ALMOST EVERYWHERE CONVERGENCE OF POWERS
OF SOME POSITIVE L, CONTRACTIONS

GUY COHEN, CHRISTOPHE CUNY, AND MICHAEL LIN

ABSTRACT. We extend the solution of Burkholder’s conjecture for products of conditional
expectations, obtained by Delyon and Delyon for Ly and by Cohen for L,, 1 < p < oo, to the
context of Badea and Lyubich: Let T' be a finite convex combination of operators T; which
are products of finitely many conditional expectations. Then T" f converges a.e. for every
feL, 1<p<oo, wihsup, |T"f| € L,. The proof uses the work of Le Merdy and Xu
on positive L, contractions satisfying Ritt’s resolvent condition. As another application of
the work of Le Merdy and Xu, we extend a result of Bellow, Jones and Rosenblatt, proving
that if a probability {ax}rez has bounded angular ratio, then for every positive invertible
isometry S of an L, space (1 < p < 00), the operator T = 3, , apS* is a positive L,
contraction such that for every f € L,, T™f converges a.e. and sup,, |T"f| € L,. If {ax} is
supported on N, the same result is true when S is only a positive contraction of L,. Similar
results are obtained for p-averages of bounded continuous representations of a o-compact
LCA group by positive operators in one L, space, 1 < p < co. For a positive contraction
T on L, which satisfies Ritt’s condition and f € (I —T)*L, (0 < a < 1) we prove that
n*T"f — 0 a.e., and sup,, n®|T™ f| € L,,.

1. INTRODUCTION

Let (S, B) be a measurable space and P(x,A) : S x B — [0, 1] a transition probability,
with Markov operator Pf(z) = [ f(y)P(z,dy) defined for bounded f. When m is a o-finite
measure on B which is P-invariant, the operator P can be extended to a contraction of
Ly (S, m). Moreover P becomes a contraction in each L,(S,m) space, 1 < p < oo [38].

Hopf’s pointwise ergodic theorem yields that for f € L;(m) the Cesaro averages = > P* f
converge a.e., and also in Li-norm when m is finite. When m is a probability and P is er-
godic in Ly, i.e. when Pf = f a.e. for f € Ly holds only for f constant a.e., the limit is
[ fdm. When m is infinite and P is conservative and ergodic, the limit is 0.

It is therefore a natural question to study the convergence of the unaveraged sequence
{P"f}, in norm or a.e. The following general results for a.e. convergence are known:

1. If P* = P and —1 is not an eigenvalue, then P" f converges a.e. for every f € L,, p > 1
(Stein-Rota theorem [58] [57]; Rota’s proof yields the convergence also for f € Llog™ L [11],
but in general convergence may fail for f € Ly [52]).

2. If P is an aperiodic Harris recurrent operator with invariant probability m, then
P"f — [ fdm a.e. for every f € Li(S,m) by S. Horowitz [34].
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3. If P is a Harris recurrent operator with infinite (o-finite) invariant measure m, then
Prf — 0 ae. for every f € L,(S,m), 1 <p < oo [34].

4. If PP* = P*P and the spectrum of P as a contraction of Ly(S,m) is contained in
a Stolz region, then P"f converges a.e. for every f € L,, 1 < p < oo, by Bellow, Jones
and Rosenblatt [6, Theorem 14]. This can be applied to convolutions on compact Abelian
groups [18].

In the proof of [6, Theorem 14], it is shown that sup,, n||P" — P"*!|ly < oo under their
assumptions. The purpose of this paper is to study examples of positive contractions 7" on
L,(S,m) (1 < p < oo fixed) satisfying the condition sup, n||T" — T" || < co. We will then
apply the work of Le Merdy and Xu [44], [45], which yields for such operators the maximal
inequality sup |7" f| € L, and the a.e. convergence of {T™f} , for every f € L,,.

2. POWERS OF POSITIVE RITT CONTRACTIONS OF L,

The proof of Stein’s theorem uses spectral theory and the pointwise ergodic theorem.
Combining it with Akcoglu’s pointwise ergodic theorem [2] we obtain that if T" is a positive
self-adjoint contraction of the complex Ls(S, m) with —1 not an eigenvalue, then 7" f con-
verges a.e. Gaposhkin [29] extended Stein’s result to normal contractions with spectrum in
a Stolz region; see [6, Theorem 14].

In this introductory section we look at the a.e. convergence of T f for every f € L,(S,m),
where 1 < p < oo is fixed and T is a positive contraction on L,(S, m) satisfying

(1) supn||T" — T"|| = C < .

We also study equivalent conditions for (1). Much of this section is based on the work of Le
Merdy and Xu [44], [45] and Le Merdy [42]; it is included for the reader’s convenience, in
order to provide some completeness, as it is the basis for the next sections.

Nagy and Zemanek [51, p. 146] proved that if the resolvent R(\,T) of an operator 17" on
a complex Banach space X satisfies Ritt’s condition
(2) sup |A — 1] - [[R(A, T)]| < o0,
[AI>1
then its spectrum o(7") is contained in a Stolz region. Their main theorem is that T" satisfies
Ritt’s condition if and only if T is power-bounded with sup, n||T™ — T" || < oo; see also
[49]. Hence a power-bounded operator T satisfying (1) will be called a Ritt operator.

Lemma 2.1. The following are equivalent for a bounded linear operator T on a Banach
space X .
(i) T is power-bounded and sup, n||T" — T""|| = K < co.
(i) T is mean-bounded and there exists C > 0 such that
c Rl
(3) 1T 2| < = max | Y TVz| VzeX, ¥n>1
j=0

n 1<k<n
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Proof. The implication (ii) = (i) is easy.
If (i) holds, then obviously T is mean-bounded. For n > 1 and € X we have

n k—1
I NEEEI
k 1 7=0
Applying T™ we obtain
n k—1 1 n—1
[Tz < |[T"(I =T) H—ZH > Tl + T | EZT%H,
k=1 j=0 =0
which yields (3) with C' = K + sup,, [|T"]|. O

Definition. Let T be a bounded linear operator on a complex Banach space X. A closed
set F' C C is called a K -spectral set for T if

(4)  |lu(T)|| < Ksup|u(z)| for every rational function u(z) with poles outside F.
z€F

A K-spectral set necessarily contains the spectrum o (7).

Proposition 2.2. Let T be a bounded operator on a Banach space X. If a closed Stolz
region S is a K -spectral set for T, then T is power-bounded, and sup, n||/T™ — T" || < co.
In addition, there exist C' > 0 such that

n—1
(5) n|T"x| < C|Y Tz|| VzeX, Vn> 1.

=0
Proof. Since S is a subset of the unit disk, (4) yields ||7"|| < K sup,s|2"| = K. For a Stolz

—z _

region & we have (as observed in [6]) sup;,,es |1 7 = C <oo. For z € S we then have

2" = 2" = 2|1 = 2| < Clz|"(1 = [2]).
Since maxo<i<1 t"(1 — t) = (725)" -5, we have max.esn|2"(1 — z)| < C. Since S is a

K-spectral set, (4) yields [[n(T" — T"™)|| < C - K for every n > 1.
For z € S, Z 0 ! # 0, since a Stolz region does not contain non-trivial roots of unity.

Fix 1 < k < n and define u(z) = Zk . 2305 " 27, Then u(z) is a rational function
bounded on §. For z € § we have

k—1 n—1
L=z | Y P <CU— ") <CU—|2") <CL =2 =ClL—2[-|>_ 7.
j=0 Jj=0

Hence \Zf;é Z| < C]Z?;& Hfor 1 <k <nandz €S, sosup,glu(z)] <C. By the
functional calculus and (4),

k—1 n—1 n—1
1Y - Ta|| = [ju(T)> " Tix| < [|uw(T)]| ||ZT’IH<KSUP|U HZTJJ?H<KCHZTJIH~
=0 =0 =0

Using Lemma 2.1, we combine this with (3) and obtain (5). O
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Remarks. 1. For proving (1) we have used (4) only for polynomials, but for proving (5)
we used the full definition. An easy adaptation of Lebow’s lemma in [40, p. 66] shows that
when F'is a compact set which does not separate the plane, it is a K-spectral set as soon
as ||P(T)|| < Ksup,ep |P(%)] for every polynomial P(z).

2. The converse of the proposition may fail; Lancien and Le Merdy [39] gave an example
of a power-bounded Ritt operator 7" for which no Stolz region is a K-spectral set.

The following corollary was observed in [45, Remark 6.7].

Proposition 2.3. Let T be a power-bounded operator on a complex Hilbert space H. If
its numerical range W(T) = {{Tf,f) : |fll = 1} is contained in a Stolz region, then
sup,, n||T™ — T < co.

Proof. Let § be the closure of the Stolz region containing the numerical range. Since S
is convex, by Delyon and Delyon [22, Theorem 3| (see also Putinar and Sandberg [54]),
there is a Kg > 0 such that for every rational function u(z) with poles outside & we have
|w(T)]] < Kgsup,eg |u(2)], i.e. Sis a Kg-spectral set. We now apply Proposition 2.2. O

Remarks. 1. The numerical radius sup{|z| : z € W(T)} of a power-bounded operator
in H may be larger than 1. The assumption of the proposition implies a numerical radius
not exceeding 1, for which it is necessary that sup,, || 7"| < 2 (see [59]).

2. For a contraction T', the proposition was proved (independently of [22]) in [12].

Definition. A bounded linear operator on a Banach space X is called polynomially
bounded if there exists K > 0 such that ||P(T)|| < Ksup,<; |P(2)| for every polynomial.
Obviously polynomial boundedness implies power boundedness. If the closure of the open
unit disk D is a K-spectral set, then 7" is polynomially bounded.

