioning no-
tation (-||-). We denote the probability mass function (pmf) of
Y™ causally conditioned on X n=d_ for some integer d > 0, as
P(y™||z"~?) which is defined as

HP UI|UT 1/$i7

(if i — d < 0 then z*~% is set to null). The directed information
I(X™ —Y"™) was defined by Massey in [17] as

P(y"||z" (35)

)23 1y i),

i=1

I(X"—y" (36)

Directed information has been widely used in the characteriza-
tion of capacity of point-to-point channels [8], [18]-[22], com-
pound channels [23], network capacity [24], rate distortion [25],
[26], and broadcast channel [27]. Directed information can also
be expressed in terms of causal conditioning as

I(X?L

—Y") =) IXLYYY

=1

=E [log

PO

P(Yn)

where E denotes expectation. Directed information between
X7 to Y™ causally conditioned on X3 is defined as

)& D XYY XD)
=1
P(Y"||X], XY)
—E flog TR )
P(Y"[IX5)

X} —Y"|IX3
(38)

where P(y ||‘1’1 ’ ‘1’2) = Hlﬂzl P(yi|yi—17 '/115_7 :1’[2)

Now let us present a result from [12] that we need for the
proof. Consider the FS-MAC with time-invariant feedback as
illustrated in Fig. 4. The channel is characterized by a condi-
tional probability P(y;, $;+1|%1.4, %24, $;) that satisfies

Py sip1|oy, ab, 'y ™) = Plyi, sia |14, 02,4, 81). (39)
In addition, we assume that the channel is stationary, indecom-
posable, and without IS, i.e.,

si)p(yileii, x24,85) (40)

Py, sigr|r1, 024, 8) = p(s
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21,i—dy Delay 21,i(¥i)| Time-Invariant |
dy Function
Encoder 1
my i—d
1—ay
xr14:(M1,2 ..
e{1,..,2rh} ilm, 2 )\ Finite State MAC y Decoder
7
 (y™) M, M
P(yi, siv1|21,4, 02,05 8i) L I N L
Encoder 2 " ma(y™)
mo i—d / '
P 1—dadz2
€ 1, zomn| 2"
22,i—d2 Delay 22,i(y:)| Time-Invariant | |
dy Function

Fig. 4. Channel with feedback, where the channel feedbacks, Z; and Z., are time-invariant deterministic functions of the output, Y.

and

P(S[)) = 71'(-5’()) (41)

where w(sg) is the unique stationary distribution, i.e.,
lim,, — . Pr{S,, = s|s0) = 7(s0), Vs € S.

Lemma 4 [12, Theorem 13]: The capacity of a stationary,
indecomposable FS-MAC without ISI and with time-invariant
feedback, as illustrated in Fig. 4, is R = lim,, — o, R, where

R, is given by
Ry < I(XT — Y| X3),
R = Ry < LI(X5 — Y|,
£ \Ri+ Ry < LI((X1, X5)" = V™).

(42)

where £ is the set of joint distributions of the form
P(ag||z" =) P(xg]|l2"~%).

In [12], Theorem 13, only the case where d; = d2 = 1 was
considered, but the result extends straightforwardly to any delay
d; and d». The following theorem provides an alternative proof
for Theorem 1 based on Lemma 4.

Theorem 5: Let us denote R,, and R to be the following
regions:

R, =

R < %I(X{L = Y™, 5" Xy),
U Ry < LI(Xy — Y™, S"|X7), |, (43)

P Rl + RQ S %I((Xl./Xz)n — Y’LFASYTL),

R = o

Ry < I(X1;Y|X2, 8, 51,9,U),
U Ry < I(X2;Y|X1,8. 81, 9.0), | (44

M Rl +R2<I(X1?X2;Y|S,51,SQ,U),
where 7 and M are the sets of joint distribu-
tions of the form P(a}|s” )P(z%||s" %) and

P(u]$1)P(x1|51, u)P(x2|81, $2. u), respectively. The capacity
region for the FSM-MAC with CSI at the decoder and
asymmetrical delayed CSI at the encoders with delays d; and
ds, as illustrated in Fig. 1, is lim,, ,.c R, = R.

Proof: In order to adapt the model in Fig. 4 to our model,
we can consider the state information at the decoder as a part of
the channel’s output. Therefore, the capacity region is

Rfeedba,ck =
R < %I(Xf _ Yn’ S"”X;)
tim Ry < BI(XE — Y7 ST, (49)

L R1 +R2 S %I((XlXQ)n — Yn,Sn)

where £ 2 {P(x}]]z" 4 )P(z5|]z"2)}. Now, by choosing
the deterministic function of the output zi,(y,s;) =
z2,i(¥i,85) = si, (45) yields the capacity region for the
FSM-MAC with CSI at the decoder and asymmetrical de-
layed CSI at the encoders as shown in Fig. 1. Note that
Rieedback = limy, oo Ry, hence the capacity region is
lim,,— . R,. In order to complete the proof we need to show
that lim,, _,. R, = R.First let us show thatlim,, .. R, 2 R:
Ry < LI(X} — Y™, 8™ X3,
R =/ Ry < LI(X§ — Y™, S™|XY).
PR +R < %I((Xl,X2)n — Y™ 8.
Ry < LS I(XG Y, X YL i1,
= Ry < 130 I(XLY;, Si|X) YTt sy,
PR+ Ry < 5 T (X X5 Y3, SV 5T,

To bound R, consider

L - i iyl i—
Rls;;{mlm,wxgx LSt}
1
n

= {H(Y;, 8|X5 v 8

i=1

— H(Y;, Si| X1, X5, Y"1 s 1)

_ 71_1 S {H(Si|X3, YL 51
=1
+H(Y;| X5, Y1, 59}
> {HSI|X] X580
=1

+H(1/L|X]L_, Xé, Y‘i—lv Si)}

1

T



3440

(Si|STH + H(Y;| X5, Vi1, 89

3

12

H(S88"™Y) — HY:|X14, Xos, Si)}

—_

Y |X§:Yi—17 S‘i)

2

H(Y;|X14, Xo4,5:)} .

where (a) follows from the fact that the channel is without ISI,
and from the fact that the channel’s output at time ¢ depends
only on the state S;, and the inputs X ;, X2 ;. We can bound
R5 and Ry + R» in a similar way. Hence we obtain

Ry < X0 {H(Yi| X5, Y 8
_H(K|X1‘,i7 X2,i7 Sz)} s
Ro = Ry < X0 {H(Y|X{ Y 8
B ~H(Yi| X1, X2, Si)}
Ri+ Ry < 257 {HYY L, 89

—H(Y;| X1, X24,5:)}.

