ON HARTMAN ALMOST PERIODIC FUNCTIONS
GUY COHEN AND VIKTOR LOSERT

ABSTRACT. In this note we consider multi-dimensional Hartman almost
periodic functions and sequences, defined with respect to different av-
eraging sequences of subsets in R? or Z%. We consider the behavior
of their Fourier-Bohr coefficients and their spectrum, depending on the
particular averaging sequence, and we demonstrate this dependence by
several examples. Extensions to compactly generated, locally compact,
abelian groups are considered. We define generalized Marcinkiewicz
spaces based upon arbitrary measure spaces and general averaging se-
quence of subsets. We extend results of Urbanik to locally compact,
abelian groups.

1. INTRODUCTION

Let f be a locally integrable function on R*, and assume that the limit
1 /7

T—oo 1 0

exists for every A € R. Following Kahane [9], such functions are called
Hartman almost periodic functions. (Uf()\) D AE ]R) is called the family
of Fourier-Bohr coefficients of f, and the set { A : of(\) # 0} is called
the spectrum of f. Answering a question of Hartman (see [6] for further
exposition and motivations), J-P. Kahane proved in [8] that the spectrum
is countable.

Similar statements are true in the discrete case. More precisely, let (a,,)
be a complex sequence, for which the limit

N
1 .
Ua(/\):]\}iiléo N E ane_“\”
n=1

exists for every A € [—m, 7| (such a sequence is called Hartman almost
periodic in [10, p. 72]). Then the spectrum of (a,), i.e., { A : 0,(\) # 0},
is countable.

An easy method to generate Hartman almost periodic sequences looks as
follows. Let 6 be a measure preserving transformation on some probability
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space and take g € L. For each w in the space define the sequence a,,(w) =
g(0"w). The Wiener-Wintner theorem [20] shows that for almost every w
the sequence (a,(w)) is Hartman almost periodic.

More recently, the study of Hartman almost periodic sequences was moti-
vated by weighted ergodic theorems (pointwise and in norm). Many authors,
like Tempelman [18], Ryll-Nardzewski [17], Bellow and Losert [2], Lin, Olsen
and Tempelman [12], Comez, Lin and Olsen [5], Lin and Tempelman [13],
Berend et. al. [3], have developed various results in this direction. Some of
them, [18], [13], and [3] are extended to actions of locally compact abelian
groups, and in some cases, an identification of the limit is available using
the Fourier-Bohr coefficients of the sequence. The description of the limit
is considerably simplified because the spectrum is countable.

One of the aims of our paper is to investigate properties of multi-dimen-
sional Hartman almost periodic functions and sequences. In Sec.4 we con-
sider two-dimensional generalizations of Hartman almost periodic functions
and sequences. We give a generalization of Kahane’s [8, Theorem 1] when
the Fourier-Bohr coefficients are defined by unrestricted convergence, us-
ing averages over the family of subsets [0, S] x [0,7] in R?, with S,T > 0
(ordered by inclusion). It is shown that for any locally integrable function
f the set of A € R? where o;(A) exists and is non-zero can be at most
countable. If f is Hartman almost periodic, the set { A € R?: |of(N)| > €}
is scattered for every € > 0. The proof uses some slight extensions of the
method of Kahane. We also consider a corresponding result for Hartman
almost periodic sequences, and discuss various generalizations, in particu-
lar to functions defined on compactly generated, locally compact, abelian
groups.

On the other hand, for Fourier-Bohr coefficients obtained by considering
convergence along squares (in Z?), we give an example of a Hartman almost
periodic function in this weaker sense (even belonging to M; — see below)
with uncountable spectrum.

In Sec.5 we discuss related results (positive and negative) in the one-
dimensional case, concerning convergence along subsequences.

In some sense, Hartman almost periodicity is a minimal requirement for
reasonable weights in ergodic theorems. But most of the results in the
papers mentioned above need additional growth or regularity properties.
Marcinkiewicz [15] has investigated the ”Besicovitch spaces” (so is the title
he gave to his paper) which for 1 < p < oo consist of locally integrable
functions on R satisfying

T 1
1f ]l = lim sup (%/ @) < oo,
T—o0 -T
He proved that for every 1 < p < oo the corresponding space is complete.
These are now called Marcinkiewicz spaces and we denote them by M, .
In Sec. 2, we define generalized Marcinkiewicz spaces based upon arbitrary
measure spaces and limits of averages over more general families of sets.
We give a sufficient condition for completeness, and conclude this section
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by several examples for which our sufficient condition holds. We also give
an example of a non-complete space.

Then in Sec.3 we consider the case of a non-compact, locally compact,
abelian group G with Haar measure and a family of sets of ”Fglner’s type”.
We denote by B, the space of (generalized) p-Besicovitch almost periodic
functions (or sequences), i.e., the closure in M, of the continuous almost
periodic functions (sequences) on G.

Urbanik [19] has shown (for R) that if a Hartman almost periodic func-
tion f is in M, for some p > 1, then (os(A) : A € R) is the family
of Fourier-Bohr coefficients of a Besicovitch almost periodic function from
B, . Equivalently, it is the family of (the usual) Fourier coefficients of a
function h* € L,(R*), where R* denotes the Bohr compactification of R.
Here the definition of o;(A) can be extended by using ”generalized mean
values” (which covers e.g., all kinds of subsequential convergence). This is
generalized to arbitrary G (without much difficulty).

2. GENERALIZED MARCINKIEWICZ SPACES

Definition 2.1. Let (€2, 1) be an infinite measure space, and let (2; : i € I)
be a family of measurable subsets in €2 of finite measure, where I is some
directed index set. Let f be a measurable complex valued function on 2,
and for 1 < p < oo define

11 = iy (o [ (7@ Pugan) ™.

