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Abstract

Scattering of elastic waves by a moving slab is considered. Two cases corre-
sponding to strong contact and good lubrication are treated. It is shown that
the motion introduces new effective compressional and shear wave velocities
in the moving slab. The amplitude of the reflection and transmission coef-
ficients are given for various angles of incidence, frequencies and velocities of
motion.

Nomenclature

A, B amplitude coefficients

e, f angles of propogation of compressional and shear waves, respectively
k, K propagation vectors

Py, Eyy  stress and strain tensor components, respectively
[ time

7 displacement vector

v velocity of moving medium

%Y, & cartesian coordinates

o, f§ compressional and shear wave speeds, respectively
r inertial frame of reference

Si5 Kronecker’s delta

A u Lamé’s constants

p density

b, potentials

w angular frequency
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subscripts

P, s refer to compressional and shear parameters, respectively

r,t,+, — refer to waves: reflected, transmitted, forward inside the slab,
backward inside the slab, respectively

§ 1. Introduction

The interaction of elastic waves with moving systems is of interest,
both from theoretical and practical point of view. The acoustical
case, which constitutes a special case of the following problem, has
been treated extensively.

The scattering of acoustic waves by uniformly moving media is
discussed by Morse and Ingard [1]. Keller [2] considers the case of
scattering by a moving half space. See also Miles [3], and Ribner [4].
Yeh [5] considers a moving fluid layer, and [6], scattering by a
moving fluid cylinder.

Some engineering applications, e.g., reflection of sound waves
from jets, are indicated by the above mentioned authors. From the
theoretical point of view, it is desirable to understand the behaviour
of elastic waves in similar configurations, because of the transversal
(shear) waves encountered here. In particular, the interaction of
the compressional and shear waves is a new feature. By letting the
shear wave velocity vanish, in one or more regions, special cases of
mixed acoustical-elastic or acoustical situations are obtained. The
transmission of elastic waves through sliding objects is relevant to
machine noise and measurement of parameters (e.g., velocity) of
moving parts which are not otherwise accessible. In special cases
of elastic objects moving in fluids, the problem might be relevant to
underwater acoustics. Conversely the motion of a fluid in an elastic
duct might be sounded by means of the scattered waves.

The correct choice of the boundary conditions is a severe problem,
depending on the practical situation in question. In many cases
there is good lubrication between the moving parts. It is plausible
to idealize this situation by assuming that tangential stresses and
displacements will not be transmitted. In other cases strong
friction may exist so that these components will be practically
transmitted across the boundary. In this paper both limiting cases
are considered.

The geometry chosen here is of an elastic slab uniformly moving
parallel to its surface. We will show that two new effective wave
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velocities are encountered here, which reduce to the conventional
wave velocities for the slab at rest. To study the intrinsic velocity
effects, computations were performed, for the case where the slab
and the surrounding medium have the same parameters in their
proper frames of referencé. Reflected and transmitted waves are
present, and for certain velocities and angles of incidence criticality
and resonance effects occur.

§ 2. Statement of the problem

Let us consider the problem of scattering of plane, space and time-
harmonic elastic compressional (p) waves, by a slab moving parallel
to its surfaces with a constant velocity © = v%, as observed from
the frame of reference of the laboratory, in which the surrounding
medium is at rest. See Fig. 1.

The incident compressional wave is of the form

bo = ek el fopr — zc0s e - xsine.
o = O, ’Ep = kp/”‘p!- (1)

In (1) ¢o and o are the displacement potentials as derived
subsequently; kp = w/ay is the propagation constant in the ex-
ternal medium, where «; is the compressional wave velocity in the
external medium, designated 1. Subsequently the time factor e-io?
is suppressed throughout.

Two cases are chosen for the boundary conditions at 2 = +4
as explained above: a) continuity of displacements and stresses, and
b) vanishing tangential stresses.

For both cases the problem is consistent and determinate,
however, these are not the only ways to pose the problem. For
example, since the contact is not perfect, it can be argued that only
a fraction of the tangential displacements and stresses are trans-
mitted across the boundary. Here, however, these proportionality
factors are considered as unity. As long as the exact nature of the
contact is not well understood, these models must be considered to
be heuristic.

To satisfy the above boundary conditions similarly to the case of
media at rest, reflected and transmitted compressional and shear
(S) waves are required,
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¢dr= Ape® " kpr = —zcose -+ xsin e,
dr = Bre®™ ", kg r — —zcosfr + xsin fy,
by = Age* " kpr = zcose; + xsin e,
iy = Bye®'",  fkgr = zcosfy + xsin fy,

i = Ayl Kyyor = 2C0S €f + % sin eq,
dp = Byel* " Rei-r = zcos f+ - xsin [y,
¢_= A_e™ " Ky_r = —zcose. -+ xsine,
y_ = B_e* " Ksr = —zcosf -+ xsinf,

(2)
where K refers to effective propagation constants in the interior of
the slab, as defined below.