The fact that the sequence
n

{P("L’Liuiflv-ﬁ’i%l) Pl !, 37"7'12)}

i=1

determines uniquely the term P(z7|s™ 4 )P(2%|s™ %)

follows immediately from the definition of the
later. Now using [21, Lemma 3], we have that
P(z?||s™ ) P(x3]|s™ %) determines uniquely

. . i n
{P(m17i|.711171,< =) Py ilah 5“‘12)}‘ . Hence
Z:

Ry < £YL {HYXS, Y ! 5)
(Y|X11»X21 )}
Jul RS mnme s
T (Y|X1_.17X2,_z )}
Ri+Ry < oYL {HYY, 87
—H(Y;| X1, X24,5:)}.
where T 2 {P(xyilai b st ) Plag|ah 1 st %) .

Let us assume that d; > do, furthermore, we restrict the

inputs of the channel by assuming that Pz |zt sth) =
Py |si—ay)s Plzoilay ', s77%2) = P(woilsi—dy, Si—dy)-
Therefore
Ry < LY {H(YVIXLY 80
_H(K|X17L’ XZL*SL)} s
Syl RS AELEm LY L)
vy _H(K|X1,uX2L*SL)}/
Ri+R, < 230" {HY|Y"! 5%
_H(lfi|X1,i7X2,iaS’i)}7
where W £ {P(T1L|9L dl)P(grQZ\el dis Si—dy ) }7—q. Since

we assumed that P(1 |25~
the following equalities:

7<>’7*’11) = P(21,4|si—da,), wehave

(U1|JJ2 o 1‘)

—ZP L11|L2 Y

LL,4
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@ ZP(:{:M

L1.,¢

= P{yilw2.4, 9. 8i—a,5 Si—dy)

SiySiody, Si—dy )P (UilT140 X2, Sy $i—dys Si—dy)
(46)

where (a) follows from the fact that the channel’s output at
time ¢ depends only on the state S“ and the inputs X 1,is Xa g,
and from the fact that P(xq ;|z%, y' 71, s') = P(ay4|s' %) =
P(x1,4|$i—4, ). From (46) we get

HY;| X5,V 8% = H(Y:| X2, Si, Sicay, Si—a)-
Similarly

H(Y;|Xi, Y1 8%
H(YHY’IZ?I, S?)

= H(K|X1J, S, Si—dy S'ifdz)'
=H(Y;|8: Si a4y, Sia,)-

Therefore
Rﬂ 2
1 n
< Hzl'ﬂ

U R2§%Z:L:1
WL Ri+Re<Iy!

Y5 X1,ilX2.0, 86, Sicay s Si—as )
Y5 Xo,ilX1 0. S5, Sicdy, Sizds )
Y5 X0, X086, Si—ay, Si—as )

Now, in order to obtain that lim,, .. R,, 2 R, we need to show
that

R C lim

oo

Ri<HT
U RQS}?Z?:l
W R+ RSy

I(Y;‘ Xl,i|X2,’i7 Si7 Si—dl ) S‘i—dz)v
I(Yi; Xo4|1 X146, 56, Si—a1, Si—ds )
I(Yi; Xa,0, X005, Sicay s Si—ds )

Consider the region R, an achievable region is
uniquely determined for every fixed joint distribution
P(ul31)P(z1|51, u)P(x2]31, $2,u). The rate Ry is given by

Ry <I(X1;Y|X5, S, 51,8, U)
=) P(51)> P@pI(X1;Y X5, 8,5.5,U=u). (47)
8] u

In addition, we have

1 T
- Z I(Yi: Xy 4 X2, S0y Siay s Sidy)

i=1

SN

= 1b—d1
(a)ZP

where (a) follows from the fact that the distribution P(s;_g4, )
is stationary, therefore P(s;_4,) = P(31). Forevery U = u
and §; = 3y, if PU = u|Sl = §;) is rational of the form
k(w, 81)/n, where k(u,31) € N, then we can choose k{u, 51)
terms from {P(m1:i|si,dl)P(m27i|si,dl,si,dz)}f:l
such that P(x1lsi—a,)
P(x2isia,,8i-dy)= P(x1]31,u)P(z2|31, 89,u).  If

(si—a (Y3 X143 X245, 5, 8i—a,,Si—d,)

3B

i=1

Y Xl L|X2 L7*g17g1 SL (I)) (48)
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P(U = u|S; = ;) is irrational or rational but not of the form
k(u,31)/n, we can get arbitrarily close to P(U = u|S; = 51)
by using longer and longer block lengths. Therefore, using
(47) and (48) we have that when n — oo, for every given joint
distribution  P(u|81)P(x1/81,u)P(22]$1,82,u), we can
choose { P(x1.i|$i—a, ) P(x2,i|9i—d, , Si—a, ) }1—, such that
1 n
Jim ; I(Yi; X146 X2, 56, Si a2 Sias)

= I(X1:Y|X5. 8, 81,5, U).
By using the same argument for R; and for R; + Rs,

we get that for every given joint distribution
P(u)81)P(x1|51, w)Plao|81, 82, u), we can chose
{P(fﬂl,i|5177d1)P(1L'2,i|5i7d1 , 'Si*dz)}?:l such that the

following equalities hold simultaneously:

1 k23
li — 1 Y;.X iX i«Si«Sif .Si, .
ng%o n ; ( s <11, | 2,4 Wiy dis dz)

=I(X;Y|X5.8, 51,8, U), (49)
) l k23
nlggoH;I(Yi;XZ.ﬂXl,iaSiaSifduSifdz)
= I(X5;Y|X1.8, 51,8, U), (50)
I R
Jim ; I(Yii X146, X2,10S:, Sicay Si—an)
:I(XlsXQ;Y|S:§175’25U)' (51)
Using (49)—(51), we obtain
lim R, 2R. 52)

In order to complete the proof, we need to show that
lim,, o, Rn € R. We have that
By < 5 YL {H(YIXG, Y, 87)
X Ko S}
n i yi—l i
Rn:U R2 ﬁzizl {H(YLJXD} 7S) )
e —H(Y;| X1, Xo,4, Si)}
Ry + Ry < 3300 {HYiY'™, 87

—_ n

—H(Y;| X1, X2,,5)}-

INA

Consider the rate R,

R, < ! Z {H(Y;| X5, Y74, 8% — H(Yi| X1, X0, Si)}
=1

T

1 k23 .
<= H(Y;|X5:,85:, 54 ’S"’fdl
= n;{ (Y3 PRENSLY ds s )
—H(Yi| X1, Xo4,8:)}
1 n 4
= (Y3 X141 X024, 85, S0 o, Siday,
n ; (Y X4l X2, S, Si-a s )

We can bound R» and ;1 + R» in a similar way. Hence we get

RTL g

Rl S ,1_L Z:Ll I(Y; Xl,i‘XZ,i', Si'/ Si*dz P Siidl)v
U Ry < L3700 1Y Xoi| X1, Sis Sicay, S0,
TR+ Ry < 300 I(Yi X, Xo,]i, Simay, §71).

