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ABSTRACT—A novel method is presented for scattering by cylinders uniformly
moving in free-space. The method is based on the application of differential-
operators to the rest-state scattered waves. This method is applicable to any solution
of the Helmholtz wave equation expressed in terms of a separable coordinate-
system, in particular it is demonstrated here for circular and elliptical wave-
functions.

The analysis appliesto arbitrary cylindrical geometries and is based on
plane-wave representations which facilitate simple and compact formulas.
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1. INTRODUCTION

Scattering of electromagnetic waves by circular and dliptical cylinders poses
boundary-value problems involving Hankel, and Mathieu functions, respectively.
For agood starting point for the theory of these specia functions see Stratton [1].
For the functions of the elliptical cylinder we aso draw on Stamnes[2], and
Stamnes and Spjelkavik [3], who aso cite [1].

In order to analyze scattering problems involving moving objects, Einstein’s
special-relativity theory [4, 5] must be incorporated. The mathematics associated
with such problems, especially in free-space, has been reviewed recently [6],
providing the necessary background and notation for the present investigation.

Scattering problems involving various geometries have been reviewed by
Van Bladel, whose comprehensive book [7] provides a good starting point for this
class of problems. See also Kong [8] for relevant subjects.

The method used here was dubbed as “frame-hopping” [7]: We start with
the excitation wave in the “laboratory” inertial system, transform the wave into the
“co-moving” reference-frame where the object is at rest. Here we have to solve the
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scattering problem of an object at rest. The results are transformed back into the
initial “laboratory” reference-frame, providing the velocity-dependent fields that are
measured in thisinertial system. Einstein [4] has aready used this approach for
analyzing the problem of scattering by a moving half-space, deriving the relativistic
Doppler effect and aberration formula. However, histreatment is limited to free
space. Special-relativity also accounts for material media, providing formulas for
the Fresnel drag effect. Problems of this kind have been considered even before the
advent of special-relativity, as mentioned by Pauli [5].

In order to introduce a new differential-operator representation for the
scattered wave as observed in the reference-frame in which the objects are moving,
and to provide some background, the problem of the moving cylinder isrevisited [9,
10]. Theideaisto go beyond the formal steps of applying the relativistic formulas
to the fields in question and deriving the correct expressions: it is desired to be able
to see how the velocity effects directly modify the rest-state results, and draw new
conclusions. Asin previous cases analyzed in terms of circular-cylindrical and
spherical coordinates, also here the velocity-dependent mode-coupling is pointed
out.

Basing the analysis on the behavior of plane-waves and plane-wave
integrals facilitates a simple and compact presentation. Thus in subsequent sections

E -field polarization and the corresponding scattered waves are discussed almost
exclusively. The associated H -fields and similar problemsinvolving H -field
polarization are left for the reader, and can easily be obtained from the Maxwell
equations and the properties of the functions involved.

2. THE EXCITATION WAVE

The present section serves to introduce the basic ideas of relativistic
electrodynamics, and the notation used throughout. The medium is free space,
characterized by material parameters € = &,, 1 = 1,. The excitation plane wave,
possessing an electrical field E, , and its associated magnetic field H , are defined

in an inertial reference-frame I", in which the scattered wave is to be measured too.
Thisframe is characterized by a coordinate-quadruplet X, y, z, t. The propagation

vector k, subtendsan angle o measured from the x-coordinate towards the y -
coordinate. Therefore

E, =2E €%, H, =k, x2H, =k x2E,/{
E. /H, =ule)V?*=¢, k, la, =(ue)'*=1/c (1)
O =Ko T —,t =RC, , —@,t, C =cosy, S, =siny, R=K,r

wherein (1) ¢ denotes the light-speed in free-space, and throughout we compact
the notation of trigonometric functions as shown.

Consider another inertia reference-frame I, characterized by a coordinate-
quadruplet X, Yy, Z, t’, moving with constant velocity v when observed from T".

