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THE CLT FOR ROTATED ERGODIC SUMS AND RELATED
PROCESSES

ABSTRACT. Let (92, A,P,7) be an ergodic dynamical system. The rotated er-
godic sums of a function f on Q for § € R are Szf = ZZ;S e2mik0 fork n > 1.
Using Carleson’s theorem on Fourier series, Peligrad and Wu proved in [14] that
(S f)n>1 satisfies the CLT for a.e. 6 when (f o7") is a regular process.

Our aim is to extend this result and give a simple proof based on the Fejér-
Lebesgue theorem. The results are expressed in the framework of processes
generated by K-systems. We also consider the invariance principle for modified
rotated sums. In a last section, we extend the method to Z%-dynamical systems.
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Introduction. Let (2, A4,P,7) be a dynamical system, i.e., a probability space
(Q, A,P) and a measurable transformation 7 : @ — § which preserves P. The
rotated ergodic sums of a function f on 2 are defined for 6 € R by

n—1
SO f ::ZezﬂikefOTk, n>1. (1)
k=0
Using Carleson’s theorem on Fourier series, Peligrad and Wu proved in [14] that
(S% f)n>1 satisfies the CLT for a.e. # when (f o 7") is a regular process.
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It is remarkable that this result does not require a rate of decorrelation or regu-
larity of the function f generating the stationary process (fo7™). Our aim is to give
a simple proof based on the Fejér-Lebesgue theorem of this result and to extend it.
The results are expressed in the framework of processes generated by K-systems.
We also consider the invariance principle for modified rotated sums like in [13].

As an application, we prove a recurrence property for a class of rotated stationary
processes. In the last section, the method is extended to Z?-dynamical systems.
Other extensions will be presented in a further paper.

The proofs are based on the approximation of the ergodic sums by a martingale
and lead to two separate questions: validity of a mean square approximation by a
martingale, limiting behavior of the approximating martingale.

1. Preliminaries.

1.1. Rotated ergodic sums, T-filtrations. Let 7' be a unitary operator on a
Hilbert space H. The spectral measure with respect to T of a vector f € H is
the positive measure vy on the unit circle T' with Fourier coefficients 0¢(n) =
(T™f, f),n € Z. The results in this section are purely spectral, although later T'
will be the Koopman operator induced by an automorphism.

We denote by ¢ the density of the absolutely continuous part of the spectral
measure vy with respect to the Lebesgue measure A on T!. Let K, be the Fejér
kernel. For the rotated ergodic sums S? f defined by (1), we have

1 1
Z8f 2:/ -
nH w2 ;

n

2

sinmn(t — 6) ve(dt) = (K xvs)(0). (2)

sinw(t — 6)
This formula implies by the Fejér-Lebesgue theorem (cf. [19, Ch. III, Th. 8.1]):

Lemma 1.1. For every f € L§(P), we have, for a.e. 6, lim (S8 f||3 = ¢s(6).

It follows that the asymptotic variance of the rotated sums lim, o, 1S9 f||3
exists for a.e. 0. Therefore a question is the behavior of the normalized ergodic
sums in distribution, for a.e. 6.

Remark that ||S? f||2 = o(y/n) for a.e. 6, if the spectral measure is singular.

T-filtrations

Definitions, notations 1.2. Let T be a unitary operator on a Hilbert space H.
A closed subspace Hy of H such that T~'Hy C Hy defines a Hilbertian T-filtration
F, i.e., an increasing family of closed subspaces H,, of H with H,, = T"Hgy,Vn € Z.

The closed subspace generated by (J,,c; Hy is denoted by Hoo and the intersec-
tion (,cz Hn by H_oo. We say that an element f € H is F-regular (or simply
regular), if f belongs to Hoo and is orthogonal to H_ .

Orthogonal decomposition Let II,, be the orthogonal projection on the subspace
K, = H, © H,—1 of vectors in ‘H,, which are orthogonal to H,,—;. We have the
orthogonal decomposition Heoo, = H_oo Bnez K and for f € Hoo:

F=Taf + S Mg, 713 = (T 15+ 3 ML 73 3)
nez nez

Note that K, = T*Kg and, for every g in Ko, H;T*g = 6, 4/T*g, V k,{ € Z, where
Ok,¢ is the Kronecker symbol.



CLT FOR ROTATED ERGODIC SUMS 3

Let (1) jes be an orthonormal basis of Ko = HoSH_1. It yields an orthonormal
basis (T%1);) e kez of the subspace @,czK,, generated by the filtration. Let f be
a F-regular function in Hs. By restricting to the closed subspace generated by
(T" f)nez, we can assume that J is countable. Setting

ajn = (f, T";), (4)
we have II,, f = EjeJ ajnT"p; and I1£15 = ZnEZ I, f1I3 = EnEZ Eje] |aj7n|2-

Notations 1.3. For each j € J, let ; be an everywhere finite square integrable
function with Fourier coefficient a; ,,,n € Z, defined by (4), that is,

t) — Z ajmeZTrint' (5)
nez

A simple computation shows that |y;|? is the spectral density of the orthogonal

projection f; of f on the subspace generated by (T*1;)ez; hence

er=Y P ad [ SO 0= 3 law? = [ o0 a0 =11 ©)

JjeJ jeJ j€J k=—00

By (6), the set Ag:={0€T:} . ; |7;(0)]? < oo} has full measure. For 6 € Ay,
we define My f € Kqy by:
Mof = 7;(0)%;
J

The function 6 — ||Mpf|l55 = 3¢ ;|75 (0)]? is a version of the spectral density ¢
of f.

1.2. Approximation of the rotated ergodic sums. Here we show that, for
almost every 6, the process with orthogonal increments (2701—1 X ROTE M) >1
approximates the rotated process in mean square.

Proposition 1.4. If f € H is F-regular, the set A(f) C Ag of @ € TY, such that
n—1
1

— S TS — Mof) 3 — 0,

has full Lebesque measure in T*.

Proof. The spectral density of f — My f is

Crapr(t) =Y ()= (0)° = Z v (f)|2+z |7j(9)|2—z i (f)%@)—z 35 ()5 (6).

JjeJ
/1 1 Z 2mik(t— 9)

= /K (t—0) or_n,f(t) dt.