In order to show that plane waves as described in (2) can exist in
the uniformly moving medium, and to find the relevant new para-
meters, a Galilean transformation is applied to the fundamental
equations of elasto-dynamics.

In the frame of reference I"(x', ¥, 2/, ¢') of the medium at rest,
we have

p(d/dt)2u’ = (A - WPV -u' 4wV, )

Transforming (3) into the laboratory frame of reference I'(x,v,z2,?)
yields, for infinitesimal deformations,

pLOMEE) +v-V]Pu = (A + w)PV-u + pV?u, (4)

since u = u’. Defining displacement potentials in the usual way,
such that

it follows that ¢’ = ¢, ¥" = 1. For harmonic time dependence
e~iot we obtain,
— (1 — v-Pfiv)? = 2P, of = (2 + 2)p,
—o?(1 — v-V/]io) = 2V, 2 = pulp, (6)
1=, Y, 2.
Consider a plane wave
(]SI — eitcp’-r’——iw't’ — ¢ = einp-r—iwt’
K, = o'[a,

substituting the Galilean transformation in (7) leads to
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wlo' =1+ v K |o, Ky = K,. (8)
Defining
dett = w/Kp = a(l 4+ v Kpla), 9
and substituting (7) with (8) into (6), shows that (9) is consistent.
A similar discussion leads to

Pt = /K5 = B(1 + v-Ks/p). (10)

Thus in I' we have new effective wave velocities (9), (10), this
implies, formally, new Lame’ constants for the moving medium,

Aett = ploge — 2B%),
fets == pP.

(11)

Since the boundary surfaces are stationary in the laboratory
system no Doppler frequency shifts are detected, and the frequency
w is preserved as the wave enters the moving medium 2.

Subject to the above argument our problem is to find the coef-
ficients defined in (2).

§ 3. Solution of the boundary value problem

Case a. The boundary conditions for the continuity of the displace-
ments and stresses are:

Uzl = Ug2
Uzl = Uz2

at 2 = +d, 12a
i’zwl == ?zxz ( )
Ibzzl == ﬁzzz

Py = AV -udy + 2ueyy,
eij = [(0/o%5)us 4 (9/0xs)u1]/2,

,7=1

VTS .

0,7 +#1.
Case b. The boundary conditions for the continuity of the normal
displacements and stresses, and vanishing tangential stresses, are:

Uzl = Uz 1

Pest = bawe = O tat 2 = +d. (12b)
Pzzl - Z')zzz [
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24
i i 2 I |

Fig. 1. Geometry of the problem. A compressional wave, denoted by P, is

incident at an angle ¢ on an elastic slab of width 24. The surrounding medium

and the medium of the slab are denoted by 1,2 respectively. The slab is

uniformly moving in the x direction with velocity » Compressional, shear

waves are denoted by P, S and propagating in directions e, f (or ¢/, /' in the
internal domain) respectively.

This implies Snell’s law,

sin e sin ey sin fy sin e sin e
oy o1 B1 xgett azeft
sin sin f.- sin et sin fi
_sinfs _sinfe _ sinf . (13)
Baotr Baett o1 B1

Subject to Snell’s law, the angles

e:el‘set)f:fl‘:ft) 6’:6+:6—, ]U:f-i‘:f—‘}

See Fig. 1.

Expressing the displacement u# and the py in terms of the
potentials ¢, s and substituting in (12), we obtain eight equations
for the eight unknown coefficients in (2).

The vector term in case a is represented in case b by M.



(ep1)
fzurssyrrl (9gs0otriz +Ty)dy
[z s00sy T — 2z urs dy 17
0 0
0 0
Juis— 7500 —
[ s00 2 urs —
0 0
0 0

