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1. INTRODUCTION

Scattering of electromagnetic waves by circular and elliptical cylinders
poses boundary-value problems involving Hankel, and Mathieu
functions, respectively. For a good starting point for the theory of these
special functions see Stratton [1]. For the functions of the elliptical
cylinder we also draw on Stamnes [2], and Stamnes and Spjelkavik [3],
who also cite [1].

In order to analyze scattering problems involving moving objects,
Einstein’s special-relativity theory [4, 5] must be incorporated. The
mathematics associated with such problems, especially in free-space,
has been reviewed recently [6], providing the necessary background and
notation for the present investigation.

Scattering problems involving various geometries have been
reviewed by Van Bladel, whose comprehensive book [7] provides a good
starting point for this class of problems. See also Kong [8] for relevant
subjects.

The method used here was dubbed as “frame-hopping” [7]: We
start with the excitation wave in the “laboratory” inertial system,
transform the wave into the “co-moving” reference-frame where the
object is at rest. Here we have to solve the scattering problem of
an object at rest. The results are transformed back into the initial
“laboratory” reference-frame, providing the velocity-dependent fields
that are measured in this inertial system. Einstein [4] has already used
this approach for analyzing the problem of scattering by a moving half-
space, deriving the relativistic Doppler effect and aberration formula.
However, his treatment is limited to free space. Special-relativity also
accounts for material media, providing formulas for the Fresnel drag
effect. Problems of this kind have been considered even before the
advent of special-relativity, as mentioned by Pauli [5].

In order to introduce a new differential-operator representation
for the scattered wave as observed in the reference-frame in which the
objects are moving, and to provide some background, the problem
of the moving cylinder is revisited [9,10]. The idea is to go beyond
the formal steps of applying the relativistic formulas to the fields in
question and deriving the correct expressions: it is desired to be able
to see how the velocity effects directly modify the rest-state results,
and draw new conclusions. As in previous cases analyzed in terms of
circular-cylindrical and spherical coordinates, also here the velocity-
dependent mode-coupling is pointed out.

Basing the analysis on the behavior of plane-waves and plane-
wave integrals facilitates a simple and compact presentation. Thus
in subsequent sections FE-field polarization and the corresponding
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scattered waves are discussed almost exclusively. The associated H-
fields and similar problems involving H-field polarization are left for
the reader, and can easily be obtained from the Maxwell equations and
the properties of the functions involved.

2. THE EXCITATION WAVE

The present section serves to introduce the basic ideas of relativistic
electrodynamics, and the notation used throughout. The medium is
free space, characterized by material parameters ¢ = cg, p = po.
The excitation plane wave, possessing an electrical field E.,, and its
associated magnetic field H.,, are defined in an inertial reference-
frame I', in which the scattered wave is to be measured too. This
frame is characterized by a coordinate-quadruplet x, vy, z, z, t. The
propagation vector k., subtends an angle o measured from the x-
coordinate towards the y-coordinate. Therefore

N 0o 7 « 7 ~
E. = ZEe:cel s Hep = kep X ZHep = kep X ZEez/C

Ee:r/He:): = (H/e)l/Q = Ca kez/wex = (,ue)l/Q = 1/C (1)
Oz = kex T —Wept = RCp oy —wezt, Cy = costp, Sy =siny), R = ke,r

where in (1) ¢ denotes the light-speed in free-space, and throughout
we compact the notation of trigonometric functions as shown.

Consider another inertial reference-frame I", characterized by a
coordinate-quadruplet z’, v/, 2/, ¢, moving with constant velocity v
when observed from I'. We start with a simpler example where v = v&
and later generalize to arbitrary velocities. Einstein’s special-relativity
theory [4,5] prescribes the transformation of (1) from I' to I'. The
mathematics associated with such problems has been reviewed recently
[6]. The coordinates are related by the Lorentz transformation

r=U-(r—vt), ¢ =q(t-v-r/)
y=00-p)""2 B=v/e, v=]v], (2)
U=1+(y—1)v0, d=0v/v

Assuming the phase-invariance principle, the relativistic Doppler-
effect is derived

E=U-(k—vw/c®), W =yw-v-k) (3)

The invariance of Maxwell’s equations in inertial reference-frames
prescribes the field-transformations

E =V (E+pvxH), H =V-(H-cvxE), V = yI+(1—7)00 (4)
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Accordingly, in I we have
/ s ib, ro_ g st 1) 3
Eem = ZEexe ’ Hex - kez X zHe:r - kem X zEex/C

B/, = (/)2 = ¢, Ky fuly = (ue)/? = 1/e
eéw = klex : T/ - wt/axt/ - RIC@’—Q’ - wéxt, (5)
= R/(C@/Ca/ + S@’Sa’) — CA)/ t/ R/ = kéxr/

exr”

where the last expression (5) clearly demonstrates the symmetry
between ¢, .