Let A be the set of full measure of 6’s such that the convergence given by
the Fejér-Lebesgue theorem holds at 6 for the functions |v;|%, v;, Vj € J, and

ZjeJ |’7j |2'

We have (cf. Lemma 1.1):

LS80 Mo eroms(®) dt (1)
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Take 0 € Ag N Ay. Let ¢ > 0 and let Jy = Jy(e,0) be a finite subset of J such
that >° ., [7;(0)* < e. Since

hm/K (t—20 Zhj )| dt

Ji¢Jo
= hm/K (t—0 Zhj dt—hm/K (t—0 Zh’; dt:ZWJ(G)Q
jeJ j€Jo J€Jo
we have

hmsup/ Kn(t—0) or—m,s(t) dt

< hm/ Kn(t=0) > [ OF + [v(0) = (0)7,;(0) = ;) (0)] dt
JGJO
1
—1—21171?1/ K,(t—0) Z [ 1 + |v;(0)7] dt
0 igJo
=3 [OF + 1v0) — v (0)7,;(0) — 0)] +4> | (O)° <0+ 4e.
Jj€Jdo Ji¢Jo

This shows that Ag N Aj C A(f); hence A(f) has full measure. O

Corollary 1.5. Let f_ be the orthogonal projection on H_, of a vector f € Heoo
If the spectral measure of f_oo is singular, then for a.e. 0

n—1
LIS T~ My(f ~ Fs)3 — 0.
k=0

Proof. By Lemma 1.1, lim £ || ZZ;& e2mkOTk f |2 =0 for a.e. 0. As f — f_ o is
regular, Proposition 1.4 implies the result. O

Remark 1.6. We may also deal with T" isometry. For example, when 7 is an endo-
morphism (i.e., non-invertible measure preserving), the induced Koopman operator
T is only an isometry. We may transfer some results which hold for automorphisms
to endomorphisms in the following way (cf. Nagy-Foiag [12, Proposition 6.2]). If U
is the unitary dilation of 7" and h is a polynomial, by the construction of the dilation
we obtain [|h(T)|| < ||R(U)]||. In particular, Proposition 1.4 holds for an endomor-
phism and the associated decreasing filtration. The spectral measure that is used
in the proof is replaced by the spectral measure of f with respect to the unitary
dilation. Analogous results hold for any commuting finite family of endomorphisms.

The following result will be used later for the computation of the variance for
rotated processes.

1,11 and denote

with 61 # 0. Then

Lemma 1.7. Let u be an atomless finite complex measure on [—

by (fi(n)) its Fourier-Stieltjes coefficients. Let 61,05 € [—%, 5[

nlnl

li 271 (k01 —pb2) p, k— —0.
Tim 133 ik —p) =

k=0 p=0
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Proof. It is enough to prove that hm L3 ! [i(£)e2mito ZZZ e2mik(01-02) — (),

From the inequality | 3¢ e 27”’“(91 02)| < —9| and Cauchy-Schwarz inequality
we obtain

n—1

f
L

n— 4
1 271'150 2mik(601—0 ) 1 1 . 27mik(01—02)
E S (5 o) (15 3oy
E:O E:O (=0 k=0
C@ ) n—1
<=2 O = Cop o, ) |n{a}? =0
£=0 3

O

For a unitary operator T and for fi, fo € L*(Q), there is a complex spectral
measure f1,2 on the torus (the cross spectral measure of (f1, f2) with respect to
T) such that (k) :== (T*f1, f2) = [e 2™ *tdp, 5(t). The measure 2 is a linear
combination of the spectral measures of f1 &+ f> and f; £ ifs with respect to T'. If
T is weakly mixing, then p; 2 is continuous for every fi and fo.

Proposition 1.8. Let T be a unitary operator on H and let f1, fo € H. Denote by
©f, © =1,2 the densities of the absolutely continuous part of the spectral measures
of fi with respect to T. Assume that (f1, f2) has an atomless cross spectral measure
with respect to T. Then for a.e. (01,02) € T?

Z 2mik01 kal 4 e27rik92ka2)
k=

2

lim — =¥h (91) + @, (02)

n—oo n

Proof. We expand

E 27r1k91 ka +e27r1k92 Tk

E 271'zk01 Tk E 271'zk02 Tk

k=0
n—1 n—1
_%e E e27rzk91ka E e27rzk92ka >
k=0

By the Fejér-Lebesgue theorem, for a.e. 01, 05 the first two terms tend respectively to
@, (01) and ¢y, (02). The inner product term tends to 0 by the previous lemma. O

The results of this section were of spectral nature and valid for general station-
ary processes of second order. Now we apply them to regular processes, with the
terminology of dynamical systems and specifically of K-systems.

2. CLT for rotated processes. Let (2, A, P, 7) be a dynamical system. If B C A
is a sub o-algebra, then L3(B) is the subspace of centered B-measurable func-
tions in L?(Q, A,P). Recall (cf. Rohlin [15]) that any dynamical system has
a largest zero entropy factor P(7) (Pinsker factor) and a sub o-algebra Ay of
A with the following properties: (i) (increasmg) Ao € 77 Ao; (ii) (generating)
A =0 (U3 7" Ag) = A; (i) A := N2 _ 7 "Ag = P(7).

The increasing sequence A, := 77" Ay deﬁnes a filtration with the corresponding
Hilbertian T-filtration:

LA(P(1) = L3(A_) C ... C LE(A_1) C L3(Ap) C LE(A1) C ... C L3(As) = L(A).

Every function in L?(.A) which is orthogonal to L?(P(7)) is regular for the associated
Hilbertian T-filtration.
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In particular, when the system is a K-system (equivalently has completely posi-
tive entropy, i.e., with a trivial Pinsker factor), there exists an increasing generating
sub o-algebra Ag of A such that A_., is trivial. Every function in LZ(P) is then
regular for the associated Hilbertian T-filtration. Therefore Proposition 1.4 applies
to K-systems.

If the Pinsker factor is not trivial but has a singular spectral type, i.e., if the
spectral measure vy is singular for every f € LZ(P(7)), then Corollary 1.5 applies.

When 7 is an endomorphism we have a decreasing filtration A, = 7" A, n > 0.
Here A = Aand A_ isreplaced by N9 A,,. This induces a one-sided Hilbertian
T-filtration. Every function in L?(A) orthogonal to L?*(A_) is regular. If the
system is ezact, that is, A_ is trivial, every function in L(.A) is regular. Using the
unitary dilation (see Remark 1.6) and reversing the filtration order, Proposition 1.4
holds for endomorphisms.

