
CORRESPONDENCE

width is plotted as a function of deviation
from the output frequency of the oscillator.
The noise characteristics of a klystron
(WECO type 459) which is now being used as
a beat oscillator in a6-GHz radio system are
also shown in Fig. 1.

It appears that the use of avalanche diodes
with high-Q temperature-stabilized cavities
affords the opportunity to manufacture micro-
wave signal sources with stability approaching
that of quartz crystal oscillators, and with
noise output lower than klystrons orvaractor
multiplier strings.

E, T. HARKLKSS

Bell Telephone Labs., Inc.

Holmdel, N. J.

First-Order Propagation

in Moving Media

In a recent paper [1], vector relations were
established, leading to the wave equation in
moving media. Essentially, we derived Tai’s
wave equation [2] and three spatially inde-
pendent vector solutions. Collier and Tai [3]
and Du and Compton [4] discuss propaga-
tion in waveguides filled with axially moving
media. Here we consider the first-order theory
to get a relatively simple formalism, and dis-
cuss a few cases of interest.

Substituting Minkowski’s constitutive re-
lations [5] to the first order in v/c in Max-
well’s equations yields, for harmonic time
variation e–’w~,

V* x H = – iweE,

V* X E = icq.LH,

v.=v+tiA, A=($+v ,,,
(1)

c = (w)-’”, c = (,p)-1/2.

In view of b) in Table I,

V*. E=O,

V*.H=~.
(2)

Manipulating (1) and (2) and with c), Table I,
we obtain

V* ’W+k2W’=0, V* . Y’ =0,

Y’ = E, H, V“z = V“.’?”.
(3)

Note that V* W’ =0 generally implies V W #0.
In the following, (1) and (2) will be considered
as the physical model underlying our formal-
ism.

In view of the analogy between V* and V
exhibited in Table I and in (1}(3), we
follow the argument given by Stratton [6]
(who cites original papers by Hansen) for
the conventional wave equation. We seek
three spatially perpendicular vector solutions
of (3), generated by a scalar equation whose
solution is presumably known. Define

L* = V*A V* XL*=O, (4)

where b is a scalar field. Inserting L* into (3)
and exploiting d), Table I, we get

V*2V*4 + k~V*@ = V*(V*’@ + We+), (5)
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TABLE I

a) V*XV**= o, .3=arbitrary scalar.

b) V* .V* XA =0, A =arbitrary vector.

c) V* xV* XA =V*V* ..4–V*A.

d) V++ =V*V*Z.

e) V* XV*Z=V*V*X.

SeeNathan and Censor [1].
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second-order terms in v/c, we get

@ = ‘X; + ai,

&=-~i.–@,
(16)

i = x, ~, z,

where —a#, i= x, y, z are the separation
constants, such that azz+av! +a,z = kz. For a
medium moving along a waveguide we take
kZ= k. In the x, y directions the conventional
solution is obtained; in the z direction we get

(17)

—

which vanishes subject to

v“’+ + k’+ = o. (6)

Hence L* is the analog of L [6]. Since
V* .L =7* .V*+#O, but V. .~ =0, L* fun~.

tions will not appear in our solutions and
serve only to generate M*, N*, the analogs of
M, N [6]. Consider

M’=V*X@=L*XZ,

N* = V“ X M*/k,

V*. M* =0, V*N* = O,

L*. M* =L*. N* =M*. N* = O. (7)

Inserting M* into (3) and incorporating e),
Table I, yields

V“’(V* X @) + k2V* X @

= V* X (8V*’O + k’ti~)
(8)

which vanishes subject to (6). A similar
argument applies to N*.

For spherical coordinates, in particular,
we generate two solutions M*, N% which are
tangential over the entire surface of the
sphere:

M* =V*Xr@,

M*. N*=O,
‘* ‘v” ‘“* ’h’ (9)

V*. M*= V*. N*=O.

Substituting (9) into (3) and exploiting e),
Table I, we obtain

V* ’V* x r@ + k2V* X r+
(lo)

= V* X (V*Zr@ + k’r~) = O.

The expression in parentheses in (10) is equal
to

rV*26 + k%j + 2@oA = O, (11)

which differs from (6), except for limiting
cases where

(1 – c’/c’) << @r. (12)

Thus far only constant velocities have
been considered. If general-relativistic effects
may be neglected, because the accelerations
are low, we might accept (1) and (2) as our
physical model, even for nonuniform veloci-
ties. The above formalism remains valid for
V. satisfying

V*.. =O, V“xv=o, (13)

and securing the relations of Table I.
The scalar wave equation (6) is separable

in Cartesian coordinates. Writing

id = ikzf + O@ + AA (14)

and inserting into (3), we obtain

~ = (A ,e~~.~+ .4 ,e@’zz)(A te%~ + A ,e’%)

. (A ,e%’ + A ,ei~.z). (15)

Here AI . . . Aa are constants. Neglecting

where (16) and (17) apply to ai>>xi; .5 ~ are
the dimensions of the waveguide in the x, y
dkections, respectively; and n, rn specify the
mode. The wavelength in (17) increases and
decreases for waves propagating up and
downstream, respectively. Since we have no
first-order effect in the x, y directions

where Eo is the amplitude of the field in ques-
tion. In view of

WXEZ2=VXH, (19)

we obtain for the transverse fields Hz, Hv the
same results as in the conventional case, with
the velocity effects appearing in w, -YZ.