The primes in (5) and elsewhere, will be used throughout to
avoid confusion, indicating that we are using I native coordinates,
irrespectively whether the actual measurements are performed in
reference-frames IV or in I'. It will be shown below that when the
same I native coordinates are retained for the scattered wave, we are
dealing with less complex forms. The native coordinates pertaining to
the “laboratory” reference-frame can always be substituted later.

To compute the spectral components in I we used (3), which for
the present case becomes

kéx = fj'(kem_ﬁ:ﬂkem), Wéx = ’Vwex(l_ﬁfc'l%ex) = ’YWex(l_BCa) (6)

In [6] it has been shown that for plane-waves in free-space (4)
reduces to

E =W, E.H=W,_ H W, =V-I+poxkxI) (7
where in (7) it is understood that rightmost vectors act first, i.e., in

the double-cross expression, v x acts last.
The fields for the present case are therefore

E;x - chem “Eeop = V(Eem + px Xi{:ex XzEexeieez) = 7(1 - BCa)Eez
= 2B, B, =7(1~ fCa)Eez, by = e (8)
~ ~ R . ~_/ -0/
Hlez = chex "He, =V - (Hex =+ ﬂyHexezew) = He:vHéwewex

and thus the excitation in IV has been established.

3. MOVING CYLINDERS, CIRCULAR
WAVE-FUNCTIONS

Scattering by moving circular cylinders has been discussed before
[9,10]. The scattered wave in I" is represented in the form
L, ¢f) = 2l S am(o! ) Hyn (R)e™ (9)

I —iwl _ g oo _ yym=00
eeaz - Eexe Ty, Hm - m Z:m - Emzfoo
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where in (9) H,, = HY denotes the Hankel function of the first kind,
which in conjunction with the time factor in e/, secures outgoing waves;
am(a’) are the coefficients determined by solving the boundary-value
problem, and their value depends on o/, the direction of propagation
of the excitation wave.

Recasting H,, in terms of the relevant Sommerfeld integral, e.g.,
see [1], yields the plane-wave integral representation

E, (r @) = zeg,— eiR/Cea’fT’g(T/)dT’

EXT

1 /90'+(7r/2)—ioo
T J @' —(m/2)+ioc0
~ ée/ex(2/i7rR’)1/26iR/g(<p') (10)
9(¢) = T am(0))e™? = BEOT a1
where in (10) ~ denotes the far-field asymptotic approximation; g(¢")
is the scattering amplitude, and by expanding a,,(a’) in a Fourier
series, the symmetry between ¢’, o' is demonstrated once more.

It is easy to verify that at the limits the integrand vanishes.
Thus by formally substituting the upper limit the exponential in the
integrand (10) we have [1]

C_(r/2)+ico = CiccCrya + SicoSn/2
Ciso = (€10 4 e71%) /2 — o0
Sico = —i(€l° — e71%) /2 — joo

r g
ezkezr 100

(11)
— 0

and clearly the exponential tends to zero. The same behavior occurs
for the lower limit too.

The representation (10) is very convenient, facilitating a treatment
of the appropriate relativistic transformations, according to (7), in
terms of the plane-waves in (10). This in turn yields the scattered
wave Ej. (note the absence of the apostrophe, as opposed to E..),
observed in ', but expressed in terms of the native coordinates r/, ¢’
of TV

E..(r',¢) = zve., — (14 BC)e T Cor— g(r)dr" (12)
T

1 /(p’+(7r/2)ioo
@' —(m/2)+ico

Manipulation of (12) yields an expression of the form (9), but with
different coefficients

eiRlc“/*T/gl(T/)dT/, Hm — Hm(R/)

Esc(r/, 90/) = 26@9{7;

, 1 /g@’+(7r/2)ioo

@' —(m/2)+ico
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g
E.(r, 90/)

(1+ﬁCT/)g(T') _ E;Ir:looam [eimT’ + (6i(m+1)’r' _|_ei(m—1)’r’ﬁ/2]
fze'ex'nynooimameim‘pl [Hm—i—i(HmHei‘Pl —Hm_le_wl)ﬂ/Q]
(13)

By judiciously raising and lowering indices in (13) we achieve a
more compact notation

E,. = ze, 452" Hyy (R, by = am + (@m—1 + ams1)3/2
(14)
The structure of (13), (14) clearly demonstrates the velocity-
dependent mode-coupling between terms of various m.

