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Multiple Description Problem

Decoder 1[>(X?*, D)
M,
X" .
—>| Encoder Decoder OF—> (X', Do)
M,
Decoder 2—> (X%, Dy)
@ Source: X1, Xo, ... i.i.d ~ p(x)

@ Distortion Measures: d;(z,#;), 2; € X; for j = 0,1,2,
1 n
dj(.%'n,i‘n) = —Zdj(.%'i,.ﬁ'i), ] 20,1,2
n
i=1

o A (20 onF2 p) code: My € [1: 27, M, € [1: 2nF2]
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Multiple Description Problem (cont.)

@ Arate pair (R;, R) is said to be achievable for distortion
triple (Dy, D2, Dy) if there exists a sequence of
(2nfa 2nk2 n) codes with average distortion

lim sup E (dj(X",X;)) < D, forj=0,1,2

n—~o0

@ The rate distortion region R(D1, D2, Dy) is the closure of
the set of achievable rate pairs (R;, R2) for distortion triple
(D1, D2, D).

@ The problem in general is open.
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El Gamal-Cover Region

Theorem (Rgqc+ El Gamal and Cover 1979)

A rate pair (R, R») is achievable for multiple description for
distortion triple (Dg, D1, Do) if

R1 ZI(X,Ul),
R2 ZI(X,UQ),
Ry + Ry > I(X; U1, Us) + I(Uy; Us);

for some p(u1,us|x) and deterministic functions ¢1, ¢, ¢12 such
that

E(di(X,¢1(U1)) < Dy

E(d2(X7 ¢2(U2)) < Dy
E(do(X, ¢12(U1,Us)) < Dy.
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El Gamal-Cover Region (cont.)

Theorem (Reac El Gamal and Cover 1982)

A rate pair (R, R) is achievable for multiple descriptions for
distortion triple (Dg, D1, Do) if

Ry > I(X; X)),
Ry > I(X; X3),
R+ Ry > I(X; Xo| X1, X2) + I(X; X1, Xo) 4+ I(X1; Xy);

for some p(zg, Z1,Z2|x) such that

E(dj(X, X)) < Dy, for j =0,1,2

0 X = ¢1(Uy), Xo = 62(Us), Xo = ¢12(Uy, Ua),
— Reac* € Reac

@ Our goal: Rgacr = REaC
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El Gamal-Cover Region (cont.)

Lemma

For a given distribution p(x, y), there exist random variables Y
and W, and a deterministic function g such that Y ~ p(y),

W LY and (¢(W,Y),Y) ~ p(z,y). Furthermore, the cardinality
of W need not be larger than (|X| — 1)|)| + 1.
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El Gamal-Cover Region (cont.)

Lemma

For a given distribution p(x, y), there exist random variables Y
and W, and a deterministic function g such that Y ~ p(y),

W LY and (¢(W,Y),Y) ~ p(z,y). Furthermore, the cardinality
of W need not be larger than (|X| — 1)|)| + 1.

Proof.

W ~ Uniform[0,1], Y ~p(y)and Y L W.

g(w,y) = Fxy_,(w), where

F)alyzy(w) = inf$eR{FX|y:y(x) > w}.

(9(W,Y),Y) ~ p(z,y)

XeXandY €Y, Fxyy—()(-) hasatmost (x| - 1)[Y| +1
distinguished values.
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Recc = Reaer

EGC*

Ry > I(X;Uy),

Ry > I(X;Uy),
Ri+ Ry > I(X; U, Us)
+ 1(Uy; U);

p(u1, u2|x), 1, P2, P12
E(di(X,¢1(U1)) < Dy

E(dy(X, ¢2(Uz2)) < D2
E(dy(X, ¢12(U1,Uz)) < Dy.
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REecc

EGC*

= Reac*

EGC
Ry > I(X;Uy), Ry > I(X; X,),
Ry > I(X;Us), Ry > I(X; X)),
Ri+ Ry > I(X; U1, Us) Ry + Ry > I(X; Xo, X1, X3)
+ I(Uy; Us); +I(X1~X2)

p(u1, u2|x), 1, P2, P12

E(di(X,01(U1)) < Dy
E(dy(X, ¢2(Uz2)) < D2
E(dy(X, ¢12(U1,Uz)) < Dy.