We start with a simpler example where v =vX and later generalize to arbitrary
velocities. Einstein’s special-relativity theory [4, 5] prescribes the transformation of
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(1) from T" to I”". The mathematics associated with such problems has been
reviewed recently [6]. The coordinates are related by the Lorentz transformation

r’'=U0-(r—vt), ' =y(t—v-r/c?
y=Q@Q-p%" B=vic, v=|v, 2
O=T+(y-DW, V=v/v

Assuming the phase-invariance principle, the relativistic Doppler-effect is
derived

k'=0-(k-vw!/c?), & =y(@-V-k) (3)

Theinvariance of Maxwell’s equationsin inertial reference-frames
prescribes the field-transformations

E'=V-(E+uvxH), H' =V (H-gvxE)

. . (4)
V=y+1-y)wW
Accordingly, in T we have
E, =2E.e% H, =k x2H. =K, x2E.I{
EL/H = (ule)"? = ¢, Kyl af, = (ue)"> =1/c ©

o, =K, 1"~ =RC, , — ¥
=R(C,C, +S,S,)-ait, R=K 1’

where the last expression (5) clearly demonstrates the symmetry between ¢, o’ .

The primesin (5) and elsewhere, will be used throughout to avoid
confusion, indicating that we are using I"" native coordinates, irrespectively
whether the actual measurements are performed in reference-frames I”” orin T. It
will be shown below that when the same T native coordinates are retained for the
scattered wave, we are dealing with less complex forms. The native coordinates
pertaining to the "laboratory" reference-frame can always be substituted later.

To compute the spectral componentsin T we used (3), which for the
present case becomes

kl, =U0-(k, —XBk,), & = 7wex(1—,B>?-I2ex) =yw, (1- BC,) (6)
In [6] it has been shown that for plane-waves in free-space (4) reduces to
H, W, =V (T + BUxkxI) (7)
wherein (7) it is understood that rightmost vectors act first, i.e., in the double-cross

expression, Vx actslast.
Thefields for the present case are therefore



>4<

4 Y 9, " 5 Ig&( —_

Eo =W, -Eo = ¥(Eo + BXxk, x2E,8™) = y(1- SC,)E,,

= 2E.%, B, = (1~ BC,)Ex. 65 =00 (8)
7 _\A —\7 o 0\ _ 117 14’ A

Ho =W, -He =V (H, +fYHe™)=H,H.¢€

and thus the excitation in T’ has been established.

3. MOVING CYLINDERS, CIRCULAR WAVE-FUNCTIONS

Scattering by moving circular cylinders has been discussed before [9, 10]. The
scattered wave in T is represented in the form

EL(r, ¢) =26, X7i"a, (@) H,(R)E™
€ =Ee ™ H,=HY, = =3

M=—co

(9)

wherein (9)H, =H® denotes the Hankel function of the first kind, whichin
conjunction with the time factor in €, secures outgoing waves; a,(¢’) arethe

coefficients determined by solving the boundary-value problem, and their value
dependson «’, the direction of propagation of the excitation wave.
Recasting H,, in terms of the relevant Sommerfeld integral, e.g., see[1],

yields the plane-wave integra representation

@' +(m12)—ie

EL(, o) =2 2] €T g(@)de
~ 2€ (2/izR)"2e¥ g(¢) (10)

9(¢) =Ty an(e)e™ =T A, e e

wherein (10) ~ denotes the far-field asymptotic approximation; g(¢") isthe
scattering amplitude, and by expanding a,,(¢) in aFourier series, the symmetry
between ¢’, & is demonstrated once more.

It is easy to verify that at the limits the integrand vanishes. Thus by formally
substituting the upper limit the exponential in the integrand (10) we have [1]

C—(;r/2)+iw =C.C,,+S.S,);

oo ~7/2
C.= (e”°° +e‘”°°)/2 — oo, § =-I (e”°° —e‘“°°)/2 — oo (11)
g™ 50

and clearly the exponential tends to zero. The same behavior occurs for the lower
[imit too.

The representation (10) is very convenient, facilitating a treatment of the
appropriate relativistic transformations, according to (7), in terms of the plane-
wavesin (10). Thisin turn yields the scattered wave E_. (note the absence of the
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apostrophe, as opposed to E_ ), observed in T", but expressed in terms of the native
coordinates r’, ¢’ of T”

e ) =22 [ @ e gy (12)
@' —(m]2)+ioo
Manipulation of (12) yields an expression of the form (9), but with different
coefficients

@'+ (7l 2)—ico

Ea:(r/, ¢/) = ie;x}/%j eiR/qu,r' g/(z_l)dT” Hm = Hm(RI)

@' —(m]2)+ieo
g'() =1+ fC.)9(7) ==, [€™ + (™ +e™I) 512 (13
Esc(r,1 (D,) = 2e;X;Eﬁ:°| mameim(p’[ Hm + i(Hm+lei¢, - Hm—leiiw,)ﬂ/ 2]

By judiciously raising and lowering indices in (13) we achieve a more
compact notation

E. =262, i",H.(R)E™, b, =a,+(@, . +a,.)8/2  (14)

The structure of (13), (14) clearly demonstrates the vel ocity-dependent
mode-coupling between terms of various m.