For the purpose of subsequent applications, a different represen-
tation of (13), (14) is devised here. It is noted that in (10), (12)

R,CW*T/:X/CT’ + Y/ST/7 X' = k‘{aa:x/’ V' = kéxy, (15)

o i . o
CTIGZR Copr_rr _l-aXlezR C¢/7717 STIGZR Copr_rr — —iay/BZR Cyr_

where in (15) the factor C,/, S,/ are replaces by differential-operators
—idxr, —i0y, respectively, acting on the exponential e Cot —rt

Inasmuch as ¢’ appears in the integrand as well as in the limits, the
order of integration and differentiation cannot be simply interchanged.
However, the operator can indeed be taken outside the integral sign.
To justify this step, take for example —idx/ outside the integral sign,
and carefully apply the Leibnitz rule for differentiation of integrals.
Because the integrand vanishes at the limits as manifested by (11), the
operator acts on the exponential only. Another verification is provided

by directly applying —idx: to (9)
E(r',¢)=BE. (r',¢) = e, BYE®i™ 4, Hy (R') ™

= ée’ex’yZiooimameim‘Pl [Hp, —l—i(Hm_,_lei‘pl —Hm_lefw/)ﬁ/ﬂ

B=~(1— if0x:) =~ (1 LB <s¢%a@, - q,aR,» (16)

2

%Hm:Hmfl + Herl, 28R’Hm = Im-1 = Hm+1
where in (16) we transformed the operator to circular-polar coordinates
and incorporated the indicated recurrence formulas, (e.g., see [1], p. 359
ff.), yielding (13) once again.

Inasmuch as in (16) the differential-operator B, involves Sy, Cu
affecting the angular behavior, the existence of mode-coupling is
evident in this form too.

We now return to (1) in order to consider an arbitrary direction for
the velocity, with the only restriction that it lies in the cross-sectional
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plane normal to the cylindrical axis Z. Thus in I' we have v-& = C¢, i.e.,
the angle £ is subtended by the two unit vectors v, &. This prescribes a
few modifications to the above formulas. Equations (2), (3) are general
formulas and remain the same, but the parameters appearing in (5)
are modified. Accordingly we have to use the given direction v in (6)
in order to obtain the pertinent k., .. This yields

klex =U- kex — i)ﬁkex)v wéx = ’Ywex(]- - Bv- kea}) = ’Ywea:(l - ﬁca(—ﬁ))

17
Similarly (7) prescribes in (8)

El@f = chm Eer = ’Y(EGI +ﬂ7} X I%ex X zEexeiem) = 7(1 7/BC(X—E)E€I
(18)

Once (8) is established, there is no change in (9)—(11), however
(12) must be modified. In (10) we have a superposition (integral)
of plane waves. In order to establish the amplitude of each wave as

measured in I', we need the inverse of (7), which is also the inverse of
(18) in the form

1 o' +(@/2)—ico
E 7”/, N = 2~e! _/ ezR Cyr_ "(dr!
SC( ?) ! “m @' —(m/2)+ico g(r) (19)

() = (1+ BCr_g)g(r"), Ceg=1-&

We now modify (13) according to (19)

1 ¥’ +(m/2)—icco
E,. = ée,ex _/ ezR C“‘/*T/g/(’]',)d’]',
T J @' —(m/2)+ic0
zel SIS [Hyp +i(Hpr 9 =8 — H,p e =€) 3 /2]
g(m) = (1+BCr_g)g(r) (20)

_ ErinOO(ameimT’ +(amez‘(m+1)ruz‘5’ +amez‘(m71)r'+z‘£’)ﬁ/2)
Consequently (14) becomes
E,. = zel /Xt Hp (R )™

21

by = G + (e_iflam_l + eiglam+1)ﬁ/2 2D

Of course one immediately wonders about the relation between the

two angles &, £’. They are related through the Lorentz transformation

(2), and the relation involves space and time coordinates. But this is

immaterial at this point and comes up only when we seek to transform
parameters and coordinates between I' and I".
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In a consistent manner, we now exploit (15) to represent (20) in
terms of the differential operators, thus obtaining

| pelHm/2)—ice
ESC — ieéxfy_/ elR C¢/77,g/(7/)d7/
T J'—(m/2)+ico
1 po+m/—ico
= ge’ng,_/ iRt C‘*’/—T'gl(T,)dT, (22)
T Jo'—(7/2)+ico

g(7") = (14 B(CeCrr + SerS:))g(7'), Ber = y(1 —if(Cerdxr + Serdyr))