(53)
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Now, consider the joint distribution

N w g, va 1)

= P(8i,8i—ds, sifdl)P(m17i|si7'l1)P(:1:27i|m17i, s s g))
X P(yilwy,i, T2, 8:)

@ P8, 8i—dy. sif‘h)P(ﬂ:lyi|5i7‘l1)P(m2’i|5i7‘11 2 Siody))

x P(yilz1,i: 2,0, 8:)

i

P(si,8i dy,5

where (a) follows from the fact that

P(zo|v1:08 ™, 50-a,)
- Z {P(AMQ"SE:ZiI—i'wlmSi—dlﬁsi*flz)
Masi 32

X P(za|T1,, 8%, Ma)}

= Y P(Masi 2Lt M i) Plaals’ 2 M)

i—dy—1
J‘V[Q,Si_dl+1

= P(.’L‘Q;,',‘Si—dl  Siedy)-
Note that the elements
I(Yi; X1,0|1Xa4,8i, Si—dy s gimdny,
I(Y3; X23| X1, i, Siayn S7H),
and
I(Y3; X1 4y Xo,iSis Sicayn 1),

are uniquely determined by the joint distribution
P(Si, Si—dy > si—d 2y X145 T2, yi). Hence, R;, Rs, and
Ry + Rs in (53) are uniquely determined by the joint
distribution {P(si, Si_dy, s, T1 4y X240 7/‘)}7:1 In the joint
distribution P(s;, 8;_4,,s" 9, 21,724, ¥:), we control only
P(z1,]s" 4)P(xs,]s" %1, 8;_4,), since the distributions
P(8i,8i—ay, s ) and P(y;|x1,:, 2., 5;) are determined by
the channel transition probability. Hence

Ry < 257 I(Yis X141 X2, 80, Sicay s

i gi—dl—l)

dp—doy & 3

n

R C U Ry < =370 1Y Xa4| X1, S, Sicay s

"= Di—dss Slfdl*l).

> ’ ) 2 ;
LN (Vi X1, Xay
i—da S

A

It + Iy

SiySi—ay
i—dl—l)

A

where V = {P(:L'U|si'"]’1)P(:L‘z’i\si”ll,.si,dz)}j:l. In the
same way as we did in the proof of the converse (Section IV,
(19)), we can rewrite these equations with the new variable (),
where Q =i € {1,2,...,n} with probability 1. Furthermore,
we denote X £ Xl;Q’ X5 £ XQA’Q, y & YQ, S 2 SQ,
gl £ SQ,,]J, SQ = SQ*dz: and U £ (SQ—dl—l:Q). Hence
we derive that o

Rl < I(Xl,Y‘Xg,S, Sl,SQ,U),

R CJ Ry < I(X5;Y|X1,8, 81,85, U),

M | R+ Ry < I(X1,X5;Y|S, Sy, S0,U)

A

where M = {P(ul$1)P(x1|51,u)P(x2|51, $2,%)}, which
completes the alternative proof of Theorem 1. ]
VII. EXAMPLES

In this section, we apply the general results of Section III
to obtain the capacity region for a finite-state Gaussian MAC,
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and for the finite-state multiple-access fading channel. We de-
rive optimization problems on the power allocation that maxi-
mizes the capacity region for these channels. This power alloca-
tion would be the optimal power control policy for maximizing
throughput in the presence of delayed channel state information.

A. Capacity Region for a Finite State Additive Gaussian MAC

We now apply Theorem 1 to compute the capacity region of
a power-constrained FS additive Gaussian noise (AGN) MAC,
and illustrate the effect of the delayed CSI on the capacity re-
gion. For a finite state AGN MAC the channel output Y; at time
7, given the channel inputs X ;, X3 ;, is given by

Y =X1:+ Xo; + Ng, (54)

where Ng, is a zero-mean Gaussian random variable with vari-
ance depending on the state S; of the channel at time %. In addi-
tion to the channel output Y; the receiver has accesses to the state
S;. The receiver feeds back the CSI to the transmitters through
a noiseless feedback channel. The CSI from the receiver is re-
ceived at transmitter 1 and transmitter 2 after time delays of
d1.d> symbol durations, respectively. The state process is as-
sumed to be Markov with steady state distribution 7(s) and one
step transition matrix K. It is clear that the finite state AGN is an
FSMC. While the capacity region formula derived in Section III
(Theorem 1) was for finite inputs and output alphabets, the re-
sult can be generalized to continuous alphabets with inputs con-
straints. First, we apply only the sum rate formula to explicitly
determine the sum rate of the finite state Markov AGN MAC
with transmitters power constraints 1 and Ps.

Ri+Ra<
max I(X1,X5:Y]|S, 51, So,

p(u|81)p(w1[51,u)p(r2|51,52,0)

U) (55)
subject to the power constraints

Z 7(51) > P(uls1)E[X7|51,u] < Py,
Z 7(51) Z P(32[31) Y P(ul1)E[X3 31, 52, u] < Py

To compute the maximum sum rate explicitly, we have to
first determine the distributions P (1|51, u) and P(%3|31, 82, u)
for each Sy, S, and U. Suppose P1(§1, 1), Po(51, §2, u) is the
power allocated to states (51, §2) and . In addition, we denote
h{Z) to be the differential entropy of the continuous random
variable Z. We can bound the sum rate:

I(X1, X5;YS, 51, 85, U)
= Z’ﬂ'(gl) ZP(52|‘~;’1) ZP(S‘(‘SVQ
X I(Xl,XQ;Yls, §1,§2,’u)

@) Zw(él) ZP(§2|§1) ZP(3|§2) ZP(“|§1)

X (h(Xl + X2 + NS|S,,§1, 52,“) — h(Ng|5>)

EDILEI SECTN) SENEAD AT

1. (E[(X1+4 X2+ Ny)%|s, 51, 82, u]
x —log

) P(uldy)
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”>Z ZP (32]31) ZP )Zp(u\gl)

Pl(bl, u) + Pg(bl,bz,u))