2.1. CLT. In this section we show a Central Limit Theorem (CLT) for “rotated”
processes.

Let (Q, A,P,7) be a K-system. Let 4y be an increasing and generating sub-o
algebra of A as in the beginning of Section 2 and A,, = 77" Ag. With the notations
of Subsection 1.1, we put K := LZ(Ag) © LE(A_1).

For 6 € R, we consider the product system (T x Q, A ® P, 79), where

7o : (x,w) — (x + 60 mod 1, Tw).
The Pinsker factor of 7y is isomorphic to the rotation by 6 on the circle. Let
(1j)jes be an orthonormal family of real functions which is a basis of Ko.

Let us consider a function F' € L?(T! x Q) orthogonal to the functions depending
only on w,

F(z,w) = Z e%ihfg(w). ()

LeZ\{0}

We investigate the question of the CLT for 2871 F(z+k0, 7%w) for a.e. . When
F(z,w) = e*™@ f(w), we will obtain the CLT for“rotated ergodic sums” of Peligrad
and Wu mentioned in the introduction.

We always assume [ fydP = 0. Let ¢y, be the density of the spectral measure
of fy for the action of .

Like in Subsection 1.1, (cf. Formula (4)), the orthonormal basis (7%, )rez. jes
of L3(A) is used to decompose the components f; of F. The L% -norm of F is

IFI3 =D 0Fll3 =D > 1fe, TH;) P < 0.
040 j 6£0 k

For each j € J, let v;, be an everywhere finite square integrable function with
Fourier series v ¢(t) = >, (fo, T";) €™ (cf. (5)). Let fo(z,w) := e*™** fi(w).
The spectral density of f, for 74 is @, (t + £0) = 2ot + 20)|* and we have

S [ et 0P it =3 [ 0P dt =3 ST TP,
J J Jj ok
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The spectral density of F' in the dynamical system (T! x Q,75) is
=2 > et +e9).
(#£0 j

The above formula defines for every # a nonnegative function in L*(T!) with integral
Jp1 or dt = ||F||3. The variance at time n is

n—1

l/ 1> Fo+ ko, 7*w)|? do P(dw) =
T'xQ 1,

> o 3 R ) PR = S (Ko < p0)(E0)
cezn{o} 7 k=0 ¢€7\{0}

The asymptotic variance oZ(F) for the action of 7y exists whenever the limit
limy, 37 ez g0y (B * ¢, ) (£0) exists and is finite.

Definition of the approximating martingale The functions Ej ve,; (L8)1); are
in Ko. Let Mypf (or simply My) be defined by:

My(z,w) := Zez’”em Z ve,; (L0) 9)
££0
We have

/ | My (2, 0)[* deP(dw) =D > () =~ o, (€6). (10)
T1xQ

0#£0 jEJ 0£0

Since ZZ;&O E;e]f 75,6 (£0)[? d = ZZ;&O E;ejf 175,e(0)? d0 = ||F||3 < oo, My
is well defined for 6 in the set of full measure

Ag(F):={0€T:> > |ye(th)]* < oo},
040 jeJ
Denote by B the Borel o-algebra of T. With respect to the filtration (B x A,),
(My(x+nb, T"w))nez is a Ty-stationary ergodic sequence of differences of martingale,
with variance given by (10). Notice that My is real valued if F is a real valued
function. The following two propositions are the main steps in the proof of the CLT
for rotated sums.

Proposition 2.1. Let F be a real function in L*(T! x Q) represented as in (8).
For 0 € Ao(F), the asymptotic distribution with respect to the measure A\ @ P on
T! x Q of % Zz;é Mp(x + k6, 7%w) is the normal law with variance 2 ez0 1. (£0).

Proof. The result follows from Billingsley-Ibragimov theorem on stationary ergodic
martingale differences (cf. [9]). O

Proposition 2.2. Suppose Y, || fe|l2 < oo.
1) Then we have

Zsup(Kn x @y, )(00) < oo, for a.e. 6. (11)

2) The asymptotic variance oj(F) = >, ¢y, (00) ezists for a.e. 0. The set A(F)
of elements 0 in Aoy such that

50 (F) =+ / | Z o+ k0, 75w) — My(z + k0, 7|2 de P(dw) — 0 (12)
T

1xQ b—0
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has full measure.

Proof. 1) By the maximal inequality for the convolution by the Fejér kernels K,,
(see Zygmund [19, Th. 8.1] and Garsia [7, p. 7]), there is C' such that, for every
¢ € LN(T"), A(sup,, |[(Kn % ¢)| > ) < Sl

Recall that ||y, |11 () = [|fel]3. Using the invariance of the Lebesgue measure
on T!' by the map 6 — é@ mod 1, ¢ # 0, and the maximal inequality, we obtain
(implicitly we restrict the sum to indices ¢ such that || fe]l2 # 0) for s > 0 the
following maximal inequality which implies (11):

0: > sup(Ky, o5, )(00) > sy || fell2) <D A0 : sup(FKy % o, )(00) > s fill2)
¢ " ‘ "

4

c _ c
< ZA +sup(Kon x 7, )(0) 2 sl| fell2) < ;Z I £ellz e lls < ;Z [ fell2-
4 4

2) The existence of the asymptotic variance o3 (F) for a.e. 6 follows from (11).
We have

n—1
/ | [F(x + k0, 7%w) — Mp(z + kb, 7w)]|? da P(dw)
T xQ 1,
= / |ZZ€2’”E(I+W feo(T*w) Z”ng (€0) y;(r w))|2d:c]P’(dw)
THXQ k—0 r0 j
n—1
— / | Z eeriEm Z e27rik29 (fz(’?'ku}) _ Z%}l(w) 1/}j (Tkw)) |2 d:c]P’(dw)
TIxQ #0 =0 7
= Z/ |ZeQ’”kw (Fw) Z”ng (€0) y;(r w))| P(dw),

€40
hence (cf. (7)):
S(F) = Z—lISN(fe Mg ¢ fe) HQ—Z/ Z 2mik(t— 59)

Pfe—Mueg e fe (t) dt

60 040
= Z/ Ko (t —10) Sng Mo, ofe(t) dt, (13)
140

where the spectral density (for 7) of fr — Mo, i @f,— Mg o1, (1) = D25 [75,(t) —

Vil (69”2

From Proposition 1.4, for a.e. § and for each ¢, lim,, fo n(t—L0) 0, Mo 1, (L) dt =
0. By (11), for a.e. § we can permute the limit and the sum in (13):

hmZ/ Ky (t —10) oy, Meezfe( ) dt = th/ Kn(t —€0) of, Mzeefz()dt—o'

10 040
O

Theorem 2.3. Let (2, A,P,7) be a K-system. Let F be a real function in L?(T*! x
Q) orthogonal to the functions depending only on w with Fourier expansion (8) such
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that 3~ || fell2 < +o00. Then f07“ a.e. 0 we have with respect to the measure de@P(dw)

\F ZF z + k0, 7Fw) Y N(0,02(F)),

n—oo

with asymptotic variance 09( ) =D, 05 (£0).

