On random Fourier-Stieltjes transforms

Guy Cohen

ABSTRACT. Let (2, F,P) be a probability space, and let {u,}32, be a se-
quence of centered independent finite complex valued transition measures
on  x B(R?), i.e., (i) for every w € Q, {ur(w,)} is a sequence of finite
complex valued measures on B(R?); (ii) for every n # m and for every
two Borel measurable simple functions ¢ and ¢ on R?, the random vari-
ables [pa ¢()pn (w, du) and [pq ¥(1)pm (w, du) are independent, and for every
k> 1, [pa d(u)pg(w,du) is centered. Put Vi (w) = |ug|(w, R?) for the total
variation norm and assume that {Vi} C Loo (P). Let {Ly} be a sequence with
Li > 1Tand put Lpm = Y pu, L2, IE 3000 >0 ) m < oo, then
there exists absolute constants € > 0 and C > 0, independent of {u}, such
that (with 0/0 interpreted as 1),

{6 mexee (0,714 | Diinr1 Ji-py, 00 @™ (@, dw))? }H
log[(Ln,m)®/2+2Ta+2] 3750 4 IVellZ 1
does not exceed C. This result extends and unifies results of Weber and Cohen-
Cuny. New applications are also given. For example, if {X;} C L2(Q,P) is
a sequence of centered independent complex valued random variables such
th o (Trsa K2NIXkIZ2
at En:l

H sup sup exp
m>nT>2

converges, then P-a.s. the random series

nlog 1

> Xn Hglzl Smiétj) converges uniformly in (t1,...,tq) € [0,T]%, for ev-
J

ery T > 0.

1. INTRODUCTION

In several recent works, like Assani [A], Boukhari and Weber [BW], Cohen
and Lin [CL], Cohen and Cuny [CC2, CC3] (see also the references therein),
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convergence of power series of contractions (or measure preserving transformations)
with random coefficients (usually realization of independent random variables) was
considered. As a typical example (see [CC2]) we have the following:

Theorem A. Let {X,} C L2(2,P) be a sequence of centered independent random
variables, and let {p,} be a non-decreasing sequence of natural numbers. If the
series Y oo, || Xnll3(logn)? logp, converges, then there exists a set Q* C Q, with
P(Q*) = 1, such that for every w € Q* the series Y .o X,(w)TP"g converges
m-a.s., for every contraction T on Lo(w) and every g € Lo(m).

From [CC3| we take the following example:

Theorem B. Let {6;} be a sequence of independent N-valued random variables on
(Q,F,P), and let {c} be a sequence of complex numbers. Let ® be some positive
non-decreasing function on R, such that for some n > 0 we have ®(x) > a" for
every x > 0. Assume that for some § > 0 we have Y oo P[0, > ®(n)’] < co. Let
{a,} be a sequence of complex numbers. If the series > o |an|*(logn)?log ®(n)
converges, then there exists a set Q* C Q, with P(Q*) = 1, such that for every
w € QF the series Y oo | an (T g — E[T()]g) converges m-a.s., for every con-
traction T on Lo(m) and every g € La(m).

Various extensions of these two results were considered in [CC2, CC3], among
them: series with two commuting contractions, more than two commuting isome-
tries, or series with d-commuting (semi) flows (d > 1) with (positive) real powers.

All the above cited works based their a.s. convergence results on uniform
bounds of trigonometric (almost periodic) polynomials. Especially, the results of
[BW, CL] are based on a uniform estimate which was introduced in an important
work of Weber [W1] (see Theorem 7 there). In [CC2, CC3| generalizations of
this uniform estimate were given; these generalizations made it possible there to
obtain the multi-dimensional cases mentioned above. The following two estimates
were obtained in [CC2] and [CC3|, respectively:

Theorem C. Let {X} be a sequence of complex valued, symmetric independent
random variables on (2, F,P), and let {\x = ()\,(61), . .,A,gd))} C RL Put [Ap|* =
 max max{|)\l(€1)|, cee |)\,(€d)|}. Then there exists absolute constants e > 0 and C > 0,
SRSM
independent of { Xy}, such that (with 0/0 interpreted as 1),

max |Z?:n+1 Xpei(tAn) |2

E| sup sup e { tel0. 11 H <C
X € m = .
mom 2 P Tog[(IAml* + ymT] gy [Xal?

Here and throughout the paper (-,-) denotes the inner product in R?.

Theorem D. Let {\; = (A,gl), ceey A,gd))} be a sequence of independent R%-valued
random variables on (0, F,P), and let {ci} be a sequence of complex numbers.
Let ® be some positive non-decreasing function on RT, such that for some n >0
we have ®(x) > z" for every x > 0. Assume that for some 6 > 0 we have
S22 L PAn] > ®(n)°] < 0o. Then there exists absolute constants e > 0 and C > 0,
independent of {ck}, such that (with 0/0 interpreted as 1),

{e MaXse(o,7)4 | E;cn:nJrl Ck(ei<t’>‘k> - E[ei<t’>‘k>])|2 H

Log[(®(m) + DimT] S,y loxl? =¢

E[ sup sup exp
m>nT>2
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These two results, extensions of results of [W1], were used in the main steps
in [CC2, CC3] to prove a.s. convergence of random power series of contractions
and its generalizations mentioned above. Furthermore, such estimates were used
in order to obtain also a.s. uniform convergence of random almost periodic (or
Fourier) series. This is the importance of such estimates.