CH
(d) 1 B
< 527f(51)ZP(Sz|q1)ZP(9|S’2)
51 82 ]
x log (1 4 Prlsn) & Paln, Qz)) (56)
G-S
where o

a) follows from the fact that IV, is independent of S, .5,. U

given S;

b) follows from the fact that Gaussian distribution has the
largest entropy for a given variance;
c¢) follows from the fact that X;, X, are 1ndependent of
N, and independent of each other given S, Sl, Sg, and
U. Furthermore, we denote P1(31) = FE[X?|3:], and
Pg(gl, 527 U,) = E[X22|§1/ §2, ’ll,];
d) follows from Jensen’s inequality.
Furthermore, we can achieve (56) if we choose X (31, u), to be
zero-mean Gaussian with variance P (81 ), and X2(81, 2, u) to
be zero-mean Gaussian with variance P2 (81, 52 ), both indepen-
dent of N, and independent of each other. We now have the
following result, for an FSM AGN MAC with average power
constraints P; and P, and CSI at the transmitters with delays
dy and ds:

R+ Rs

< max

P1(51),P2(51,52) 2 ZP 92|31 ZP g2

P1(51) + P2(81752)>

2
Oy

x log (1—|—

1 < di—dafz =
= max w51 K" 7%(3,, 81
P1(81),P2(81,52) 2 5 ( )Z ( )

x K™ (s,5)log (1 L Pl + 792(51,52)) (57)

EP

o2

S

subject to the power constraints:

Z m(51)P1(51) < Pr, (58)
D w(51) Y P(52]51)Pa(51, 52) < Pa. (59)

Similarly, we can derive maximization on f?; and I?», for I2;:

1
Ry € max —Zﬂ'(El)ZK‘l“dZ (52,5'1)2](‘12(5,52)
S1 4

731(51)2 -

§
x log (1 + 0(21)) (60)

subject to the power constraint:
> w(31)Pu(51) < Py, (61)

81
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and for Rs:
R < Kdl dz K(I)
TR ORI WL S
x log (1 + LZSQ)) (62)
subject to the power constraint:
(63)

> w(51) Z P(33]51)Pa(51, 52) < Py

81

It is important to mention that in the general case the three equa-
tions (57), (60), and (62) do not achieve their maximum in the
same distribution, i.e., not in the same power allocation. In the
same way we can derive the maximization problem for two spe-
cial cases. The first case is d = d; = dg, since the delays are
the same we denote S = S; = Ss, hence we have,

1 P(35)
Ri<max = K log | 1 , (64
e Z@ @R K was (145572 09
R2<maxl E E K%(s,8)log | 1+ Pa(s) , (65)
TP(3) 2 4 g2 )7
g Kd (s, 8)

xlog (1+ w> (66)

5

Ri+R ax -
s pl(n;rlr)i(&)ZZ

subject to the power constraints:

> w(3)Pi(3) <Py,

&

> w(3)Pa(3) < Pa.

g

(67)

(68)

The second case is da < di = oo, let us denote d = dy and
S = S5, therefore we have

Ri< 23 w(5) Y K5, ) log <1+ %)

1 Po(3)
Ry < max — K% 1 1 70
zgggz Z S‘S’)Og<+ 3>()

R1+R2<nlz(u§—z ZK s, 8)

(69)

x log (1+L7;2(’)> (71)
US
subject to the power constraints:
> w(5)Pa(5) < Pa. (72)

3

Now to gain some intuition on the capacity region, we consider
the case when there are only two states. At any given time ¢ the
channel is in one of two possible states GG or B. In the good state
G, the channel is “good” and the noise variance is aé, and in the
bad state B, the channel is “bad” and the noise variance is 0%,
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l—b G

Fig. 5. Two-state AGN channel.

where 0% > oZ. The state process is specified by the transition
probabilities given by

P(G|B) =y,

P(B|G) =b.

The state process is illustrated in Fig. 5, the steady state distri-
bution of the Markov chain is given by

g
G) =
(@) g+b

b
W(B):b—l—g

By solving the optimization problems (57), (66), and (71) for
the two state example, we present the maximum sum rate versus
delay plot in Figs. 6, 7, and 8 which shows the effect of the CSI
delay on the sum rate for P; = 10,Py = 10,02 = 1,05 =
100,g = 0.1,b = 0.1. The details on solving the optimization
problem for the two state example are presented in Appendix D.

Perhaps it seems that the improvement in the sum rate due
to CSI is small, however, we should remember that when we
encode large blocks, this small improvement in the sum rate
can be of great importance. In addition, this improvement in
the sum rate due to CSl is for the specific example of two states
AGN-MAC. In Figs. 9, 10, and 11 Now, we present the capacity
rate region for the two states AGN-MAC in the asymmetrical
case dy > ds by solving numerically the following optimization
problem for different values of «,

[nax aly + Ry (73)
subject to the constraints:
Ri< w51 KN (50,50) YD K (5,5)
B B2 s
<log (14 2150 (74)
Ri< S nlon) YK (5 50) Y K (5,52)
51 82 s
X log (1 —+ PZ(SE ;2)> (75)
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Sum rate (bits/symbol)

Sum rate vs. delay d, (d; = )
1.28 . T . . . T

1.26

1.24 +

1.22 +

1.2

10 12
Delay d, (symbols)

Fig. 6. Sum rate versus delay for the two state channel where transmitter 1 does
not have the CSI d» < d; = oo. The dashed line corresponds with the case

where

Fig. 7. Sum rate versus delay for the two state channel where d; = d

Sum rate (bits/symbol)

CSI is not available at the encoders.

1.34

Sum rate vs. delay d (d, = d, = d)
1.32

1.28 +
1.26
1.24 +
122+

1.2

10 12
Delay d (symbols)

14

16

18 20

(sym-

metrical delay). The dashed line corresponds with the case where CSI is not
available at the encoders.

Sum rate (bits/symbol)

Sum rate vs. delay d, (d,=0)
1.34 : . - . . T

132}
13+
1.28 +

1.26 |
1.24 +
122+

i L L

15 20 25
Delay d, (symbols)

Fig. 8. Sum rate versus delay for the two state channel where 0 = do < d,
(asymmetrical delay). The dashed line corresponds with the case where CSI is
not available at the encoders.

2

51

>

51

w(51)P1(51) < Py

71'(51) Z P(.§2|.§1)732(§1., .§2) S 7)2.

(77)

(78)

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 58, NO. 6, JUNE 2012

Power control policy vs. delay d, (d; = «)

power

8 10 12 14 16 18
Delay d, (symbols)

20

Fig. 9. Power control policy versus delay that achieves the maximum sum rate

where dy < di = 0.