E(dj(X, X;)) < Dj, for j =0,1,2
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Recc = Rege (cont.)

@ Fix p(Z1, &9, To|z) in the EGC region.
p(ﬂf)p(i”l,i”Q,i”oM) :p(l’|j1,§72,§70)p(5&1,i2,i()).
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Recc = Rege (cont.)

@ Fix p(Z1, &9, To|z) in the EGC region.
p(x)p(‘,i.ly j?, fi’o|$) = p(xkﬁla :AC25 :ACO)p(i'ly i27 i())
@ There exists (W, Xl,Xg) g such that

w L (Xl,X2) and (X1, X, g(W, X1, X2)) ~ p(d1, &2, 20)
Xo = g(W, X1, X)

L. Zhao, P. Cuff, and H. Permuter Consolidating Achievable Regions of Multiple Descriptions



Recc = Rege (cont.)

@ Fix p(Z1, &9, To|z) in the EGC region.
p(x)p(j1,£2,j0|x) :p(x|jlaj2a§70)p(i'lvj27:i())-

@ There exists (W, Xl,Xg) g such that
W L (Xl,XQ) and (Xl,X2, (W Xl,Xg)) (.’L’l,SACQ,SAC())
Xo = g(W, X1, X»)

o (W, X1, X, Xo) induces p(w|i1, &2, i)
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Recc = Rege (cont.)

@ Fix p(Z1, &9, To|z) in the EGC region.
p(x)p(j1,£2,j0|x) :p(x|jlaj2a§70)p(i'lvj27:i())-

@ There exists (W, Xl,Xg) g such that
W L (Xl,XQ) and (Xl,X2, (W Xl,Xg)) (.’L’l,SACQ,SAC())
Xo = g(W, X1, X»)

o (W, X1, X, Xo) induces p(w|i1, &2, i)

@ p(x|®1, T, T0)p (21, T2, To)p(w|21, T2, o)
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Recc = Rege (cont.)

@ Fix p(Z1, &9, To|z) in the EGC region.
p(x)p(j1,£2,j0|x) :p(x|jla:&2aj70)p(i'lvi27:i())-

@ There exists (W, Xl,Xg) g such that
W L (Xl,XQ) and (Xl,X2, (W Xl,Xg)) (.’L’l,SACQ,SAC())
Xo = g(W, X1, X)

o (W, X1, X, Xo) induces p(w|i1, &2, i)

@ p(x|&q, &2, To)p(ZT1, T2, To)p(w|E1, L2, To)
o (X7 X17X27X07 W)
(X07X1,X2,X) ~ p(&o, &1, T2, ),
o W L (Xl,Xg)
o X — (XQ,Xl,XQ) W
o Xo= g(W, X, X2) for some deterministic function g.
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Recc = Rege (cont.)

EGC

L. Zhao,

I(X; X1 |Xo) + I(Xy; Xo)

ff, and H. Permuter

Consolidating Achievabl
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Recc = Reger (cont.)
EGC 2

I(X; X1 |Xo) + I(Xy; Xo)

EGC*
@ SetU; = (Xl,W), Uy = Xo.
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Recc = Reger (cont.)
EGC 2

I(X; X3)

I(X; X1 |Xo) + I(Xy; Xo)

EGC*
@ Set U, = (Xl,W), U, :XQ.
0 ¢1(Ur) = Xy, 92(U2) = Xo,
$12(U1, Us) = Xo = g(W, X1, X>)
— (X, Uy, Us) valid distribution in EGC*
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Recc = Rege (cont.)

Uy = (X1, W), Uy = Xo.

(X, X1, X5, X0, W)
0 (Xo, X1, X0, X) ~
p(Zo, &1, &2, ),
oW L (Xy,Xy),
@ X — (X, X1, Xo) — W,
o X, =g(W, X, X)

® E(d;(X,X;)) < Dy, for
j=0,1,2,
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Recc = Reac+ (cont.)

