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Scattering of Electromagnetic Waves by a
Cylinder

Abstract—The scattering of a time-harmonic,

Moving Along Its Axis

DAN CENSOR

linearly polarized

plane electromagnetic wave hy a cylinder nniforndy moving along its axis

is discussed. The formalism is relativistically exact, and explicit forms

are provided for first-order velocity effects. Consideration is given to both

a cylinder moving in free space, using the procedure suggested by Einstein,

and two refractive media; it is veritied that the first case is a speeird case

of the secoud one. Thin scatterers are considered and it is shown that no

first-order velocity effects are present. For a moving medium, having in its

rest frame the same constitutive parameters as the surrounding medium, it

is shown that the velocity-independent part vanishes, but scattered fields of

the first order in the velocity are still present. Moreover, these waves

appear with the opposite polarization (compared to the incident wave).

I. INTRODUCTION

I

N THIS PAPER scattering by an axially moving cylinder

is studied. From the point of view of applications, many

problems suggest themselves, e.g., scattering by moving

masses of air, jet exhausts, and streams of moving particles

such as electrons. From the theoretical point of view it is

considered worthwhile to study special cases of scattering in

velocity-dependent systems, and to point out the new first-

order velocity effects.

To date numerous papers are available, applying propaga-

tion and scattering in moving media and by moving objects

to special cases of interest. The subsequent studies deal with

the pertinent wave equation and the associated Green’s

functions, therefore this background is not needed here.

Yeh [1], [2] and Yeh and Cassey [3] discuss transmission

and reflection involving plane interfaces. Guided waves in

moving media are considered by Collier and Tai [4], Du and

Compton [5], Gruenberg and Daly [6], Berger and Griems-

mann [7], and others. Scattering by a cylinder in free space

is considered by Lee and Mittra [8], but only for the far field.

Scattering and multiple scattering by objects moving in free

space are discussed by Censor [9], who also extends the

formalism to scatterers moving in refractive media and
scatterers immersed in moving media [10]. A first-order

formalism, following an earlier study by Nathan and Censor

[1 1], is applied to rotating media [12]. Scattering by a

rotating circular cylinder is discussed by Censor and

Nathan [13]. A simple situation corresponding to random

media, and application to Doppler broadening diagnostics,

are given by Censor [14].

At present we consider the problem of a time-harmonic
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Fig. 1. Geometry for scattering by an axially moving cylinder, as
observed from r, the frame of reference of the external medium at
rest. The cylinder moves in the z-direetion, and the incident wave
propagates in direction& in the xz plane.

linearly polarized plane electromagnetic wave scattered by

an axially moving cylinder. (See Fig. 1.) In free space one

can use the procedure suggested by Einstein [15]. Accord-

ingly, the incident wave is transformed into the frame of

reference of the object at rest, and the scattered wave is com-

puted and then transformed back into the frame of reference

of the observer. The general case of an external refractive

medium is more complicated [10], but it becomes relatively

simple for the present case, since the surface separating the

cylinder from the external medium is time-invariant. The

general solution for the electromagnetic fields in simple

media, in terms of cylindrical coordinates, is transformed

from the cylinder’s frame of reference into that of the obser-

ver, and the boundary conditions are applied to get explicit

results. Since the boundary conditions are derived from Max-

well’s equations without reference to the constitutive rela-

tions for the media at hand, the conventional boundary con-

ditions are valid, i.e., the tangential electric and magnetic

fields E and H, respectively, must be continuous across the

surface. Since the boundary surface is time-invariant, this

implies that no Doppler effects are present, i.e., the time de-

pendence of the internal and external fields is the same, re-

ferred to the same frame of reference.

Consider two frames of reference r, r’ in relative uniform

motion. The cylinder at rest is attached to I?’, the external

medium is at rest with respect to r. Observed from r, we see

I“ moving in the positive z-direction, Fig, 1. The two car-

tesian coordinate systems x, y, z, and x’, y’, z’, correspond-

ing to 17, I“, respectively, coincide at t= t’ = O, hence the
following Lorentz transformation applies:
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.2’ =-j(z-vt),

X! = x,

/ = y, (1)

t’ =y(t–uz/c2),

‘y = (1 – @-1/2, p = v/c, c = (&oe&l/2,

where PO,co are the constitutive parameters associated with

free space. Application of the principle of relativity [15] to

Maxwell’s equations (see Sommerfeld [16], who cites Min-

kowski’s original papers) yields the transformation formulas

for the fields,

Elf = ,q, Eq’ = Hll,

E.L’ = T(EJ. + V X @ = Y(EL+IJV X H), (2)

H.’ = T(HL – V X D) = T(HL – W x E),

where II and 1 denote components parallel and perpendicular

to the velocity, respectively. The simple constitutive rela-

tions D= eE, B= pH are already incorporated in (2). Subse-

quently y, e are considered to be constants, either real or

complex.