We call M, :={f: |fll, < oo} a generalized Marcinkiewicz space (with
respect to the family (€2;) ). By elementary arguments, M,, is a linear space,
| - ||, is a seminorm on M, . Furthermore, we have || - ||, < || - ||,y and in
particular M,, C M, forp < p'. For %%—% =1, we have || f g1 < ||fll, l9llq,
hence M, - M, C M.

The question of completeness of the Marcinkiewicz spaces has turned out
to be somewhat subtle. We give some partial results.

Proposition 2.2. Assume that for some 1 < p < oo, the family (; :i € I)
of measurable subsets of 2, satisfies the following condition:

(M)  For any f with || f]l, > 0 there exists f* such that
1 1/p
1771y =0 and swp (o [ 17 @Putan) <20,
1€l :u( )
Then the Marcinkiewicz space M, is complete.

Proof. A well known characterization says that a normed (or seminormed)
space is complete iff every absolutely converging series converges (i.e., con-
vergence of ) [|v,|| implies convergence of > v, ). Assume that >_ | f.ll,
converges. By property (M), there exists a sequence { [}, such that

@Putan) " <

2| fullp holds. Clearly, norm convergence of ) fn is equlvalent to norm

| fo — fX]l, = 0 and for every n > 1, sup,.; <
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convergence of ) f, (to the same limit), so it is enough to show conver-
gence of > f¥. For each w € Q, define f(w) = > f¥(w) if the series
converges, otherwise put f(w) = 0. By property (M) and by the Beppo
Levi theorem, for a.e. w € Q; the series ) f+(w) is absolutely convergent.
It easily follows that || > 7, fi— f|l, —» O. O

We will give now several natural examples where property (M) is satisfied.

Examples 2.3. (i) Let I = N (natural order) and let (£2,)) be any sequence
of measurable subsets (not necessarily increasing) satisfying u(2,) — oc.
For f € M, let ny > 0 be an integer for which

sw (g [ @) <20,

Define f* as follows: f*(z) =0ifz € |J Q,, otherwise put f*(z) = f(x).
n<ng

A specific example is the following: Let (b; > 1), (n; > 0) be sequences

of integers, and assume that b; — oco. Let Q =N, Q; = {n;+1,...,n;+b;},

and let x be the counting measure. [1] (and others) considered, "moving
n;+b;

averages” of the form — >  a;, giving rise to subsequential ergodic
T k=n;+1

theorems. Now, we see that the corresponding generalized Marcinkiewicz

spaces are complete.

(ii) Given an arbitrary measure space, assume that we have a subset I
of I, iy € I and ¢ > 0 such that for any ¢+ € [ with ¢ > ¢; there exists
i() c I() with ¢ S io, Qz Q Qio and /L(QZ) Z C/L(QZ‘O) (i.e., ]0 is cofinal and
"sufficiently dense” in some tail of I). Then (€; : i € I) and (£2; : i € Ip)
define the same Marcinkiewicz spaces M, (with equivalent seminorms ||-|,).
Furthermore, if Ij is countable and linearly ordered and u(€2;) — oo, then
(compare (i) ) property (M) holds for (€; : i € Iy) (essentially, it holds also
for (Q; :i € I, i > 1), but possibly with a different constant), in particular
the spaces M, are complete.

This covers the classical example of Marcinkiewicz [15], where Q = R and
Q = [—t,t]. Similarly for Q; = [0, t].

(iii) Another example arises from the setting of Theorem 4.3 below, where
) = R? with standard Lebesgue measure and one considers the family of
all rectangles [0, 5] x [0,T], with S,T" > 0 (ordered by inclusion). In this
case the family is not linearly ordered.

(iv) Let 2 = R (standard Lebesgue measure) with the family of all in-
tervals [a,b] where a < b. It is easy to see that property (M) does not
hold, but again (ii) applies. Passing to the subfamily defined by any subset
I ={i€1:i>i} it follows that this gives the same Marcinkiewicz spaces
M, as the classical family Q, = [, ].

In [4, Ch.I] Marcinkiewicz spaces have been investigated for Q = R (stan-
dard Lebesgue measure) based on the family Q,, = nI' (n € N), where I is
some bounded convex neighborhood of the origin (to prove completeness in
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this case, they already used the same technique as in the proof of Proposi-
tion 2.2 above). By (ii), these spaces do not depend on the choice of I" (of
course the seminorms will depend in general) and one can take for I' any
bounded measurable neighborhood of the origin and also use the family of
translates {x +nl': x € R? n € N} (ordered by inclusion). But for d > 1,
different spaces are obtained when using the family of all bounded convex
subsets with non-empty interior and for d = 2 these are also different from
those obtained from the family of rectangles [—S, S| x [T, T, with 5,7 > 0
(related to the notion of unrestricted convergence considered in Section 4).

(v) Let G be a compactly generated locally compact group, p Haar mea-
sure. If U is a symmetric, relatively compact, measurable neighborhood of
the identity, generating G (i.e., G = |J,—, U™), it is well known that there
exists d > 0 such that p(U""') < dp(U™) for all n. It follows that the
Marcinkiewicz spaces M,, defined by the family (U" : n € N) are complete
and do not depend on the choice of U.

It seems unlikely that property (M) and variations like (ii) cover all the
cases where M, is complete, but we want to give also an example where
the Marcinkiewicz space M, is not complete:

Example 2.4. Take Q@ = N (with counting measure) and consider the
family of all sets AU B where A, B are bounded subintervals of N (ordered
by inclusion). Then the following properties can be verified easily: any
f € M, is bounded, and in particular all the spaces M, coincide in this case

2

for 1 < p < oo. Define f, by f.(k) = — if 2" |k and f,(k) = 0 otherwise
n

(n=1,2,...); then || fu|1 < %, but Y7 | f,, which exists pointwise, does

not converge in M (since it represents an unbounded sequence). Thus the
spaces M, are not complete in this case.