For the purpose of subsequent applications, a different representation of
(13), (14) isdevised here. It is noted that in (10), (12)

RC, . =XC.+YS, X' =KX, Y =K,y

- . - . 15
C.€% =—io, "%, . =—ig, e ¥~ (4

wherein (15) thefactor C., S, arereplaces by differential-operators —id,., —id,.,

respectively, acting on the exponential €% .

Inasmuch as ¢’ appearsin the integrand as well asin the limits, the order of
integration and differentiation cannot be simply interchanged. However, the
operator can indeed be taken outside the integral sign. To justify this step, take for
example —id,. outside the integral sign, and carefully apply the Leibnitz rule for
differentiation of integrals. Because the integrand vanishes at the limits as
manifested by (11), the operator acts on the exponential only. Another verification
is provided by directly applying —id,. to (9)

E_(r, ¢)=BE_(r, ¢)=2€ Bx=i"a H, (R)e™
= ze(,ex}é“i]ml mameim(p,[ Hm + i(Hm+lei¢’ - Hm—le_i(p,)ﬁ/ 2]
B = 7/(1_ iﬂax') = 7(1+ iﬂ(s¢'%a¢' - C¢'aR'))

B, =H,y +Hp 20H, =H,u—Ho

(16)

m+1?
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wherein (16) we transformed the operator to circular-polar coordinates and
incorporated the indicated recurrence formulas, (e.g., see[1], p. 359 ff.), yielding
(13) once again.

Inasmuch asin (16) the differential-operator B, involves S, C, affecting
the angular behavior, the existence of mode-coupling is evident in this form too.

We now return to (1) in order to consider an arbitrary direction for the
velocity, with the only restriction that it lies in the cross-sectional plane normal to
the cylindrical axis Z. Thusin T" we have V-X =C,, i.e, theangle ¢ is subtended

by the two unit vectors v, X . This prescribes a few modifications to the above
formulas. Equations (2), (3) are general formulas and remain the same, but the
parameters appearing in (5) are modified. Accordingly we have to use the given
direction ¥ in (6) in order to obtain the pertinent k’, , @, . Thisyields

ko, =0 (ko - UBK,,), @, =y, (1-BY-k,) =y, (1-5C, ) (17)
Similarly (7) prescribesin (8)
E;x=v‘vAex = Y(Eq + BUxKy X 2E,8%) = y(1- fC, . )E,  (18)

Once (8) is established, there is no changein (9)-(11), however (12) must be
modified. In (10) we have a superposition (integra) of plane waves. In order to
establish the amplitude of each wave as measured in T", we need the inverse of (7),
which is aso the inverse of (18) in the form

, @' +(7]2)—ieo ‘R’Cq,:,,r . ’
B ) =2rt [, 8 9@ (9

g'() =1+ fC..)9(7), C. =¥ X
We now modify (13) according to (19)

E 2e 7/ J‘¢+(”/2) e iR /C(p’fr’g/(z_l)d/z_/

] (7[/2)+|w
Ze 7£+W| mamelm(p [ H mt [ (H m-;—lei = H m—le_i((p,_é:,) )ﬁ/ 2] (20)
g'(r) = 1+ AC._.)9(?)
_ Zi:o (amei i (ame(erl)r —i& + ame(m Dr'+ig’ )ﬁ/ 2)

Consequently (14) becomes
= 26,210, H(R)E™, b, =a, + (e, , +€7,,)5/2 (21)

Of course oneimmediately wonders about the relation between the two
angles &, &’. They arerelated through the Lorentz transformation (2), and the
relation involves space and time coordinates. But thisisimmaterial at this point and
comes up only when we seek to transform parameters and coordinates between T"
and I,
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In a consistent manner, we now exploit (15) to represent (20) in terms of the
differential operators, thus obtaining