Theorem 2.4. The following are equivalent for a bounded linear operator T on a Hilbert
space H.
(i) T is polynomially bounded and sup, n|T" — T"|| < oo.
(ii) There is a closed Stolz region S which is a K -spectral set for T.
(11i) T is polynomially bounded, and there exists K > 0 such that
n—1
(6) n|T"e|| < K> T/x| Vo€ H, ¥n>1.
j=0

(iv) T is similar to a Ritt contraction.

Proof. By Proposition 2.2, (ii) implies both (i) and (iii). (iii) implies (i) is easy, by putting
x=(I—-T)yin (6).

(iv) implies that T is polynomially bounded by von-Neumann’s inequality [55, Section
153]. The similarity to a Ritt contraction yields that also 7" is Ritt.

If (i) holds, then by [51] T satisfies (2). By a result of deLaubenfels [21, Theorem 4.4], T
is similar to a contraction S, which is necessarily also Ritt, so (iv) holds.
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Finally, we prove that (i) implies (ii). By the above, T is similar to a Ritt contraction S.
By Le Merdy [42, Theorem 8.1] (who uses the fact that in H Ritt operators are R-Ritt), S
has a Stolz region which is a K-spectral set; this easily implies (ii). [l

Remarks. 1. An alternative proof of (i) implies (ii) can be obtained by showing that
the polygon P constructed in the proof of (a)==(c) of [21, Theorem 4.4] can be taken to
have all its vertices except 1 inside D, with the Stolz region containing o(7") contained in
its interior, and then including P in another Stolz region.

2. In an unpublished note [43], Le Merdy proved that if T satisfies the conditions in
Theorem 2.4, then it is similar to a contraction with numerical range in a Stolz region.

Proposition 2.5. Let T' be a normal contraction on a complex Hilbert space H. Then the
following are equivalent:

(i) The spectrum o(T) is contained in a Stolz region.

(i) The numerical range W (T') is contained in a Stolz region.

(111) sup,, n||T"™ — T" | < oo.

Proof. (ii) implies (iii) by Proposition 2.3, and (iii) implies (i) by the above cited results of
[51] and [49].

Assume (i). Since T' is normal, the closure of W(T') is the convex hull of o(7T) [8], so
W(T) is in the same Stolz region as the spectrum. O

Remarks. 1. A direct proof that (i) implies (iii) is given in [6, p. 111] (and also in [45,
Lemma 6.3]).

2. Without normality (i) does not imply (iii). Let V f(x) = [ f(t)dt be the Volterra
operator on Ly[0,1]. Let S = (I + V)t and T =1 — V. Then ||S|| <1 [31, Problem 150],
and T is similar to S [1, p. 15], so T is power-bounded. By Lyubich [50], T does not satisfy
Ritt’s resolvent condition, so neither does S, while o(S) = o(T) = {1}.

3. We do not know if without normality (iii) implies (ii).

In view of Proposition 2.5, we rephrase the main consequence of Gaposhkin’s result: If T’
is a positive normal contraction on Ly(S, m) with sup, n||T™ — T"|| < oo, then for every
f € Ly(S,m), T"f converges a.e. We show below that with this formulation normality is
not needed, and the result extends to L,, 1 < p < oo.

Lemma 2.6. Fiz 1 < p < oo and let T be a power-bounded operator on L,(S,m) of a
o-finite measure space. If sup, n®||T™ — T""|| < oo for some a > 1/p, then T"f converges
a.e. for f in a dense subspace, and n°T"f — 0 a.e. for0 < B <a—1/pand f € (I-T)L,.

Proof. Put F(T) := {f € L, : Tf = f}. The mean ergodic theorem yields the ergodic
decomposition L, = F(I')@& (I —T)L,. For f = (I —T)g and 0 < 8 < a — 1/p, the
assumption yields n?||T"f|| < C||g||/n*?, so >0 ,(n®|T"f||)? < co. By Beppo Levi’s
theorem Y>>  nPP|T™ f|P converges a.e., so n®|T™ f| — 0 a.e. Hence T f converges a.e. for

feFT ®I—-T)L, O
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Remarks. 1. Léka [41] constructed for every a € (1/2,1) a contraction T on a Hilbert
space (which can be Ly(S,m)) such that o(T) = {1} and [|T" —T""!|| < n®. We are grateful
to J. Zemanek for this reference.

2. For T a positive contraction satisfying the assumptions with o = 1/2, there can be
functions f for which 7™ f does not converge a.e. For an example see [56, Theorem 10].

The following theorem is due to Le Merdy and Xu [45, Theorem 4.4 and Corollary 5.2].
Theorem 2.7. Fiz 1 <p < oo and let T' be a positive contraction of L,(S,m) of a o-finite
measure space. If sup, n||T" — T" || = C' < oo, then T"f converges a.e. for every f €
L,(S,m), and for some ¢ > 0, H sup,, |T" f| Hp <c||fll, for every f € L,(S,m). Moreover,

{nk}t

mn S i3 M — 1
(7) | sup {770 f12+ 3|1 f = T fEY O, < Cogllfll, for 2< g < o0
k=1

Remark. The a.e. convergence follows already from combining Lemma 2.6 with the
maximal inequality of Le Merdy and Xu [44, Theorem 4.1].

Corollary 2.8. Let T be a positive contraction of L,(S,m). If T™ converges weakly in L,
and for some integer d > 1 we have

supn||T" — T < oo |
then T™ f converges a.e. for every f € L,(S,m), and sup, |T"f| € L,(S,m).

Proof. Since T™ f converges weakly, the fixed points of T¢ are only those of T, and lim,, 7" f =
lim, T f = Ef (weakly) for every f € L, and 0 < r < d. By Theorem 2.7 T™T" f con-
verges a.e. for every f € L, and 0 < r < d, and the limit is £'f, which easily yields the
assertion. 0

Example 1. Convolution powers on compact Abelian groups
Let G be a compact Abelian group with normalized Haar measure m, and p a probability
measure on GG which is assumed strictly aperiodic, i.e. |fu(y)] < 1 for every character v # 1.
Put Tf = px f for f € Ly(G,m). Conze and Lin [18, Theorem 5.3] proved that u™ * f
converges a.e. for every f € L,, 1 < p < oo, if and only if for some d > 0 we have
(8) sup w < o0.

S Tl

Since the characters are an orthonormal basis of eigenvectors, it follows easily that o(T) is
the closure {/i(v) : v € G}. Condition (8) means that o(T%) is contained in a Stolz region
6], so by Proposition 2.5 the condition of Corollary 2.8 holds. The example in [18, p. 558]
shows that the conditions of Corollary 2.8 may hold with d = 2, but fail for d = 1. Thus,
(1) is not necessary for the a.e. convergence.

Theorem 2.9. Fiz 1 < p < 0o and let T' be a positive contraction of L,(S, m) of a o-finite
measure space. Then the following are equivalent:
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(i) sup,, n||T" — T" || < oo.
(i1) There exists C, > 0 such that

) (S i -7 sy

n=1

= Collfll,  for every f € Ly.

(11i) There ezists a closed Stolz region S and a constant Kg > 0 such that

(10)  |Jw(D)|l, < Kgsup|u(z)|  for every rational function wu(z) with poles outside S.
z2€S8

(iv) There exists a constant K > 0 such that n||T" f|| < K|| Z;:g TV f|| for every f € L,
andn > 1.

Proof. 1f T satisfies (i), then (9) holds by putting m =1 in [44, Theorem 3.3(2)].
Assume now that (9) holds. By [42, Lemma 5.4] there is a C' > 0 such that

(1) |l =mere )| <clnly vreL,
n=1 4

The identity (see beginning of the proof of [13, Proposition 2.2])

n 2 n
D k(k—1)(I - T)° T+ =21" — > oT*
k=2 n 1 k=0

1

(12) n(I —T)T" ' — p—

together with the estimate (by the Cauchy-Schwarz inequality)

1« PR
13 k(k —1)(I =TT f|” <Y K|(I —T)*T*f|?
(13) 1 2 R = DU =TT < 3 I =TT
and (11) yield (i).

(iii) implies (i) and (iv) by Proposition 2.2. (iv) implies (i) by the argument used to prove
that (iii) implies (i) in Theorem 2.4.

Assume (i). By Le Merdy [42, Theorem 8.3] 7" has a bounded H>°(S) functional calculus
for some closed Stolz region S, i.e. (iii) holds. O

Remark. For p = 2, see also Theorem 2.4, where positivity is not needed.

Corollary 2.10. Let Ty, ..., Ty be positive contractions on Ls(S, m) such that the numerical
range of each Tj is included in a Stolz region, and put T = Zjvzl a;T; with a; > 0 and
Z;.V:l a; = 1. Then T satisfies all the properties of Theorem 2.9 with p = 2, and T f
converges a.e. for every f € Lo(S,m), with Lo integrability of the strong q-variation for
2 < q < o0.

Proof. We show that when T} are operators in a Hilbert space (not necessarily positive,
nor contractions) such that W (7}) is contained in a closed Stolz region S;, then W(T') is
contained in the Stolz region & = Ué-V:lSj. Since Stolz regions are comparable, we have that
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indeed S is a Stolz region, and W (T;) C S for every j. Then for || f|| = 1 we have

(Tf, f) = Z%Tff

by convexity of Stolz regions. This 1mphes, by Proposition 2.3, that when the T are positive
contractions, T" satisfies (i)-(iii) of Theorem 2.9. The a.e. convergence follows from Theorem
2.7. OJ

Proposition 2.11. Fiz 1 < p < oo and let T' be a positive contraction of L,(S,m) of a
o-finite measure space satisfying sup,, n||T™ — T" || < oo. If f € (I — T)L,, then:

(i) >0 T f converges a.e. and in Ly-norm, with sup,, | > _,T* f| € L,.

(1) nT" f — 0 m-a.e. and in L,-norm.