Like (16), we recast (22) in terms of a series of cylindrical waves

ESC(T/J QOI) — Bf/Elsc = éelezBélE?:nooimamHm(Rl)eim@l

. 1
= (18 (Coetm - S g0 )
1 1
8X/ — CwlaR/ - S(p’ ﬁagpl7 ay/ = SgalaR/ + ﬁcsﬂ’aﬂ’

Finally, if one wishes to express Eg. explicitly in terms of the
coordinates native to I' then (2) can be substituted, however, this leads
to very complicated forms that are not amenable to analytic work.

So far we have not addressed the geometry of the cylinder.
This means that the cardinal results (14), (16), apply to arbitrary
cylindrical cross-sections, provided the scattering amplitude g(p’) for
the cylinder at rest in I is known, i.e., am,(a’) or ap,, are known, from
measurement of the scattering amplitude in the far field, for example.
The homogeneous circular cylinder in particular is obviously angularly-
symmetric, i.e., the choice of the reference angle ¢ = 0 of the polar
coordinate system is arbitrary, and the scattered field is symmetric
with respect to the direction of incidence. o = 0. In other words, the
scattering amplitude in (10) now becomes

g(¢) = Eiooameima = Z,inooamme = E?;L‘X’smamcma
2, m>0 oo — (24)
em = {7 M2 L =R, F=¢ -, an=am

where in (24) the coefficients a,, are constants, independent of o'
Our aim in the following sections will be to derive similar forms
for Eg., for the moving cylinder, in terms of elliptical wave-functions.
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4. CYLINDERS AT REST, ELLIPTICAL
WAVE-FUNCTIONS

In the present section scattering by cylinders in terms of elliptical wave-
functions in the co-moving reference-frame is recapitulated. Inasmuch
as there are variations in notation amongst various authors, this
summary also serves to define the special-functions used, the geometry,
and the notation. See [1-3].

The cylindrical axis is taken in taken along the z-coordinate, as
above. When actually solving a scattering problem the ellipse axes
are usually chosen parallel to the z, y-coordinates. This is immaterial
here.

The transformations relating Cartesian and elliptical coordinates
are given by

2’ = ChCud/2=1"Cp, ¢ =S Syd/2 =1"Sy
v = ((Ch)? = (Sw)?) d/2, ¢ = arctg(y' /') (25)
C" = coshu/, S" = sinhd/
where d is the inter-focal distance. The transformation of the
Helmholtz wave equation leads to solutions in terms of Mathieu
functions [1].

From the chain rule of calculus (25) yields the transformations
from elliptical to Cartesian partial derivatives

Oy = (8u/$/)81/ + (8u/y’)8y/, Ow = (8w/a:’)8x/ + (aw/y’)ﬁy/

/ / h ! / h (26)
au/l' = Gw/y :Su/Cwld/Q, 8w/£L‘ = —au/y = —Cu/Sw/d/Q

The inverse transformations are given (e.g., see [2]) by

Oy = (0p )0y + (0w ) Oy, By (Byu')Dw + (D) Dy

Ot = Oy’ = (2/d)SCy | F, Oyt = —0p’ = (2/d)CH S, | F
F = (Ch)? = (Cur)® = (S)* + (Swr)? (27)
(Sw)®+ (Cw)? =1, (Cl)*—(SH)?=1

u
Using the formulas at the bottom of (27) and substituting from
(27) into (26) provides a check on the consistency of the two sets of
transformations.
Following [1] (see equation (84), p.386) with slight changes in
notation, the excitation wave (5) in terms of Mathieu functions is given
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by

E,, = 2E),e"%= = zel, (8m)1 /25050 (i" /ME) JESE /Sh

n=n,w
0., = RCp_o —wlyt' =8 (ClCouCor + S8, Sur)
JE = JB(s,Ch), & = k[,d/f2, St =Sb (s Cu)
S = En= e

In (28) (cf. [1], p.377-8) MPE are known normalization coefficients
following from the orthogonality properties of Sz,wﬂ p = e, o denotes
the even and odd parity terms, on which we sum, i.e., ¥, , involves
the sum of two terms p and all n as indicated; JP denote the non-
singular radial Mathieu functions, referred to as first kind by [1] and
other literature sources, corresponding to the non-singular .J,, Bessel
functions for the zero-eccentricity circular-cylinder in the limiting case;
Siw, denotes the angular Mathieu functions, involving the indicated
angle w’. Note in (28) the symmetry between w’, o, corresponding to
the symmetry between ¢, ¢’ in (5), (10).

