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This paper extends to three-dimensional vector electromagnetic scattering problems our previous

development of the sealar problems. We introduce a

vector-dyadic formalista that facilitates cxploiting

the previoys results, and derive analogous integral equations which specify the multiple-scattering
amplitudes for many objects in terms of the corresponding functions for isolated scatterers. One
representation is in terms of the dyadic analog of Beltrarni's operator, For arbitrary configurations,

the multi-scattered amplitudes are

we derive a corresponding closed

developed as serics in inverse powers of the separations of scatterers
(with cocfficients in terms of isolated scatterer amplitudes and their derivatives)
form in terms of g differential

; for two seatterers,
operator. Another representation is

systemn of algebraic equations for the many-bedy multipole coefficients in terms of the isolated scatterer
values. Explicit closed forms are derived for two arbitrarily spaced elementary scatterers (electric

dipoles, magnetic dipoles,
fields,

eic.) bath by separations of variables, and by working with clementary dyadic

+

1. INTRODUCTION

N previous papers' we considered the two- and

three-dimensional scalar problems of multiple -
scattering of waves by arbitrary configurations of
arbitrary scatterers. In the present paper, the results
are extended to the three-dimensional electromagnetic
casc. We parallel our previous analysis of the three-
dimensional scalar case,® and exploit as much of that
development &s feasible; similarly, because recent

* Present address: Department of Mathematics,
Illinois at Chicage Circle, Chicagn, Iilinais.

! V. Twersky, in Efectromagnetic Waves, R. E. Langer, Ed. (Univer-
sity of Wisconsin Press, Madisan, Wisc., 1962), pp, 361380,

* J, E. Burke, D. Censor, and V. Twersky, J. Acoust. So¢. Am.
37, 5 (1963).

3 V. Twersky, J. Math, Phys. 3, 83 (1962).

University of
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surveys of the literature of scattering by more than
one object are available®® we restrict citations to -
explicitly related work. Conventional integral and
series scalar-vector representations which are adequate
(although not particularly convenient) for isolated-
scatterer problems, are too cumbersome for multiple
scattering problems. We therefore work with vector-
dyadic representations essentially as in Morse and
Feshbach,® and in Saxon™®; we supplement these with

1), E. Burke and V. Twersky, Radio Sci. 68D, 500 (1964).

" V. Twersky, J. Res, Matl, Bur, Std. 6410, 7135 {1940).

* P, M. Morse and H. Feshbach, Methods of Theoretical Prysics
(MeGraw-Hill Book Company, Inc., Mew York, 1953), particularly
p- 1897 and Chap, 13.

" D. 8. Saxon, “Seattering of Light,”” Scientifie Report Wa, &,
Degartment of Meteorology, UCLA (1955).

D. 5. Saxon, Phys. Rev. 100, 1771 (1955).
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results of Hansen,” Stratton,!? Silver, ™ and Wilcox,1?
as well as with additional representations and theorems
derived in the course of the present development (e.g.,
by separating variables in the vector wave equation).
We use dyadic surface integral forms, complex
integral dyadic plane-wave representations, inverse
distance series invelving the vector scattering ampli-
tudes acted on by the dyadic analog of Beltrami’s
operator, series for dyadic fields in terms of dyads of
vector harmonies, ete. To facilitate discussion we
start with a relatively conventional vector formalism,
and then switch to dyadic representations.

In the following we always indicate dyadics by
using a tilde—#, &, ¢, etc., and write vectors as g, u, «,
etc.; a caret always indicates a unit vector—g, 3, 8,
etc., but we also define some special symbols (o, i, €,
m, etc.} to represent unit vectors, For brevity, we regard
the numbered equations and figures of Ref. 3 as part
of the present text, and cite them as Eq. (3:8), Fig. 31,

ete.
2. ONE SCATTERER

2.1. Vector Fields

The three-dimensional scattering of a plane electro-

magnetic wave (with e—%¢ suppressed) 18 specified in
the external region by a solution of

VeV —Kkp=0 V-d=0,

k= k| = 2n/i, (1)

subject to preseribed conditions on the scatterer’s
surface, and subject to the condition that ¢ consist of
a plane wave o plus a radiated wave w. With increasing
distance from the scatterer (r — co) the function
(which represents either the E or H field) reduces to a
plane wave

@)
where e, i, and o are unit vectors. Because of the
divergence condition V-¢ =0, the “polarization
vector” e is perpendicular to the direction of incidence,
€+i = 0; to make this explicit, we write
it €) = €« (F — ii)er = e . &),
50 = (I — e,

p(ire) = ee®r, k=1Fii, r=ro,

(3

where ['is the unit dyadic, and ¢ is a dyadic plane wave,
The difference Y — @ = u, the scattered wave, may

" W, W. Hansen, Phys. Rev. 47, 139 (1935); see also Physies 7,
460 (1936); J. Appl Phys. 8, 282 (1937); W. W. Hansen and I. G.
Beckerly, Physics 7, 220 (1936); Proc. IRE 24, 1594 (1936).