Proof. For f = (I —T)g we can assume Fg :=limT"g = 0, by the ergodic decomposition.
The assertions in (i) follow directly from Theorem 2.7, and Y ,_, T* f converges to g.
By the proof of Theorem 2.9, we have that > o, k*|(I — T)?*T*g|? < oo a.e., so by the

Cauchy-Schwarz inequality and Kronecker’s lemma

1 < 1 <

—N k(k—=1D(I =TT g < =Y KNI -T)’T"g> -0 ae.

[ Dok = DU = TPT < LSS TPTSP 0 ae
Since Fg = 0, we obtain the a.e. convergence in (ii) by applying the identity (12) to g. Now
(13) and (11) yield

1 n
1= Y k(k=1)(I =T)*T*| -0
k=1
by Lebesgue’s dominated convergence theorem, so |[nT" f|| — 0 using (12). O

Example 2. Some convex combinations of powers of a contraction.
Let 1 < p < oo and let S be a positive contraction of L,(S, m). For a € (0,1) we define T" =
> S™, where ¢, = Y —. In the power series expansion (1—1)* =1-> 77, a,(f)tk

n=1 Ca n1+a
()

for |t| < 1, the coefficients are a; ' = « and
o
(14) al® = i [[G-a) fork>1
=1

Since (k + )ak+)1 = ‘Z’“ ~[140(3)] [61, vol. I, p. 77, we have

1 o
(15) ch i — Caay”] < o
k=1 ¢

with C, = I'(1 — a)/ac,. Combining Dungey’s [28, Theorems 1.1 and 4.1(II)], we obtain
that sup, n||T™ — T" || < co. By Theorem 2.7, T™ f converges a.e. for every f € L,,.

Remarks. 1. The case a = % of the example was presented in [6, p. 116] for normal con-
tractions S in Lo, showing the spectrum is in a Stolz region and deducing a.e. convergence.
Proposition 2.5 applies in that case.
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2. Theorem 1.3 of [28] shows that a power-bounded T satisfying (1) must be of the form
in the example.

3. Dungey [28, Theorem 3.1] proved that if for a probability distribution {aj : £ > 0} on
N with ag < 1 the operator T := Y7 ; axS* with S power-bounded always satisfies (1), then
Y peo kar = 0o, hence {ax} has infinite support. The situation is different for probabilities
on Z and S unitary — see [6].

3. CONVERGENCE OF POWERS OF POSITIVE DUNFORD-SCHWARTZ CONTRACTIONS

As mentioned in the introduction, Markov operators with o-finite invariant measures
can be extended to become contractions of all the L, spaces. An operator T on L;(S,m)
which extends to a contraction of each of the L, (S, m) spaces is called a Dunford-Schwartz
operator. The Dunford-Schwartz theorem is that if T is a Dunford-Schwartz operator, then
%22:1 T*f converges a.e. for every f € L,, 1 < p < oc0.

The following theorem is a special case of Blunck’s interpolation theorem [10, Theorem
1.1].

Theorem 3.1. Let T be a Dunford-Schwartz operator. If sup, n|T™ — T" ||, < oo for
some 1 < r < oo, then sup, n||T"™ — T" ||, < oo for every 1 < p < .

Combining Theorems 3.1 and 2.7 we obtain the following.

Corollary 3.2. Let T be a positive Dunford-Schwartz operator. If sup, n||T™ —T"||, < oo
for some 1 <r < oo, then for any f € L,(S,m), 1 < p < oo, we have sup,, |T"f| € L, and
T™f converges a.e.; moreover, for 2 < q < oo the strong q-variation is in L,.

Example 1 (continued)
If p satisfies (8), T'f = u? * f is a positive Dunford-Schwartz operator on L;(G,m), so by
Theorems 3.1 and 2.9 for every 1 < p < oo the spectrum J(T;l) is included in a Stolz region.

Example 3. Products of conditional expectations
Let (S,B,m) be a probability space, let Fi,..., E4 be conditional expectations, and put
T =E, - Ey---E;. The maximal inequality in [13, Proposition 2.2], with r = 1, yields that
supn|[(I —T)T"|l2 < oo. Hence, by Corollary 3.2, we obtain Cohen’s result [13, Theorem
2.7): for every 1 < p < oo and f € L,(S,B,m) the sequence {T"f} converges a.e., with
sup,, |[T"f| € L,(S,B,m).

Remark. The maximal inequality of Le Merdy and Xu used in Theorem 2.7 was not
available when [13] was written, though Blunck’s interpolation was.

Theorem 3.3. Let (S,B,m) be a probability space, let T = Zjvzl a; Ty with o > 0,

Z;.Vzl aj =1, and each T} is a product of d; conditional expectation operators Ej1, ..., Ejq;.
Then for every f € L,(S,m), 1 < p < oo, the sequence {T"f} converges a.e. and in
L,-norm, with sup,, |T" f| € L,(S,B,m), and (7) holds.
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Proof. Since each Tj is a product of orthogonal projections, it follows from [22, p. 39] that for
each T; the numerical range is contained in a closed Stolz region, so also W (T) is contained
in a closed Stolz region, by the proof of Corollary 2.10. Each T} is a positive contraction of
all the L,(S, m) spaces, and so is 7. By Corollary 2.10 we have sup,, n||T"(I — T2 < oc.
Now we obtain the maximal inequality and the a.e. convergence for every f € L, from
Corollary 3.2; together they yield the L,-norm convergence. 0

Remark. The proof shows that if T = Zﬁvzl a; T} is a convex combination with each Tj
a product of finitely many orthogonal projections on a Hilbert space H, then sup,, n||7"(I —
T)|l2 < co. This yields strong convergence (in H) of T", a special case of the main result
of Badea and Lyubich [4], who also describe the limit (a projection by the mean ergodic
theorem). Our proof adds in this case the rate O(2) for the convergence ||[T"(I —T')||» — 0,
proved in [4].

Example 4. Convolution powers on R

Let G be a locally compact non-compact o-compact Abelian group with Haar measure m,
and let p be a strictly aperiodic probability on G (defined as in Example 1). If the random
walk generated by p is transient, then Y 2 p" % f converges a.e. for any f € L(G,m) by
the definition of transience, so u" * f — 0 a.e. Since for any transition probability P(z, A)
we have |P"f(z)[? < P*(|f(z)[P) for 1 < p < oo, we obtain that p™ * f — 0 a.e. for any
feL,(G,m), 1 <p< oo. Thus the problem of a.e. convergence of convolution powers in
the non-compact case is only for recurrent random walks. If the random walk is recurrent
and some power of p is non-singular with respect to m, then the Markov chain is Harris
recurrent and " * f — 0 a.e. for every f € L,(G,m), 1 < p < oo, by [34]; moreover, if in
addition p is centered, has a finite second moment, and o(73) C DU{1} (where Tof = pux* f
for f € Ly(G,m)), then by Dungey [27] sup,, n||T"(I —T)||, < oo for 1 < p < oco. Thus the
a.e. convergence problem, say for R or R?, is for p recurrent strictly aperiodic with all its
convolution powers singular (e.g. discrete). It is known that on R o(7%) is the closure of the
range of the Fourier-Stieltjes transform of p (see Proposition 5.1 below), so when p on R is
strictly aperiodic and satisfies (8), o(T¥) is contained in a closed Stolz region, and we obtain
that u™ x f — 0 a.e. for every f € L,(G,m), 1 < p < oo, using Proposition 2.5, Corollary
2.8 and Corollary 3.2. The finitely supported p’ of [27, p. 439] is recurrent (being centered)
and strictly aperiodic, but since o(7T3) contains the unit circle, so does o(T%); hence u’ does
not satisfy (8) for any d > 0.

4. CONVEX COMBINATIONS OF POWERS OF POSITIVE Lp—CONTRACTIONS

In this section we study the a.e. convergence of the powers of T'= Y77 _ a;S*, where
{ak}rez is a probability on Z and S is a positive invertible isometry of an L, space, 1 <
p < oo. This problem was studied by Bellow, Jones and Rosenblatt [6],[7] in the case of
S induced by an invertible ergodic probability preserving transformation. When {a;} is
supported on N, we can define T" for any positive contraction of L, (see Example 2).
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Definitions [6]. Let pn = {ay : k € Z} be a probability on Z. 1t is called strictly aperiodic
if |@(A)] <1 for any |A| =1, 1 # X € C. A probability p has bounded angular ratio if

L)
N=1a£1 1 — (M)
If 1 has bounded angular ratio, then it must be strictly aperiodic. On the other hand, if p
is strictly aperiodic, then % is finite and continuous on any arc {|A| = 1, |\ — 1| > €},
so it is bounded on each such arc. Hence p strictly aperiodic has bounded angular ratio if
and only if

lim sup m < 00
1231 L= [A(A)]
For u = {ax} strictly aperiodic supported on N and S a power-bounded operator on
a Banach space, we put T = T,(5) := > o, arS". Then (see [6, Proposition 5] for the
convergence)

17 =T < (sup IS - [l" — 5" ley — 0.

Dungey [28, Theorem 2.1] proved a ”spectral mapping theorem” for 7),(5), namely
(16) o(T,(9) = > _ar?*: z € a(9)}.
k=0

Theorem 4.1. Let = {ax} be a probability supported on N with bounded angular ratio.
Then for every contraction S on a Hilbert space the operator T' = T, (S) has its numerical
range in a Stolz region, and satisfies sup,, n||T"™ — T || < oo.

Proof. Since p has bounded angular ratio, the range of its Fourier-Stieltjes transform is in a
Stolz region S. Let U be unitary. By the spectral mapping theorem (16) (which for unitary
operators is implicit in [6, p. 115])

(T, (U) = {D_ax\: X eo(U)} ={a(}) : Aeo(U)} CS.