P2 i

E, =267 gy

@'—(7]2)+ico
~ PH(rl2-i> e, , ’
=7€ B, J' e ""g(r)dr 22
& 7 )y (n12)4i 9(7) (22)

g'(r) = L+ B(C:C, +S:S.)Y(), B = ML-iB(C. 9, +S:9,))
Like (16), werecast (22) in terms of a series of cylindrical waves

Eo(r, ¢)=B.E, =2€,B.%"i"a H, (R)e™
B, = y(1-i ﬁ(cg,a . +S.9y))

= y(l_lﬁ(c¢' & ¢ -&' R a(p ))

dy =C,0x —S, a dy =S,0g +&C,0,,

(A

(23)

Finally, if one wishesto express E_. explicitly in terms of the coordinates

nativeto I" then (2) can be substituted, however, this|eads to very complicated
forms that are not amenable to analytic work.

So far we have not addressed the geometry of the cylinder. This means that
the cardinal results (14), (16), apply to arbitrary cylindrical cross-sections, provided
the scattering amplitude g(¢") for the cylinder at rest in T” isknown, i.e., a (<)

or a,, areknown, from measurement of the scattering amplitude in the far field,

for example. The homogeneous circular cylinder in particular is obviously
angularly-symmetric, i.e., the choice of the reference angle ¢’ =0 of the polar

coordinate system is arbitrary, and the scattered field is symmetric with respect to
the direction of incidence. o’ =0. In other words, the scattering amplitude in (10)
now becomes

9(¢) == a,e™ =278,Crpy = T "8, Crr 22
24
En={ims I =I5, P =9~ &, =a,
where in (24) the coefficients a,, are constants, independent of ¢’
Our aim in the following sections will be to derive similar forms for E_, for
the moving cylinder, in terms of elliptical wave-functions.

4. CYLINDERSAT REST, ELLIPTICAL WAVE-FUNCTIONS

In the present section scattering by cylindersin terms of eliptical wave-functionsin
the co-moving reference-frame is recapitul ated. Inasmuch as there are variations in
notation amongst various authors, this summary also serves to define the special-
functions used, the geometry, and the notation. See [1-3].
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The cylindrical axisistaken in taken along the z-coordinate, as above.
When actually solving a scattering problem the ellipse axes are usually chosen
paralel to the x, y-coordinates. Thisisimmateria here.

The transformations relating Cartesian and elliptical coordinates are given
by

x'=C\C,d/2=rC,, y'=§§,d/2=r'S,
r'=((Cy)* —(S,)*)d/2, ¢’ =arctg(y'X) (25)
C! =coshu’, §)=sinhu’

where d istheinter-focal distance. The transformation of the Helmholtz wave
equation leads to solutions in terms of Mathieu functions [1].

From the chain rule of calculus (25) yields the transformations from
elliptical to Cartesian partial derivatives

3y = 0,3y +@,Y)dy. Dy = @, X)y +(@,¥)y

26
o,X=0,y=9C,d/2 9,X=-0,y=-C}S,d/2 0
The inverse transformations are given (e.g., see[2]) by
d, =(d,u)d, +(d,W)d,,, 9, = (9, )9, +(d,W)d,
U =0, W= (2/d)s’c,, /F, o U =—0 W= (2/d)ClS, /F )

F=(Cl)*—(Cy)* = (&) +(S)
(S0)*+(Cy)* =1 (CH)*~(S))* =1
Using the formulas at the bottom of (27) and substituting from (27) into
(26) provides a check on the consistency of the two sets of transformations.
Following [1] (see equation (84), p.386) with slight changes in notation, the
excitation wave (5) in terms of Mathieu functionsis given by
E, = 2E, &% =2€, (87)"* 22> (i"IM ") SP ,SP
H;X = R’C(p'—a/ - a);xt, = S’(CLI}CV\/C(Z' + ST’SA/SD{')
Ir=37(s, C)), s =k d/2, 8, =S (s, Cy)
Top =IorT

(28)