The general solution in terms of a series of elliptical wave-functions
and arbitrary coefficients LP (o) is given by

E (v w') = zel,(87) /25050 Lh (o) (i /ME)HES]
Li(a/) = SO AP GPD — 5100 AP SPC 4+ A9 SPO

n nn~n,a nn>~n,a n,n~n,a’

(29)

where in (29) H} denotes the radial Mathieu functions, referred to as
third kind by [1] and other literature sources, corresponding to the
singular H, Hankel functions of the first kind for the zero-eccentricity
circular-cylinder limiting case; LP (') are coefficients determined by
the solution of the specific boundary-value problem, or measured in the
far-field, for example. In any case, they are considered here as given.
Obviously for a bounded cylindrical cross-section L¢ ('), L2(a’) are
periodic in o/, consequently each can be represented as a series of
angular Mathieu functions of parity p = e, 0. The coeflicients AP are
constants. ’
Usually we find in the literature, e.g., [2, 3], solutions of scattering
problems involving cylinders with the ellipse shaped cross-section
axes aligned to the x, y-coordinates, as mentioned above. Then,
corresponding to (28), the scattered wave is chosen with p = p, i.e.,
LE (o)) = A{;Sf; o+ With presumably known constants coefficients AL

B (u,w) = 2, (8m) ' PE0 0 AL (" IME)HESY, S,
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~ zel,(2/ins' Cl) 26 Cur g(w') ~ 2el, (2/im R) 2 g(0') (30)
gw') = 22’,?142(1/]\45)52“,/52,&/ ~g(¢), §Cl ~ R

where g(¢') was defined in (10). The specific choice of the angular
Mathieu functions in (30), displaying symmetry between w’, o'.

The above provides an adequate background for our subsequent
discussion of velocity-dependent scattering in elliptical coordinates.
More theoretical detail will be introduced as needed.

5. MOVING CYLINDERS, ELLIPTICAL
WAVE-FUNCTIONS

The above theoretical background facilitates the representation of the
scattered wave as measured in I', i.e., the wave scattered by the moving
object in question, as measured in the “laboratory” reference-frame.
The result is expressed in terms of elliptical coordinates and functions
native to I, as was done above for circular wave-functions.

To achieve this goal, all we have to do is to prove that the scattered
waves as in (29), (30) can be expressed in terms of circular wave-
functions as in (9) and wvice-versa. Then we can apply the technique
displayed in (12)—(16) to the case of elliptical wave-functions.

Here we extensively used a report [11] which unfortunately cannot
be found in an archival journal (there exists a shortened version
which also incorporates another report [12], but does not include the
theoretical review of [11]. It can be found under the same title [13]).

We can start by equating the even and odd parts of (28) to the
even and odd parts of the of the circular-functions representation for
the plane-wave (5). For this we need the relation between negative and
positive order indices, in order to change the summation limits from 0
to oo,

Z = (-1)"%,, Z=J, N, H, H? (31)

Where in (31) 7 is a real integer and Z stands for the four solutions
of the Bessel equation: the non-singular Bessel functions, the singular
Neumann functions, and their combinations—first and second kind
Hankel functions, respectively.

This leads to

.m ’ me/Cma/ } _ 125 JfLSZ,w/S&a//Mﬁ
2, m>0 m—co neoco
o { 1, m=0 "~ Ym = Xm0, 2n = 2500 (32)
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where in (32) upper and lower parts of the terms in braces correspond
to even and odd functions.
The Fourier series expansions for S* , are well known, e.g., see

1], p. 377
56 0 = S Dl Conary, 5900 = S Dl oS (33)

where in (33) Dy, , are known coefficients of the corresponding Fourier

series, and ¥ denotes that m, n have the same parity.
Multiplying the two sides of the upper, lower equation (31) by
Cya’s Sqor, respectively, and integrating from 0 to 27 yields

.q Cq¢/ } o 1/2 n Dg,ezgsfz,w’/Mﬁ . D __ TP
eqt1Z, { Saor | = (8m) /=%y {DgﬁoZgSg,w,/M;j , Lg=Jy, ZE = JE

(34)
Alternatively, we can multiply the two sides of (32) by the angular
Mathieu functions, namely S;a,, Sg’a, for the upper, lower equations,
respectively. Once again integrate from 0 to 2w, exploiting (33) and
the orthogonality of the angular Mathieu functions [1]. This will lead

to

Z8S¢ D1 Cpp
o { i | sz Do )
Z2S° DY, oSmy (35)

Z‘I = th Zg - Jg

and in a sense (34), (35) are inverses, describing how circular waves
can be represented in terms of elliptical waves and vice-versa.