By Proposition 2.5, sup, n||T;(U) — TpH(U)|| < co and W(T,(U)) C S. Now let S be a
contraction on H, and let U be a unitary dilation of S on a larger space H; containing H, so
S™ = EU™. Then n||T"—T"|| < n||E(T;H(U) —TSH(U) )|, and W(T,(S)) c W(T,(U)) C
S, which proves the theorem. O

Theorem 4.2. Let = {ax} be a probability supported on N with bounded angular ratio.
Let 1 < p < oo and for S a positive contraction on L,(S,m) put T = T,(S). Then
sup, n||T™ — T < oo. Consequently T"f converges a.e. for every f € L,(S,m), and
sup, |7 f| € L,(S, m).

Proof. Note that for p = 2 the claim follows from Theorems 4.1 and 2.7.
We first look at the right shift R on ¢, = ¢,(N), defined by R(cy,¢c2,...) = (0,¢1,¢2,...).
The shift R is a well-defined isometry on all the ¢, spaces, 1 < ¢ < oo, and by Theorem
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4.1 we have sup, n||T}(R) — T;*'(R)||» < oo. Now we apply Blunck’s interpolation (see
Theorem 3.1) and obtain that sup,, n|| T} (R) — T;*'(R)||, = K < oco.

Now define ¢y (2) = fozo arz®. Then ||¢n(S) — T,(S)|| — 0 for every power-bounded S,
and also for any fixed n we have [|¢}(S) — T7}(S)|| — 0. Now fix S a positive contraction
on our L,. By Coifman and Weiss [17] (see also [15]), for every polynomial ¢(z) we have

16(S)z, < lo(R)|le,- Hence for fixed n we obtain
nlITH(S) ~ TS) = Tim nlld(S) — 637 (S)]| <

Jim o (R) = 63 (Bl = nll T (R) = T (R < K.

This shows that T = T,(S) satisfies sup, n||/T" — T""|| < co. Now Theorem 2.7 yields the
a.e. convergence of 7" f and sup,, T"|f| € L,, for every f € L,,. O

When S is a positive invertible isometry of L, (1 < p < o), then S™! is an isometry
(= 1ISSHf = IS~ f]l). We show that it is positive. Let 0 < f € L, and write
S f =g — h with g,h € L, non-negative with disjoint supports. Then f = Sg — Sh, and
since positive isometries preserve disjointness of supports [38, p. 186], Sh = 0 and thus
h =0, s0 S7'f > 0. Hence for a positive invertible isometry S and a probability x on Z
(not supported in N) the operator T),(S) := > ;2 a,S* is a positive contraction of L.

Theorem 4.3. Let pn = {ay} be a strictly aperiodic probability on Z. Then the following
conditions are equivalent.

(i) i has bounded angular ratio.

(i1) For any fized 1 < p < 0o and any positive invertible isometry S on L,(S, m), we have
sup,, n|| T (S) — T ()] < oo.

(i1i) For any fited 1 < p < oo and any positive invertible isometry S on L,(S,m), for
every f € L, we have T}}(S)f converges a.e. and sup, T}}(S)|f| € L.

(iv) There is a 1 < p < oo, such that for any positive invertible isometry on L,(S,m), we
have sup,, n||TH(S) — T H1(S)]| < oo.

(v) For every ergodic invertible measure preserving transformation T on a probability space
(S,m) with Sf = fot and every 1 < p < oo, the operator T,(S) has the property that for
every f € Ly, T} f converges a.e. and sup, Ty|f| € L.

(vi) For any fired 1 < p < oo and any invertible operator S on L,(S, m) with sup,,c ||S™|| <
0o, we have sup,, n||T;(S) — T3 (S)|| < oc.

(vii) For any fivzed 1 < p < oo and any positive invertible operator S on L,(S,m) with
sup,ez 19" < oo and S~ positive, for every f € L, we have TH(S)f converges a.e. and
sup, TSI € Ly

Proof. We first prove that (i) implies (ii). Let R be the right shift on ¢5(Z), defined for
¢ = {c¢j}jez by R¢ = {¢;—1}. Then T,(R)C = p* c. The spectrum of the convolution
opertor T),(R) is the range of the Fourier-Stieltjes transform of p [37, Example 4.3.22], so it
is contained in a Stolz region since p has bounded angular ratio. By Proposition 2.5 we have
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sup,, n|| T (R) — T (R)[]2 < co. By Blunck’s theorem sup,, n||T}/(R) — T (R)||, = K, <
oo for every 1 < p < oo. The proof is now similar to that of Theorem 4.2. Fix 1 < p < o0
and let S be a positive invertible isometry on L,(S,m). Then S~ is also a positive isometry.
Define ¢y (z) = ZQZ_N apz®. Then [[¢YR(S) — T7H(S)|| — 0 as N — oo for each fixed n.
Since S is an isometry and ¢y = 2Ny is a polynomial, we have by [17]

Al TE(S) = T (S)]] = Jim nf[gh(S) — i (S)] = Jim nflSTHY (R () - w(S)] <

T | RN R (R) =95 (R, = lim nlluy (R) v (R), = nl| TE(R) = To (R)],

which shows that sup, n||T;;(S) = T;*'(5)]| < K.

Clearly (iii) implies (v), and (ii) implies (iii) by Theorem 2.7. Obviously (ii) implies (iv).

We show (iv) implies (v). Let Sf = for for 7 as in (v). By (iv) sup,n[|T;(S) —
T4 (S)|l, < oo, and by Blunck’s interpolation sup,, n||T(S) — T;+1(S)|l, < oo for every
1 < ¢ < oo. We now apply Theorem 2.7 in each L,(S,m).

Assume (v). If 11 does not have bounded angular ratio, then by Losert [47, Theorem 2] p
has the strong sweeping out property — there is 7 as in (v) for which there is a set A with
limsup S™14 = 1 a.e. and liminf S"14 = 0 a.e., contradicting the assumed convergence in
(V).

Clearly (vi) implies (ii) and (vii) implies (iii). The proof that (i) implies (vi) and (vii)
follows from Theorem 5.6 and Corollary 5.8 below. U

Remark. In [6] it is shown that (i) implies (v).

Proposition 4.4. The set of strictly aperiodic probabilities on Z. having bounded angular
ratio 1s convex, and is closed under convolutions.

Proof. Let = {ay} and v = {by} be strictly aperiodic probabilities with bounded angular
ratio, and let n = tu + (1 — t)v, 0 < t < 1. The support of 1 is the union of the supports
of p and v, so n is strictly aperiodic. By definition, i = tii + (1 — t)0, so 1 — |5(N\)| >
t(1 —|a(N)]) + (1 —=¢)(1 —|2(N)|), which yields

[T =AM <1 =)+ (1 =)L =2A)] <

Cit(1 = [a(N)]) + Co(1 = )(1 = [P(N)]) < max{Cy, Co}(1 = [A(A))),

so 1 has bounded angular ratio. For the convolution p * v, we have i1 ¥ v = ji - I, so
1= AN < 1= 4]+ [aA)] - [1=2A)] < (Cr+ C)(1 = [N (A))),

so p x v has bounded angular ratio. O
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5. AVERAGES OF REPRESENTATIONS OF LCA GROUPS BY POSITIVE L, ISOMETRIES

In this section we look at averages of representations of a locally compact Abelian (LCA)
group G, with Haar measure mg, by positive isometries of an L, space, extending some of
the results of the previous section (where G = Z). We assume G to be o-compact, with
dual group G with (properly normalized) Haar measure 1.

Proposition 5.1. let p be a probability on G, and denote the operator of convolution by p
on L,(G,mg) by T,,,. Then T, is a normal operator with

(17) o(Tz) = {fi(7) : v € G}.

Proof. Normality follows from commutativity of G. By Plancherel’s theorem [33, p.226]

Ls(G,mg) is isometrically isomorphic to Lz(é ,me), and T}, o is represented by multiplication
by the Fourier transform fi. The spectrum of the latter is the right-hand side of (17) by
Exercise VIL.5.15 of [26]. O

Definitions. Let p be a probability on G. It is called strictly aperiodic if |fu(vy)| < 1 for
any 0 # v € G. A probability p has bounded angular ratio if it is strictly aperiodic and

L
sup | u(v)|<oo

otyec L = 10(7)]
Proposition 5.2. A probability p on the LCA group G has bounded angular ratio if and
only if

(18) supn||T),, — T < oo for any 1 < p < co.

Proof. Bounded angular ratio means that {/i(y) : v € G} is in a closed Stolz region. Equiva-
lently, o(7),2) is in a Stolz region, by (17), and Proposition 2.5 yields that it is equivalent to

sup,, n||T7, — T3 || < co. Since mg is invariant for the convolution, Blunck’s interpolation
(Theorem 3.1) yields the equivalence with (18) for every 1 < p < oo. O

Definition. Let G be a LCA group. An operator representation of G in a Banach space
X is a homomorphism S from G to the group of invertible bounded operators on X, i.e.
S(t 4+ s) = S(t)S(s). We assume that the representation is strongly continuous, i.e. S(t)z
is continuous when X has its norm topology. In reflexive spaces this is equivalent to weak
continuity — (z*, S(¢)x) is continuous for each z € X and z* € X* [32, p. 340]. The regular
representation by translations will be denoted by R.

Definition. An action of a LCA group G in a o-finite measure space (S, m) is a family
{0, : t € G} of invertible measure preserving transformations of (S, m), satisfying 0,5 = 6,0,
and 6y = id, such that fw is measurable on G x S; if lim;_,o || f — f 0 6;]|, = 0 for any
1 <p<ooand f € Ly(S,m), the action is called continuous. For 1 < p < oo, a continuous
action induces a continuous representation S, in L, (S, m), defined by S,(t)f = f o 6;; in
Lo(S,m) this is a unitary representation. These representations are by positive invertible
isometries.
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Let i be a probability on G and S a bounded operator representation in X. The operator
T,(S), the ,u average of the representation S, is defined as the Bochner integral 7,(S)x :=
[ S(t)z du(t); we then have

(x*,T,(S)x) = /(x*, S(t)x)du(t) forevery ze€X, x*e X"

In reflexive spaces, the above equality can be used as the definition of 7),(S) [32, p. 335].
Similarly, we can define T, (S) for every ﬁnite signed measure 77, and we have ||7,(S)| <
7]l sup,cq 1IS(@)[]. We also have S(s)( = [ S(s)S(t)zdn(t).