Remark. Let X be a separable Banach space with norm || - ||x. Let f be
an X-valued measurable function, defined on 2. For such functions, one
can consider a seminorm ||| |||, := || HfHXHp Proposition 2.2 remains true

and the generalized Marcinkiewicz spaces M,(X) := {f : ||| f|||, < oo} are
complete if condition (M) holds.

3. THE BESICOVITCH SPACES B,

Let G be a non-compact locally compact group with Haar measure p, let
I be a directed set and let (A; : ¢ € I) be a family of measurable subsets of
G, satisfying two conditions of " Fglner’s type”

(1) 0 < p(A;) <oo foralliel (i) liler? (A
This is sometimes called an asymptotically left invariant net (of subsets),
see [16, p.48]. Such a net exists if and only if the group G is amenable.
Let AP(G) be the space of continuous almost periodic functions on G
and let G* be the Bohr compactification of G ([16, p.284]). There is an
isometric isomorphism (denoted as g — ¢*) between AP(G) and the space
of continuous functions C(G*) (with supremum norm || - ||o).

=0 forallz € .
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For 1 < p < oo, we consider M,,, the generalized Marcinkiewicz spaces
as in Definition 2.1, with respect to such a family (A; : ¢ € I). We denote by
B, the closure of AP(G) in M, with respect to the seminorm ||-||,. We call
B, the space of Besicovitch almost periodic functions on G (see also [11] for
a related definition). Clearly, B, C B, for p <p’ and B, - AP(G) C B,,.

Let p* be the normalized Haar measure on G*. On the space AP(G)
there is a unique two-sided translation invariant mean m and it satisfies

m(g) = / * g (x)p*(dx).

In addition, uniqueness implies the formula

1
m(g) = lller? A /Ai g(x) p(dx) for every g € AP(G)
(see, e.g., [16, Proposition 22.21]).

In particular, ||g|[, = ||g*||, holds for ¢ € AP(G) (on the right side we
consider the LP(G*, p*)-norm). It follows that the correspondence g — g¢*
extends to an isometric mapping (denoted in the same way) of B, into
L,(G*, p*). Furthermore, the mean m has a unique continuous extension to
the whole space B;. By the Hahn-Banach extension theorem the functional
m can be extended further to a linear functional on M , without increasing
its norm. Following Urbanik [19], such an extension will be called a gen-
eralized mean on M. In general, there are many extensions and any such
extension will be still denoted by m .

For the next two results, we restrict to the case where G is abelian. (Sim-
ilar statements hold in the general case, when considering continuous finite
dimensional representations instead of characters. But observe that there
are some non-abelian groups e.g., G = SL(2,R), for which AP(G) contains
just the constant functions - see [7, 22.22]). Let G be the dual group of
G. The Bohr compactification G* can be identified with the group of (not
necessarily continuous) characters of G. Algebraically, G is isomorphic to
the dual group of G*. Continuous characters on G will be denoted by x. We
consider GG as a dense subgroup of G*. (But the toplogy of G is in general
strictly finer than the induced topology). Then x* is just the unique exten-
sion of x to a continuous character on G*. Conversely, the restriction to G
of a continuous character on G* is a continuous character on G ([7, Theo-
rem 26.12]). Therefore we use the same letters for continuous characters on
G and those on G*. N

For a function g € By, we have gx € B; for any y € G. The value
m(gx) is called the Fourier-Bohr coefficient of g at y, it is exactly the
(usual) Fourier coefficient ¢*(y) = Jo- 9° X dp, using again the extension
of x to a character of G* (we follow here the habits of abelian harmonic
analysis, e.g., as in [19], [7], they are different from the definition of Fourier
transforms common in the non-abelian case). The spectrum of g is the set
{x € G m(gx) # 0}. Since for every € > 0 the set {x € G- 1% ()| > €} is
finite, every Besicovitch almost periodic function (g € B) has a countable
spectrum.
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The following two results are generalizations of Theorem 3 and Corollary
2 of Urbanik [19].

Theorem 3.1. Let m be a generalized mean on My. If 1 < p < oo, then
for any f € M, , there exists f1 € L,(G*, u*) such that m(fx) = ﬁ(x) for
every x € @

It follows that for every e > 0 the set {x € G : Im(fx)| > €} is finite, in
particular, m(fx) =0 for all x € G outside a countable subset.

Proof. Fix f € M, and let 1 < ¢ < oo be the dual index of p > 1. We
define a linear functional [ on C(G*), by {(¢g*) = m(f g). Clearly

(g = Im(fg)l < I fallv < N flbllglle = 1F1pllg"llq

hence [ extends to a continuous functional on L,(G*, p*). Thus, there exists
a function f; € L,(G*, u*) such that for any ¢* € L,(G*, 1*) we have

(g*)= [ fg'du”.
G*

Hence, m(fx) = {(x) = fi(x). All the assertions on {m(fy) : x € G}
follow from the fact that it is the set of Fourier coeflicients of some function

from L,(G*, u*). O
~ 1
For y € G, we put o¢(x) = lim ——= / fxdp, whenever the limit
s el p(Aq) Ja,
exists .

Corollary 3.2. Let f be a function in M, , 1 <p < oo, and put

el

1
o.(x) = liminf —/ fxdul.
f( ) 1(Ai) Ja, M’

Then for every € > 0, the set {x € G: a;(x) > €} is finite. In particular,
the set where a;(x) # 0 can be at most countable.