The results of [W1] were obtained using the metric entropy method while the
results of [CC2, CC3] were obtained by quite simple basic tools and a procedure
of bypassing the so-called Bernstein’s inequality. Bernstein’s inequality was used
earlier in this context by Salem and Zygmund [SZ].

In [CC3] (see also [W1]) Theorem D was deduced from Theorem C. A major
goal of this paper is to obtain Theorem C and Theorem D from one more general
result (see Theorem 2.8). Another goal is to obtain new applications, like Theo-
rem 3.4, Corollary 3.5, Theorem 3.6, and Corollary 3.8, also concerning uniform
convergence of more general series than trigonometric series.

2. MAIN RESULTS

Let (Q,F,P) be a probability space, and let B := B(R?) be the Borel o-
algebra of R%, d > 1. Let { pi}52, be a sequence of finite complex valued transition
measures on {2 X B. More precisely, for every k = 1,2, ..., we have

(i) px(w.-) is a finite complex valued measure on B for any fixed w € Q.
(ii) px(-, B) is an F-measurable function for any fixed B € B.

A transition measure py is a random measure pp(w,-) on B. We always as-
sume that the total variation norm Vi, (w) := |us|(w, R?) is (at least) integrable on
(Q,F,P).

DEFINITION. The sequence of finite transition measures {ux }5>, is called inde-
pendent if for every n # m and for every two simple functions ¢ and ¥ on R¢ (Borel
measurable), the random variables [, ¢(0) gy (w,du) and [pq ¥ (a)pm (w, du) are
independent. The sequence {py} is called centered 1f for every simple function ¢
on R? and every k > 1, the random variable [, ¢(u)ur(w,du) is centered, i.e.,

E[ [za d(0) g (w, du)] := fQ Jga &) px(w, du)dP = 0.

Denote vectors in R? by boldface, e.g., t = (t1,--- ,tq) and u = (uy,--- ,uq),
and put (t,u) = tju; + ... + tqug the inner product in R%. By |t| we denote
max{|t1],..., [ta|}, and for a positive sequence {c,} we denote by ¢ the value
| nax cn.

Given a sequence L := {L,} of positive numbers. For every n > 1 and

for fixed t € R, we define the (F-measurable) random variable fi, r(w,t) =
f[ L L. e/t (w,du). To simplify the notation, we omit L and w, and put
fin (t f[ Lol ]de< W (da).  If p,(w,-) is supported on [~Ln, L)%, then
fin, 1, (w t) is the random Fourier- Stieltjes transform of p,(w, ) computed at t, oth-
erwise it is a truncated Fourier-Stieltjes transform. For every m > n > 0 we put

fln,m = ZZLnJA fix, and for any T > 0 we put ﬂn,m(T) = MmaX¢e(o,1]d |Nn m( )|
(which all depend on L and w).
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DEFINITION. We call a sequence of transition measures {uy} L-independent,
L-centered, L-symmetric, if for every t € R? the random variables {/i; 1.(t)} are
independent, centered, symmetric, respectively.

In particular, if the sequence of transition measures {py} is independent and/or
centered it is L-independent and/or L-centered for every sequence L (for short we
might say L-centered independent if both properties hold). It is only the random
variables {fix 1, (t)} that are of interest in this paper, and the above definition is
more useful for our context although not so natural to start with.

The following examples of centered (or symmetric) independent transition mea-
sures are considered in the paper.

EXAMPLE 2.1. Let {X}} be a sequence of centered independent random vari-
ables and let {nx} be a sequence of complex finite measures on B with finite to-
tal variation norms. Define py(w, B) = Xj(w) - nx(B). Then {pu} forms a cen-
tered independent sequence of transition measures. For every L we have jix(t) =
X+ f[—Lk,Lk]d et Ak}, (du) and in particular, the sequence {s} is L-centered and
L-independent. If {X}} is symmetric independent, then {u} is L-symmetric and
L-independent. In applications we usually take one of the following cases:

(i): Let {Ax} be a sequence of vectors in R? and define ny,(B) = dx, (B). Then
() = Xkei<t7>‘k>1[7Lk’Lk]d(Ak). Usually we take Ly = [Ag|-

(ii): Let {hx} C Li(R? du) and define ny(B) = [, hp(u)du. Then fiy(t) =
Xk f[ka Lk]de“t’“)hk(u)du.

EXAMPLE 2.2. Let {1} be a sequence of L-symmetric and L-independent tran-
sition measures and take a copy of ([0, 1], B(]0,1]),dx), independent of (2, F,P).
Let {e;} be a Rademacher sequence on [0,1]. Then eg(z)ur(w,B) is a transi-
tion measure on ([0,1] x Q) x B. By symmetry and independence, the sequences
{€rir(t)} = {exfip(t)} and {jir(t)} have the same finite dimensional joint proba-
bility distributions on [0, 1] x € and €, respectively. So, a claim on {exfir(t)} is
valid a.s. if and only if a corresponding claim on {fix(t)} is valid a.s. This type of
symmetrization will be used in Theorem 3.4 later.