In this section we are interested in representations of G by (positive) isometries on L, (S, m)
of a o-finite space for a fixed 1 < p < oo, and properties of their u-averages when p has
bounded angular ratio. For p = 2 we have the following.

Proposition 5.3. Let pu be a probability on the o-compact LCA group G and let S be a
continuous bounded representation of G in a Hilbert space. If p has bounded angular ratio,
then sup,, n|| T (S) — T;71(S)|| < oo.

Proof. 1t is well-known [25, Théoreme 6] (see also [48, p. 83]) that S is equivalent to a
unitary representation, say U, so it is enough to prove the assertion for 7,,(U). By the
general Stone spectral theorem for unitary representations of LCA groups [55, section 140],
we have U(t) = [, 7(t , where E/(+) is a spectral measure on the Borel sets of G. By
the deﬁnltlons and Fub1n1 S theorem,

T,(U) = /G | /G () E(d)du(t) = /G A E(d).

Thus, if A ¢ {i(7):v € G}, then #(7) is a bounded continuous function on G, and

[ == u E(dy) yields the inverse of A\I — T,,(U). Thus o(T,(U)) C {ii(7) : v € G}, which is
contalned in a Stolz region when g has bounded angular ratio. Proposition 2.5 now yields
the result. U

Theorem 5.4. Let {0; : t € G} be a continuous action of a o-compact LCA group G, and
let p be a probability on G with bounded angular ratio. Then for every 1 < p < oo we
have sup,, n||T}/(S,) — Ti(Sy)|l, < 0o, and consequently, T} (S,)f converges a.e. for every

f e Ly(S,m).

Proof. The operator T,,(S)f = [ f o 6,du(t) is a positive Dunford-Schwartz operator. By
Proposition 5.3 sup,, n[|T7(Sz) — T7*(S2)|2 < 0o, so Blunck’s interpolation (Theorem 3.1)
yields sup,, n||T2(S,) — T (S,)|l, < oo for 1 < p < co. The asserted a.e. convergence
follows from Theorem 2.7. O

The following ”transfer principle” is essentially due to Coifman and Weiss [16] for abso-
lutely continuous measures supported in compact sets.
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Theorem 5.5. Let n be a finite signed measure on a o-compact locally compact amenable
group G, and let S be a continuous representation of G in L,(S,m) (1 < p < oo fized),
with sup{||S(?)|| : t € G} = C < oo0. Let T,,(R) be the convolution operator T, (R)¢(s) =
[ ¢(s-t)dn(t) on L,(G,mg), and let T,(S)f(x) = [(S(t)f)(x)dn(t) on L,(S,m). Then
IT, (S| < C2IT,(R))l

Proof. We first prove the theorem when 7 (i.e. its variation |7|) is supported in a compact
set K. We adapt the proof of [16], skipping some of the details. Put A := ||T,(R)],. We

denote T,,(S) by T
Since G is amenable, by Leptin’s condition [53, pp. 62-72], for ¢ > 0 there is an open V/
with 0 < mg(V) < oo such that

(19) ma(V - K) < (14 ¢)mg(V).
Fix € > 0 and V as in (19). Writing T'f = S(s71)S(s)T'f for s € G we obtain
[1rs@pdn(s) < ¢ [ S5 dm(), se 6
S S

Integration of this inequality over V and dividing by mq(V), inserting the definition of
T f and using the fact that S is a continuous representation yields, after changing order of
integration and remembering that n is supported on K:

/S T () Pdm(z) < () (2) - Lv.se(st)en(t) Pdmes () }dm ()

Note that the inner integral is actually over K . For fixed x put f,(t) := S(¢)f(z). Then

| [ 600 x(st)into)] = o+ (L1206

which yields, when integrating over GG instead of V', using the norm of the convolution

operator in L,(G, m¢) and Fubini’s theorem,
O AP

[ irs@pame) < 2= [ v [186)@Pant amats) < =2

The choice of V' yields [, |Tf(x)[Pdm(x) < C*PAP||f|[P(1 + €), and letting € — 0 yields the
desired inequality.

[fl5me(V-K).

We now obtain the general case. Since G is o-compact, there is an increasing sequence
{K;} of compact sets with union G. Then 7;(-) := n(- N Kj) tends to n in total variation
norm, and so ||7;,(R) — T,(R)|| — 0 and ||T},(S) — T,,(S)|| — 0; with the inequality
1T, (S)|| < C?||T;,(R)]|| proved above we obtain the result. O

Theorem 5.6. Let G be a o-compact LCA group, and p a probability on G with bounded

angular ratio. Fix 1 < p < oo and let S be a bounded continuous representation of G in

Ly(S,m). Then sup, n[|T;(S) = T (S)|| < oc.

Proof. Put n, = n(u" — p™*1). Then by Theorem 5.5 (LCA groups are amenable),
n|[T3(S) = T (S)| = 1T, ) < 1T, (R, = 0l Ty, — Th |-
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Since i has bounded angular ratio, Proposition 5.2 yields the assertion. 0

Definition. A bounded linear operator on L,(S,m) is called a Lamperti operator if
(T'f)(T'g) = 0 whenever fg = 0 (f,g € L,); this means that 7" preserves disjointness of
supports. For 1 < p < oo, isometries of L,(S,m), p # 2, and positive isometries of Ly are
Lamperti operators (see [38, p. 186]).

Theorem 5.7. Let 1 < p < oo, and let S be a bounded representation of a o-compact
LCA group G by Lamperti operators on L,(S,m). If p is a probability on G with bounded
angular ratio, then for every f € Ly(S,m) the sequence {T)(S)f} converges a.e., and
sup,, [T;1(S) f| € Ly(S,m).

Proof. By Proposition 5.2 we can apply the maximal inequality of Le Merdy and Xu [44,
Theorem 4.1] to the operator of convolution by u on L,(G,m¢), and we obtain that
|| sup,, 1 * 9] ||p < ¢||l¢|l, for every ¢ € L,(G,m¢g). The extension of Calderon’s trans-
fer principle to amenable groups by Lin and Wittmann [46, Theorem 3.1] yields that

I5up T (S) 11, < c(sup | SOI 7l for f € Ly(S,m).

By Theorem 5.6, we have the convergence rate supn||T);(S) — T (S)| < oo, which yields
the a.e. convergence as in the proof of Theorem 2.7. 0

Corollary 5.8. Let 1 < p < o0, and let S be a bounded representation of a o-compact
LCA group G by positive operators on L,(S,m). If u is a probability on G with bounded
angular ratio, then for every f € Ly(S,m) the sequence {T(S)f} converges a.e., and
sup, [T2(S)f] € Ly(S.m).

Proof. Kan [36] proved that an invertible operator T on L, (S, m) such that both 7" and 7!
are positive is Lamperti, so Theorem 5.7 applies. 0

Remarks. 1. Theorem 2.7 does not yield directly Corollary 5.8, because 7,(S) is not
necessarily a contraction. Note that the maximal inequality of Le Merdy and Xu is used in
the proof of Theorem 5.7.

2. When p # 2, Theorem 5.7 applies to isometric representations in L, which are not
necessarily positive. In this case Theorem 2.7 does not yield the convergence, because 7),(S)
is not necessarily positive (though it is a contraction).

3. It is possible to have pu strictly aperiodic with u™ * ¢ — 0 a.e. on G for every
¢ € Lp(G,mg), without a maximal inequality. In this case 7(S)f need not converge
a.e. For example, on Z let p = (6 + &1); the pointwise convergence of pu" * ¢ for ¢ €
L,(G,mg), 1 < p < oo, follows from norm convergence since we have a discrete group.
However, J. Rosenblatt [56, Theorem 10] proved that for every action of Z in a separable
non-atomic probability space (S, m) there is a set B for which lim sup TZ}(S)l g =1ae. and
liminf 77} (S)1p = 0 a.e. For a dense subspace of L,(S,m) a.e. convergence holds by [6,
Remark, p. 103].



18 GUY COHEN, CHRISTOPHE CUNY, AND MICHAEL LIN

Jones, Rosenblatt and Tempelman [35] studied the a.e. convergence of T7'(S,)f for the
p-averages of actions of general o-compact locally compact metric groups. They introduced
an analogue, for the non-Abelian case, of the bounded angular ratio property. From their
approach we obtain the following.

Theorem 5.9. Let G be a o-compact locally compact metric group, and let {U.,, : v € A} be
the set of all irreducible unitary representations of G (U, acts on a Hilbert space H.,). Let

p be a probability on G such that ||T,(U,)| <1 for U, # Id. If
L, —T
1azver 1= [T,(U,)]|

then for every unitary representation S by positive operators in Ls(S, m) we have

(21) sup n||T;f(S) — TSH(S)H < 0.

Consequently for any f € Ly(S,m) the sequence {1} (S)f} converges a.e., with sup,, T;(S)|f]
in La(S,m).

Proof. The assumptions yield, by the proof in [35, p. 548], that (9) holds with p = 2,
T =T,(S), and Cy = C. By positivity of the representation, 7" is positive, and (21) holds
by Theorem 2.9. The a.e. convergence holds by Theorem 2.7. U

Remark. In particular, under the assumptions of the theorem, (18) holds.

Corollary 5.10. Let {0, : t € G} be a continuous action of a o-compact locally compact
metric group G, let S(t)f = f o 0;-1, and let p be a probability on G satisfying (20). Then
for every 1 < p < oo we have sup,, n||T}}(S,) = T (Sy)ll, < oo, and consequently, T} (S,) f
converges a.e. for every f € L,(S, m).

The convergence is the result of [35]. The proof is like that of Theorem 5.4 (which is the
special case of G Abelian).