Proof. Considering a universal refinement of the net, we can assume that
m(h) := lim;e; @ fAi h dyu exists for all h € My . Clearly, m is a general-
ized mean, |m(fx)| > a;(x) and m(fx) = o(x) (when the original limit
exists). So, the previous theorem yields the result. O

Remarks. 1. Theorem 3.1 and Corollary 3.2 were proved in Urbanik
[19] more generally for Orlicz space type Marcinkiewicz spaces on R. One
can prove the above results similarly for generalized Orlicz-Marcinkiewicz
spaces over G.

2. If G is a locally compact, o-compact amenable group, there always
exists a sequence of measurable subsets (A,) of G, satisfying (i) and (ii)
above ([16, Proposition 16.11], these are called ”averaging sequences”; see
also [7, Theorem 18.13] for the abelian case). For such a sequence, it follows
from Proposition 2.2 that the generalized Marcinkiewicz spaces M, are all
complete, hence the same is true for the spaces B, and B,, is isomorphic to
L,(G*, p*). In particular, one can conclude in Theorem 3.1 that f; = h* for
some h € B,,.
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Typical examples of applications of Theorem 3.1 and Corollary 3.2 are
given by considering G = R? (or G = Z4), u the Lebesgue measure (or the
counting measure), and A; = [—t,t]? (or A, = [-n,n]?).

In the o-compact case, one can always take (A,) to be open subsets
with compact closure, such that A4, C Ay C ... and J~, 4, = G (as
above). Observe that if G is any non-compact locally compact group and
(A,) is a sequence of measurable sets satisfying (i) and (ii) above, then
—u(xAn i An); this

fi(An)
is a sequence of continuous positive definite functions on G which by (ii)
converges pointwise to 1, hence by Lebesgue’s theorem, it converges for the
weak*-topology o (L, L'), but then by a classical theorem of Raikov, we
get uniform convergence on compact sets; thus (i) holds uniformly for x
in a compact subset of G; let U be a compact subset of GG, then, denoting

the indicator functions by c4,, ¢y and convolution by *, it follows that
1 Cy

1(A4y) HM(U )
such that u(U N zA,Y) = cy * ca,(x) > 4 p(U), proving our claim). Of
course, if G is unimodular, it follows that p(A,) — oo, but if G is not
unimodular, one can use right translations to make u(A,,) as small or large
as one likes. On the other hand, if the underlying discrete group of G is
amenable, one can always construct a net satisfying (i), (ii) and p(A4;) — 0.

In the non-o-compact case, sequences cannot be sufficient, and presum-

ably the Besicovitch spaces will show a rather pathological behavior.

necessarily p(A;1') — oo (indeed, consider ¢,(r) =

*CA, —CA, H1 — 0; hence for n big enough, there exists z € A,

3. Corollary 3.2 in general fails to hold for p = 1 (but of course, it stays
true when f € B;). Considering G = R and the intervals A, = [—n!, n!],
Urbanik [19, Theorem 2| has constructed a function f € M; such that
o¢(xt) # 0 for uncountably many ¢ (where y;(x) = €"“*; but in this example
o¢(xt) does not exist for all ¢). The limit of the averages extends (as above)
to a generalized mean m on M, and this gives also a counter-example for
Theorem 3.1 when p = 1.

4. HARTMAN ALMOST PERIODIC FUNCTIONS

Definition 4.1. Let G be a locally compact, abelian group, and let u be a
Haar measure on G. Let (A; : i € I) be a family of measurable subsets of
G, satisfying conditions (i) and (ii) of Section 3, where I is some directed
index set. A measurable complex valued function f on G, for which

) 1 _
or(x) = lzler? m/&fXdﬂ

exists for every y € CAJ, will be called a Hartman almost periodic function
(this goes back to Kahane: see [9] for G = R with A; = [—¢,t], t € RT and
[10, p.72] for G = Z with Ay = [—k, k], k € N). The spectrum of f is the

set {x € G: os(x) #0}.
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As mentioned before, every Besicovitch almost periodic function (f € By)
is Hartman almost periodic and os(x) satisfies the same properties as in
Corollary 3.2. Furthermore, if f is Hartman almost periodic and in addition
f € M, holds for some p with 1 < p < oo, then Corollary 3.2 applies as
well, i.e., in these cases we get that {y € G: los(x)| > €} is finite for every
€ > 0 (without further assumptions on the family (A4;), and for arbitrary
locally compact abelian groups).

In [9] Kahane has shown that there are quite many functions outside B,
that are Hartman almost periodic (in particular, there is no hope to recover
f from o4(x), in general). Kahane [8, Théoreme 1], proved that all Hartman
almost periodic functions on R, with A, = [0,¢], ¢ € RT, have countable
spectrum. It turns out that such general properties of os(x) depend very
much on the choice of the family (A;) (loosely speaking: if (A4;) fills out the
space more regularly, one gets a more restricted class of coeflicients o¢(x) ).
Some examples on this in the one-dimensional case will be given in the
Remarks of Section 5.

In this section we concentrate on the case G = R?, looking for general-
izations of Kahane’s theorem. Results for R?, d > 2, can be shown in a
similar manner (with some more notational effort). Identifying R? with R2?,
we write o 7() instead of o 7(x), where for A = (AW, A®)) € R2, y5(s,t) =
AVt - Again the choice of (A;) is essential.

Definition 4.2. Let h(s,t) be a complex valued function on R?. We say
that L is the unrestricted limit of h(s,t), as s,t — oo, if for every ¢ > 0
there exists M > 0 such that for every s,¢t > M we have |h(s,t) — L| <e.

From now on, all the limits considered will be unrestricted limits. In
our general notation, this means that we consider Example 2.3 (iii), where
I =Rt x R* and Agr = [0,5] x [0,T]. Clearly, we can always restrict to
functions on RT x R*.