EXAMPLE 2.3. Note that if p(w,-) is a transition measure with integrable total
variation norm, i.e., |u|(w, R?) is integrable, then by Lebesgue bounded convergence
theorem [ p(w,-)P(dw) is a deterministic measure. Let {A;} be a sequence of
R<-valued independent random variables, and let {c.} be a sequence of complex
numbers. Fix L and put Qf = {|Agx| < L}. Define

pk(w, B) = ¢0x, () (B) = Elckon, (1 (B)] = cklp(Ai(w)) — Elex15(Ax ()]

If ¢ is a Borel simple function on R?, then by Fubini’s theorem (for transition
measures, see Neveu [N]) we have [, ¢(u) i (w, du) = crpd(Ap(w)) — crE[@(Ar(-))].
Then {u} forms a centered independent sequence of transition measures. Here
fn(t) = cplg et ) — Eleplg, e/ )] and the sequence {yu} is L-independent
and L-centered.

LEMMA 2.4. Let (Q,F,P) be a probability space, and let {j}7° | be a sequence
of finite complex valued transition measures on € x B. Let L be a sequence of
positive numbers. Then for every T > 0, w € Q, and m > n > 0, there ezists a
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cube I = I(w) C [0,T]%, with volume

maXge[o,7)¢ mn M( )| d

1| = ;
2d(2k n+1 LQ)I/Q(ZIC n+1 V )1/2

such that

max |l m(t)] < 2|fn,m(u)| for everyuel.
te[0,T)4

PRrROOF. Clearly, fin,m(t) is differentiable with respect to the components of t.
Hence, for j =1,...

,d,
3un m ’ ‘ / it u)
= U, Ze
‘ Z Ly, Ly]*

<Y / () <

=n+1 k=n+1 Ly, Li]?
D LeVes (3 LDV Y] Vi)Y
k=n+1 k=n+1 k=n-+1

Let t* € [0, T]¢ be a point for which maxge(o 77¢ |fin.m (t)] = |fin,m (t*)|. Hence,
for every t € [0, T]? we have

d
. . 8
Mn,m(t*) - Nn,m Z i Mn m (tll, R 7t¢i)’
j=1
where (¢],-- - ,t,) is on the line segment joining t = (¢1,- - ,tq) and t* = (¢, -, t5).
So,
- O
|finm (€)= [fin,m (b |<Z|t t|’ L tl,...,t&) <
Jj=1
Z L2)1/%( Z V2 1/2Z|t*_t .
k n+1 k n+1
Put

maXte[o,7)d mn m(t)] }

I=3te€0,T)%:|t; —t; <3
{ ! 2d(3 5L 1 L)Y (s VY2

O

Remarks. 1. The above lemma is inspired by Kahane [K1, LEMME].

2. The assumption that ug, k& > 1, are transition measures was not used. One
can assume that pg(w, B) is independent of w.

3. The above lemma is a kind of generalization of Lemma 2.2 in [CC2]. In-
deed, take i = cxéx,, where {A;} C R?, {cx} is a sequence of complex numbers,
and put Ly = |Ag|. It is more in the spirit of what we could have obtained using
Bernstein’s inequality (see e.g. Kahane [K2, Proposition 5]) for periodic trigono-
metric polynomials. Note that in the almost periodic case, i.e., when the vectors
{Ar} have (just) real coordinates, Bernstein’s inequality is not applicable. In the
above lemma and also in [CC2, Lemma 2.2], Bernstein’s inequality was not used.

We recall two results that we use in the sequel. The following lemma is basically
Lemma 3 in Paley and Zygumd [PZ, part I] (see also [CC2, Lemma 2.4]), and can
be proved using Stirlings’s approximation.
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LEMMA 2.5. Let Z be a non-negative random variable on (Q,P), and let C4
and Cy be some positive constants. IffZQ”dP < C1(Con)™ for every n > 1, then
Jexp(622)dP <1+ = e(SC for every § < ecz

The following result is a consequence of E. Rio [R, Théoreme 2.4] (which even
for bounded martingale differences gives better constants than Burkholder’s in-
equality).

LEMMA 2.6. Let {Yiy} C Loo(2, P) be a sequence of centered random variables.
Let F,, = o(Y1,...,Y,) be the o-algebra genemted by {Y1,...,Y,}. Then for every
1> 7 >1 and for every natural p=1,2,..., we have

l
2l [
k=j

If for every k > 1 the total variation norm Vj(w) = |ux|(w, R?) is a bounded
random variable, we define

S

|< &) (ZH o2 +Z max 2V > EY|Fille)

v=k+1

m
Rom= > Vil
k=n+1
Also, for our positive sequence {Ly} we put Ly m = Y pr,, +1 L3%; we also recall our
notation fin, m (1) = maxge(o 714 |fin,m(t)|--

PROPOSITION 2.7. Let L = {Ly} be a sequence of positive numbers. Let
(Q,F,P) be a probability space and let {ux}3, be a sequence of finite complex
valued transition measures on 0 x B, which is L-centered independent. Assume
that |ug|(w,R?) is a bounded function for every k > 1. Then for every m >mn >0
and for every T > 0 we have (with 0/0 interpreted as 1),