Theorem 5.11. Let 1 < p < o0, and let S be a bounded representation of a o-compact
locally compact amenable group G by positive operators on L,(S,m). If u is a probability
on G which satisfies sup, n|T}, — T[LL;“IH < 00, then for every f € L,(S,m) the sequence
{T:(S)f} converges a.e., and sup,, |T;}(S)f| € L,(S, m).

Proof. By Blunck’s interpolation, the assumption on p is equivalent to (18). In the proofs
of Theorems 5.6 and 5.7, replace the assumption that p has bounded angular ratio by (18),
and then the proof of Corollary 5.8 yields the assertion. U

Remarks. 1. Dungey [27, Theorem 1.2] gives sufficient conditions for (18) when u is
absolutely continuous.

2. Example 3.10 of [35] exhibits an amenable (countable) group such that for any u
adapted (20) fails, although for any p symmetric strictly aperiodic (21) holds for unitary
representations by positive operators (see [35, p. 549)]).
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3. In [35, Theorem 3.15] it is shown that if G is a discrete group with Kazhdan’s property
(T) (hence not amenable), then (20) holds for every strictly aperiodic p.

4. If p is strictly aperiodic on G' non-amenable with e € supp(p), then ||T),2| < 1 by
Derriennic-Guivarc’h [23] (see also [9], [5]), so (18) obviously holds. However, (21) need not
hold, as shown in the next example.

Example 5. u strictly aperiodic on G non-amenable satisfying (18) and not (21).

Let G = Fy be the free group with two generators a,b and let S be the positive unitary
operator on Ly(S,m) of a separable non-atomic probability space, induced by an ergodic
measure preserving transformation on S. For elements of Iy in their reduced representations,
we define

N
S([[a"bm) = 5=
j=1

Then S is a unitary representation. Since S(b") = S° = I, the probability 11 := %(6.428,+0)
is adapted with e € supp(u), so ||T},2| < 1, hence (18) holds. But 7,(S) = 1(I + 5), so by
[56, Theorem 10] the final conclusion of Theorem 5.9 fails, so (21) does not hold.

Remark. Example 5 shows also that Theorem 5.11 need not hold if G is non-amenable.

6. FRACTIONAL COBOUNDARIES OF POSITIVE RITT L,-CONTRACTIONS

Let T be a power-bounded operator on a Banach space X. Let 0 < a < 1. Following
Derriennic-Lin [24], we define (I = T)* :=1—>",., a\T* where {a\®} is given by the
power-series expansion (1 —#)* =1 — %, a\”t* |t] < 1, with ¢\ > 0 and 5%, a{* =1
(see Example 2). The elements of (I —T)*X are called fractional coboundaries of T (of order
). It was proved in [24, Theorem 2.11] that y € (I—7)*X if and only if Y7, ,;"i% converges
in norm. These conditions are equivalent to the norm convergence of » .- bl(f)Tky, where
{bgf)} is the sequence of coefficients in the expansion (1 —¢)™® = >, bl(f)t”c for |t| < 1,
which are all positive (see [24]).

In this section we study additional properties of fractional coboundaries of a positive L,-
contraction (1 < p < co) T which satisfies Ritt’s condition, i.e. sup,n||T" — T"| < occ.
For some properties of coboundaries see Proposition 2.11.

We start with a general property of fractional coboundaries in Banach spaces. Remember
that for T power-bounded on X, we have

1 < S
Xepg ={xeX: - ZTkx converges } = F(T)® (I —T)X
n
k=1
T is mean ergodic if X.,, = X. If X is reflexive, every power-bounded 7" is mean ergodic.

Proposition 6.1. Let T be a power-bounded operator on a Banach space X satisfying
sup,, n||T" — T || = K < oo, and let 0 < o < 1. Then
(1) supy,», n®|[T"(I = T)|| < oo.



20 GUY COHEN, CHRISTOPHE CUNY, AND MICHAEL LIN

(ii) For any f € Xorg we have n®|T"(I = T)*f|| — 0.

Proof. We prove (i). Let a € (0,1) and f € X. Using the asymptotics of a,(f) in (14) and
(15), sup,, ||7"]] = C' < oo and the assumption, we obtain

I =TT =Y af (1 = TH)T"|| <

k>1
n k—1
1> "N ra-myr )+ Y o (- T <
k=1 j=0 k>n+1

C~, () (@) < A
— I —TT" 1 < «,
" E ka; ™ ||n( | + (C+1)C E la;’| < C/n

k=1 k>n+1

To prove (ii), it is enough to prove it on a dense subspace, by (i). Obviously (I-T)*f = f
for f € F(T), so it suffices to prove (ii) for f = (I —T')g. Since
[T =T)*(I = T)|| <

I(1 =T)|[nfT(I =T < K —0.

n® C+1
n nlfa

we obtain that n®||T™"(I — T)*(I — T)g|| — 0 for every g € X. O

n—o0

Remark. Our proof is valid also in real Banach spaces. Part (i) was proved for complex
Banach spaces in [3, Proposition 2.8].

For r > 0, we define (I —T)" = (I — T)I'|(I — T)"=". Tt was proved in [24] that
{(I=T)" : r >0} is a Cy-semi-group on (I —T")X; its infinitesimal generator was proved
to be —> > T™/n [14], [30].

Corollary 6.2. Let T be as in Proposition 6.1. Then for every r > 0 we have
(i) suppsy 0" | T"(1 = T)"|| < oo.
(it) For any f € Xepg we have n"||T™(1 = T)" f|| — 0.
n—oo

Proof. The condition sup, n||7"(I — T)|| < oo implies that for every positive integer k we
have sup,, n*||T"(I — T)*|| < oo [60, Lemma 2.1]. Given r > 0, let k = [r] and a = 7 — k.
Then (i) follows from

(| T = T)|| = [[n T A1 = T) TV = T)%|| <
In* TH2(T = T)*| - T D21 —T)2.
11) follows from the above and Proposition 6.1(11).
ii) foll f he ab dP ition 6.1(ii 0

We now turn to the case of positive L,-contractions. We start with a consequence of
the work of Arhancet-Le Merdy [3]. Note that they use a different definition of (I — T,
appropriate only for T" Ritt, but for Ritt operators both definitions coincide.
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Definition. We say that an operator 7" on L,(S,m) is R-Ritt if there exists C' > 0 such
that, for every sequence of integers {ny};>1 and any sequence {f;}r>1 in L, (S, m),

H <Z |Tnkfk|2> 1/2Hp = CH (Z |fk|2> " P
E>1 k>1
H( E Ing (T™ — T”’“+1)fk|2)1/2Hp < C’H( E |fk|2>1/2Hp.
k>1 k>1

Proposition 6.3. Let 1 < p < oo and let T be a positive contraction of L,(S, m) which
satisfies (1). For 0 < o < 1, there exists Cp o > 0 such that for every h € (I —T)L,(S,m),

] ot g _ rap )2
(22) | (o nera—rene) | < Gualnly.
Opva n>1 p

Proof. By Theorem 2.9(iii), there is a Stolz region for which (10) holds, which in the termi-
nology of [42] means that 7" has a bounded H*(B,) calculus. Hence, by [42, Proposition
7.4], T is R-Ritt. Hence, by Theorem 3.3 of [3] (with § = 1), there exists C] , > 0 such that

1 ( N\ 1/2 - 1/2
ar(r=m)n) | < |3 et - 1))
cr. ; [T"(I = T)h| , ; [T(I = T)*h| ,
! n 2 1/2
< G| (X miTm (= 1)P?)
n>1 P
By [44, Theorem 3.3(2)] and [44, Corollary 3.4] (both with m = 1), the extreme terms are
equivalent to ||h||, for h € (I —T)L,(S, m). O

We now give a complement to the above mentioned characterization of fractional cobound-
aries of [24], in the spirit of the paper [19], when T is a positive Ritt contraction of L,(S,m).

Proposition 6.4. Let 1 < p < oo and let T be a positive contraction of L,(S,m) satisfying
sup,, n||T" — T < co. For a € (0,1), the following are equivalent for f € L,(S,m):
() f € (1= T Ly(8,m);
(1) > p>1 kj;—_{; converges in L,-norm.
N 1/2
(iii) (Syor B2 UTHP) T € Ly(S,m)
1/2
(i) (ZQO 220 Maxgr < pcgrit [T f|2) € L,(S,m).

In particular, f satisfies all the above conditions if

(23) ana*lHT"ng < 00 when 1 <p < 2;
n>1
(24) Znh_lHT”fH; < 00 when p > 2.
n>1

When p = 2, (i) holds if and only if 3~ -, n** | T" |5 < oo.
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Proof. The equivalence of (i) and (i7) is in Theorem 2.11 of [24] (valid for any mean ergodic
power-bounded operator).

Let f € (I —T)*L,(S,m). Then there exists h € L,(S, m) such that f = (I —T)*h, and
since T' is mean ergodic, by [24, Theorem 2.11] one may assume that h € (I —T)L,(S,m).

Then (éi7) follows from Proposition 6.3.

Assume (7ii). By reflexivity, Corollary 2.12 of [24] yields that f € (I — T)*L,(S,m) if
{1 BTl bv= is bounded.

We first show that f € (I —T)L,, by proving that %2221 TEf — 0 a.e. and using
Akcoglu’s theorem. By (iii) the series (Y, /’{;20‘_1|T’“f|2)1/2 converges a.e. When o > 1/2,
this implies |T%f[*> — 0 a.e., so |2 >0 TFf| < L350 |T*f| — 0 a.e. When a < 3,
Cauchy’s inequality followed by Kronecker’s lemma yield

1 — 2 1 <& 1 <
- T’“‘<— THF2 < T F12 - 0.
\n; IS R oI < o 2T

Since « is fixed, we denote below a; = a,(f) and b, = b,(f). Put uy = Zgzo b, T* f. Then

uy isin (I —T)L,, and Proposition 6.3 yields

1/2
<Z n2a71|Tn([ - T)auN‘Z)

n>1

By Proposition 2.4(i) of [24], we have

(25) lunlly < Cpa

p

(I=T)uy=f+ > O brari)T'f.