Since (14) assumes arbitrary constant
velocity, other casessuggest themselves. For
example, consider a medium moving across
the waveguide in the y direction; the walls
where the medium is injectecl and withdrawn
consists of a fine metallic mesh, such that the
fine structure is small with respect to wave-
length, and the conventional boundary condi-
tions may be considered valid. In this case the
dependence on y is of the form

(20)

for the TM case, and the propagation con-
stant has a component in they direction.

In cylinchical and spherical coordinates
we consider nonuniform velc~cities, conform-
ing with (13). A simple example is provided
by an ideal incompressible fluid in rotational
steady flow. For this case, Euler’s equation of
motion reduces to

dv/v + dr/r = 0. (21)

The solution of (21) is vr = const; we there-
fore define

‘“A=’@(+-$):(’=?’,’22)
where (numerically) V is the velocity at unit
radius. The solution of (6) involves

The field must be single valued with respect
to angle o; hence we assume &*e dependence,
getting

f3/tle = in. (24)

Separating off the z dependent part with@ as
the separation constant yields e~~~g, leaving
for the r dependent part



566 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, AUGUST 1968

AHr%’)-“’Y’” ,25,
+ (k’ – 7’)0. = o.

This is the conventional Bessel equation of
order N:

N = @P + 2h. (26)

Consequently, the general solution for o is

n-—m

For the E.? along the guide (27) is the appro-
priate solution, taking @= E,/Eo. Given r= d,
the radius of the waveguide, the field vanishes
on the walls of the waveguide when JN
vanishes. Denoting the zeros of J~ by

%1””” pn~, we have

(28)

The associated transverse field, according to
(l), is

where the prime denotes differentiation with
respect to the argument.

Again we consider propagation in a rotat-
ing medium, defined in spherical coordinates
by

where (numerically) V is the velocity at a dis-
tance r sin 0=1 from the polar axis, and ~ is
the azimuthal direction. For a case where (12)
is applicable we solve (6):

( 2ih a72+—.
)

+ k’ @ = O, (31)
r%sin 0 ab

and this equation is separable in spherical
coordinates. Since the field must be single
valued in terms of O, we take the azimuthal
function to be e~m~,i.e.,

(32)

where m is an integral number. This yields
the conventional equation in 0, the polar
angle, but with mareplaced by m~z:

Therefore, the general solution for @ is

where j. is the spherical Bessel function of
order n. The fact that in P.%i, mh is not an
integer does not interfere with the periodicity
in II with respect to 8.

Neglecting terms of order iz, the vector
solutions are given by (9):

(35)
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The Exponential Horn as a Uniform

Waveguide with a Variable Index of

Refraction

Absfracf-Plane-wave and traasnrission-
line equations were applied to the interaction
of a horn antenna with a stratified dissipative
medium in its near field. The input impedances
of an exponential horn terminated with a dis-
sipative dielectric were calculated and mea-
sured at X-band frequencies.

The calculation of the impedance of an-
tennas covered by stratified dielectrics or
plasmas by standard modal techniques [1]-
[4] can get complicated and time consuming.
It has been found that fairly good results can
be obtained by a simple approximation
method when the antenna is an exponential
horn.
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It has been pointed out [5], [6] that,
under some circumstances, a curved bound-
ary and constant index of refraction can be
very well approximated by a plane boundary
and a variable index of refraction. This tech-
nique is applied here to the horn; i.e., the
horn will be represented in terms of a uni-
form waveguide and an axially variable index
of refraction. The system is shown in Fig. 1.
Since in the horn the cutoff wavelength varies
exponentially from the input waveguide to the
mouth of the horn, the index of refraction in
the z direction may be written as

n.= [1 - (k/2a) %-’a’]’” (1)

where x is the free-space wavelength, a is the
broad dimension of the waveguide, and a
depends on the taper.

In the TE1o mode in a rectangular wave-
guide there is no variation with x, and the
wave equation for the electric field component
is

a2E.
—+—dv,

a: + k9EZ = 0, (2)

where

kz = &pOt(z) = kv~ + k.z = kO’(nvz + nzz).

Separation of variables and application of the
boundary conditions at y =0 and y =a (the
walls of the guide are assumed to be per-
fectly conducting) yields, for the TE,O mode,

E= = $(y)@(z) (3)
where

~(g) = A sin ktiy = A sin~y,
a

and the equation for @(z) is

d2@

z +P”- (32e-2azl@‘0 ‘4)
An analytic solution to (4) is

@ = A [Hp@J (z) + RH2{’> (z)] (5)

where HP(IJ, HP@Jare the Hankel functions of
the first and second kind,

~= +~e_ez k,
— and p=~j —,

aa a

but since these functions of imaginary order
are not tabulated, a direct numerical inte-
gration of (4) is the simplest way to obtain
@.The use of @in (3), plus the relation for the
magnetic field in the TEIo mode,

~ =j aE. ,
u (6)

w a2

allows the computation of the impedance a
any position looking toward the load by