Theorem 4.3. Let f(s,t) be a locally integrable function on [0, 00) x [0, 00),
and let F C R? be closed. Suppose that for each A = (A, \?)) € F the
limit
I A 51 A@)
op(N) = S’lfir_r)loo ﬁ/o /0 f(s,t) e IsHATD g gy

exists. Then or(A) =0 for all X € F outside a countable subset. Further-
more, given € > 0, the set F, :=={X € F : |o¢(A)| > €} does not contain any
subset which is dense in itself, i.e., F,. is a scattered set.

Proof. Recall that a scattered subset of R? is countable (since the plane
satisfies the second-countability axiom), thus it will be enough to show the
second statement.

For every A € F define

IR .
or(A, S, T) = —/ / F(s, 1) e i OVt AP0 g0 g1
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More generally, we consider

I (1) e A2
o¢(A, S, T, So, Ty) := —/ F(s, 1) e AP0 g gy
ST Js, J,

EA(S, T, So,To) = Jf()\ S T So,To) — Jf()\)

a¢(X, So, Tp) := ;1>1£|0f()\ S, To)| + sup|af()\ So, T)] .
0

Observe that convergence of of(X, S, T") implies that 7¢(X, So, Tp) is finite
as soon as Sy, Ty are sufficiently large (the starting point for finiteness may
depend on A). Furthermore, an easy computation shows that

(#) 0s(N, 8, T, S, Tp) =

So 1o STy
O'f(A, S, T) - gO’f(A, S(),T) - TO’f(A S To) ST

Consequently, a¢(A, Sp, Tp) < oo implies () = SlTim (X, S, T,S0,Tp),
ie., Sljlm ex(S, T, S0, To) =0 (and it is not hard to see that the condition is

(X, So, 1) -

necessary as well to be able to drop the ”initial segment”, see also Remark 1.
below).

Our next aim will be (see (**) below) to derive an asymptotic expression
for of(XN+ p, S, T, Sy, Tp) when A, Sy, T, are fixed. First, we assume that
f is continuous. For shortness, we write €x(S,T') instead of ex(.S, T, Sy, Tp)

and eX(s, ) = e iAWY
Since  stex(s,t) fSo fTo u,v) eMu,v)dudv — stop(X), we obtain by
Fubini’s theorem

0% (stex(s,t))  0?(stea(s,t))
Gl = oras  —Js0s 0 —op(N).

Fix A € F and take any p = (1™, u®) € R%2. We have
O'f(A + [,I;,S,T S(],To) =

2
/ / et (s,t) dsdt+—/ / Tstexlst) et (s, t)dsdt.
So JTo So J T 08815

We denote the second integral of (*) by I and we use integration by parts
in order to bring it to a convenient form.

STI:/S[ Tgwe“(s,t)dt}ds:
So

T, Ot 0s
[ 1A [ Jasen ['[ T2 ey afan

t=To o
By the definition of partial differentiation, for every ¢, we have

d(stex(s,t)) _ O(stoex(s, o))
ds '

t=to 0s

0
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Considering this equality and using another integration by parts for the
second integral above, we obtain

S O(sT ex(s, T
STI = /a(s x( ) e#(s,T)ds +
S

0s

0
S

T

W(2)/ [sek(s,t) et (s,t) }tdt — uMp® / / stex(s,t) el (s,t)dtds.
To s=50 So JTo

Another integration by parts for the first integral above yields, I =

So " i "
(ex(S,T) e*(S, T)—ge)\(So, T)e*(So,T)) + 5 /36)\(3 T)et(s,T)ds+

i@ [T s u“ @)
/ [s ex(s, t) et (s,t) ]tdt / / stex(s,t) el (s,t)dtds.
ST To s=So So J Ty

—ir 1 )
Put K(x) = © (= 2e7%2 ;505

x
Clearly we have |K(z)| < 1 for x # 0. Using (*) and the computation of
I =1(S,T,Sy, Ty, A\, ) above, we get
(**) O-f(A + M, Su T7 SO: TO) -

Jf()‘) K(M(l)S)K(:U(Z)T) + R(Sa T7 507 T0> )‘7 l’l‘) ’
SoTo

2, with K(0) = 1 for continuity.

where R(S,T,SO,TO,)\,H):af()\)< K (M So) K (1 Ty) —

ST
Y T
?OK(M(I)SO)K(M@)T) - T ( I)S) (:U@ TO)) + I(Sa T7 SOa TOa )‘7 l’l‘) :
Since the final expressions are compatible with approximations in the
L'-norm, (**) holds for arbitrary locally integrable f.
Write I =1 + Iy + I3+ Iy and assume that &7(X, Sp,Tp) < oo. Then
Slj@m ex(S,T) = 0, and simple computations, using summability argu-

ments, show that

lim sup |1;(S, T, So, To, A, )| =0 j=1,23,4,
ST=00 (1,0 | <2m/S,|u®) | <27 /T}

and finally, it follows that 7 (X, Sp, Tp) < oo implies
lim sup ‘R(S7 T7 S()?TOaAa /J’)| =0.