In particular, consider the transformation formulas for

a plane wave,

~= fei4, ~=k.r– tit, ~= E, H, D,B, (3)

specified in 17,in terms of 17coordinates. It has been shown

[9], [10] that for the corresponding plane wave in r’,

the following transformation formulas apply. The amplitudes

are related by

f’ = p.f,

F = [(1 – ‘y)o + y~t]o = 7(1 – qfi. t)l,
(5)

~ = v/c for ~ = E, H,

q = ~)c/c for ~ = D, B,

where C is the phase velocity associated with the medium at

hand; for free space C= c and ~= P; R is a dyadic, I is the

idem factor dyadic; ~ is a unit vector in the direction of

propagation. The frequency transforms according to

m’ = T@(l — v.2/c) = -p_O(l — vcosa/c). (6)

The propagation vector transforms according to

k’ = k – [(1 – ~)k. O + @C/c2]$, (7)

and the absolute value of (7) is prescribed by

k’ = 7?c(1 – o’ sin’ a – 2PC. cos a/c+ P2C2/c2)’/2. (8)

The direction of propagation changes according to

tga’ = sin a/y (cos a – vC/G’). (9)

II. CYLINDER MOVING IN FREE SPACE

We consider here two problems: 1) scattering of a plane

wave propagating in r in direction a with respect to the z-

axis, such that in I“ its direction of propagation is perpen-

dicular to the z-axis; and 2) scattering by a plane wave which

in r propagates perpendicularly to the z-axis. Without loss

of generality, an arbitrary incident plane wave is resolved

into two plane waves, one transverse-magnetic, the other

transverse-electric, with respect to 2, and the two cases are

discussed separately.

For case 1) consider in I’ a plane wave (3). In view of (9),
a’= 7/2 prescribes in free space

Cos a = /3. (lo)

Therefore (6) yields for the frequency

w’ = w/y, (11)

i.e., a transverse Doppler effect. For the present free-space

case k and I f] also undergo the same transformation ( 11). The

vector f is given according to (5):

If’ [ =’y(.i - -jq%2), (12)

hence f makes an angle a [a defined by (10)] with the nega-

tive x-direction. For the circular cylinder the boundary value

problem is readily solved in I“. The internal field is repre-

sented by means of the nonsingular Bessel functions

The plane wave Y?” can be represented in cylindrical wave

functions by replacing CLJ.(K’V) by Jn(k’r) in (13), where k’

is the corresponding propagation constant in free space. The

scattered wave is given by

where u’ stands for an electric or magnetic field polarized in

the 5 direction, and where HJk’r) = Ifntl)(k’r) is the Hankel

function of the first kind and order n. According to Max-

well’s equations the associated transverse field is A V’ X u’,

where A = wp, —we, for u’ =E’, H’, respectively. Application

of the boundary conditions at the surface r= a yields [17]

bfi = [J.’ (k’a)Jn(K’a) – ZJ~(k’a)Jn’(K’a) ]/A~,

An = ZJ~’(K’a)H~(k’a) – J~(K’a)H~’(’k’a), (15)

Z = bK’/li = bK/k,

where the primed cylindrical functions are differentiated with

respect to the argument, b = pO/p, eO/efor E, H polarization,

respectively. By means of ( 11) the frequency can be expressed

in terms of observer’s quantities. According to (2), u’ [de-

fined in (14)] is invariant. By substitution of(1) u is obtained

in terms of observer’s coordinates:

u = u’ = .2 ~ i“bnHn(lcr/7)e~”o+ ~hz-~”t, h = lv?. (16)
n==—m

Similarly (2) implies H,= -jJH,’, HO= YHo’, E,= IAH”

Eo= –LLV6H,, for u =E, and E,= YE,’, Eo= YEo’, H, = – ev+Ee,

He= dE, for u= H polarization. These are first-order veloc-
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ity effects, therefore they should be taken into account even which applies to the internal field. Index i denotes the inter-

for small velocities, but as far as the coefficients (15) are con- nal region and h’ is prescribed by the incident wave, in order

cerned, they involve only zero-order and second-order terms. that the boundary conditions be satisfied. The finite field in

Now consider a plane wave in r, propagating in the x-di- the internal region is represented in terms of the nonsingular

rection, with either the E or H field polarized along the Y. functions. The scattered field is written in terms of the

z-axis. Exchanging primed and unprimed quantities, and re-

placing B by –fl in (10)-(12) yields the transformation of the

incident wave into I“. For example, for E polarization in I’,

we obtain

E,’ = fyfl? cos Oe’kx–~h’z’–’”’” = – iy@i&E’,

ak, = d/dkr, (17)

Hankel functions,

.

n=—.