Proof. The result follows from the CLT for the martingale defined by (9) (Propo-
sition 2.1) and the approximation (12) valid for a.e. 6, as shown in Proposition
2.2). O

Corollary 2.4. Let f be a real function in LE(P). For a.e. 0, the CLT holds for
the rotated sums:

f Z " f(rhw) " N(0,Ty)

with respect to the measure ]P(dw), with covariance matrix

o= (0 e )

Proof. Theorem 2.3 implies the CLT for the sums 27 ZZ;& ek £ (7)) with
respect to dx ® P(dw). An easy computation gives the covariance matrix for the
(complex valued) martingale My associated to €*™ f(w). Using the lemma below,
this implies the result. O

Lemma 2.5. For a.e. § € T, the asymptotic distribution of i 2mix ZZ;& e2mik0 f (1R )

with respect to A @ P is the same as that of ﬁ EZ;O eQT”kef(T w) with respect to
P.

Proof. Let Z8(w) := f SrZo @2 f(rFw). By Theorem 2.3 for a.e. 6, 2™ Z0 (w)
satisfies the CLT with respect to A®P. Fix 6 in this set of full measure. By Theorem
4 of Eagleson [5] (see also [18]), if we replace A ® P by an absolutely continuous
probability measure with respect to A®P, the asymptotic distribution of 2™ Z? (w)
is unchanged (i.e., the limit is mizing).

For € > 0 let J. be an interval neighborhood of 0 of length €. Put (. := & 1_.
We consider the probability measure (. (z) A(dz)®@P(dw). If ® is a Lipschitz function
defined on C with Lipschitz constant C, then for z € J. we have |®(e*™?Y) —
O(Y)| < CelY|, for every Y € C. Hence using the Cauchy-Schwarz inequality, we
have

\/(@(e%”Zﬁ) ®(22)) (e (2) dz dP(dw)| < Ce /|Z" d]P’)%
Since sup,, [ |Z8|* dP < +oo0, it shows that:

lim sup | [ (®(e*™ Z5) — (Z])) (= (x) duP(dw)| = 0.
e—0 o

We obtain the result by applying what precedes to the family ®;(Y) = e’ Re(tY)
for tand Y € C. O

Remarks 2.6. 1) The CLT for the sums Y ,_ 1 ek f(7k ) with respect to (6, w)
under the measure df ® P(dw) follows from Corollary 2.4.

2) A variant of the proof of Corollary 2.4 consists in using a CLT for martingales
with the weights cos(27k#). For this, we use the ergodic theorem to prove the
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convergence of the conditional variance and apply Brown’s Central Limit Theorem
for martingale which extends Billingsley-Ibragimov theorem or Corollary 3.4 in [9].

Extensions In the definition (1) of the rotated sums, it is natural to replace e?™*?

for # in the circle by €249 where 6 belongs to the d-dimensional torus. This
leads to the following construction. For 6 = (6y,...,04) € R%, let us consider the
system defined on T x €, by 79 : (z,w) — (z + 6 mod 1,7w). We denote by X the
Lebesgue measure on T<.

Let F be a function in L?(T¢ x ) orthogonal to the functions depending only
on w, i.e.,

F(z,w) = Z 20 £, (W), (14)

€2\ {0}

Its L%-norm is

IFI3="" fel3=>Y" > > [fe.,TF))? < oo.

LeZ\{0} J Lez\{0} k

Observe that the push forward of the Lebesgue measure on T¢ by the map 6 €
T¢ — (¢,0) € T! is the Lebesgue measure on T! if £ € Z¢\ {0}. Therefore the
previous method applies. Now the martingale My is defined by

My(z,w) = > ™" My g y(w), where Mg gy =Y e ((€,0))1;.
€24\ {0} j

Its variance is

~/ﬂ‘d><sz|M9(x’w)|2de(dw) = Z Z|7j7é(<€7 9>)|2 < +oo, for a.e. 0. (15)

ezd\{0} j€J
The same proof as in Theorem 2.3 shows:

Theorem 2.7. Let (Q, A,P,7) be a K-system. Let F be a real function in L*(T¢ x
Q) orthogonal to the functions depending only on w with Fourier expansion (14)
satisfying > || fell2 < +oo. Then for a.e. § € T the CLT holds for ﬁ ZZ;& F(z+

kO, 7Fw) with respect to the measure A @ P.

Remark that the proof applies if we replace T¢ by any compact abelian connected
group G, since for any character on G the map g € G — x(g) € T! is a surjective
homomorphism and the push forward of the Haar measure on G is the Lebesgue
measure on T*.

Now, as in Corollary 2.4, we consider the distribution with respect to the measure
P. Note that, with the condition Y ||f¢]l2 < 400, the function w — F(f,w) :=
> eeza\ {0} e?™80) fy(w) is in L2(Q,P) for every 6.

Theorem 2.8. Let (2, A,P,7) be a K-system. Let F(0,w) with Fourier expansion
2

(14). If > || fells < +oo, then for a.e. 6 € T? the CLT holds for % ZZ;& F(kO, mFw)

with respect to the measure P and lim,, = || EZ;& F(kO,7%)|% = > rvezavjoy Pr (4, 0)).