ST=00 (1) | <om/S, @) | <27/ T}
Put d = (‘11‘1f‘ . |K( )JK(y) — 1| and recall that d > 0. Given A and
max(|z|,|y

So, Tp such that af()\ S0, To) < o0, it follows from (**) and the uniform
estimate for the remainder R described above that to any preassigned 6 > 0
we can find n > gsuch tha% for any p with 0 < max(|u™M], |p®|) < n
there exist S > ?0, T > ?0 satisfying max (|upVS|,|u®T]) = 1 and
oMK (WK (uPT) — ap(A+p, S, T)| <6 . Then the definition of d
implies

(##) 0y(A) =0y (A+ 1,5, T, 5, To)| > |op(N)|d =6 .
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Next, we claim that given any XA € F with o(X) # 0 and Sy, T such that
7 (X, So, Tp) < oo, we can find 1 (= n(A, Sy, 7o) ) > 0 such that for any p
with 0 < max(|p™|,|u®]) <n there exist S’ > Sy, T" > Ty satisfying

(*5%) 0,(N) = oA+ 1, 5T > oy (V)] %l-

For this, we choose § > 0 so that § (1+3Jos(A)|[(1+ %)) < 4|os(N)], and a
corresponding n > 0 leading to (##). Then, if S, T satisfy (##), we want
to show that at least one (S',7") € {(S,T), (So,T), (S, Tv), (So, Tp)} must
satisfy (***). We argue by contradiction, i.e., we assume that the converse
of inequality (***) holds for these four points. Using (#), this implies

So 1o

(1) (1= 05 () = 0y (i, 8,750, Ty) | =
’ (Jf()\) — Jf()\—f—[,l,, S,T)) - % (Jf()\) — Uf()\+M, SO,T)) —

T SoTi
7 (0N = oA+ S, T) + o (oY) —af<A+u,so,To>) <
S
(H;) \Uf }—

Combined with the lower bounds for S, T and with (##), we arrive at
|O-f(A)‘ d — 6 < |O-f(A) _O-f(A+M7S7T7507TO> ‘ <

d d
33 |o (N + (1 +30) oy (N)| 5 = lop (N[ (30 + (1+39)3) ,
but this contradicts our choice of §, proving (***).

Now for € > 0 given, we show that F; is scattered. Assume the contrary,
then F, contains a (necessarily infinite) subset A which is dense in itself (i.e.,
every point of A is an accumulation point of A). We will construct induc-
tively a decreasing sequence (B;) of open balls in the plane which intersect
A and two non-decreasing sequences (5;) and (7}) tending to infinity, with
the property that

d .
‘O’f(A, SQj,TQj) — O'f(A, S2j+17T2j+1) | > EZ for all A & Bj, ¥ Z 1.

Let By be the whole plane and choose Sy, 77 arbitrarily. For j > 0, assume
we have already defined B;_;, Sgj_1,T5;—1 . Take an arbitrary A; € B;_1NA
and choose Sy > Sgj_1+ 1, Ty; > Thj_1 + 1 satistying 7 4(A;, Saj, Th;) < 0o
and  |op(A;) — op(Aj, S95,Ta;)| < €4. Now consider an open ball B’
around A; of radius n > 0 such that B' C Bj_1, n < n(\;,S2,Ts;) and
lor(Nj)— crf()\ Saj, Thj)| < €4 holds for all X € B' (observe that of(X, S, T)
depends continuously on )\) Since A is dense in itself, there exists g # 0
such that X' = A\j + p € B'N A. Then (with A = X\;, Sy = Sy,
Ty = T;) choose SQJH (=9, Tyjy1 (=T") satistying (***). Finally, take
for B; an open ball around A" such that B; C B" and |0 (A, Saj41, Tojr1) —
af()\’, Sajit1, Tojy1)| < €2 holds for all A € B;. Then it is easy to see that
Bj, S5;,T5;, S2j4+1, T»j+1 have the properties stated above.
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Take X € (;5; B;j. Then our construction implies that lim oz(X, S;, T))
> il

does not exist, giving a contradiction. Hence F, is scattered and the theorem
is proved. 0

Corollary 4.4. Let f(s,t) be a locally integrable function on [0, 00) %[0, c0),
then the set of X € R?* where the limit o¢(\) exists and has a value different
from zero is at most countable.

Proof. This follows from Theorem 4.3 in the same way as in [10, Théo-
réeme 2]. O

Remarks. 1. For a fixed value of A, say A = 0, it is easy to give examples
of functions f where o4(0) exists and 77(0,5,7) = oo for certain S,T.
Take e.g., f(s,t) =n for (s,t) € [n —1,n) x [0,1), f(s,t) = —n for (s,t) €
n—1,n) x[1,2), f(s,t) = 0 otherwise. Then (0, .5,1) = oo for all S and
limg 700 crf()\ S, T, Sy, 1) does not exist for all Sy. But of course, in this
example (0, )\(2)) does not exist for \® #£ 0,27, ... .

In the discrete case, one can show in a similar way as in Proposition 5.1
that if f is Hartman almost periodic on N? (with Ayy = [0, N] x [0, M],
N, M > 0), then a¢(A, N, M) < oo for all X\, N, M.

On the other hand, on [0, 00)? (the setting of Theorem 4.3), one can use
constructions as in Remark 1 of Section 5 to find Hartman almost periodic
functions f for which (X, S,1) = oo for all A, S and 6¢(X,S,T) < oo for
all A, S when T > 2.

2. The proof gets easier when 7¢(X, S, T) < oo for all A, S, T (and one can
follow more closely the pattern of [8]). This holds in particular if f € M.
More generally, the weaker condition

ST/ / f(s,t)e —IAMS AR 1o gt < 00

is sufficient (this is a special case of the condition in Berend et al. [3, The-

sup sup
S, T>0 (1) \(2)eR

orem 4.2]).
3. With some further arguments, the same conclusions as in Theo-
rem 4.3 and Corollary 4.4 can be shown for Agy = [-S5,5] x [-T,T],

(S,T) € R" x R" (even in the one-dimensional case, the extension of Ka-
hane’s theorem to symmetric averages over [—7', T'| or [-N, N] requires some
additional techniques).