= 2
[ {5 Pt

PROOF. As the summands below are independent, using Lemma 2.6 we have
for every integer p > 1 and every t,

(1) E[]finm(®)]* Z /L L 6 1 ()

_(p+ 1)(p+2)-~-(2p) (2p)”
N 2p 2p
By Lemma 2.5 we obtain that

< 3.244%(Lypm)?T? .
L1(P)

(Rn,m)p S (Rn,m)p S (P : Rn,m)p

(%) /Qexp{6|ﬂn7m(t)|2}dP <1+ m for every ¢ < R
By Lemma 2.4, for every w € Q there exists a cube I = I(w), such that
firm (T)17(t) < 2|finm(t)| for every t € [0,T]%.
By applying = — exp(dz?) and integrating over [0,7]%, we obtain

{2d(Ln,j;$((jl;)n,m)1/z ] e {8 (DI} <

/ exp{45-|ﬂn7m|2(t)}dt.
(0.7
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Integrating over €2, applying Fubini, and using (*) we obtain

finn(T) 7 o
; _ _
EH2d(Ln’m)1/2(Rn’m)1/2} exp {5 [Fimm (T)] H <
L 1
714+ — — f .
( + 1= 465Rn,m) or every § < TR
The result follows by taking § = m. 0

Remarks. 1. Burkholder’s inequality [HH, Theorem 2.10] will yield only the
estimate (Cp?- R, )P in the right hand side of (1), which is not sufficient to obtain
the hypothesis Lemma 2.5. Even the use of the best constants in Burkholder’s
inequality [Hi] does not help.

2. Define the o-algebras

Fn=0{ux(-,B): 1<k <n, BeB}.

If instead of independence we assume that the transition measures {uy} satisfy
E[pins1(-, B)|Fn] = 0, for every B € B and every n > 1, then for every t € R? and
for every n > 1, E[fin+1(t)|fin(t), ..., 11(t)] = 0. Hence if |px|(w, R?) is bounded,
then {fix(t)} forms a sequence of bounded martingale differences for every t. This
means that when we apply Lemma 2.6 in the proof of Proposition 2.7, we still
obtain the same inequality (1) for this choice of transition measures. In this case,
the conditional expectations in Lemma 2.6 vanish as in the independent case.

3. In a more general situation, where we have a control on the conditional
expectations E[|u,|(-, B)|Fk], for every B € B and every n > k, Rio’s inequality
is still applicable. In such situations, R, ,, in inequality (1) will contain terms
related to these conditional expectations (see [CC2, §6] for related remarks and
references).

4. Let {X;} C Loo(P) be centered (not necessarily independent) random
variables, and let {A;} C RY. Put px(w, B) = Xj(w)dx, (B) and Ly = |Ag|. For this
setup, Proposition 2.7 leads immediately to [CC2, Theorem 3.1] when considering
there the characters {ei(t7>‘k>} as a o,-system. In this case R, ,, involves conditional
expectation terms (which can be written directly by {X}), which appear also in
[CC2, Theorem 3.1].

From now on, all the logarithms will be taken with respect to the base 2. Also,
the short notation sup,,,, means suprema over all pairs of integers m > n > 0.

THEOREM 2.8. Let L = {Ly} be a sequence of positive numbers with Ly > 1,
such that . sz:nﬂ m converges. Let (Q, F,P) be a probability space and
let {pr}2, be a sequence of finite complex valued transition measures on Q0 x B,
which is L-centered independent. Assume that |ux|(w,RY) is a bounded function
for every k > 1. Then there exists absolute constants € > 0 and C' > 0, independent
of {pr}, such that (with 0/0 interpreted as 1),

maxge(o, 7] | Z;::nﬂ f[_L’%Lk]d ei(t’“>uk(du)|2 }H e
L=

H Sup sup exp {6 . Rn,m 10g[(Ln,m)d/2+2Td+2]

m>nT>2
PROOF. By uniform continuity, the measurable function

ter%a%(]J Y et f[_LmLk]dei(t7“>uk(du)|2 is a continuous function of 7. So, the

suprema over T' > 2 can be taken as a suprema over the rational numbers. Hence,
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the integrand is measurable. Since the numerator and the denominator are mono-
tone increasing function of 7', the suprema over the rationals T > 2 can be approx-
imated by suprema over the naturals T > 2.

Using Proposition 2.7 we obtain

|[Ge] e (e P COF g yeapevs )

3 (2d)?
Li(P) ~ (Lpm)?T?’

for some absolute € > 0. Put

In,m,T = I(Ln,ma T,n,m, da 6) =

{w cN: e[,&mm(T)]2 > Ryom 1og[(Ln7m)d/2+2Td+2]} )
We obtain

_ 9 Cond
(ﬁ) Hlfn,m,T - exp {e' Rmmbg[[ﬁ(@:gg%ﬂz’dw] a 1}H1 - %

where we used the fact log[(Ly, .m)%/22T%+2]) > 1.

