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Dispersion Equations in Moving Media 
DAN CENSOR 

Amzct-The derivation of dispersion equations for electromagnetic 
waves in moving  media is considered. Absorption is included. It be- 
comes clear that conduction current or polarization current models 
lead to identical dispersion equations in moving  media. The invariance 
of dispersion equations is defmed and discussed. The question of 
velocity induced wave modes in moving  media is considered, and con- 
ditions for appearance of these new modes are stated. 

I .  IXTRODUCTION 
Relativistic electrodynamics of  moving  media  has been formulated by 

Minkowski, [ l ]  see also Sommerfeld [2] for historical review and 
introduction Subsequently other theories appeared, however, it is 
now  widely accepted [3]-[SI that all relativistically correct theories 
can be traced back to Minkowski's [ l ]  original formulation. 

A well-known difficulty in establishing  dispersion equations for 
moving  media is the question whether conduction or polarization 
current models  should be used (see Chawla  and Unz [6] for discussion 
and further references).  Essentially the difficulty stems from the fact 
that  the two types of currents obey different relativistic transformation 
laws,  and this becomes more complicated when we wish to include 
absorption in our modeL Presently it is shown that one can work  di- 
rectly with the macroscopic parameters, without separating them into 
susceptance and conductance, and consequently all consistent a p  
proaches lead to identical dispersion equations. 

11. RELATIVISTIC ELECTRODYNAMICS 
Maxwell's equations (in MKS units) are given in an inertial system of 

reference (henceforth the "primed" system) by 

3,' X 61' = j '  + atlD' a,' . B' = 0 

a,f x E' = - a , w  a,, . D' = p' (1) 

where a t !  = alar', and a,f x, a x ' .  are the rot, div operators, respec- 
tively. The following transformation formulas are applied to  the co- 
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ordinates and fields in (1): 

x' = 0. (x - ut)  ax# = 0. (a, + uadc')  

t' = y(t  - x . U/CZ) a,' = 7(at + U .  a,) 
E' = 8.  (E + u X B )  H' = 8. (€I - u X D )  
B ' = P . ( B - ~ x E / c ~ )  j ' = u . ( j - p V )  

D' = 8. (D + v X H/c') P' = ~ ( p  - j -  v/cz) (2) 

where u is the velocity of  the primed system as seen from another (the 
"unprimed") system  of reference, and 

- 

7 = (1 - g')-'/z D= 7- (r - 1) ;; 

v = ( u  u)'/2 8= $+ (1 - 7)  w 

c = (roco)-"' (3) 

p = ulc ; = U I V  

and 7 is the idemfactor dyadic. This yields (1) without primes in  the 
unprimed system. 

In order to discuss dispersion equations in homogeneous media, we 
need the Fourier transform of the equations for E' ,  B', D', H' ,  j ' ,  and 
p' in (2). Consider for example the equation for E'(X' ) ,  X' = (x', kt ' )  
is the space-time position four-vector. Similarly in the unprimed sys- 
tem we  have E ( X ) ,  etc., where X', X are related by the Lorentz trans- 
formation, Le., first two lines  of (2). Thus we  have 

E'(X' )  = 8.  (E(X)  + u X B(X) )  (4) 

to which we wish to apply a four-fold Fourier transformation. On the 
left side of (4) we  have ,. 

E'(X' )  = d4K'E' (K ' )  e J 
J 

1 .X' 
(5) 

where K' = (k', iw'/c).  The right  side of (4) is written as 

p. (E(X)  + Y X B(X) )  = d 4 K 8 *   ( E ( K )  + u X B(K) )  (6) 

Now comes a crucial step in  our argument. The relation between K 
and K' is yet undetermined, but  in order that the integrals in ( S ) ,  (6) 
be equal for all X, X ' ,  which are related by the Lorentz transformation, 
we must identify K' . X' = K . X .  The  latter implies that K ,   K '  are 
four vectors related according to 

k' = 0. (k - wv/c') w' = r (w - u .  k) (7) 

and it follows that the volume element d4K is invariant to rotation 
in Minkowski's four space, hence d 4 K  = d 4 K ' .  Relations (7) are 
commonly referred to as the relativistic Doppler effect. Consequently 
we arrive at the transformation formula 

E'(K')  = 8 -  (E(K)  + u X B ( K ) )  (8) 

where K ,  K' are related by (7). The same argument applies to the 
formulas for I, D', H', j ' ,  p ' ,  obtained by inspection of (2), where 
the transforms of the fields are now understood. 