4. Another notion of almost periodicity in the two dimensional case
was considered by Hartman in [6, p. 350], providing also a generalization of
Kahane’s theorem ([6, Satz 5]). It is based on iterated limits lim lim

S—o0 T—o00

and does not fit into the general scheme of our definition.

Corollary 4.5. Let (aym,) be a (double-)sequence of complex numbers. For
Xin [—m, 7?2 (A= (AD, A?)) consider the unrestricted limit

WA @
O-a(A) :N%\l/[nl)OONMZZ pym © i(AD A2 )

n=1m=1
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Then the set of X € [—m,w]* where the limit 0,(X\) exists and has a value
different from zero is at most countable.  Furthermore, if F is a closed
subset of [—m,m|? and o,(\) exists for each X € F, then given € > 0, the
set Fo:={X € F :|o,(A)| > €} is scattered.

Proof. Again, we write e*(s,t) = ¢ * AV stAP)  Take some A for which

04(A) exists. Then it follows from the discrete counterpart of (#) that

aNm :
N}\IJIEOONM 0 N%&[IEOONMZGNWZG ( )—0 and
N}\/l—wx) N Z anpre™(n, M) = 0. Denote by [z] the greatest integer not

exceeding and note that [z]/z — 1 as x — oc.
Put f(s,t) = apm for (s,t) € [n — 1,n) x [m — 1,m), extending (@) to a
function f on [0, 00]? . Now, for A\, A?) =£ 0, easy computations show that

N oM N (1 . ez‘)\(l))(l . ei)\(2) N M
/0 /0 f(s,t)er(s, t)dsdt = YOI ZZanme (n,m)

n=1 m=1

[s] pl7]
and /OS/OTf(s,t) (s, t) dsdtz/os /OT f(s,t)e*(s,t) dsdt+ o(ST) .

It follows that, o¢(A) exists if and only if o,(A) exists and that o;(A) =
(1 . ei)\(l))(l . ez‘)\(Q))

04(X). The case where A or A are equal to zero

YOG
can be handled in a similar way. Now we can apply Theorem 4.3 and
Corollary 4.4. O

Remarks. 5. A further generalization of Theorem 4.3 is to replace f by a
finite measure ¢ on the ring of bounded Borel sets in [0, 00) X [0, 00) which
is o-additive on the subsets of [0, N]? for all N. Then formula (**) still
holds (by w*-approximation) if | 55; fTY; is interpreted as the integral over
the closed rectangle [Sp, S| x [Ty, T]. This also contains Corollary 4.5 above.

6. If G is a compactly generated, locally compact, abelian group, then
a classical structure theorem ([7, Theorem I1.9.8]) gives an isomorphism
G =2 R*x Zb x K, where a,b > 0 and K is compact. This can be used
to define a family (4;) (indexed by R** x N°) so that the conclusions of
Theorem 4.3, Corollary 4.4 hold for the corresponding class of Hartman
almost periodic functions (or measures). On the other hand the following
example shows that this does not hold for other families (A;) that are com-
mon when defining limits in multi-dimensional harmonic analysis (compare

Example 2.3 (iv)).

Example 4.6. For G = 7% Ay = [, NJ* (N = 1,2,...), there exists a
(double-) sequence a = (anm) € My, for which the limit

1) ._ L —iAWnA@ )
SRECR I o) SPPS L

n=1 m=1
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exists for every (AW, \®@) € [—7, 7] (thus a is Hartman almost periodic),
but |,(0, \®)| = 1/2 for every \® € [—x, 7.

Define a,,,, as follows: put a,; = n for any n > 1 , otherwise put a,,, = 0.
Clearly, we have

—ix@ N 1

0,(0,\?) = lim

N—oo [N2? 2
n=1

On the other hand, D, (u) = > _,e*" satisfies |D,(n)| < 4/|p|, for
0 < |u] <7, hence Abel’s summation by parts gives

N
’ E ne't"
n=1

Thus o,(AV, \@) = 0, if AV £ 0.

= ’NDN(:U) - ]::Dn(u)) < %

5. SOME FINAL OBSERVATIONS

We discuss some further results in the one-dimensional case, concerning
subsequential convergence with respect to various families of subsets (A4;).

Proposition 5.1. Let (a,) be a sequence of complex numbers. Let (Ny) be
a subsequence of N with bounded gaps, i.e., M = limsup (N1 — Ny) < 00,

k>1
and assume that the limat B
1
e Vi A tAT
7= fim 7 3 e

ezists for every A € F, where F' C [0, 27 has at least M elements. Then the

1 .
limit o,(A) = Jim 5 Zjvzl aje”™N exists for all A € F. Therefore, o,()\)

has the same properties as in Theorem 4.3 and Corollary 4.5.

Proof. Let A\q,..., Ay € F be distinct elements. By the existence of the
limit at these points, and by Ny, 1/N, — 1, we have

N1 N
1 a.e*i)\vj _ 1 a.e*i)\vj _
N, ! N, ! B
k+1 k+1
= 7j=1
1 . . .
— iy (NE+1 —iA — iy (N, —Np—1
N—e o )(aNk+1 tan,426 7Vt an, € v (N = )) -, 0,
k+1

forv=1,2,..., Nyy1 — Ny (which is not bigger than M if k > k is large
enough). Put M}, = Ny, — Ny —1 and writing the above relations in matrix
form, we have

1 e—i)q . e—i)qu

4 4 AN +1
1 e oM AN +2
: : — 0 fork — .
Nk‘-I—l 1 e*i)\Mk . efi)‘MkMk ANy -1
1 e WM+ ... g iAM 1My ANy
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Denote by (V) the sequence of matrices arising above. Vj is a Vandermonde
matrix of order at most M, for every k > ky. Since Aqi,..., Ay are all
distinct, Vj is invertible, hence sup;~;, ||V, || < co. We have

) >

Nig+1

ax s same VIS IV o IVidaeens s aw,., V| = 0.
Nig+1
|a;]

— 0.