In (28) (cf. [1], pp. 377-8) M are known normalization coefficients
following from the orthogonality propertiesof S7,,; p=e€, o denotesthe even
and odd parity terms, on whichwe sum, i.e,, X involvesthe sum of two terms p

and al n asindicated; J! denote the non-singular radial Mathieu functions,

referred to asfirst kind by [1] and other literature sources, corresponding to the non-
singular J,, Bessel functions for the zero-eccentricity circular-cylinder in the

limiting case; SP,, denotes the angular Mathieu functions, involving the indicated
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angle w'. Notein (28) the symmetry between W/, ¢, corresponding to the
symmetry between ¢, o in (5), (10).
The general solution in terms of a series of elliptical wave-functions and
arbitrary coefficients L () isgiven by
EL(U, W)=2€, (87)"*Zy LR ()" IMPYH PSP,

n,pn

=S AL A LA

wherein (29) H,” denotes the radial Mathieu functions, referred to as third kind by
[1] and other literature sources, corresponding to the singular H, Hankel functions

of thefirst kind for the zero-eccentricity circular-cylinder limiting case; L? () are
coefficients determined by the solution of the specific boundary-value problem, or
measured in the far-field, for example. In any case, they are considered here as
given. Obviously for abounded cylindrical cross-section L; (&), L («) are
periodicin o, consequently each can be represented as a series of angular Mathieu
functions of parity p=e, 0. The coefficients A" are constants.

Usually wefind in the literature, e.g., [2, 3], solutions of scattering problems
involving cylinders with the ellipse shaped cross-section axes aligned to the x, y-
coordinates, as mentioned above. Then, corresponding to (28), the scattered waveis
chosenwith p=p,i.e, L} ()= A'S’ , with presumably known constants

coefficients AP

EL(U, W) =26, (87) 2Ly AP(I"IMP)H PSP SP
~ 7€ (2/izsCh)Y2e5% g(w) ~ 7€, (2/izR)V2e% g(¢) (30)
gW) = AP WU/MPD)S? S, ~ 9(¢), SC ~ R

where g(¢") was defined in (10). The specific choice of the angular Mathieu
functionsin (30), displaying symmetry between W/, o’

The above provides an adequate background for our subsequent discussion
of velocity-dependent scattering in elliptical coordinates. More theoretical detail
will be introduced as needed.

5.MOVING CYLINDERS, ELLIPTICAL WAVE-FUNCTIONS

The above theoretical background facilitates the representation of the scattered
wave as measured in T, i.e., the wave scattered by the moving object in question,
as measured in the "laboratory" reference-frame. The result is expressed in terms of
elliptical coordinates and functions nativeto I'", as was done above for circular
wave-functions.

To achieve this goal, all we haveto do isto prove that the scattered waves as
in (29), (30) can be expressed in terms of circular wave-functions asin (9) and vice-
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versa. Then we can apply the technique displayed in (12)-(16) to the case of
elliptical wave-functions.

Here we extensively used areport [11] which unfortunately cannot be found
in an archival journal (there exists a shortened version which aso incorporates
another report [12], but does not include the theoretical review of [11]. It can be
found under the sametitle [13]).

We can start by equating the even and odd parts of (28) to the even and odd
parts of the of the circular-functions representation for the plane-wave (5). For this
we need the relation between negative and positive order indices, in order to change
the summation limitsfrom O to oo,

Z,=(-1"2,,Z=J,N,H, H® (31)
Wherein (31) 7 isarea integer and Z stands for the four solutions of the Bessel

equation: the non-singular Bessel functions, the singular Neumann functions, and
their combinations—first and second kind Hankel functions, respectively.

Thisleads to
SR MU R CONE AR b i)
A (32
g e

wherein (32) upper and lower parts of the termsin braces correspond to even and
odd functions.

The Fourier series expansionsfor S, arewell known, e.g., see[1], p. 377

Sf, o ZmDrl:m e~ma’? Sr? o _imDr?w, oSma' (33)

wherein (33) D;, , are known coefficients of the corresponding Fourier series, and
¥ denotesthat m, n have the same parity.