Hence,
(i, m (T)]?
T e e
Hi‘il;?lg Inom,r " €XP € Rmm10g[(Ln,m)d/2+2Td+2] 1=
— [t m (T)]?
Z Z ZHllvme'e}(p{e' ’ d/2+27d+2 _l}H <
n=0m=n+1T=2 Rn7mlog[(Ln,7m)/ T ] !

DD BIDIE L

n=0m=n+1T=2
On the other hand, if w & I, 7 for some m >n >0 and T > 2, then

€ [ﬂn,m(T)]Q <1
Rn,mlog[(Ln,m)d/QJrQTdJrQ] -

The result now follows from a simple computation. U

Remarks. 1. The technical requirements 7' > 2 and L > 1 are used to insure
10g[(Ln7m)d/2+2Td+2] > 1.

2. Inspection of the proof shows that the constant C depends on d, €, and
{Lr}. Note that the requlrement Dot D oment1 m < oo can be replaced

by > i m < oo for some x > 0. This yields an estimation with

(Lp.m)¥?t% at the denominator.

3. The method of proof is similar to the one in [CC2, Theorem 3.5].

4. When specifying pp(w, B) = Xg(w)da, (B), for {Xi} C Loo(P) centered
(not necessarily independent) random variables, {A\;} C R? and Lj = |Ax|, we
obtain Theorem 3.5 in [CC2] for the o,-system of characters {e(®*+)}. Tn this
case Ry, ., involves conditional expectation terms like in [CC2, Theorem 3.5] (see
also Remark 4 after Proposition 2.7).
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3. APPLICATIONS

In this section we present some applications of Theorem 2.8. In particular,
the first two corollaries show how Theorem 2.8 could be used in order to obtain
(relatively easily) Theorem C and Theorem D.

COROLLARY 3.1. Let {Xi} be a sequence of symmetric independent complex
valued random variables on (Q,F,P). Let {A, = ()\,(Cl), . .,)\,(Cd))} C R Then
there exists absolute constants € > 0 and C' > 0, independent of { Xy}, such that
(with 0/0 interpreted as 1),

maXg¢e(o,7]d | Z?I:L:nJrl Xpe'(tAe) |2

Togl(Aw + DmTT S, 1Xel Hi,=c

H Sup sup exp {6
m>nT>2

ProOF. Take a copy of ([0, 1], B([0,1]), dx) independent of (Q, F,P), and take
a Rademacher sequence {¢e} on it. Denote by E’ the expectation on [0, 1]. Let {cj}
be an arbitrary sequence of complex numbers.

Now, define i (z, B) = ciex(x)dx, (B) and Ly, := (|]Ag|+1)Vk. Since Ly, ,, > m?,
we have

YDIPDRIINES Sib SRVED IR
n=1m=n+1 n=1m=n+1 n=1
Also we have
Lonm < > (Al + 1% <mP(|An* +1)2
k=n-+1
Since the above {p} is L-symmetric independent for every L (see Example 2.1()),
Theorem 2.8 yields

(t, k) |2

{e - MaXee(o,1]4 |E;cn:n+1 crexe’ H <C
log[(|Am[* + 1)mTT >0,y lewen[? 1] = 77

for some C which is independent of {cy}. This prove the result for the case
Xk = Ck€k.

E’[ Sup sup exp
m>nT>2

Denote by E the expectation in (Q2, F,P). Let { X\ } be a sequence of symmetric
independent random variables on . For every w € €, the above inequality with
ck(w) = X (w) yields

i(t,Ak> |2

{6 maxXge[o, )¢ | ZZL:n-H Xi(w)eke

E . <C.
[S“p 7oA Tog (Ao + 1)m ] D i [ X (w)er]? H =¢

m>nT>2
By construction, the sequences {e; Xy} and {X}} have the same finite dimensional
joint probability distributions on [0,1] x © and €, respectively. Hence, by taking
the expectation E in the above inequality (note that C' is independent of w) we
obtain the result. (]

Remarks. 1 The symmetrization argument used in the proof above was called by
Kahane [K2, p. 9] a reduction principle. This idea was already used in the proof
of Corollary 3.6 in [CC2] (here the details are given for the sake of completeness).

2. Note that in the proof above we could obtain a more accurate estimation
for Ly m, involving only max,<r<m |Ar| instead of | A, |*.
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COROLLARY 3.2. Let {A\, = ()\,(Cl), ce )\](Cd))} be a sequence of independent RY-
valued random variables on (0, F,P), and let {cx} be a sequence of complex num-
bers. Let ® be some positive non-decreasing function on R*, such that for some
n > 0 we have ®(x) > 2" for every x > 0. Assume that for some § > 0 we have
S22 PAn| > ®(n)°] < co. Then there exists absolute constants e > 0 and C' > 0,
independent of {ck}, such that (with 0/0 interpreted as 1),

{e- maxyefo,r)t | Dy Ck (€M) — Ele A2

E[ sup sup exp log[(®(m) + 1)mT] Z?l:b:n-l—l PAE H <C.

m>nT>2

ProoF. (i): Put Ly = ®(k)° and ), = {|Ax| < ®(k)°}, and denote its comple-
ment by Q. Also put py(w, B) = cidx, (w)(B) — Elckdx, () (B)] (see Example 2.3).
The sequence {py} is L-centered independent and for every k > 1, px(w, B) as
function of w is bounded by 2¢;, (independently of B), hence Vi (w) is bounded.