20 T T T

Power control policy vs. delay d (d, = d, = d)

181
16 [N

14} < A%

12+
1

power

RS

o N A O © O
T

T T T T

=0)=R8=0)

=B)=R(5=5)

Fig. 10. Power control policy

8 10 12 14 16
Delay d (symbols)

18 20

versus delay that achieves the maximum sum

rate where d; = d» (symmetrical delay).

Power control policy vs. delay d; (d, = 0)

40 T T

25

35\ T
30 +

B@i=GS$=06) 1

20

power

15

10

RSi=8) 1

i 73(51.23' §2:.B):732(§1:G: S.z:B)

5 10

15 20 25 30 35 40

Delay d, (symbols)

Fig. 11. Power control policy versus delay that achieves the maximum sum
rate where ) = d» < d; (asymmetrical).

In order to solve the optimization problem (73) we used CVX, a
package for specifying and solving convex optimization prob-
lems [28]. The capacity rate region for d2 = 0 and different
values of d; are presented in Fig. 12.

Similarly, we solve the optimization problem for the symmet-
rical case di = d», and for the case that transmitter 1 does not
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Capacity rate region (d, = 0)

1.2
] e |
\\\
08} , ]
d=2 N
< 06} g ]
di= 1oo§\
04} R
02t : : _
0 . . . . ’ .
0 0.2 04 06 0.8 1 1.2
Rl

Fig. 12. Capacity rate region for the two states AGN-MAC—asymmetrical
case dy = 0.

Capacity rate region (d; = d,)

1.4 T

1.2} 1

0 02 04 06 08 1 12 14
Rl

Fig. 13. Capacity rate region for the two states AGN-MAC—symmetrical case
d = Cll = dg .

Capacity rate region (d, < d; = o)

Fig. 14. Capacity rate region for the two states AGN-MAC—Transmitter 1
does not have the CSI ds < d; = .

have any CSI, i.e., do < d; = oo. The rate regions are illus-
trated in Figs. 13 and 14, respectively.
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hy ()

e
-

hy (s)

Fig. 15. Fading channel.

Fig. 16. Channel behaves like a switch, at any given time ¢ the channel is in one
of two possible states ¢ or B, where 0%, > oZ,. The state process is illustrated
in Fig. 5.

B. Capacity Region for a Finite State Multiple-Access Fading
Channel

We apply Theorem 1 to compute the capacity region of a
power constrained FS Multiple-Access fading channel, and il-
lustrate the effect of the delayed CSI on the capacity region.
Consider the discrete-time multiple-access Gaussian channel:

Yi=hi(s:) X1+ hal(s:) X2, + Ng, 79)

where X;,;,Xo; are the transmitted waveform, and
hi1(s;), ha(s;) are the fading process of the users. The terms
hi1(s;), ha(s;) are deterministic functions of s;. The noise
Ng, is a zero-mean Gaussian random variable with variance
depending on the state of the channel at time 2. Furthermore, the
users are subject to the average transmitter power constraints
of P1, and P,. The state process is assumed to be Markov
with steady state distribution 7(s) and one step transition
matrix K, as described in Section II. The FS Multiple-Access
fading channel is illustrated in Fig. 15. We apply the capacity
region formula to explicitly determine the capacity region of
the multiple-access Gaussian fading channel with transmitters
power constraints P; and P». In a similar way to the FSM
Additive Gaussian MAC, it can be shown that the capacity
achieving distributions are X (51, u) zero-mean Gaussian with
variance Py(51), and X2(31, §2,u) zero-mean Gaussian with
variance P2(81. §2), both independent of N, and independent
of each other. We derive the optimization problem given in
(80)—(82) subject to the power constraints (83) and (84), shown
at the bottom of the next page. In the same way, we can derive
the optimization problem for the symmetrical case d; = ds,
and for the case that transmitter 1 does not have any CSI, i.e.,
dy < d; = 0. Let us solve the optimization problems for the
following FSM multiple-access fading channel examples:

Example 1 (AGN Switch Channel): Consider the dis-
crete-time multiple-access Gaussian two state switch channel
as described in Fig. 16. We solve the optimization problem:
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Capacity rate region (d, = 0)

0.5

0.45
0.4

0.35

0.3

< 0.25
0.2

0.15
0.1
0.05

0 0.2 0.4 0.6 0.8 1 1.2

Fig. 17. Capacity rate region for the two states switch channel-—asymmetrical
case ds = 0.

max(aR; + Ry), for different values of ¢ in the same way we
did in the FS additive Gaussian noise (AGN) MAC example.
In Figs. 17, 18, and 19 we present the capacity rate region for
P =10,Py = 10,04 = 1,05 = 10,9 = 0.1,b = 0.1,
hl(G) = 1, hl(B) = 0, hz(G) = 0, hz(B) = 1, in the
following cases: asymmetrical, symmetrical, and the case that
transmitter 1 does not have any CSI.

As one can see from Figs. 17, 18, and 19 the capacity rate re-
gion shape indicates that the users do not interrupt each other, so
each of them can transmit at its own maximal rate independently
of the other user. This makes perfect sense, since the transmis-
sion of each one of them is dependent only on the switch and
not on the other’s transmission.

Example 2 (Multiple-Access Fading Channel): Consider the
power constrained FS Multiple-Access fading channel as illus-
trated in Fig. 15 with only two states: S = 1, S = 2. The state
process is Markov and illustrated in Fig. 5, with a slight change,
instead of denoting the states ”good” and "bad” we use § = 1,
S = 2. We solve the optimization problem: max{«R;+ R5), for
different values of v in the same way we did before. In Figs. 20,
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05 Capacity rate region (d; = d,)

0.45
04
0.35
03
< 0.25
02
0.15
0.1
0.05

0 0.2 0.4 0.6 0.8 1 1.2

Fig. 18. Capacity rate region for the two states switch channel—symmetrical
cased = dy = ds.

Capacity rate region (d, < d; = )
0.5

0.45
04
0.35 =2
03 dy =4

< 0.25
02
0.15
0.1
0.05

0

0 01 02 03 04 05 06 07 08 09 1

R,

Fig. 19. Capacity rate region for the two states switch channel—Transmitter 1
does not have the CSI d» < d; = oc.

21, and 22 we present the capacity rate region for P; = 10,
Py=10,02_, =02 ,=1,9=01,b=01,h(s=1) =1,

&

1
hi(s=2) = 0.5, ha(s = 1) = 0.5, ha(s = 2) = 1.