Multiplying the two sides of the upper, lower equation (31) by C
respectively, and integrating from O to 27 yields

S

qa’

£49Z,{% | = @r)"25 1" {D‘?‘ezﬁsﬁvW’M” Z.=3,, 20 =Jp (34)

D] ,Z3C /M3 [ a q

Alternatively, we can multiply the two sides of (32) by the angular Mathieu
functions, namely S; ,, S, ,, for the upper, lower equations, respectively. Once

again integrate from O to 2z, exploiting (33) and the orthogonality of the angular
Mathieu functions [1]. Thiswill lead to

1/2:q ) 2S5, -m Dg, ¢Crnys _ _
87) |q{ W}—ngml zm(R/){Dﬁnlo%},zq_Jq,znp_an (35)

and in asense (34), (35) are inverses, describing how circular waves can be
represented in terms of elliptical waves and vice-versa.
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Consider the second radial solutions of the Mathieu equation, linearly
independent of J”, denoted by N . These functions are defined by using the same

formula used to define the Neumann functions N, intermsof J_, e.g., see[1],
p.357. Therefore this appliesto their linear combinations as well, specifically to the
Hankel functions H® = J_+iN_ . It follows that (34), (35) can be extended to the
four kinds of functions

_ —_HO® (2)
Zﬂ_‘]rz’ Nn’ Hn _Hrz ! Hﬂ (36)
_ _H® (2)

Zﬂp_‘]ﬂp’an’Hrf_H IF;’H 7’;

wherein (36) thetermsin thefirst line correspond to those in the second linein an
obvious manner.
Exploiting (35) we may now momentarily assume that the elliptical wave-

functions HYSP, in (30) are expressed in terms of the circular wave-functions of
H, (K.r '){ gj:’ } of (9), with the corresponding parity. This justifies the contour-

integral representation (10), and in turn the use of the differential operators and the
interchange of integration and differentiation, as discussed above.
It follows that the for the simpler case v = vX , the operator B = y(1-i/0,.)

of (16) can be applied to (30) in order to derive E_ (u’, W) asmeasuredin T,

expressed in terms of T native coordinates. Substituting from (27), dliptical
coordinates and their associated partial derivatives can be employed

E. (U, W)= BE, =2€,(87)"*BZ; s AV(I"/MD)H]S? /ST
B=y(1-if0,)=y(1-iBULd, +W.0,)) (37)
U, =, =SIC, /G, W, =3, W =—CS, /G, G=sF

where F, s’ have been defined in (27), (28), respectively.
For arbitrary direction of motion normal to the cylindrical axis, weuse B..,
(23), yielding

E, (U, W) = B.E, =2€,(87)'?B.Z% s A’(I"/IM")H/S? S

B, = ¥(1-if(C.dyx + S.0y)

= y(1-iB(C.u5 .0, + C.We.0,, + S.Uy0,, +W.0,,)) (38)
Uy =d, U =w, =9,W=5.C, /G

W, = U =—W,, =—0,W=CS, /G

wherein (38) C,, S. are considered as constants and there is no point in expressing

themintermsof eliptical coordinates.

With (37), (38) at our disposal, we have achieved our goal of providing
explicit formulas for the waves scattered by moving cylinders, expressed in terms of
elliptical wave-functions. Obvioudly, the results apply also to the more general
result (29), and therefore to cylinders with arbitrary, bounded, cross-section.
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Once again, if one wishes to express E_. explicitly in terms of the

coordinates native to I", (2) together with (17) can be substituted, which again leads
to very complicated forms that are useful only for numerical simulations and
limiting analytic cases.

6. CONCLUDING REMARKS

Vel ocity-dependent scattering problems involving moving objects are of interest
mathematically and for engineering application. The problem of scattering by
moving cylinders expressed in terms of circular-cylindrical wave-functions has
been discussed before [9, 10], but was specific for this class of functions.

With these solutions as a starting-point, the present study suggests how to
include other classes of wave-functions. The key element isto expressfirst the
wave-functions, i.e., radial Hankel times angular trigonometric functions, asa
plane-wave superposition (integral). The relativistic transformations are then
applied to the plane-waves in the integrand.

Presently this technique has been used to define differential-operators acting
on the rest-state solution. All that needs to be done in order to apply the operator to
other coordinate-systems wave-functionsis to show that the latter wave-functions
can be expressed in terms of the circular-cylindrical ones.

One can say in genera that since the wave equation is linear, any solution
can be expressed in terms of other solutions, e.g., plane-wave integrals should be
the base for any representation of the wave equation. While thisis true, the
feasibility of adapting the new differential-operator representation should be
demonstrated for each class of wave-functions.

This approach is verified above for wave-functions of the liptical cylinder.
Conseguently it is expected that similar results, based on spherical wave-functions,
will lead to an analogous differential operator for spheroidal wave-function—but
thisisyet to be shown.
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