(ii): It is easy to compute that for some x = k(1) > 0 large enough we have
St Dom—nir 1/ (Lnm)™ < co. As we mentioned in Remark 2 after Theorem 2.8,
this does not really affect Theorem 2.8. It is also clear that Ly, ,, < [(®(m)+1)m]?,
for some v > 0.

(iii) Recall that by Fubini’s theorem ji(t) = crlq, et ) — Elcylq, e B )]
(see Example 2.3).

Now, we may apply Theorem 2.8 with these settings to obtain that

{e- maxyefo,r)t | Yty ek (Lo, M) —E[lg, e/ A]))2 ]
log[(®(m) + 1)mT] 35,0, 4y lek]?

is less than some universal constant C > 0.

The procedure that we need to take in order to replace Qx by Q (in the above
inequality) is technical; we refer to the proof of Theorem 4.10 in [CC3]. We just say
that it is an application of simple inequalities and the convergence of 21:11 P(Qy).

O

E[ sup sup exp
m>nT>2

Remarks. 1. Corollary 3.1 is Corollary 3.7 in [CC2] and Corollary 3.2 is Theorem
4.10 in [CC3]. Corollary 3.2 was deduced in [CC3] from Corollary 3.1; here we
avoid the symmetrization procedure used in [CC3] (see also [W1]) in order to
conclude from Corollary 3.1 the last inequality in the proof above. Here we see
that both corollaries are (almost direct) consequences of Theorem 2.8.

2. Corollary 3.1 with d = 1 and {\;} a strictly increasing sequence of natural
numbers is Theorem 7 in Weber [W1]. Corollary 3.2 with d =1, ¢, = 1, and some
additional conditions on the random {A;} is Theorem 9 in [W1]. Both results
in [W1] were proved using a completely different approach — the metric entropy
method.

3. Recently, the results of [W1] were re-investigated by Weber [W2]. Using
the more precise method of majorizing measures, better estimates than those in
[W1] were given when {\;} are reals with {|\;|*} increasing at a rate which is
faster than polynomial growth (for polynomial growth there was no improvement).
Also the multi-dimensional case d > 1 was considered there.

As we will see later, corollaries as above can be used in order to obtain P-a.s.
uniform convergence over [0, T]¢ of the random almost periodic series Y o=, X peltAr)
(see §4 in [CC2]). It is also possible to show a.s. uniform convergence of the series
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Sooe en(eftAR) — Eel®AR)]) where the {A} are random. Here we are interested
in more general series.

PROPOSITION 3.3. Let L = {Ly} be a sequence of positive numbers with Ly > 1,
such that Zn 1 Zm 1 (L o7 converges and Ly < Ck” for some positive con-

stants C and . Let (2, F, P) be a probability space and let {p}72, be a sequence
of finite complex valued transition measures on Q X B, which is L-centered indepen-
dent. Assume that {Vy} C Loo(P). If

i \ 2k Vil

< 00,
n+/logn

then for almost every w € Q, the random series

i) =3 [ 6, ()

converges uniformly in t € [0, T)%, for every T > 0.

PROOF. Recall our notation fin m(T) = maxgc(o7)a |fin,m(t)|. Using Theo-
rem 2.8 we obtain a subset of full P-measure 2y C €2, such that for every w € 3
there exists a finite constant C,, such that for every m > n > 0 and for every
T > 2, we have

u) 2 d/2+2rnd+2 - 2
max () ? < Co10gl( L) /272 S Va2,
tel0,T]¢ Z / L,C,Lk]d k:zn;rl
Hence using Lk < CKk7, for every w € 1 we have
o0
> max figen y(T) <
22t <ot '
0 22n+1
1
NR Z(log[(LQQnQWl)d/2+2:rd+2])%( S vlZ)? <
n=1 k=22"+1
s 22n+1
1
OV Y V(Y IVl 3,
n=1 k=22" 41

for some absolute positive constant C’, depends on v, d, C, and T (but not on w,
n or m).

. . . . L V2
Our assumption implies that the series > | % converges a.s. De-

note this full P-measure set of convergence by €. By change of variables, this

n—+1 1
convergence implies the a.s. convergence of the series > 7 | v/ 2"( Ziizw“ V,f) 2
(see the proof of Theorem 5.1.5 in Salem and Zygmund [SZ] or in [CC2]). Hence,

for every w € 1 N Qs we obtain that >->° |,  max  figen ;(T) converges. This
T 22n gy tt ’
implies the result. U

THEOREM 3.4. Let L = {Lk} be a sequence of positive numbers with Ly > 1,
such that > 07 | S ntl (Tno)? converges and Ly < CkY for some positive con-

stants C and . Let (2, F, P) be a probability space and let { i}, be a sequence
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of finite complex valued transition measures on Q X B, which is L-centered indepen-
dent. Assume that {Vx} C Lo(P). If

o [T VI3
2) )3 mk ,

then P-a.s. the random series > oo, fin(t) converges uniformly in t € [0,T)%, for
every T > 0.