111. CONSTITUTIVE  RELATIONS A N D  DISPERSION EQUATIOSS 
We identify now the primed system (1) as pertaining to  the comoving 

system of reference in which the medium is at rest. The unprimed 
equations pertain to observations performed in the laboratory frame 
of reference, in which the medium is observed to move at a velocity 
V .  The central problem here is the fact that constitutive relations are 
provided in the comoving  system,  while observations are performed 
in the laboratory (unprimed) system. 

The constitutive relations are usually  derived in  the form 
ik' X H' = 2 .  E' k' X E' = w'Fu") .H' (9) 

given in K' transform space; the form (9) is sufficiently general for our 
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subsequent argument. Note that 0”‘, j.i’ may  be non-Hennitian (or com- 
plex, in the case of nongyrotropic media) thus taking into account 
absorption mechanisms. 

To derive dispersion equations in the comoving system of reference 
we can eliminate in (9) E ’ ,  or H’ deriving the transformed wave 
equations 

[kt x ct-1 . k’ x r+ i w ‘ ~ ’ ]  . E‘ = 0 

[k’ x ;‘-l . k‘ x r+ jW’c’] . H’ = 0 (10) 

respectively. While the wave equations for E‘ ,  H’ are not identical, 
equations (10) lead to identical dispersion equations, as can be Seen by 
first deriving from (10) the dispersion equations 

det [k‘ x jl’-’ . k’ x 0“‘-’ + iw’7] = 0 

det [k’ X G I - ’  * k’ X e‘-’ + iw’r] = 0 (1 1) 

respectively,  and then using the rules for the determinant of a sum, 
and the determinant of a product of determinants. Consequently 
either one of the equations ( l l ) ,  which are identical, is generally 
represented by F(K‘ )  = 0. 

Now, in moving  media, it is not sufficient to apply (7) to (11) in 
order to find the dispersion equation in the laboratory system of 
reference. There is no a priori guarantee that this act, which can be 
written as F‘(K‘[K] = 0, actually yields the dispersion equation for 
an observer in the laboratory system, because he is only capable of 
measuring fields, and the dispersion equation must be derived from 
the relativistic transformations of (9). However, the transformation 
of E ’ ,  H’ (2), (8), introduces D ,  E ,  so that this immediately brings up 
the problem of relating D’ to E’ and E’  to H ’ .  To overcome this 
difficulty, we take the fust equation of (10) and substitute (S), then 
eliminate E by  using  Maxwell’s equation k X E = WE  in the laboratory 
system, yielding 

[k’ x x 7+ i w ~ ‘ ]  . V .  [T+ x k x T/wl - E  = 0. (12) 

Since in general det V #  0, det [r+ u X k X T/w] # 0, the vanishing  of 
the determinant of the  fust dyadic in brackets defines the dispersion 
equation. But this is exactly the result (10). Consequently, we  have 
now proved that 

0 = F ’ ( K ‘ )  = F’(K’[K]) = F ( K )  (13) 

Le., the dispersion equation is invariant in the sense that the substitu- 
tion of (7)  into F ( K ’ )  = 0 as represented in  (13), yields the dispersion 
equation in the laboratory system  of  reference. We can define the new 
function F ( K ) ,  as in (13). It must be born in mind the F’,  F are dif- 
ferent functions of their respective arguments K’, K. 