CLT FOR ROTATED ERGODIC SUMS 11

Proof. Tt follows from the hypothesis (cf. proof of Proposition 2.2):
2 2
B =Y suplFox op, (GO)]F = s Y 1full3) < DA = suplK x op, (]2 = s fell3)
e " ‘ "

14

c ¢ C 2
) D el 1fell3 = Z [ fell3 < +oo.
J4

With the notation SY  (w) = Z_l 2mi(6:k0) f,(1%w), using the triangle inequality
this implies:

A0 : Sup\/—HZZGQMW éOTk||2>SZ||fé||2

k=0 ¢cz4d Lezd

( Zsup\/—llsen|2>82|fe|§>

4 C 2
<Y (e sup(, wf[><<e,o>>252||fens) < SNl < oo (1)
Y/ ?

If L is a finite set of indices in Z¢, we have by the preceding inequalities:

T % C %
A0 SUPTHZ Y S oty > s IFell3) < — > lfell3

k=0 ¢eZ\L LeZIN\L LeZ\L

Therefore, for an increasing sequence of finite sets (L)) in Z? with union Z%\ {0}
and with

ZGP \/_22627716160 OT Zz \/_Z Z 27r1€k0feo7_

k=0 LeL, k=0 £eZ\{0}

= 0 for a.e. 6. Now, if we prove that Z%* ““ A/(0, a,(0))

for every p, then we may use Theorem 3.2 in Billingsley [1] to conclude that

70 T N0, 0(0)), with o(0) = lim, o, (0) € [0, +oc].
Let Yy = SZn(w) and let v, € C be any family of complex numbers. We have

|ei§Re(tze€LP YveYe) zﬁ%e tzeeL | < Z |ezﬁ%e tyeYy) z?Re(tY[)| < |t| Z |'YE_1||}/E|-
teL, teL,

we have lim, sup,, || Z8—Z%7|,

Therefore we can use the argument of Lemma 2.5. We obtain the CLT for Z%»
for a fixed p with respect to P with the same variance for the limit law as for the
process \/Lﬁ e, e2mill) SN L o2miERO) £y o 7R with respect to A x P.

Hence we obtain Z%? =, N'(0,0,(0)), with for a.e. 6 (cf. (15))

= > D> hue(e. o

CELy jET
Since 0 (0) = lim, 07 (0) = dovezafoy 2ujer 15,e((E 6))|?, we obtain the result. The
convergence of the variance will be proved below. O

Corollary 2.9. Let h be a continuous function on T with 0 integral such that
Y ez |h(0)|F < oo. Let f be in L2(Y). Then, for a.e. 0 € ']Td the CLT holds

for Z;é h(k) f o T with respect to P(dw) and limy, o0 < 7 (k@) TFF|? =
ez oy IO @5 (¢, 0)).
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Proof. We apply Theorem 2.8 to I'(6,w) = h(0)f(w) = > ez (03 2™ L0 h(0) f(w).
O

Remark 2.10. 1) The previous results extend to vector valued functions.
2) Let P(7) be the Pinsker factor of a dynamical systems (92, A,P,7). The
previous results extend to functions F in L?(T¢ x Q) with f, orthogonal to L?(P (7))

2
for every ¢ € Z4 \ {0}, under the condition Y || f¢||3 < +o0.
They are valid for dynamical systems such that P(7) has a singular spectrum
(with a possibly degenerated limit law, see Corollary 1.5).

Computation of the variance Here we give a proof of the convergence of the
variance as stated in Theorem 2.8. For this result we need only to assume that 7 is
weakly mixing in order that the cross spectral measures with respect to the unitary
operator T' induced by 7 are without atoms.

Theorem 2.11. If Fwith Fourier series F(z,w) =} ycza\ 0 >0 fo(w) is such
2
that Egezd\{o} | fell3 < 400, then for a.e. 6 € T?

n—1 2
1' — k = 3 .
Jim |y P (k6,74 w) Y. en((t)
k=0 Pldw)  geza\{o}

Proof. From Proposition 1.8 applied with distinct 6; = ¢6 and 6, = 9, we obtain
the result when F' is trigonometric polynonnal We consider now the general case.

We put as above SZn(w) = Zk:o 2k (0) £, (TRw). The assumption of the
theorem and Inequality (16) in Theorem 2.8 imply

ZsupH SZnH < o0, for a.e. 6. (17)
140
It follows
1 n—1 )
IS FRe AP =i Y =St = =lim|| > Stall”
[ bogee] LL]d\/_ 0e[—L,L)¢ \/_
So, actually we need to compute lim, limy, H Zo;ﬁee[ L) L Sﬁan After ex-

panding the square of the norm, we have to compute the followmg two limits:

hmz—nsﬁnuz‘and me{hmz Sén,fsgn>} (18)

040 >0

By (17) > /40 5up, %||SZHH2 < 400 and we may use Lebesgue dominated conver-
gence theorem to permute lim,, with the sum in the first expression of (18). This
expression converges to the desired limit of the theorem. For the second term, by
Lemma 1.7 we have that 1in1n< =57 ) \}Sg ) =0 for £ # ¢ and for every § € T¢
with rationally independent components Since

Zsup| Slna Zn |_ ZSUPH Sln”)
2

we may use (17) and Lebesgue’s dominated convergence theorem to invert lim,, with

the sum in the second expression of (18) to conclude that the limit for n tending to

oo of the mixed terms is 0. O
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2.2. Invariance principle for a.e. # for modified sums. Let (Q,P,7) be a

K-system and (T™f) a process generated by f € LZ(Q,P) where Tf = for. Let
us consider for a parameter « in |0, 1] the modified rotated sums

n—1
; k
Spaf = DRI (L)) T
k=0

and the interpolated normalized continuous time process defined for ¢ € [0, 1] (with
the convention Z,Z:lo =0) by

[nt]—1

@ ; k
W0 _ 2mik 6 1— o Tk )
n,t,af \/ﬁ kZ:O € ( ([nt]) ) f
For o €]0,1], we have lim,, Zz;ll (1- (%)0‘)2 = (1+oz2)+2+%z) A computation

analogous to that in [13] gives the following result:

Proposition 2.12. Let o be in ]0,1]. We have for a.e. 0

[ sup (WE o of =W oMaf||l2 — 0. (19)

b

Proof. The inequalities Y7, f; It A < Dk Jl%a <>k f; .J;l A2 imply

11
(n® = k%) + p(k,n),

jlfa o

n
=k

noodt /” dt ke —(k—1)®

ith 0 < k < —_— = = . 20
witho < plhm < [ ot - [ . (20)

We have the following relation,

[nt] 0 [nt]
1 St 1 omi(k—1)0 (1 1 k-1
= e (— 4.+ ——)T"f

11
_ 2mi(k—1)0 a Lo k—1
= ol (Inf]* = K + plk, [nt) T f

[nt] [nt]

1 [nt],, t* 2mi(k—1)0 k k—1 2mi(k—1)0 k-1
— a ” T 1— «a T T k T .