PROOF. First we prove the result for the case that {u} is a sequence of L-
symmetric independent transition measures (see Example 2.2 for the symmetriza-
tion procedure below).

Take a copy of ([0, 1], B([0,1]),dx) independent of (2, F,P), and take {e;} a
Rademacher sequence on it. For fixed w € € apply Proposition 3.3 to the sequence
of transition measures €k () (w,) : [0,1] x B — C, in order to conclude that if w

. \/ n Vi 2 .
satisfies Y07 | %g;(w)l < oo, then for dz-almost every x € [0, 1] the series

> €n(®)fin(w, t) converges uniformly in t € [0, T4, for every T > 0.
Since the square root is a concave function, we conclude by (2) and by Beppo

, Vo Ve @) .
Levi that > 7, %ﬂ converges P-a.s. Hence, by Fubini’s theorem for

dz x P-almost every (z,w) € [0,1] x Q the series Y -, €,(2)/in(w,t) converges
uniformly in t € [0,T]%, for every T > 0.

Since {p } is L-symmetric independent, by construction the sequences {ejix(t)}
and {/x(t)} have the same finite dimensional joint probability distributions on
[0,1] x  and Q, respectively. So, we conclude that for P-almost every w € Q
the series Y °7 | jin(w, t) converges uniformly in t € [0, 7%, for every T > 0. This
establishes the symmetric case.

Now we prove the general centered case. We build two independent copies of
{pr} as follow: on (2 x Q, F@F,P x P) we define ,u,(ﬂl)(wl,wg, B) = ug (w1, B) and
,u,(f) (w1, ws, B) = pg(we, B). We have the following properties: (i) for every k > 1
and t € R? the random variables ,uk ( ) and ,u ( ) are independent and have the
same probability distribution as i (t); (ii) each of the sequences {,u,(cl)} and {,u,(f)}
is L-centered independent. We conclude that the sequence of random variables
{u(l)( t) — ﬂ,(f)( t)} is symmetric independent, which means that {u(l) u,(f)} is
L-symmetric independent.

Using condition (2) we obtain

IISQIMS — 1PN G RY| Ly e xpy < 2||sgg|unl(-,Rd)llL2<p> <00, (¥)

and we conclude the general centered case as done (in a simpler situation on the
torus) in [CC1, Theorem 2.2]. The proof of the current case goes as follows:
by what we have shown above, we can already conclude the P x P-a.s. uniform

convergence of the symmetric version > - 1[;4%1)(0 - A(z)( t)]. Since (x) holds, we

conclude by Hoffman-Jgrgensen [H-J, Corollary 3.3] that > 1[,un1)( t) — i (t)]
converges in Li(Q x Q,P x P,C(]0,7]%)), the Banach space of C([0, T]¢)-valued
random variables, i.e., random variables with values in the space of continuous

functions on [0,7]¢ with finite E[|| - ||oo]-seminorm. Since {u,(f)} is L-centered,
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by independence and convexity of the seminorm we conclude that y A(l)( t)
converges in L1(Q x Q,P x P,C([0,T]%)), which is equivalent to the convergence
of 3277 fin(t) in Ll(Q,P,C’([O,T]d)). Now the result follows by Itd and Nisio
theorem [IN] (see also Ledoux and Talagrand [LT, Theorem 6.1]) O

Remarks. 1. The technique of the proof of Proposition 3.3 goes back to Salem
and Zygmund [SZ, Theorem 5.1.5].

2. The assumption Ly = O(k?) is only technical. One can remove this assump-
tion from Proposition 3.3 (and hence from Theorem 3.4) like it is done in [CC2,
Theorem 4.2]. If we do it, we will obtain the following (more precise) sufficient

conditions
o 1/2
S Y ) <o,
n=1 k: 22" <Ly ,<22"t!

or in particular

L\ 172
- (X w)
Z k):LLan <Oo
n+/logn '

n=1
3. It is possible to extend Theorem 3.4 to {Vi} C Ly, for 1 < p < 2. This can
be done using the Talagrand-Fernique tool which was re-investigated in [CC3].

COROLLARY 3.5. Let {A, = (/\](€1)7 e /\,(fd))} be a sequence of independent R%-
valued random wvariables on (Q,F,P), such that > ;o P(|Ax| > k) converges
for some v > 0. Let {ct} be a sequence of complex numbers. If the series
5 Szl

ny/logn

Z e (eX8AR) —R[eXCA) converges uniformly in t € [0,T)?, for every T > 0.
k=1

PROOF. Define py(w, B) = cidx, (w)(B) — E[ckdx,()(B)] and Ly = k¥, and
put Qx = {|Ax] < k7V1} (see also Example 2.3). Now, we apply Proposition 3.3 to
conclude the P-a.s. uniform convergence of S r-  [cx 1o, €' ) — Elc,1q, e’ )],
Since by our assumption Y -, P(Qs) < oo, by Borel Cantelli lemma we have
P-as. uniform convergence of Y77 [cet(®: X E[cr1g, et )]].  Also by our

converges, then a.s. the series with random powers

n=1

8l

assumptions,
Z |Elex1g, eitAR)]| < Z ek | E[1g
k=1
Z| 1/2 i ( 1/2 Z| 1/2 iP 1/2 < oo.
k=1 k=1 k=1

The result now follows by
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Remarks. 1. If in Corollary 3.5 we assume that {A\;} is an i.i.d. sequence, our
assumption becomes E[|A;|'/7] < co. Even in this particular case the result is new,
as far as we know.