Consider the second radial solutions of the Mathieu equation,
linearly independent of J?, denoted by INP. These functions are defined
by using the same formula used to define the Neumann functions
N, in terms of J,, e.g., see [1], p.357. Therefore this applies to
their linear combinations as well, specifically to the Hankel functions

1
,(12) = Jp £ iN,. It follows that (34), (35) can be extended to the
four kinds of functions

1) 2)

Zy = Jyy Ny, Hn:Hé ) H?S

(36)
— _ 1HP 2)P
Zy = J§, Ny, Hp = HY, H®,
where in (36) the terms in the first line correspond to those in the
second line in an obvious manner.
Exploiting (35) we may now momentarily assume that the
elliptical wave-functions HES? . in (30) are expressed in terms of
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the circular wave-functions of H,, (k. ") {gmw:} of (9), with the
mep

corresponding parity. This justifies the contour-integral representation
(10), and in turn the use of the differential operators and the
interchange of integration and differentiation, as discussed above.

It follows that the for the simpler case v = wv&, the operator
B = ~(1 — iB0x/) of (16) can be applied to (30) in order to
derive Eg.(u',w') as measured in I', expressed in terms of I” native
coordinates. Substituting from (27), elliptical coordinates and their
associated partial derivatives can be employed

Boo(d ) = BE,, = 2, (87)/2BE05 AL (" /ME)HESE, S0

B = ’}/(1 — Zﬁ@)p) = ")/(1 — zﬂ(u’X,(‘?u/ -+ w’X@w/)) (37)
uy = Oxu' =SC /G, Wy =0xw' =—CM Sy /G, G=5'F

where F, s’ have been defined in (27), (28), respectively.
For arbitrary direction of motion normal to the cylindrical axis,
we use By, (23), yielding

E.(u,w') = By Bl = 2, (8m)"/* Bg X050 AL (i /ME)HESE ST,
By = (1 — Zﬂ(Cg@X/ + Sglay/))
= v(1—if(Cert'ys Oy + Cerw'1 Oy + Seruy Oy +wyr Oy ) (38)
Uy = Oxu = wh =y’ = SOy /G
Wy = Oy’ = —wly = —dxw’ = CS, /G

where in (38) C¢, Sg are considered as constants and there is no point
in expressing them in terms of elliptical coordinates.

With (37), (38) at our disposal, we have achieved our goal of
providing explicit formulas for the waves scattered by moving cylinders,
expressed in terms of elliptical wave-functions. Obviously, the results
apply also to the more general result (29), and therefore to cylinders
with arbitrary, bounded, cross-section.

Once again, if one wishes to express Eg. explicitly in terms of
the coordinates native to I', (2) together with (17) can be substituted,
which again leads to very complicated forms that are useful only for
numerical simulations and limiting analytic cases.
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6. CONCLUDING REMARKS

Velocity-dependent scattering problems involving moving objects are of
interest mathematically and for engineering application. The problem
of scattering by moving cylinders expressed in terms of circular-
cylindrical wave-functions has been discussed before [9,10], but was
specific for this class of functions.

With these solutions as a starting-point, the present study
suggests how to include other classes of wave-functions. The key
element is to express first the wave-functions, i.e., radial Hankel
times angular trigonometric functions, as a plane-wave superposition
(integral). The relativistic transformations are then applied to the
plane-waves in the integrand.

Presently this technique has been used to define differential-
operators acting on the rest-state solution. All that needs to be done in
order to apply the operator to other coordinate-systems wave-functions
is to show that the latter wave-functions can be expressed in terms of
the circular-cylindrical ones.

One can say in general that since the wave equation is linear,
any solution can be expressed in terms of other solutions, e.g., plane-
wave integrals should be the base for any representation of the wave
equation. While this is true, the feasibility of adapting the new
differential-operator representation should be demonstrated for each
class of wave-functions.

This approach is verified above for wave-functions of the elliptical
cylinder. Consequently it is expected that similar results, based on
spherical wave-functions, will lead to an analogous differential operator
for spheroidal wave-function-but this is yet to be shown.
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