it > e (A= () f+n%+a;e p(k, [t T f;

hence:

[nt]

er,t,af = (Z—t)a e [Z Szf _ (n_t)oz f‘ Z e2m(k_1)9p(/€, [nt])Tk_lf.
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Since [Z—fe] < 2 for 1 <t < 1, putting 0(n,t) = ([nt]) a, we have from the

previous relation:

[nt] 0 [nt]
|S 'f| e(n?t) k—1
sup [Wy, o fl < sup o]+ sup [ (K, [nt])|[ T | 1]
1<t t, 1< TL% Zkl e n%-i'a ;
[nt 0 [nt]
2§ sy .

by E* — (k—1)*]T
a %Sz n2+a Z k= a 1<t<1[n2+ I;[ ( )] 71l

2 IS"fI 2

DOk = (k=1 T .
k=1

n2+0‘ kl @ %"'O‘

We use the previous inequality with f — My f instead of f. By the triangle
inequality, Cauchy-Schwarz inequality and (20) it follows:

1 2": ISEf — SEMofll2

%Jra kl—a
k

|| S<l:p | ntaf ntaM9f|||2
n

s Z DTATE flla + 1T Mo f2)

IN

k2(1—a) n

k=1
= (D

S° SOM 2
157 = SiMo]| U8l + 1Mo 12)
k=1

N\)—l

TL

(S

ISpf — SeMafl[3 1
HMZ a2 (1l + 1Mo f )

As ||S2f — S¢Mgf||3 = o(k) for a.e. 0, this implies (19). O

Theorem 2.13. For a.e. 6 € T, the real and imaginary parts of the process
(W,ft af) are asymptotically independent and satisfy the invariance principle with
convergence to %gof(ﬁ)Za(t), where Zo(t) is a Gaussian continuous process with

covariance for s <t,
202 2@ 1

I+ta)l+20)(1-a)(2—-a) L

Proof. By Proposition 2.12 it is enough to prove the statement for the process
(W), oMgf). We use the Cramér-Wold device [3] to identify the 2-d limit. Then

n,t,a
the proof goes along the same lines as in Peligrad-Peligrad [13]. Since the system

is weakly mixing the factor %cp 7(6) comes from the following limit, for a.e. 0

]

n—1
1 1
lim — 2(27k0) T\ My f|> = = 4(0), ae. and in L'(P
Jdim 237 cos(2mkd) T4 T = Go7(0), . and in L'(8)
and the same with sin®(27k6). The asymptotic independence follows from the fact
that for a.e. 6 the asymptotic correlation between the real and imaginary parts of
the process is zero a.e. and in L' (PP)-norm. O

The above result is an a.e. result, but for modified sums. In [14] an invariance
principle for the usual rotated sums is shown for the product measure. We present
below their result (and include a proof for the sake of completeness) which is valid
also in our setting. The key step is the following lemma, where Carleson’s result on
Fourier series is used:
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Lemma 2.14. For every regular function f, the family ( SUP<j<n ISE 12 >t is
uniformly integrable for the product measure df x P(dw).

Proof. For every m > 1, we have:

E

-1

Sz,f _ Z 27il 0 TE Z 2mil 0 TZ Z H f
=0 Jj=—00
m k-1 k—1
S Nerm e Seor Y omyn @y
j=—m £=0 £=0 J¢[—m,m]

First, let us consider the second term in (21). By Carleson-Hunt’s inequality,
there is a constant C' such that:

411@5§n|2e2“49Tf > I ifw 2d9<CZ|Tf > Ifw

JE[—m,m)] j[—m,m]
hence:
27wl 6 b 2
//Tlﬁf?;?é‘ﬁz_:e T Z ]Hf 12d0 P(dw)
sop[S1 Y s s - Xm0 )
=0 j¢[—m,m] iZ[—mm

In particular, we obtain that I maxi<i<y | Sh L ezmite > iglmm i f(W)?
is uniformly integrable for the product measure d9 x P(dw). Now we consider
the first term in (21). For each j € [-m,m] and 0 € T, the sequence M;’(kz,w) =
Zi:& e?mit0 T, f(w) is a square integrable martingale with respect to (A;4x—1)k>1-
We conclude that (Mf (k,w)) x>1 1s a square integrable martingale with respect
to (B(T) ® Ajir—_1)k>1. Proposition 1(a) in Dedecker and Rio [4] yields that
(£ maxi<p<n |MY (K, w)|2)n21 is uniformly integrable for df x P(dw).

As a finite sum of uniformly integrable sequences is a uniformly integrable se-
quence, the sequence Zje[_m)m} L maxi<p<n |M(k,w)|? is uniformly integrable.
This observation and (22) imply the assertion for 2 maxi <<y [S§|>. O

As a consequence of standard results from Billingley [1] now it follows:

Theorem 2.15 ([14]). Under the product measure dxP(dw), the process (—= S[é;zt f)
is tight in D(0,1) and

(Re{ =St 1 el T=500 1) =\ 5 V(0.7 ().

where U is a random variable uniformly distributed on [0, 2x] and W'(t) and W' (t)
are two independent standard Brownian motions independent of U.
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2.3. Application to recurrence of rotated stationary walks in C. Let (2, 4, P, 7)
be an ergodic dynamical system and ¢ be measurable function on 2 with values
in RY, d > 1. The skew product 7, : (w,y) — (Tw,y + ¢(w)) leaves invariant the
o-finite measure P x dy. It is known that it is either dissipative or conservative with
respect to this measure. The latter case occurs if and only if the “stationary walk”
(or “cocycle”) Spp(w) = Zz;é o(thw) is recurrent, i.e., for a.e. w, Sy, (wPw)
belongs to an arbitrary neighborhood of 0 for an infinite sequence of times ny(w).
For d = 1, when ¢ is integrable, the condition [ dP = 0 is necessary and suf-
ficient for recurrence. The construction of 2-dimensional stationary walks deserves
attention, since, as shown by the i.i.d. case, the dimension d = 2 is critical for the
recurrence property. We use the following sufficient recurrence criterion:

Recurrence criterion (K. Schmidt [17]) Let B(n) be the ball of radius n > 0
centered at the origin in R2. If there exists § > 0 such that, for every n > 0, we
have lim,, P(n='/2S,,0 € B(n)) > én?, then (Snp) is recurrent in R2.

We apply the preceding results to rotated 2-dimensional walks, by modifying the
increments of the cocycle at each step by a rotation.