2. One can assume a more general condition > p- | P(|Ax| > ®(k)°) < oo, for
® like in Corollary 3.2.

In the following corollary 7, (t) denotes the usual Fourier-Stieltjes transform of
ULE
THEOREM 3.6. Let (Q, F,P) be a probability space, and let { Xy} C Lo(P) be

a sequence of centered independent complex valued random variables. Let {Ly} be

a sequence with Ly > 1, such that Y07, Z;’::nﬂ ﬁ < o0 and L, < CKY
for some positive constants C and . Let {nx}3, be a sequence of finite complex
measures on B, with the support of ni contained in [—Ly, Ly)?. Assume that the

total variation norms ||ng| = |nx|(RY), k > 1, are finite. If

% (S X2, o - lmel1?)2/2
> < oo,
ny/logn

n=1
then P-a.s. the random series Y o | Xnfin(t) converges uniformly in t € [0,7]%,
for every T > 0.

PROOF. Define the transition measures pg(w,B) = Xp(w)nk(B) (see Exam-
ple 2.1). Clearly Vi(w) = |px|(w, R?Y) = | Xp(w)| - |||l and fix(t) = Xpix(t). Now,
we may apply Theorem 3.4. O

Remark. By considering Remark 4 after Proposition 2.7 and Remark 4 after
Theorem 2.8, we see that we may extend Theorem 3.6 to the case that {X} are
centered and bounded, but not necessarily independent.

COROLLARY 3.7. Let {X} C L2(Q,P) be a sequence of centered independent

. & (s IXI3)?
complex valued random variables, such that the series Z = con-

ny/logn
verges. Then for every sequence {\, = ()\,(Cl), . .,)\,(Cd))} C R? with |Ax| = O(k")

n=1

for some v > 0, a.s. the random series E:Xkei(t’)""> converges uniformly in
k=1
t € [0, T4, for every T > 0.

PROOF. Put g = 0, and Ly = (|Ax|+1)Vk. Now we apply Theorem 3.6. O

Remark. Corollary 3.7 completely recovers Theorem 5.1.5 of Salem and Zygmund
[SZ]. By considering Remark 2 after Theorem 3.4 and the above remark we con-
clude that Corollary 3.7 yields the results of [CC2, §4.1].

COROLLARY 3.8. Let {X} C La2(Q,P) be a sequence of centered independent
complex valued random variables. Let { A\ = (A,gl), cees )\](Cd))} C (R*)d, with |Ag| =
O(k"), for some v > 0. If

S Doien (oAU
— ny/logn ’

sin()\](cj)tj)
iy

3)

then P-a.s. the random series Y .- X, H}i:1
t € [0,7]¢, for every T > 0.

converges uniformly in
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ProOOF. Put hy = H?le[_/\g%kg)} and Ly = (|Ag| + 1) V k. Define ni(B) =
[ hie(0) du, so A (t) = 2¢ - H?zl sin()\,(j)tj)/tj. Now we apply Theorem 3.6. O

Remarks. 1. Note that Zf;l(H?le\g))zHXan(logn)He < o0, for some € > 0
implies condition (3).
2. When d = 1, the random series of the corollary is nothing but

1 &
3 / Z XA cos(udpt)du
n=1

—1 —
so Corollary 3.8 is also a consequence of Corollary 3.7. When Ay = k one can apply
directly Theorem 5.1.5 of [SZ].
3. Put )\,(g) = k for every K > 1 and j = 1,...,d. In that case, Corol-

Smg:;'tj) uniformly in t € [0,7]%.

lary 3.8 yields a.s. convergence of Y " | X,I19_,

1ti o0 (Zkzn km”Xng)l/2 . . ..
Condition (3) becomes >~ | log T , which is similar to that of Salem

and Zygmund [SZ, Theorem 5.1.5], except the k2? in the square root. This fact
can be explained as follow: since lim;_.g M
{119_, sin(kt;)/t;} r>1 is not uniformly bounded, but has maximal amplitudes {k}.
These amplitudes enter inside the square root as {k%?}. Although the convergence of
Sore, k2| X||3 implies the a.s. convergence of Y ro ; | X/ (in fact of Y50 | k42| Xy|
for d > 1), the uniform convergence is not a trivial consequence of this absolute
convergence, since the system {H?:1 sin(kt;)/t;}k>1 is not uniformly bounded. As
far as we know Corollary 3.8 is new.

4. Additional types of series may be considered. For example, convergence of

o XCisn kX5 li £5°°  x sin(nt;)\ 2 if ]
Doy PV implies a.s. convergence of Y >~ | ”(T) uniformly

= k, this means that the system

in t € [0,7]¢ (take hy to be the product of functions with graph an appropriate
triangle). In this case, the procedure of Remark 2 above will not work.

Acknowledgment I would like to thank Michael Lin for his critical comments
and for many useful discussions.
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