1 < max lZﬂ(él) Z KM =5, 5) Z K%(s,3,) x log <1 + M) (80)
- 731(51) 2 R 3y s 0’5
2 5. 3
R2 S ,P‘)I&?iéz) % Z 71'(51) Z K(h*dz (§27 gl) Z K(lz (S, 52) log <1 + h2(-5) 7()]'23(517 bZ)) (81)
31 82 s -
1 h 2 § ho(s)? §1,8
Ryt Ry < pl(glﬁi’&hgg) >3 7r(§1)ZKdl—d”(gz,ﬁ)ZKdZ(S;g‘Q)lOg (1 n 1(8)*P1(81) +032(s) 772(@1,82))
S1 §2 s
(82)
Z 7'('(51)7)1(51) S ,Pl (83)
31
(84)

Z 7'('(51) Z P(.§2|§1)P2(.§1, 52) S 7)2.

51 2
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14 Capacity rate region (d, = 0)

dy=0

1.2

dl”&
(1=
dy = 1003

0.8

R,

0.6

0.4

0.2

0 0.2 0.4 0.6 0.8 1 1.2 1.4
R,

Fig. 20. Capacity rate region for the two states fading channel—asymmetrical
case dy = 0.

14 Capacity rate region (d, = d,)
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. 0.8 e
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0.2
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0 0.2 0.4 0.6 0.8 1 1.2 1.4
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Fig. 21. Capacity rate region for the two states fading channel-—symmetrical
case d = di = d».

Capacity rate region (d, < d; = ©)
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dy=0
1.2 dy=1 2

1 2

N\
dy = 100 N\

o 0.8

0.6

0.4

0.2

0 02 04 06 08 1 12 14
Rl

Fig. 22. Capacity rate region for the two states fading channel—Transmitter 1
does not have the CSI dy < dy = oc.

VIII. SUMMARY

The requirement for high rates multi-user communications
systems is constantly increasing, so it becomes essential to
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achieve capacity by deriving the benefit from the channel struc-
ture. Motivated by this we studied the problem of finite-state
MAC, where the channel state is a Markov process, the trans-
mitters have access to delayed state information, and channel
state information is available at the receiver. The delays of
the channel state information is assumed to be asymmetric at
the transmitters. We obtained a computable characterization
of the capacity region for this channel. We provide the outer
bound on the capacity region and the proof of the achievability,
which is based on multiplexing coding. In addition, we provide
alternative proof for the capacity region. The alternative proof
is based on a multi-letter expression for the capacity region
of FS-MAC with time-invariant feedback. Then we apply
the result to derive power control strategies to maximize the
capacity region for finite-state additive Gaussian MAC, and for
the multiple-access fading channel. The results and the insight
in this paper are an intermediate step toward understanding
network communication with delayed state information.

APPENDIX A
CARDINALITY BOUND OF THE AUXILIARY
RANDOM VARIABLE U

Let us prove now the cardinality bound for Theorem
1, which is derived directly from the Fenchel-Eggle-
ston—Carathéodry theory [29]. Let us denote the set Z to
be Z £ &) X Xy x S x 81 x Sy, let P(Z) be the set of PMFs
on Z, and let P(Z|U) C P(Z) be a collection of PMFs p(z|u)
on Z indexed by v € U. Let g;, 7 = 1,...,k be continues
functions on P(Z|if). Then, for any U ~ Fy:(u), there exists
a finite random variable U’ ~ p(u') taking at most k values in
U such that

[E[!JJ(PZ\U(Z|U))} = /u 9i(pzjv(z|u))dF(u)  (85)

=Y gi(pziv(zlu)p().  (86)

Let us denote

a1 (p(z|u)) =I1(X1;Y|X,, S, 51,8, U=u) (87)
92 (p(z|u)) =I(X0; VX1, 8, 51,5, U =u)  (88)
g3 (p(z u)) =1(X1, X2:Y|S, 51,92, U = u) (89)

then, by using the given technique, we can see that [I/| < 3.
By utilizing the same technique, and similar considerations, we
can bound the cardinality of the auxiliary variable in Theorem
2 to be || < 3 and the cardinality of the auxiliary variable in
Theorem 3 to be |Q] < 3.

APPENDIX B
PROOF OF THEOREM 3

The proof of Theorem 3 is similar to the case where the CSI is
available at the decoder and asymmetrical delayed CSI is avail-
able at the encoders with delays d; and d2 (d1 > da), only
now d; — oc. We give here the proof of the converse, and only
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a brief outline of the achievability proof. Since only encoder 2
has the CSI we denote d = ds and S = S5.

A) Converse Theorem 3: Given an achievable rate
(R, R2) we need to show that there exists joint distribution
of the form P(s, 8)P(q)P(x1]q)P(x2|3, ¢)P(y|z1, 22, $) such
that,

Ry < I(Xl; Y|)(27 S, S, Q),
RQ < I(XQﬂ Y|X17 57 Sa Q)ﬂ
Ri+ Ry <I(X1,X5;Y]S,5,Q)

where () is an random variable with a cardinality bound |Q| <
3. The proof of the cardinality bound is similar to the proof in
Appendix A. Since (1, R2) is an achievable pair-rate, there ex-
ists an (n, 2"F1, 272 ) code with a probability of error P\
arbitrarily small. By Fano’s inequality:

H(My, My|Y™, 8™) < n(Ry + Ro)P™ + H(P™)
A

=ney (90)
and it is clear that ¢, — 0 as P{") — co. Then we have
H(M|Y",8™) < H(My, Ma|Y"™,8") <ne,, (1)
H(M|Y™, S™) < H(M;, M5|Y™, 8™y <ne,.  (92)
We can now bound the rate 12; as
77,R1 = H(Ml)

=H(M)+ H(M|Y",8") - H(M|Y™",S")

(a)

< I(My;; Y™, 8™) + ney,

ay;