{=N+1 k=0

Then by the triangle inequality in ¢ and in L,,, we have

1/2
H (Z n2a—1|Tn(I o T)auN|2>
n>1 p

) ||[(SSersE) |+ Y 5 e )| (S weetieer) )

(>N+1 k=0

As noted at the beginning of the proof of Proposition 6.3, T" is R-Ritt. Hence, by taking
in the definition f;, = ko3 Tk f and n, = ¢ for each k, we obtain

H(Zk2a—1‘Tk+zf|2>l/2 (Zk2a—1|ka|2>1/2H '
k>1 b k>1 p

By [24, Lemma 2.3], EL,ZNH(Z,]CV:O Bray—i) = 1 for every N > 0. Putting it all in (26) and
using (25), we obtain by (iii) that supy |lun||, < 00, so f € (I —T)*L,(S, m).

<G,

Assume (7v). Then

oo 26+1_q

> 1/2 1/2 ° 1/2
2a—1|pm £|2 _ 2a—1 |7k £|2 2a—1 2lo k £|2
(Zn TR) = (30 X e E) <2 (;2 s THE)

n— =0 =

(=0 [=2¢
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Hence (ii7) holds.

It remains to prove that (¢) implies (iv). Let f € (I —T)*L,(S, m).
Let r >1and 2" <n <2't!' —1. Then n = 2"~ + ¢ for some 2"} < ¢ < 2rtt _or=1 1,
For every h € L,, we have, using (a+b)* < 2a® +2b? and the Cauchy-Schwarz inequality,

-1 ¢
1 , 1 ‘ , 2
TR = ‘Z S Tht 5 ik~ TJ‘lh)‘ <
j=0 j=1
= ) 1 ) = ¢
20, SSTIn| 2| ST = R <25 3 TR 2 1T - TR,
E; + KJZ:;]( )| < E;I "+ ;ﬂ |
Taking h := T? ' f and maximizing over a block, we obtain
np2 _ 0271 ey (2
2 0= s, T s
9 -1 2711 ' . 2rtl—q |ij|2 2rti_1 . ‘
o7 D TSP +2 Y0 G- P <8 Y — 2 G —T P
j:2r—1 j:2r—1 j:2r—1 j:2r—1

We shall multiply this estimate by 22"* < 4%52% for j in the summations. We then take
the sum over r. When doing so we notice that our blocks [2"~1 2" — 1] overlap when r
varies, but any integer 7 > 1 will appear twice. Hence, we obtain

2227"04 max |Tnf|2 < é<zj2a—1|ij|2 i Z]-2a+1|ij _Tj—1f|2>.
r>1

Frens j>1 i1
By assumption, there exists g € L, such that f = (I — T)%g. Since (i) and (iii) are
equivalent, (Zj21j2a*1|Tj(I - T)o‘g|2)1/2 € L,. By [3, Theorem 3.3], with f = a + 1, we
have also ()5, j2* M TI(I - T)H”‘g\Q)l/2 € L,. Hence (iv) holds.
We now prove that (23) or (24) imply (4i7).

Assume that 1 < p < 2. Then, estimating on blocks of length 2 and using the norm
inequality || - ||e, < [/ - ||¢,, We obtain

h2 — Zn2a—1|Tnf|2 < Z(2€+1)(2a—1)2€ max |ka|2 —
n=1 £=0

20 << 2041
> b 2/p
— é y —_ e ]
92a—l g 220t max |T2 JrJf|2 < 92—l E <2pa€ max |T2 Jr]f|p> )
- 0<j<2¢ — 0<j<2¢

By the maximal inequality of Le Merdy and Xu [44], || sup; |T7 f| ||, < || fl,, so

[ rdm = [wpram < o (30w ma [T )lp) < 03 2T £]).
(=0 -

£=0

Since T is a contraction, we estimate on blocks (271 + 1,2¢] to obtain

Don T = YD 2 T = 27 Y o T f
n=1 /=1

(=1
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which shows that (23) implies (7).
When p > 2, we use the identity [|h]|,/2 = [|h*/?||2 for h > 0 and (24) to obtain

[ (o werer) am) < | Zk“ T
k=1

p/2

©° 1/2 > 1/2
(R T Pl) = (SR IITHAIR) < oo
k=1 k=1

Thus in either case, (ii7) holds.
Finally, for p = 2 (23) is exactly (). O

Remark. The fact that (23) implies (¢) was proved in [20] when p = 2 and 7" is normal.

Theorem 6.5. Let 1 < p < oo and let T' be a positive contraction of L,(S, m) satisfying
sup,, n||T™ — T < co. Let a € (0,1) and f € (I —T)*L,(S,m). Then:
(i) The series Y, -, n* 'T"f converges m-a.e. and sup,>, | Y p_ kK* 'T*f| € L,(S,m).
(ii) n®T™ f —_ 0 m-a.e. and sup,,s; nT" f| € Ly(S, m).
(iii) The square variation norm |[{n°T" f }n>1l1,2) i finite.
Proof. Let f € (I —T)*L,(S,m). The proof that the series Y ., n® 'T"f converges m-a.e.

and that sup,>, | >, k**T*f| € L,(S,m) is similar to that of Theorem 3.9 of [24], since
by Theorem 2.7, sup,, T"|g| € L, for every g € L,(S, m). This proves (i).

To prove (ii), we first observe that by Kronecker’s lemma, (i) yields n® 1(f + --- +
T"'f) — 0 m-a.e. and sup,>, n® '|f +---+ T f| € L,.

n—oo
Recall that for every n > 1, we have

1
27 Tf — - ™! (T7f =171
(27) f=—(f4 4T ) = Zy f=T71).
By the Cauchy-Schwarz inequality,

17

jEegEte T f — TIT | <

=Y T =T =
n
j=1

! S EARL A a _ 1/2 . a _ 1/2
(o) (ot =) < oYkt — T )
= h=t k=1

Hence

C’( Z Jot Tk f Tk:—lf|2>1/2 '

k=1

ko L Tk—l
(28) max k%|T"f| < max KA A /] +
0<k<n 0<k<n k
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To prove sup,, n®|T" f| € L,, we have to show that the series on the right-hand side of (28)
is in L,. We write the terms of the series as

2
(2k)20Y T2 f 21 pp2 22a+1‘k(Tk+1 _ Tk)(ka—l/ZTk:—lf)) ’

)

2
(2]{? + 1)2a+1|T2k+1f . T2kf|2 S 22a+1 (k? + 1)(Tk+1 . Tk)((k + 1)05—1/2ka)

Since T" is R-Ritt, the second inequality of the definition of R-Ritt yields

(29) H(ZkQaJrl‘ka_kalf‘Z)l/Q < CH(Zkza,1|ka‘2)1/2
k=1 P k>1

Y

which is finite by (éi7) of Proposition 6.4. Hence sup,,»; n®|T"f| € L,
To show n®T"f — 0 a.e., note that by (iv) of Proposition 6.4, for 2" < n < 2"! we have

RO T"f] <2727 max  |T"f| — 0 a.e.
2r<n<2r+1

We now prove (iii). Denote u; := j*T7 f. Let {t; }x>0 be an increasing sequence of integers.
We will use properties (iii) and (iv) of Proposition 6.4 to bound (Y, [us, — we,., |2)1/2 by
a function of L, which does not depend on {t;}.

We partition the sequence (fj)r>o into the blocks of dyadic integers, and accordingly
partition the indices. Put {£,} := {¢: [2% 271) N {t,} # 0}, and let k,, be the first index k
with 20 < ¢, < 20tL e 20 <t < 2%FLif and only if k, < k < kpy1.

We start with the following simple observation

kg1 —1
Z |ug, — utk+1|2 = Z Z |ug, — utk+1|2
k>0 n>0 k—kn

For k, <k <kpi1 —2, tp1 < 2+ and by the Cauchy-Schwarz inequality we obtain

te41—1 ) tpt1—1 tpp1—1
= [P = [ Y (= win)]” < (b —tn) Y g =P <2 Y Juy —uya
J=tk J=tk Jj=tg

With the convention that Zg_l = 0 we obtain, after separating the index from a different
block,

kny1—1 knt1—2 tpp1—1
Z g, — gy, |* < Z 2 Z uj — i |* + 2w P2l P
k=kn k=kn =tk

By the definitions,

lug, [ <4%2%  max  |TYf]2 and  Juy, | |* < 49220 max |TV fI2.
n+1 2en, §j<2£n+1 n+1 22n+1 §j<25"+1+1
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Moreover, |u; — ujq|* < C(52*72|T7 f|* + j2*|TV f — T9+! f|?). Hence, we infer that

kny1—1 kny1—2tp1—1

Z Z ’Utk UtkH‘Z < CZ( Z Z 204+1’T]f T]+1f’2_'_]2a 1’ij’ ))

n>0 k=kp n>0 k=kn J=ti

+OY0 (220 max TSR0 max [Tf) =

o 26n <j<2bn+1 2fn+1 < j<2fnt1H1

O (T =T P 4 2 T F?) 420 Y 2 max [T

22< : 2€+1
j>1 >0 S/

Since (37, [bi])V/2 < 327 |b:|/2, we obtain

o0

1/2
(Z ’utk = Uty ‘2) <

k=1

C|: j20¢+1 T]f _ Tj+lf 1/2 j2a 1 T]f 1/2 22@04 max T] 1/2:|
(Z | ) Z IT7f12) + (2 Z a1 fF)
Since f € (I —T)*L,, the second and the third term are in L, by (ii7) and (iv) of Proposition
6.4, and the first term was then proved to be in L, in (29). O

Acknowledgements. Research of the first author was supported by the Israel Science
Foundation grant 1/12.