Theorem 2.16. Let (2, P,7) be a K-system or an exact system. Let p € L?*(P)
with values in C. For a.e. 6 € R, the process ZZ;& ¥k o (78w is recurrent and
the map 7,5 ¢ (w,2) — (Tw,e*™ 2 + p(w)) from Q x C into itself is conservative.

Proof. We consider the system (T* x Q, A\ ® P, 7p), where 75 : (z,w) — (246 mod 1, 7w).
Let F(z,w) = e*™@p(w).

Since F' satisfies the CLT by Theorem 2.3 (see Remark 2.10), the recurrence
criterion implies that for a.e. 6, for a.e. (z,w), the process Zz;é F(x + k0, 7"w) is
recurrent in any neighborhood of 0. Hence for a.e. 6 the process ZZ;& ek p(7h W)
is also recurrent.

The map 79, defines a measure preserving transformation on (2 x C,P x m),
where m is the Lebesgue measure on R2. By iteration of this map, we get: 0o =
(77w, 202 4 0, (0, w)), with ¢, (0, w) = Sp—) 2mHn=1=k) 0 (k) which behaves
in modulus like the rotated ergodic sums S 7—4 e~ 27 %0 (75 w).

This implies the conservativity of 79 . Indeed, suppose that 7, is not conserva-
tive on Q2 x C for the measure p := dP(w)®@dm(z). Then there is a measurable subset
D of positive measure in £ x C such that the sets 74’ oD, n € Z, are pairwise disjoint.
Let K be a compact set in C such that (2 x K) N D has a positive measure and let
V be a compact neighborhood of zero in C. We set Bg = Q x (K 4+ V). We have
Y ons0i(TgoBrx N D) =37 ou(Br N3, D) < p(Bk) < +oc. Therefore, by the
Borel-Cantelli Lemma, for a.e. (w, 2) there is N(w, z) such that (w, 2) & 7, 2 Bx N D
for n > N(w, z). This contradicts that for a.e. point (w,z) in (2 x K), in particular
for a.e. points of (2 x K)N D, 73 (w, z) belong to By infinitely often. O

Another situation is provided by isometric extensions.

Theorem 2.17. Let (Q, AP, 7) be a K-system or an ezxact system. Let ¢ be a
measurable real function on Q and pr(w) == o(w) + P(Tw) + ... + (¥~ 1w). For
a.e. 0 the asymptotic distribution of n~'/? 2371 2™k 2mi0k qyith respect to P is
-1 e2mik0 (2mi), (w)

a normal law. For a.e. 0, for P-a.e. w the process Y ViSits

infinitely often every neighborhood of 0.

Proof. The isometric extension 7, : (w,y) — (Tw, y+¢(w) mod 1) defines a measure
preserving dynamical system on € x T'. Its Pinsker factor P(7,) is invariant for
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the circle action on € x T! on the second coordinate. The sets which are invariant
by this action belong to the Pinsker factor of 7, hence are trivial. Therefore the
circle action on P(7,) is ergodic. Since it has a discrete spectrum, the map 7,
which commutes with this action, has also a discrete (hence singular) spectrum in
restriction to P (7).

Let F' € L*(P x dy). By Corollary 2.4 and Remark 1.6, the CLT (with a limiting
law which can be degenerated) is satisfied for a.e. 6 for the rotated ergodic sums
SOF = Sp ) e?mikl o Th o n>1.

In particular consider the function F(w,y) := 2™ on Q x T!. Its ergodic sums
for the action of 7, read e>™ 171 ¢?"k0e2mivr(«)  The result follows from the
previous theorem. O

Example: The map 7 : * — 2z mod 1 is exact for the Lebesgue measure on T'.
For ¢ on the circle, let pi(z) = ¢(x) + ¢(22) + ... + p(2*1z). Tt is known
that, if ¢ is Holderian, the process (35 ' e?™#k) is recurrent in C (cf. [8]).
The previous theorem shows that for any measurable real function ¢ the process
(Zg_l e?mikbe2micn), < is recurrent in C for a.e. 6.

3. CLT for rotated Z%actions. The above results for rotated ergodic sums rely
on the duality between Z, the group action corresponding to 1-dimensional discrete
time dynamical systems, and the group of the circle. In higher dimension this
suggests that the same method applies to multidimensional abelian actions. In this
section, we show how to obtain a CLT for rotated ergodic sums of L?-functions
on Z% dynamical systems (d > 1) with K-property which allows to use martingale
methods as in the previous section. For simplicity we take d = 2.

We write n = (n1,nz) for an element of Z? and we put on Z? the lexicographic
order n < p < (ng < p1) or (n1 = p1 and ny < pa).

Spectral properties Part of the spectral considerations of section 1.1 extends to
a unitary action of a discrete abelian group on a Hilbert space. For an action of
74, the Fourier analysis on T', used for the spectral properties of a single map, is
replaced by the Fourier analysis on the d-dimensional torus. First let us recall some
classical facts about Fourier series in several variables. For simplicity, we consider
two variables.

Using the usual one-dimensional Fejér kernel, the two-dimensional Fejér kernel
on T? corresponding to rectangles is defined as Ky p(01,02) = Ky (01) - Kp(62).
For an integrable function ¢ on T? with Fourier coeflicients(Py ¢ )k ez, the Fejér
kernel applied to ¢ gives

N P n—1 p—1
1 ~ T
Kn,p(p)(01,02) :== (Kn,p*p)(01,02) = NP Z Z( Z Z Pre,g 2RO HLO2)

n=1p=1 k=—n+1{¢=—p+1
We have the following results (cf. Zygmund [19, Ch. XVII], Th. 2.14, Th. 3.1):

Proposition 3.1. (i) If ¢ is integrable, then A}im Ky .n(p) =¢ ae.
(ii) If plog™ || is integrable, then lim Kn.p(p) =¢ ae.

min{N,P}—o0
Rotated ergodic sums and approximation Let H be a Hilbert space. If T}, T5
are two commuting unitary operators on H, they define a Z?-unitary action on H
by feH — THTFf ke 72
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The rotated ergodic sum corresponding to a rectangle Ry = [0, N[x[0, L] is,
for f in H,
S]evl:g2f — Z eQTri(k191+k292) lel TQ]CQ f
kcRN L
For L = N we simply write Ry for Ry v and Sf\}’92f. The variance of the
rotated 2-dimensional process (for squares), when it exists, is limy #HSZ%’GZ flI3.