(
(My;Y™8™) + I(M1; S™) + ne,
D 1My, Y|S) + nes,
v I(X{5Y™8™) + ney
= H(XD|S™) — H(XPY™, S™) + nen
9 H(X]|XF, ") — H(XT|Y™, 8") + ne,
D H(xn (X8, ") — H(XP|Y™ X258 + new
— I(X]:Y"[X5,5") + ne,
= H(Y™XP,S™) — HY"|XT, X2, 5) + nen
= > (g

i=1

~HY Y™ X7, X2, S”)} + nep

(9) &
. Z{H(mxz,i,si,siw
=1

- H(Y;|Y*" L X, Xy, S”)} + ne,,
(i) n
= S H(Y;|X5;, 8,5 a)

i=1

- H(K|X1L* XZ,i7 S‘i7 Si—d)} + ney,

n

= Z {I(K, Xl,i|X2,'i7 S’ia Si—d)} + NEn,

=1
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where
a) follows from Fano’s inequality;
b) follows from chain rule;
c) follows from the fact that M; and S™ are independent;
d) follows from the fact that X{* is a deterministic function of
(My,S™) and the Markov chain (M;, S™) — (X', S™) —
Y”,
e) follows from the fact that X" and M, are indepen-
dent, and the fact that X' is a deterministic function of
(M3, S™). Therefore, X7 and X are independent given
S™:
f) (f) and (g) follow from the fact that conditioning reduces
entropy;
g) follows from the fact that the channel output at time ¢
depends only on the state S; and the the inputs X; ; and
Xo .
Hence, we have

k£3

1
R <= IS/;?X 'iX‘.i7Si~Si— ne
1_nZ( 16l X2, 8, Si—a) + €

i=1

(93)
Similarly, we have
1 (1
Ry < " ; I(Y;; Xo,i| X146, 5, Si—a) + &n 94)

and the sum rate:

n

1
R Ry < — IK,X i~)(i
1+ 2_77/; (Yi; X4, Xo,

Si, Si—a) +en.  (95)

The expressions in (93)—(95) are the average of the mutual in-
formations calculated at the empirical distribution in column ¢
of the codebook. We can rewrite these equations with the new
variable Q, where ) = i € {1,2,...,n} with probability ,I—L
The equations become

1 n
Ry <= (Vi X141 X2, Si. Si—a) + €n

n i1

1 T ‘

== ;I(YQ; X10lX20:5¢:8¢ 4,Q = i) +en
=1(Yq; X1,0|X2,, 59,5 a4, Q) + en. (96)
Now let us denote X = X1.0,X2 £ X20,Y = Yo, S = So.
and S 2 So—d.
We have

Ry <I(X1;Y X3, 5,8,Q) + n,
RZ SI(X2Y|X175* 5’7 Q) +€n'/
Rl + R2 SI(X1X27Y|S7 ‘g? Q) + &n-

Now we need to show the following Markov relations hold:
1)  P(gls,s) = P(q).
2) P(TII1|S,§,(])
3)  P(xa|, s, 8,
P s

q) = P(2]3,q)
4) 5

5.q) = P(y|lz1, 22, 5).
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We prove the above using the following claims:

1) follows from the fact that ) and the state process S™ are
independent.

2) follows from the fact that X ; = fi;(M1) and that M,
and S™ are independent.

3) follows from the fact that M» and (M, S™) are indepen-
dent, and the fact that state process is a Markov chain,
hence

P(ms, siid|s1;, $i—d,m1) = P(ma, siid|s.,;,d).

Therefore, we have the Markov chain (M, S*~%) —
Sifd (17\41.,511‘). Since Xl,i = flyi(Ml) and
Xa, = f2:(Ma, 5%, where fi;, f2; are determin-
istic functions, we get the following Markov chain:

Xoi— (Mo, 8574 — 8 4 — (My,8;) — Xy o7

Therefore
Plxoilx1 i, 80, 8i—a) = Plzai|si—a).

Since this is true for all i,

P(@2,4121.4) 8¢, 4= ) = P(2,4]54-a:9)-

We have P(xz|x1, 5.5, q) = P(22]3.q).
4) follows from the fact that the channel output at time ¢ de-
pends only on the state S; and the the inputs X ; and X ;.
Hence, taking the limit as n — oo, Pe(") — 0, we have the fol-
lowing converse:

Ity SI(XI;}7|X27S: gv Q),
R? SI(Xz,YWXl,S,S. Q)

Ry + Ry <I(X1,X2:Y1S,5,Q)

3

for some choice of joint distribution

P(s,5)P(q)P(1]) P (5

5, q)P(y|lz1, x2,8)

and for some choice of random variable } defined on |Q| < 3.
This completes the proof of the converse.

A. Achievability Theorem 3

To prove the achievability of the capacity region, we need to
show that for a fixed P(x1)P(x2|3) and (?y, R2) that satisfy,

Ry <I(X1;Y]X5, S, 9),
Ry <I(X9;Y|X1, S, 9),
Ry + Ry <I(X1,X2;Y1S,5)

there exists a sequence of (n,27f1 27#2 () codes where
P™ 50 as n— oc. Without loss of generality we assume
that the finite-state space S = {1,2, ..., k}, and that the steady
state probability w() > 0 foralll € S.

3449

Encoder I: construct 2"%t independent codewords X7 ()
where i € {1,2,..,2"f1} of length n, generate each symbol
iid, X7(0) ~ [1-, P(X1.4). _

Encoder 2: construct k& codebooks C5 (where the sub-
script is for Encoder 2) for all S e S, when in each
codebook C5 there are 27:(9)F205)  codewords, where
ny(5) = (P(S = 3) — ¢)n, for ¢ > 0. Every code-
word C5(i) where i € {1,2,...,27&E()} has a length
of n3(5) symbols. Each codeword from the C5 codebook
is built X3 ~ iid P(z3]S = 3) (where the subscript
is for Encoder 2). A message M> is chosen according
to a uniform distribution Pr(M, = m2) = gty
my € {1.2,...,2"F2} Every message m» is mapped into k
sub messages Va(ma) = {V3'(m), VE(ma),...,VF(ms)}
(one message from each codebook). Hence, every message ms
is specified by a k dimensional vector. For a fix block length .,
let N3 be the number of times during the n symbols for which
the feedback information at encoder 2 regarding the channel
state is § = 3. Every time that the delayed CSI is S = 3,
encoder 2 sends the next symbol from C3 codebook. Since N;
is not necessarily equivalent to n2($), an error is declared if
N3 < n2(8), and the code is zero-filled if Nz > n2(8). There-
fore we can send total of 202 — 92ses " (S)() messages.

Decoding: we use successive decoding, similar to the de-
coding in Section V. It can be shown that the probability of error,
conditioned on a particular codeword being sent, goes to zero if
the conditions of the following are met:

Ry <I(X1:Y X3, 8. 9),
Ry <I(X2;Y|X1, S, S),
Ry + Ry <I(X1,X2;Y1S,S).

The above bound shows that the average probability of error,
which by symmetry is equal to the probability for an individual
pair of codewords (mj,ms), averaged over all choices of
codebooks in the random code construction, is arbitrarily small.
Hence there exists at least one (n, 2"f+, 27#2 d) code with an
arbitrarily small probability of error. To complete the proof we
use time-sharing to allow any (R, R2) in the convex hull to
be achieved.