1’2 = k’z– h’2, l;’ = CJ/(p,E,) ‘/’,

etc., similar to (18) with k’ replacing A’, k’ replacing

instead of u~. and index i redated bv e.

(19)

K’, PO

Eg’ = – fy@ sin Oeikz-’h’z’–’wrt’ = – iv@%&/kr, The continuity of the tan~ential c~mponents of E and H

H,’ = — ?fy(cO/PO) 1/2 sin Oe’k’-’z’Lw-Lw’” = — i@%E’/rtipO,
fields across the surface r= a and the orthogonality of(18)

and (19) with respect to e’nd yield the equations for the co-

Hd’ = – dfy(q/PO) 1/2cos Oe’k’–zh’z’–’”’” = i@d,E’/pOa. efficient,

— nh’Jn(A’a) An/A’2a + iLL~w’Jn’ (A’a)Bn/A’ + nh’Hn(k’a)an/A’2a

– iPow’H.’(k’a)b@’ = – njy@Jn(ka)/lea, Jn(A’a) An – Hn(~’a)a,, = fJ~(ka),

iK’2Jn’ (A’s) A ./~i~’A’ + nh’Jn(A’a)Bn/A’2a — ik’2Hm1 (k’a)an/~OJk’

— nh’H. (k’a) b#’2a = ik-yfJn’ (ka) /IJOCO, Jn(,i’a)lln – Hn(k’a)bn = O

Correct to the first order in P, this yields,

an = { – Jn(Ka)Jn’(Ka) [J~’(ka)H~(ka)p;k/pOK + J~(ka)H~’(l:a)pOK/M,k]

+ J~’2(Ka)J~(ka)H~ (ka) + Jn2(ka)Jn’(ka)HJ (?ca) }f/A,

A = Jm(Ka)Jn’(Ka)H~’ (ka)Htt(ka) (IJJC/POIi + IJoK/I.Ji~)

– J.2(Ka)H.’2(ka) – J.’2(Ka)Hn2(ka),

bn = Jm’(Ka) [Hn’(ka)Jn(lca) – Hm(ka)J~’ (ka) ] (1 – k2/K2)in~f/pomaA =

– J.2(Ka) (1 – lc2/Kz)2npf/rka2POtiA,

(20)

(21)

The general solution for the electromagnetic field in cylin-

drical coordinates is given (for example, see Stratton [18])

by

EZ1~= $Eit = 3 ~ ~.AnJn(A!T)einO–ih’z’–iw’t’,

n=—m

cc

H=f ~ = ,jHif = ~ ~ ~.BnJn(AfT)ein9—ik’z’—iw’tf
1

.=—.

Ev’ i = ?i(— h’dVEil + ~&U’doH%’/T)/A’2,

E;i = – %(h’&E;/r + J&H,’)/A’2,
(18)

H:i = — ti(K’2i3aEi’/rp&cJ + h’&H;’)/A’2j

Ho’ L = &(Kf2tLEif/piU’ – h’i30H:/T)/A’2,

thus bfi is of the first order in P, while an contains f12velocity

effects only. Inserting (21) in (19) and finding the remaining

components by inspection of (18) yields the scattered field

for a I“ observer. Specialization of the inverse of (2) to the

present case yields the scattered field as observed in I’. To

the first order in B this yields

Es” = iEe = 2 ~ i“a.H.(l:r)e~’g–~@~,
%=—~

H,@ = 2H6 = 2 ~ i’b.H.(lw-)ej”~–~@t,
.= —-

E,’ = iWgHjPow/k2r,
(Q~)

EO’ = – &3,H.ipoLO/k~,

Hro=–~ rdOE,i/WooJr,

H# = I%,E.i/fiOCL
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Consequently in r there are first-order velocity-dependent

field components, involving H..

III. Two REFRACTIVE MEDIA

For free space the conventional wave equation for media

at rest was valid in the external region, both in r and r’. In

the present case this simplicity is lost. Since the observer is

at rest with respect to r, the fields ( 18) are transformed from

I“ into I’. This yields

cc

The special cases discussed in the previous section (which

also follow as a special case of two refractive media) suggest

that the two special cases h’= O and h= O be considered. The

first case does not introduce the simplicity that led to (15),

since P and Q (23) do not vanish. The second case yields

cd = Cd’/-y,

h’ = LJfi/c = (JJ-y/3/c,

P = ~CIw(c,-’– c-’), Cj = (K+’/~,

Q = OJ/Y,
(26)

AZ = IF,

A“ = LJ’((?-’ – ~2/C2),

and a corresponding simplification of (24), as a result of

h= O. The incident plane wave propagates in the x-direction

with the E field (say) polarized along the axis,,

E = 2E = 2j’e’’’-’W’ = if ~ inJn(ltr)e’n’-’,’,
n=—ca

H, = – fdgEi/p@”,
(27)

Ho = ci3,Ei/p,u.