Part of this work was carried out during the second author’s visit to Ben-Gurion Univer-
sity, supported by its Center for Advanced Studies in Mathematics.

REFERENCES

[1] G.R. Allen, Power-bounded elements and radical Banach algebras, in Linear Operators, Banach Center
Publications 38 (1997), 9-16.
[2] M. Akcoglu, A pointwise ergodic theorem in L, spaces, Canadian J. Math. 27 (1975), 1075-1082.
[3] C. Arhancet and C. Le Merdy, Dilation of Ritt operators on LP-spaces, Israel J. Math., to appear;
arXiv:1106.1513
[4] C. Badea and Y. Lyubich, Geometric, spectral and asymptotic properties of averaged products of
projections in Banach spaces, Studia Math. 201 (2010), 21-35.
[5] B. Bekka and Y. Guivarc’h, A spectral gap property for random walks under unitary representations,
Geom. Dedicata 118 (2006), 141-155.
[6] A.Bellow, R. Jones, and J. Rosenblatt, Almost everywhere convergence of powers, in Almost Fverywhere
Convergence, G. Edgar and L. Sucheston ed., Acad. Press, 1989, pp. 99-120.
[7] A. Bellow, R. Jones, and J. Rosenblatt, Almost everywhere convergence of convolution powers, Ergodic
Theory Dynam. Syst. 14 (1994), 415-432.
[8] S.K. Berberian, The numerical range of a normal operator, Duke Math. J. 31 (1964), 479-483.
[9] C. Berg and J.P.R. Christiansen, On the relation between amenability of locally compact groups and
norms of convolution operators, Math. Annalen 208 (1974), 149-153.
[10] S. Blunck, Analycity and discrete maximal regularity on L, spaces, J. Functional Anal. 183 (2001),
211-230.
[11] D. Burkholder, Successive conditional expectations of an integrable function, Ann. Math. Stat. 33
(1962), 887-893.
[12] V. Cachia and V. A. Zagrebnov, Operator-norm approximation of semigroups by quasi-sectorial con-
tractions, J. Funct. Anal. 180 (2001), 176-194.



[13]
[14]

[15]

[16]

[17]

[40]
[41]

ALMOST EVERYWHERE CONVERGENCE OF POWERS OF L, CONTRACTIONS 27

G. Cohen, Iterates of a product of conditional expectation operators, J. Funct. Anal. 242 (2007), 658-
668.

G. Cohen, C. Cuny and M. Lin, The one-sided ergodic Hilbert transform in Banach spaces, Studia
Math. 196 (2010), 251-263.

R. Coifman, R. Rochberger and G. Weiss, Applications of transference: the L, version of von Neumann’s
inequality and the Littlewood-Palet-Stein theory, in Linear Spaces and Approximation, edited by P.L.
Butzer and B. Sz.-Nagy, Birkh&user, Basel, 1978, pp. 53-67.

R. Coifman and G. Weiss, Operators associated with representations of amenable groups, singular
integrals induced by ergodic flows, the rotation method and mutipliers, Studia Math. 47 (1973), 285-
303.

R. Coifman and G. Weiss, Transference Methods in Analysis, CBMS series in Math. 31, Amer. Math.
Soc., Providence, RI, 1976.

J.-P. Conze and M. Lin, A.e. convergence of convolution powers on compact Abelian groups, Ann. Inst.
H. Poincaré 49 (2013), 550-568.

C. Cuny, Norm convergence of some power series of operators in L? with applications in ergodic theory,
Studia Math. 200 (2010), 1-29.

C. Cuny, Pointwise ergodic theorems with rate with applications to limit theorems for stationary pro-
cesses, Stoch. Dynamics 11 (2011), 135-155.

R. deLaubenfels, Similarity to a contraction, for power-bounded operators with finite peripheral spec-
trum, Trans. Amer. Math. Soc. 350 (1998), 3169-3191.

B. Delyon and F. Delyon, Generalizations of von-Neumann’s spectral sets and integral representation
of operators, Bull. Soc. Math. France 127 (1999), 25-41.

Y. Derriennic and Y. Guivarc’h, Théoréeme de renouvellement pour les groupes non moyennables, C.R.
Acad. Sci. Paris 277 (1973), 613-615.

Y. Derriennic and M. Lin, Fractional Poisson equations and ergodic theorems for fractional cobound-
aries, Israel J. Math. 123 (2001), 93-130.

J. Dixmier, Les moyennes invariantes dans les semi-groupes et leurs applications, Acta Sci. Math.
(Szeged) 12 (1950), 213-227.

N. Dunford and J. Schwartz, Linear Operators, part I, Interscience, New-York, 1958.

N. Dungey, Time regularity for random walks on locally compact groups, Proba. Th. Rel. Fields 137
(2007), 429-442.

N. Dungey, Subordinated discrete semigroups of operators, Trans. Amer. Math. Soc. 363 (2011), 1721-
1741.

V. Gaposhkin, A Tauberian ergodic theorem for normal contracting operators, Math. Zametki 35 (1984),
397-404 (in Russian; English translation in Mathematical Notes 35 (1984), 208-212).

M. Haase and Y. Tomilov, Domain characterizations of certain functions of power-bounded operators,
Studia Math. 196 (2010), 265-288.

P. Halmos, A Hilbert Space Problem Book, Van-Nostrand, Princeton, NJ, 1967.

E. Hewitt and K. Ross, Abstract Harmonic Analysis vol. I, 2nd edition, Springer, Berlin, 1979.

E. Hewitt and K. Ross, Abstract Harmonic Analysis vol. II, Springer, Berlin, 1970.

S. Horowitz, Pointwise convergence of the iterates of a Harris-recurrent Markov operator, Israel J. Math
33 (1979), 177-180.

R. Jones, J. Rosenblatt, and A. Tempelman, Ergodic theorems for convolutions of a measure on a
group, Illinois J. Math. 38 (1994), 521-553.

C.H. Kan, Ergodic properties of Lamperti operators, Canadian J. Math. 30 (1978), 1206-1214.

T. Kato, Perturbation Theory for Linear Operators, 2nd edition corrected printing, Springer, Berlin,
1980.

U. Krengel, Ergodic Theorems, De Gruyter, Berlin, 1985.

F. Lancien and C. Le Merdy, On functional calculus properties of Ritt operators, preprint 2013,
Arxiv:1301.4875, 11 pages.

A. Lebow, On von Neumann’s theory of spectral sets, J. Math. Anal. Appl. 7 (1963), 64-90.

Z. Léka, Time regularity and functions of the Volterra operator, Studia Math. 220 (2014), 1-14.



28
[42]

[43]
[44]

[45]

GUY COHEN, CHRISTOPHE CUNY, AND MICHAEL LIN

C. Le Merdy, H* functional calculus and square function estimates for Ritt operators, preprint 2012,
Arxiv:1202.0768, 38 pages.

C. Le Merdy, H-calculus and numerical range for Ritt operators, unpublished, Feb. 2012, 2 pp.

C. Le Merdy and Q. Xu, Maximal theorems and square functions for analytic operators on L, spaces,
J. London Math. Soc. (2) 86 (2012), 343-365.

C. Le Merdy and Q. Xu, Strong g-variation inequalities for analytic semigroups, Ann. Inst. Fourier 62
(2012), 2069-2097.

M. Lin and R. Wittmann, Ergodic sequences of averages of group representations, Ergodic Theory
Dynam. Syst. 14 (1994), 181-196.

V. Losert, The strong sweeping out property for convolution powers, Ergodic Theory Dynam. Syst. 21
(2001), 115-119.

Yu. Lyubich, Introduction to the Theory of Banach Representations of Groups, Birkh&user, Basel, 1988.
Yu. Lyubich, Spectral localization, power boundedness and invariant subspaces under Ritt’s type con-
ditions, Studia Math. 134 (1999), 135-142.

Yu. Lyubich, The power boundedness and resolvent conditions for functions of the classical Volterra
operator, Studia Math. 196 (2010), 41-63.

B. Nagy and J. Zemének, A resolvent condition implying power boundedness, Studia Math. 134 (1999),
143-151.

D. Ornstein, On the pointwise behavior of iterates of a self-adjoint operator, J. Math. Mech. 18 (1968),
473-477.

J.P. Pier, Amenable Locally Compact Groups, Wiley, New York, 1984.

M. Putinar and S. Sandberg, A skew normal dilation on the numerical range of an operator, Math.
Ann. 331 (2005), 345-357.

F. Riesz and B. Sz. Nagy, Lecons d’Analyse Fonctionnelle, 3rd ed., Akadémiai Kiadd, Budapest, 1955.
J. Rosenblatt, Ergodic group actions, Arch. Math. (Basel) 47 (1986), 263-269.

J.-C. Rota, An ” Alternierende Verfahren” for general positive operators, Bull. Amer. Math. Soc. 68
(1962), 95-102.

E. M. Stein, On the maximal ergodic theorem, Proc. Nat. Acad. Sci. USA 47 (1961), 1894-1897.

B. Sz.-Nagy and C. Foiag, On certain classes of power-bounded operators in Hilbert space, Acta Sci.
Math (Szeged) 27 (1966), 17-25.

P. Vitse, A band limited and Besov class functional calculus for Tadmor-Ritt operators, Arch. Math.
(Basel) 85 (2005), 374-385.

A. Zygmund, Trigonometric Series, corrected 2nd ed., Cambridge University Press, Cambridge, UK,
1968.

DEPARTMENT OF ELECTRICAL AND COMPUTER ENGINEERING, BEN-GURION UNIVERSITY, BEER-
SHEVA, ISRAEL
E-mail address: guycohen®@ee.bgu.ac.il

ECOLE CENTRALE DE PARIS, FRANCE
E-mail address: christophe.cuny@ecp.fr

DEPARTMENT OF MATHEMATICS, BEN-GURION UNIVERSITY, BEER-SHEVA, ISRAEL
E-mail address: 1in@math.bgu.ac.il