The fact that the dispersion equation of a moving medium, as ob- 
served from the laboratory frame of reference, can be determined 
without splitting of 0“‘ means that all consistent physical  models, 
whether based on the concept of conductance or polarization current, 
or a combination thereof, should lead to identical dispersion equations. 
Tai [ 31 noted this for certain fust order velocity effects. However, due 
to the invariance of the dispersion equation, as defined above, this is a 
relativistically exact conclusion without further qualifications. 

The establishment of the invariance  of the dispersion equation 
facilitates the general argument of velocity induced modes. 

The number  of  possible  wave modes in  a given  medium (in the 
comoving  system  of reference) is determined by the number of distinct 
roots of the dispersion equation, when the frequency is taken as a 
constant Thus F‘ Can be represented as a  product, with each factor 
constituting the dispersion equation for one of the modes, 

F ’ ( K ’ )  = F ; ( K ‘ )  F ; ( K ’ )  . . . FA(K’) = 0. (14) 

If there are no multiple roots, then n is the number of  modes. Some 
authors consider 4 2  as the number of modes, not counting separately 
backward and forward going  waves.  Usually purely oscillatory modes, 
where Fh(w’) involves  w’ only, and evanescent modes are discarded, 
but must be retained for moving  media consideration, because in the 
laboratory system such modes appear as propagating waves. Substitut- 
ing (7) in (14), in order to derive dispersion equations for the labora- 
tory observer, may be conducive to new  veloci dependent modes. It 
is evident that if F’(k’, w‘) contains a term wywhere 1 is larger than 
any power of k’, then (7) will introduce a term ( u  k)z, hence new 
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roots of k will be present. This means that in the laboratory system 
of reference new velocity induced wave modes will appear. Such 
modes will not appear for dispersion equations where  w’ is of the 
same or lower power, compared to k’. There is no paradox in the 
fact that a different number of modes will be observed in the comoving 
and in the laboratory systems of reference. To identify the different 
modes in the laboratory system, all are launched with the same fre- 
quency w. In the comoving system some  of these waves, although 
having different frequencies w’, will  belong to identical modes. 

The simplest  physical example for generation of a velocity induced 
mode is provided  by a cold, unmagnetized collisionless  plasma, for 
which (1  1) becomes 

[krz - p ~ e o w ’ ~ ( l  - ~ g / w ’ ~ ) ] ~ ( l  - wg/wV2)  wf2 =O. (15) 

where wb is the plasma frequency in the comoving frame of reference. 
The term in brackets (15) describes two modes,  which are the forward 
and backward  transverse electromagnetic waves in the plasma. Upon 
transformation of this dispersion equation into  the laboratory system 
using (7), no new modes will appear, due to the fact that  wf2, k“ 
are of the same  power. The rest of (15), which can be written as 

is usually discarded on ground that this is a pure oscilla- 
tion ratlfer than a wave. However, for moving  media it must be  re- 
tained, because in the laboratory system, after using (7), we  have 

wt2 = wt2 

r ( w - u - k ) = * w b  (16) 

descniing  a new, velocity induced, wave mode. This is the familiar 
space  charge wave for a drifting plasma, and (16) describes two modes, 
corresponding to two possible waves in the drifting plasma. 

Note added in proof: Prof. Suchy kindly called my attention to 
references [7] ,  [SI, [9] .  
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A  High-speed LowCost Modulo Pi Multiplier 
with RNS Arithmetic Applications 

MICHAEL A. SODERSTRAND AND CARMEL VERNIA 

Abstmct-Modulo Pi multipliers are implemented by lookup tables 
when Pi is small (5 bits or less) and by index calculus if Pi is larger (6 
bits or more). However, index calculus only works for prime moduli 
Pi. In this letter, we introduce a new  square-law multiplier that is use- 
ful for modulo Pi multiplication where Pi is any modulus. It is expected 
that this will have important applications in RNS arithmetic computing 
hardware. 
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