Suppose that gy is a closed subspace of H such that the subspaces le 1T2k 2o
are pairwise orthogonal. If (¢;);cs is an orthonormal basis of Ky, the family
(T1l1T2121/1j, j € J,1 € Z?) is an orthonormal basis of the closed subspace H., gener-
ated by these subspaces.

Notations 3.2. For f € Hoo, we set aj n = (f,T1" Ty v;). For j € J, let ~; be
an everywhere finite square integrable function on T? with Fourier coefficients aj n-
The density of the spectral measure for the Z* action is ¢ = >, ; [75]?

Since sz EjEJ |"yj(91, 92)|2 d91d92 = ZjEJ EnEZZ |aj7n|2 = f(pj(el, 92) d91d92 =
[flI? < oo, the set Ag := {0 € T? : 37, ;|(0)]* < oo} has full measure. For
0 € Ay, let

Myf =" ~;(0) ¢ € Ko. (23)

With a proof analogous to that of Proposition 1.4, Proposition 3.1 implies:

Proposition 3.3. For f € Huo, the set A(f) of elements 0 = (01,02) in Ay such
that
2
= 0.
2

: 1 T k k
lim | Do @ hothat) ol (f — My )

keRN

has full measure in T2.

K-systems Now we consider two commuting automorphisms 71 and 72 of a prob-
ability space (2, 4,P). They define a measure preserving action of Z2. We write
T1f (vesp. Tof) for for (resp. f o). Recall that the entropy of such an action
can be defined, as well as the Pinsker factor which is the largest factor with zero
entropy. The action has a completely positive entropy if every non trivial factor has
positive entropy (equivalently its Pinsker factor is trivial). The notion of K-system
can be extended to a Z2-action in the following way:

For a sub og-algebra B of A, we denote by B™, i = 1,2, the o-algebra generated
by (Up—n 7/'B,N > 1).

A sub-o-algebra Ay is increasing if (n,p') < (n,p) = % Ay € 078 Ay, An
increasing sub-o-algebra Ag of A has the property K if
(i) it is generating: the sub o-algebra is generated by U, ,71"75 Ay is A;
(1) its remote past is trivial, i.e., (), 75.4o = 7 "AJ* and (), T{.AZ? is trivial.

The system is a K-system if there exists an increasing sub o-algebra with the
property K. In that case, the system has completely positive entropy. Conversely
B. Kaminiski ([11]) proved the existence of a sub o-algebra with the K-property,
when the action has completely positive entropy.
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Ezamples 1) The simplest examples of K-systems for a ZZ-action are the Z2-
Bernoulli schemes (full 2-shift) defined as the shift action on the coordinates on
the product Q =T 2’ endowed with a product probability measure p®Z2, where p is
a probability vector on a finite space I.

2) For K-systems of algebraic origin see the book of K. Schmidt ([16]).

3) Examples are also provided by statistical mechanics (for instance, see [10] for
examples of Z?-systems which are K but not Bernoulli).

Rotated ergodic sums and martingale approximation Let Ay be a sub
o-algebra and Ko be a subspace in L?(Ag) of functions which satisfy

E(Mof o i rd2 | i 4g) = 0, Vk > K, (24)
Let f be in L§(P). Let Mg, o,y € Ko be associated to f for a.e. (61,62) by (23).
Theorem 3.4.
1 distr
=3 Molrbre) B M (0,T(6)
keR,,
with respect to P, where T'(0) is the covariance matrix
Lop(61,09) 0
rg) = ( 2#r000 ) .
©) < 0 307 (61,02)

Proof. Although we consider the 2-dimensional case, as long as we deal with finite
sums, by ordering, we may consider them as 1-dimensional sums. The ergodic
theorem for the ergodic means on squares implies the convergence of the conditional
variance. The theorem then follows from Theorem 3.2 in [9] for martingales (cf.
Remark 2.6). O

Now we can apply the martingale approximation to the 2-dimensional rotated
ergodic sums.

Theorem 3.5. Let (Q, AP, (11, 72)) be a 2-d K-system. Let f be in LE(P) with
spectral density @y. Then for Lebesque-a.e. 6 the asymptotic distribution (with
respect to P) of

(% > cos(2m(kiby + kabs)) f (i 7y2), % > sin(2r(k6; + kzez))f(TflT;W.))
keR, keR,

‘Pf (917 92) O )
O ‘Pf (917 92) '

If the spectral density ¢y is in Lylog Ly, then the result is valid for ergodic sums

on rectangles.

is the centered normal law in R? with covariance matriz %

Proof. By Proposition 3.3, the mean square approximation of the bi-dimensional
process by a bi-dimensional array satisfying a martingale property holds. The result
then follows from the previous theorem. The asymptotic covariance computation
follows from the same argument as in the proof of Theorem 2.13.

If py is in L'log L, ii) of Proposition 3.1 allows to extend the result to ergodic
sums on sequences of rectangles Ry 1, and take the limit when min{N, L} — co. O

Examples of commuting endomorphisms
Let us consider the commuting (non invertible) endomorphisms on T! given
by 7z = 22 mod 1 and 7oz = 3x mod1 (2 and 3 can be replaced by any pair of
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coprime integers > 1). They generate an action of the semi-group N2. The invertible
extension of this action has a Lebesgue spectrum.

Let J be the subset of all non-zero integers which are not divisible by 2 or 3.
Every non-zero integer n € N can be written in a unique way as n = 2¥13%25, for
some non-negative integers ki, ks and j € J.

We define Ky as the closed subspace of L3(T') generated by e2™% for j € .J.

The subspaces lelT2k21C0 are pairwise orthogonal and with the previous notations
Heoo = L3(T).
Let f be a function if L§(T") with Fourier series Y, ., fne*™"*. Let

; 27i (ko 01+ k2
v (01, 02) = E Jorigesj € milk161+k202),
k1,k2>0

As j € J is not divisible by 2 and by 3, for any f in Ko and any g in L3, T{“Té”f
is orthogonal to T/ T)?g if k < k. Let Myf(z) := > iesi(0) eI

Let us mention that a Central Limit Theorem like Theorem 3.5 can be shown
([2]). The main step in the proof is a result analogous to Theorem 3.4 for the sums
> ke r, Mo (7'1]“7'2162 ). This can be done by using the properties of the set of integers
(2F13%2 (ky1, ko) € N?) as in [6].
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