Corner point (R}, R) in EGC™:
Ry = I(X;Us)
Uli(Xl,W), UQZXQ. :I(X;XQ)

(X, X1, X5, X0, W)
@ (X0, X1, X2, X) ~
p(&o, &1, T2, x),
oW L (Xy,Xy),
@ X — (X, X1, Xo) — W,
® Xo=g(W,X1,X)

® E(d;(X,X;)) < Dy, for
j=0,1,2,
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Recc = Rege (cont.)

Uy = (X1,W), Uz = X

(X, X1, X5, X0, W)
0 (Xo, X1, X0, X) ~
p(Zo, &1, &2, ),
oW L (Xy,Xy),
@ X — (X, X1, Xo) — W,
o X, =g(W, X, X)

® E(d;(X,X;)) < Dy, for
j=0,1,2,

Corner point (R}, R) in EGC™:

Ry =1(X;Us)

R + R}
XUy, Us) + I(Uy; Us)
=I(X; W, X1, Xa) + (X1, W; Xo)

s

—~
=
=

I(X; W, X1, Xo, Xo) + I(X1; Xa)
I X;Xl,XQ,XO) —|— I(X;Wle,Xg,Xo)
+I(X1;X2)

=I(
(
I(XQVVaXl;X%XO) + I(X1, W; Xo)
(
(

(:C)I(X;Xl,XQ,XO) + I(Xl,XQ)
=R1 + Rs,
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Zhang-Berger Region

Theorem (Rzp Zhang and Berger 1987 )

A rate pair (R, R) is achievable for multiple descriptions for
distortion triple (Dg, D1, Do) if

Ry >1(X; Ug) + I(X; Up|Up),
Ry >1(X; Ug) + I(X; Uz|Up),
Ry + Ry >21(X;Up) + 1(X; Uy, Ua|Uyg) + 1(Uy; Uz |Up);

for some p(ug, u1, uz|x) and deterministic functions ¢, g2, ¢12
such that

E(di(X,¢1(Up,Ur)) < Dy
E(dy(X, ¢2(Uo,Us)) < Do
E(do(X, ¢12(Uo, U1, Us)) < Do

Recc = Recc- C Rz Ryp is convex.
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Rz = Rvkc

[Zzhang and Berger 1987]

Ry >1(X; Uy, Un),
Ry >1(X; Uy, Us),
Ry + Ry >1(X; Uy, Ur,Us)
+ I(Up; X)
+ I(Uy; Us|Uy);

p(uo, ur, uz|z), é1, 02, 12
E(di1(X,¢1(Uo,Ur)) < Dy

E(d2(X, ¢2(Uo, Uz2)) < Do
E(do(X, ¢12(Uo, U1, Us)) < Dy
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Rz = Rvkc

[Zhang and Berger 1987]

Ry >1(X; Uy, Un),
Ry >1(X; Uy, Us),
Ry + Ry >1(X; Uy, Ur,Us)
+ I(Up; X)
+ I(Uy; Us|Uy);

p(uo, ur, uz|z), é1, 02, 12
E(di1(X,¢1(Uo,Ur)) < Dy

E(d2(X, ¢2(Uo, Uz2)) < Do
E(do(X, ¢12(Uo, U1, Us)) < Dy

[Venkataramani et al. 2003]

Ry > I(X; X1,U),
Ry > I(X; X5,U),
Ry + Ry > I(X;U, X1, X5, Xo)
+I(U; X)
+ I(X1; Xo|U);

p(uajlaj2aj0|x)

E(do(X, Xp)) < Do,
E(di(X, X)) < Dy,
E(dy(X, X>)) < D».
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Rz = Rvke (cont.)

p(u, Zo, 1,2, x) from the VKG region

(U, Xo, X1, X2, X, W) such that
o (U, Xo, X1, X9, X) ~ pu, &, 1, &2, )
oW L (U X, Xy)
@ X — (U, Xo, X1, Xo0) - W
@ X, = g(W,U, X1, X,) for some deterministic function g
® E(d;(X,X;)) < Dj, forj=0,1,2.

SetUy = U, Uy = (X1,W), Uy = X, in the ZB region.
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Conclusions

® Reac = Reccr
® Recc C Rz
® Rz = Rvka
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Special thanks to Abbas ElI Gamal for introducing the problems
to the authors.
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Thanks!
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