" denotes transpose). This yields that max

( P ) Y Np<j<Npt1 Npi1
1, .

Now, let Ny <n < Njy1, then —} aje N — aa()\)’ <
n =1

J

1 N Ny 1
— aie”™ — g, (N)| + (Nyp1 — Ni)— max |a;|. Combined, we
Nk‘]; j M| + (Nt k)Nk Nk<j§Nk+1‘ il

obtain lim & >or_yaje”™ = 0,()), and we may apply the original theorem

n—~o0

of Kahane. O

Remarks. 1. In the continuous one-dimensional case, the statement cor-
responding to Proposition 5.1 is false. Take any strictly increasing sequence
of real numbers (T,), tending to infinity and consider the real intervals
A, =[0,T,]. Given any continuous function g: R — C, one can construct

a locally integrable function f such that
1 [

lim — f)e ™Mdt = g(A)  forall AeR.

This can be done as follows: let R, ;h denote the restriction of a function

h to the interval [a,b]. By an easy duality argument, one can see that
for any finite numbers a < b, ¢ < d the set {Ropf : f € Li([e,d])} is
dense in the space of continuous functions on [a,b] with respect to || - ||
(indeed: otherwise, by the Hahn-Banach theorem, there exists a non-zero
measure g on [a,b] such that [ fdu = 0 for all f € Ly([e,d]); by the
inversion theorem this would imply that the Fourier-Stieltjes transform [
vanishes on [—d, —c|; but this is impossible since fi is the restriction of a
non-zero entire analytic function). Then, by induction, assuming that f;
have been defined for 1 < j < n, we can find f,, € Ly([T},—1, T,,]) such that
IRz, 79— 7 iy filllo < & (n=1,2,...). Clearly, we put f,(t) =0
for t ¢ [T,,—1, Tp], and then f =777, f; will do the job.

Such a behaviour cannot occur for functions f € M, see 3. below.

2. In [8, Remarque 1], an example is given of a function f on R for which
of(A) = —% for infinitely many A (with 4, = [0,¢] for t € R, ¢ > 0).
But with the definition of [8], 04(0) does not exist, hence f is not Hartman
almost periodic. As a remedy, this can be modified as follows. Given a
strictly decreasing sequence (€,) with €, > 0 and ) ¢, < oo, choose an
increasing sequence (7,), Ty = 0, such that ﬁ ZN L — 0 (for N — o0)

n=1 e,
and put f(t) = SN sin(ent) for Ty < t < Ty, f(t) = 0 for t < 0.
Then f has the properties as claimed in [8], in particular f is Hartman
almost periodic and oy(+e,) = —% for all n. In this example the stronger
properties of Corollary 3.2 do not hold.
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More generally, one can consider f(t) = ZnN:1 ay, sin(e,t) as above, as-
suming »_ |an€,| < oo and (T,) is chosen so that ﬁ PN |22 — 0 (for
N — 00). Again f is Hartman almost periodic and oy(+e,) = —*%= for all

n. Thus o¢(\) can be unbounded.

3. If (Vi) is an increasing sequence of real (or integer) numbers for which
Niy1/Np — 1 and for a function f on R (or Z), we have f € My, then it
can be shown by similar techniques as in Section 4 that o¢(\) (defined with
respect to Ay = [0, Ni], kK =1,2,...) has the same properties as described
in Theorem 4.3 and Corollary 4.5. But in general, existence of the limit for
Ay, = [0, Ni] does no longer imply existence of the limit for the ”full” family
0,¢], ¢t > 0.

4. Let (Ni) be an increasing sequence for which Ny, /Np — oo and
consider again limits defined with respect to Ay = [0, Nx] (k = 1,2,...).
Then, using Riesz products, one can define a function f on R, such that
f >0, feM,, fis Hartman almost periodic and o;(\) = 1 for uncount-
ably many .

5. If G is any locally compact abelian group, f € M is Hartman almost
periodic, then similar to Theorem 3.1, there exists a measure ¢ on G* such
that oy = ¢ (thus oy is a linear combination of positive definite functions).
Furthermore, if p(A4;) — oo, it is easy to see that os(x) = 0 holds almost

everywhere (with respect to Haar measure on G; equivalently, ¢ vanishes
on G). We restrict to sequences (Ay) with u(Ag) — oo (or to families (A;)
having a countable cofinal subfamily with this property). If ¢ is any measure
on G*\ G , an abstract characterization for the existence of a family (Ag)
such that ¢ = o for some f € M, are the conditions a),b) of [14, Theorem
1]. Clearly, o has to be of first Baire class. Since o¢(x) = 0 at every
point of continuity, it follows easily that {y € G : los(x)| > €} has to be a
nowhere dense set of measure zero for every € > 0 (this gives a necessary
condition for any sequence (Ay) as above and any Hartman almost periodic
fe M.

We return to the case G = R (similarly for G = 7Z). Fixing a particular
family (A;) imposes further restrictions on the measures ¢ (respectively
functions ¢) that can appear, e.g., Kahane’s theorem for the ”full” family
Ar = [0,T]. Even in that case one can construct (similar as in Remark
3) a Hartman almost periodic f € M; for which {A € R : |of(\)] > €}
is infinite for some e¢ > 0. Hence, in this example ¢ ¢ Li(G*, u*), i.e.,
the analogue of Theorem 3.1 does not hold. As a further property in this
example, {A € R : |os(\)| > 0} need not be scattered. Remark 3 (and
also Example 4.6) shows that different families (A;) can give less restricted
classes of measures ¢.
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