4800 pSHTE—9 X
X g uss yyed

L£s00 p831g—9 X
X fz soos3rer

Az urssyer —

Az 50083781 —
/500 py1g—9- ,{ UIS
{800 pSy1g—9 - \\ SO0

s —

4 s00—

s500 pdyrg-9 X

X (,25500817 +3y)d 37 —

2800 pay1g—9 X
x oz urs O yyer

(,2gs0081z +8y)d 3r

Loz uisd yrer —

,2500 pOyrg—-9+ 2S00 —

,2500 pdyg—9 - 2 UIS
,7 500

FAGEES

AJzursssyer

§ Lfgsoosyed

500 psy1g—9 X
X Jzurs®yyen

4500 pEyg—2 X
X fz 50983781 —

A urs

4 s00—

,£500 pSy1g—9 -+ fUIS —

L£500 pSyTg-9 - {500

0
a
2 509 pdy1—9(2 5500 Tz + Ty) 2y

o
2500 pdy1- Q- 7 UIS N»\Hi

0

0
2500 pdyT1—9 - mmOOQm\ —
2500 pdy-0 -7 UIS Gy — |

m<av~ —
— 255009 y721l7 —

L,z ursdyred
L9500 payyrg—2 X
X (,2 4500817 4 3y)d 37

L0800 py1g—2 X
X oz urs e
,2 500
,2urs
,a 500 pdyyg-9+ ,2 SO0 —

,3800 pdy1g--9 - ,d UIS ~

Jzurssytr

fzsoosy1n

0
0
{ urs

/soo

Jas00 payY 3~V

£so0opsydSyYty

2500 gty Y

ds00psy1S T

Jsoopsyrty T
2800 paydt 3 P

£s00 psy1SY g

2500 piyOI YT

0
ﬂ<a£|
-2 7500 dyTrlz —

a7 s Sy v

0
0
2 500 —

2 urs




0

0

a
4500 @nuilonw 2S00 .niN + a<v N»N

(ar1) 1
0
0
2500 py1-9 - 75000y —
_ 2500 ply1—9 - 77 UIS M&l ]
L5005 pSyy1E—9 X ,2800 pay1g—9 X ]
fzurssyn (25500177 Ty %y X fzurstyyer X (75500877 +8y)d 5y — Az uissyyer — (22800877 4-2y)d 3y — 0 0
Jz soosy 2z urs Gy — 0 0 0 0 0 0
4500 pSy1E-9 X o500 pdypg—9 X
0 0 Az urssyyen — (,2550087lz +2y) 9 51 X fzurssyen X (2g5008rz 4-ey)dyy [zuisSyTdl (ags00Trig +Ty)dy —
0 0 fsoopsyig~2- JZSO08 800 pay1e-9- A2 TSIy Azs0083yy Az urs 3y — 0 0
furs— 2500 — L £s00 psy1g-9.+ fUIS L2500 pdyyg—9 -, 500 — S urs ,7 800 0 0
L4800 pEXYTE—~D» L2500 pdy1g—9-
0 0 Azs0983y Azusdyy - 4z 8008y -z usiy — 0 0
0 0 Aus— 2800 ssoopsyrg-o+ JUIS— 5500 pay1g-9- 2500 — fms 2500—

0 0 0 0 0 0 fzsoosy sz ursdy




ELASTIC WAVE PROPAGATION 321

§ 4. Discussion
In order to bring out the intrinsic velocity effects the two media
1,2 are taken identical in their proper frames of reference, y; = us,

A1 = Ag, p1 = p2.

From Snell’s law (13) we see that the direction of the compression-
al wave emerging from the slab is identical with the direction of the
incident wave. This however, does not imply recirpocity, since the
directions of propagation with respect to the velocity v determine
the equivalent parameters. See Morse and Ingard {1], page 710, for
the case of a moving half space. This means that in Fig. 1 we may
invert the direction of the incident and transmitted P waves, but
the waves inside the slab will be different.

Snell’s law (13) gives the angles for which criticality takes place
because of the velocity effect. For a given angle of incidence e, let us
investigate the behaviour of the reflected, transmitted and re-
fracted waves, as a function of the velocity v, according to

sine’ = sine¢/(l —wvsine), a; = ag = 1, (15)

which follows from (9) and (13), and similarly for sin /. For
—oo0 < v < 09, where vy == cosec (¢) — 1, there is no criticality.
At v = vg according to (15) sin ¢’ == 1, i.e., ¢’ = w/2 so that v > vy,
a propagating P wave cannot penetrate into the slab. See Fig. 2.
For wg< v <<wvg--1 we have sine’ > 1, which implies ¢ =

|
t
V
/ I
|

] ——
|
!
sin g i
— cosec e~} Cosec 8 €osec e+|

T
0<e<§

sine'

Ted
-E<e<0

Fig. 2. Sketch of (a) sine¢’ and (b), the effective velocities, as a function
of v. The compressional wave velocities are chosen as «; = ag = 1, and
the shear wave velocities are g1 = f2 = 1/,/3.
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= i¢" + w/2 where ¢” is real and negative to ensure an ex-
ponentially decaying wave with increasing z inside the slab. This is
consistent for the reflected wave inside the slab too.

For vg +1 < v <vg+ 2 we have —oco < sine’ << —1, there-
fore ¢ = i¢” — =/2 where ¢” is real and negative. This again
ensures attenuated waves, taking into account the fact that the
effective wave velocities in this range are negative. See Iiig. 2.