APPENDIX C
THREE USERS MULTIPLE-ACCESS CHANNELS
WITH DELAYED STATE INFORMATION

In this section, we generalize the result derived for two
senders to three senders. The FSM-MAC with Delayed CSI in
this case is shown in Fig. 23. We send independent messages
M, M5 and M3 over the channel from the senders. The codes,
rates, and achievability are all defined in exactly the same way
as in the two-sender case. In addition, without loss of generality,
we assume that dy > dy > ds.

Theorem 6 (Capacity Region of 3-User FSM-MAC With
Delayed CSI dy > Dy > D3): The capacity region of 3-user
FSM-MAC with CSI at the decoder and asymmetrical delayed
CSI at the encoders with delays dy, ds and d3, as shown in
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n
M1—>Encoderl X
T Channel
Si—a,
n n M ,M ,M
N[L’Encodeﬂ X3 9‘1111211315)—Y’ Decoder |——"""3
Si—dg S’L
]\/13—>Encoder3 X
Si—ds

Fig. 23. Three users FSM-MAC with CSI at the decoder and delayed CSI at
the encoders with delays d,, d2, ds.

Fig. 23 is given in (98), shown at the bottom of the page,
where

4 :P(’lt1|§1)P(U2|§1,§2)P(.’L‘1|§1,U1)P(IE2

X P(.T3|§1,§2,~§37’U/1,UQ)

5‘17 '§27 Uy, u?)

99)

and Uy, U, are auxiliary random variables with cardinality
Ui = |t < 7.

The proof of Theorem 6 contains similar ideas to the proof
for the two user case. In the converse proof, instead of three
inequalities, there are seven inequalities. For example, we can
bound the rate R; as

1 n
R < - E I(Yi; X14| X0, X340, 86, Si—ay» Si—dss Si—ds»
T i1 ’
imdy—1 qi-ds—
S dy I,Si—d1+11)+€n'

We can rewrite this equation with the new variable ¢}, where
Q =i € {1,2,...,n} with probability % Hence

Ry < I(Yg;: X101 X205 X505, SqQ—d1 s SQ—das S@—ds»

—d; - —dy -1
§Oh L §E TR ) +en.

Now let us denote X; = X1, X2 = X2, X3 S X3.0,
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In the achievability proof, we use multiplexing coding
and successive decoding. The multiplexers of encoder 1, 2,
and 3 are controlled by the delayed CSI (S1), (S, S2), and
(51, S, 5’3), respectively. In successive decoding scheme,
instead of decoding the three messages simultaneously, the
decoder first decodes one of the messages by itself, where the
other users messages are considered as noise. After decoding
the first user’s message, the decoder turns to decode the second
message. When decoding the second message, the decoder uses
the information about the first message as side information, etc.
This decoding rule aims to achieve the six corner points of the
rate region, for example, one of the corner points is

R < I(X1;Y|S: 91., 5127 53_, Ui, Ug)7
Ry <I(X3;Y|X1, 8, 51,52, 85, Uy, Us),

Rs <I(X3;Y|X1, Xs,8, 81,8, 53,U1,Us)  (100)

The analysis of the probability of error, is done in similar way
to the two-user case. It is worth noting that from the three users
case, it is quite simple to see how to extend the result to m-users
FSM-MAC.

APPENDIX D
DETERMINATION OF THE TWO-STATE MAC CAPACITY REGION

For simplicity we give here the solution to the constrained
optimization only for the symmetrical case, i.e., both CSI delays
are the same (d; = dz), the solution of the other cases are
obtained in a similar way. The optimization problem is

1
Ri+ Ry = ax - 5 K%(s, 5
pHn m(%?é(gﬂzw(s); (.8)

3

x log (1 + Pi(3) + Po(3) EPZ('§)> (101)

T

subject to the power constraints:

Y £ YQ, S £ SQ, 51 £ SQfd“ So £ SQ,dz, Ss = SQ*!]g’ Zﬁ(g)Pl(S) <P (102)
Uy 2(S2-4-1 Q),and U, £ (Sg:jf;_ll,@). Therefore 8
S 2 (3)Pa(3) < P (103)
Rl S I(X1~Y|XZHX575, 5175’23337(]15[]2)- 5
P(3) > 0V3 (104)
The other inequalities are derived in a similar way. Pa(8) > 0 Vs (105)
R < I(X1;}7|X2,X3.,S., gl,gg,gg.,ljl,[]g)?
Ry < I(Xg;}7|X1,X3.,S., gl,gg,gg.,ljl,[]g)?
Ry < I(Xg;}7|X1,X2.,S., gl,gg,gg.,ljl,[]g)?
R=J Ry + Ry < I(X1, X2;Y|X35, 8, 81, 52, 83, Up, Us), (98)

w Ry + Ry < I(Xy, X3;Y[X, S, 51, 82, 83, Uy, Uz),
RQ + R3 < I(X27X3;Y|‘¥17 S7 *91::927:937~[]1: U2)7
R+ Ry + Ry < I(X1, X9;Y|X3, 8, 51,52, 53, U, Us),
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The solution can be obtained by the Lagrange multiplier
method. Since the objective function is monotonically in-
creasing with respect to Py, and P,, it follows that the
maximum is achieved when

> w(3Pi(3) =P (106)

> w(3)Pa(3) =Pa. (107)
Since log is a concave function, and 7(3), K (s, 3) > 0. We get
that objective function is concave in both variables 71 (§), and
P2(8). Also the constraints functions (106), and (107) are affine.
So we can use the Kuhn—Tucker conditions [30, Ch. 5.3.3] as
sufficient conditions to solve the optimization problem. Appli-
cation of the Kuhn—Tucker conditions gives the following con-
ditions of optimality:

1 Krl’(&gi)
— <1, V8, €51, .., s} (1
32T PG + Py SV T E bk} (109)

5

1 K (Svgi) B ]
2 <12, Vs 81, ., Sk
220’3 PG + Py S Vi€ s s (109)

5

> w(E)PI(3) =Py (110)

3

> w(3)P5(5) = Py (111)

3

with equality in (108) whenever Py (s;) > 0, and equality in
(109) whenever P;(3;) > 0. For the two state Gaussian MAC
example in Section VII-A we have

K=
1= (1-0-g-0")  H0-0-g-b%
- (1—g-0% 1-350-(1-g-b7)

Now the solution to the constrained optimization problem is
obtained by finding Py (#;), and P5(5;) that satisfy the Kuhn-
Tucker conditions. For simplicity, in order to solve the opti-
mization problem we used CVX, a package for specifying and
solving convex optimization problems [28].
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