The equations for the coefficients follow from the orthogon-

ality of (23), (24), and (27) with respect to eino and the bound-

ary conditions at r= a,

-y%v(C~–z – c–2)nJn(A’a) An/A’ia + iwpiJ%’(A’a)B./A’ – ip,wHn’ (ka)b./k = O,

J.(A’a)A. – H.(ka)a. = fJ.(ka),
(28)

iwqln’ (A’s) &’A’ – T9UU(C,–z — c–2)nJ.(A’a)B./aA’2 — W2.’ (ka) a./~,u = ifkJ.’ (ka)/w+

Jn(A’a)Bn – Hn(ka)bn = O.

Solving (28) for am we again obtain(21) with index o replaced by e; for bn we obtain

bn = J.’(Ku) [H.’ (ka)J.(ka) – H.(ka)J.’(lca)] inf kU(Ci–Z – c–2)/pGaKzA = (29)

– Jn’(Ka) (C,-z – c-2)2nfu/r~.a~IPA,

The scattered field, in the external region, as measured in I’, where A is given by (21) with index e replacing index o. For

is C.= c (29) reduces to (21); when C,= c, both (21) and (29)

vanish. The scattered field, correct to the first order in the

E,e = iE, = i ~ i.a~H~(~r)ei,O-i~z-imt, velocity, is specified by (24) with inspection of (18) for the
.=—m

(24)
other components, (21) with the above modification.

H,e = .2H, = 2 ~ i“bmH~ (~r)elne–thz–~at, IV. SPECIAL CASES: CLEAR AIR Scattering
n -—cc AND THIN SCATTERERS

and the remaining components are derived by inspection of The result (29) predicts that even when the cylinder and

(18), by omitting primes and replacing index i by e. The the external region possess the same constitutive parameters,

value of h depends on the exciting plane wave, and in view of a moving cylinder will produce scattered waves. This “clear

the boundary conditions this prescribes for h’ and u’ in (23) air scattering” effect verifies that a moving object constitutes

h = y(h’ – co’@/C) ,

a different medium. The scattered wave depends on the

(25) velocity, and this is a first-order effect. Thus we have for the

u = ~ (co’ — h’!]). scattered wave, excited by (27),
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(30)

b. = WV(C,,-’ – c-2)J.’(lca)/ [H.(~a)J.’(~~a)
—Hn’(ka)Jfi(lra) ]p.ak

= Jn@l)njo (C.–2– c–27r/21Le.

It follows from (30) that there is an inversion effect with

respect to the polarization. The exciting plane wave (27) is

polarized with the electric field along the z-axis and the

magnetic field in the xy-plane. The scattered wave (30) has

its magnetic field along the axis and the electric field in the

xy-plane.

The specialization of (15) to the case of thin scatterers is

discussed by Twersky [17]. For thin dielectric cylinders,

h = i7r(ka/2) ‘[(ei/eo)– 1],

b1~a4, bnKa2n, n= 2,3,... ; f=E,
(31)

bI N id~a/22[(d~0) – 1]/[(dco) + 1],

b. x a4, bnxa2n, n=2,3j ..”; f=H.

Therefore for E, H polarization the monopole, dipole term,

respectively, is predominant. The fields follow from ( 16) and

the sequel. For arbitrary a and n = O, (30) yields bo= O; there-

fore, as a-0, bl will be predominant. For a= Othe scattered

field vanishes, as expected.

V. CONCLUSIONS

Explicit expressions are provided above for first-order

velocity effects, hence the error is of order 132.For velocities

as high as ten percent of the velocity of light in free space, the

error will be of the order of one percent. For higher veloci-

ties, comparable with c, exact forms can be derived from the

above formalism.
For a cylinder moving in free space the procedure leading

to ( 13~ 15) yields a simple form for the coefficients b. for

arbitrary velocities. Therefore the incident TM wave (say)

should be aimed with respect to the z-axis at an angle a such

that the H; field vanishes. The coefficients can then be found

by means of (16), from the field oriented along the cylinder,

exploiting the orthogonality with respect to eino.
The clear air scattering effect discussed above predicts that

moving parts of a medium, even though they have the same

rest-frame constitutive parameters, and even if the boundary

between them and the rest of the medium is time-invariant,

will produce a first-order scattering effect. The polarization

of the scattered field will be inverted, as compared to the

incident wave.
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