For vp -+ 2 < v < co we have —1 <sine' < 0, e, —n/2 <
< ¢’ < 0. In this range there is no criticality, the refracted waves
have real directions of propagation. Note that for v > vg + 1, the
effective velocities are negative. This takes place at supersonic
velocities v > ag = 1. The same arguments apply to sin /. Note
that werr and ferr become infinite at the same velocity vo + 1,
see Fig. 2.

In Fig. 3 the amplitude of the reflection and transmission coef-
ficients are given for case a for angles of incidence in the range 0 to

3]

04

02

00

Fig. 3. Absoclute value of reflection and transmission coefficients for case

a, as a function of angle of incidence. For v = —1 there is no criticality.

For v = 0.5 criticality takes place for P and S waves at 42 degrees, 69 degrees,

respectively. For v = 0.8 — 34 degrees, 47 degrees. For v = 1.5 — 24
degrees, 29 degrees,
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90 degrees, at various velocities and a constant frequency o = 1.

As predicted by the theory no criticality occurs for negative
velocities, and the curves are smooth. For positive velocities criti-
cality occurs for P and S waves, producing abrupt jumps in the
curves at those special angles. Compared to the problem of a moving
elastic half-space the present situation is further complicated
because of resonance effects. I.e., for certain angles of incidence the
waves inside the slab interfere constructively or destructively. This
is seen in Fig. 5 too.

At normal incidence e = O degrees, according to (9), (10) the

Fig. 4. Absolute value of reflection and transmission coefficients for case a,
as a function of velocity, for various angles of incidence. The effective
velocities tend to infinity at the following points;

¢ = 15 degrees, vo = 3.8; ¢ = 30 degrees, vo = 2;

e = 45 degrees, vo = 1.41; ¢ = 60 degrees, vo = 1.15.

For ¢ = 15 degrees criticality occurs for P waves at v = 2.9. For e = 30
degrees, criticality occurs for P and S waves at v = 1.05, v = 1.45 re-
spectively. For S and P waves criticality ceases at v = 2.6 and 3.0, re-
spectively. For e = 45 degrees criticality for P, S waves appears at
v = 0.45, 0.85. Respectively, and vanishes for S, P waves at 2.0 and 2.45,
respectively. For ¢ = 60 degrees criticality for P, S waves appears at 0.2,
0.6 respectively, and dissappears for S, P waves at 1.75, 2.2, respectively.
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velocity effect vanishes, consequently (for identical media) the
reflected waves disappear, the transmitted P wave is of unity
magnitude and the S wave vanishes. At a grazing angle ¢ — 90
degrees there are no transmitted waves, since nothing penetrates
into the slab, the reflected wave is a P wave only.

In Fig. 4 the amplitudes of the coefficients are given for case a
as a function of the velocity v, in the range —2 to 3 for various
angles of incidence. As expected, for v = O all the coefficients
vanish except |44 = 1, since the slab has no effect. For negative
velocities we have again smooth curves because criticality does not
occur. For positive velocities abrupt changes are seen at the points
where criticality begins, for P and S waves, and where it ends.

At the point 1 = v sin ¢, according to Fig. 2 the equivalent wave
velocities tend to infinity, i.e., we are dealing with a perfectly rigid
slab. At these points the transmitted waves vanish.

In Fig. 5 the amplitudes of the coefficients are given for case a
as a function of the frequency for various values of v. Except for

=30 degrees

Fig. 5. Absolute value of reflection and transmission coefficients for case a,
as a function of frequency, for various velocities and ¢ = 30 degrees. For
v == 1.5 we are within the range of criticality.
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Fig. 6. Absolute value of reflection and transmission coefficients for case b,
as a function of angle of incidence.

v = 1.5, which is in the critical range (see Fig. 2), all curves show
resonance effects.

For case b, Snell’s law holds as before, and criticality occurs at
the same points. However, the different boundary conditions for
case b produce new patterns for the various scattered waves.
Similarly to case a, for normal incidence (¢ = 0) Fig. 6 show zero
reflection amplitudes and the slab has no effect. At grazing angles
(e — 90 degrees) the displacement produced by the incident P wave
become tangential to the interface, hence it behaves as a free
surface. The wave is entirely reflected as a P wave.

In Fig. 7 the amplitudes are shown as a function of the velocity.
Contrary to case a (Fig. 4), here for v = 0 the effect of the slab
does not disappear. This is a consequence of the boundary con-
ditions. The fact that tangential stresses are not transmitted,
affects the scattering process even in the absence of velocity. For
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15 degrees =
30 degrees we--
45 degrees

60 degrees ~ T

o000

[

075 ors—

orst |

00

Fig. 7. Absolute value of reflection and transmission coefficients for case b,
as a function of velocity, for various angles of incidence.

normal incidence (¢ = 0) only, the ‘fault’ will have no effect, hence
as the velocity changes from zero, the effect of the slab becomes
significant, see Fig. 7 for ¢ = 15 degrees.
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