105, A. Stratton, Electromegneric Theory (McGraw=Hill Book
, Company, Inc., New York, 1941),
H &, <ilver, Microware Antenna Theory and Desigy (MeGraw-Hill
Book Compdany. Tnt, Maw York. 1943).
1 C, H. Wilcox, Cammun. Puré Appt Math. 9, 115 (1556).
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be specified by the Sommerfeld-Silver radiation
condition!-12

lim rfo % (V % u) + #ku] = O, as r—mw. (4)

For concreteness, wemay take the origin of coordinates
of r as the center of the smallest sphere which com-
Pletely encloses the scatterer; we wuse the same
geometry as in Fig. 3:1.

From (4) and Green’s theorem it follows!® that for
e 00,

u~~glo, i:e)h(kr), h(r) = BP0 = efir, (5)

" where the normalized “scattering amplitnde™ g(o, iz €}

specifies the “far-field” response in the direction of
observation o to plane-wave excitation of direction
of incidence i and polarization €. Since V-u = 0, we
have 0 - # = 0, and we may write
g(o,i: €) = ({ — 00} + g(a, i: &).
In general, wetake Y = E, and V x ) = Hioy, =
Hiw. At the surface of a perfect conductor,

(6)

where n is the surface normal. For a scatterer specified
by relative electrical constants e and g we introduce
the internal field J" such that

VxVx' — %' =0, V.¢' =40,
k' = Kep)t,
and use the surface conditions
nxp=nx, nx(Vx)=nx(Vx'lu).
(®

Surface integral representation: Introducing the
free-space dyadic Green’s function!®-7-6

Rlor = (14 33) D,

VxVxD—k*l'= B -1),

we apply Gauss® theorem for dyadics to construct

nxy=nx(p-+a =0

M

)

f[(Vxqu)-I"-—»u-(Vxfo)]dV
=fn-[(qu)xf‘+ux(fo)]dS

= —f[(V xu):(nx [ — (@xu. (Vx M) ds.
(10
In the region external to the scatterer, we use (1), (9),

** H. Levine and J. Schwinger, Commun. Pure Appl, Math. 3,
355 {1950).
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and (10) to reduce the dyadic form of Green’s theorem
(10) to
u(r) =j[(V xw.(mxI)— (nxu-(VxID)ds,
(1)
where now m points away from the scatterer, and

where the integral is over.any surface enclosing the
gcatterer and excluding r. We rewrite (11) as

ursiie) = [ [V x u)-(a x B)
dari — (@ xu).(V % h)]dS
= [k v — D, u(r’; iz €)};
hik |x — r']) = (7 + VV/kDhK ¢ - 1)) = Tdmijk,
h(r) = efir. (12)

If we replace I' by I". e in the above, where e is ag
arbitrary constant vector, then (10) reduges to the

wsual vector form of Green’s theorem [say (10)-e]

and the left-hand sides of (11) and (12) reduce to
o-e
Since {A(k [r — r']), (r')} = 0 for r outside S, we
may also write
() = {h(k v — ), Q)
From (13), (9), and (8), we obtain

b=¢ —f[(-ﬁf - k’)qf 23
+ (1 - 1)(v x ) (V x I‘)J dv, (14)
M

which also holds for an interior point, in which case
= o’ is supplied by the internal (instead of the
external) singularity of I'. The case z = 1 is discussed
in detail by Saxon,” and a gencralization of (14) is
copsidered in Ref, 14,

Ifk|r—r'| 31 and r%, then

Ak £ — ©']) ~ (T — 00)e ™ h(kr) = G(—o)h(kr),

(15)

(13)

and (12} reduces to the far-field form (5) with
g0, it €) = {(J — eo)e ¥, u(r'; i1 €)} = {@(—0), u}.
(16)
For any unit vector y perpendicular to 0 we have
Y - g0, 1! €) = {p(—0: ), u(i: €)}, (17
where 1 has been suppressed. If y = 5 = g/g, then
the left side of (17) reduces to g(a, i; ).
Scattering theorems: To facilitate subsequent appli-
cations we use the present formalism to derive certain

theorems which g fulfills, See Saxon® for derivation
based on a tensor scattering matrix.

14y, Twersky, J. Math. Phys. 3, 716 (1962).
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Consider two solutions of a scattering problem for
two different incident waves, say {, = ¢, + u, and
W = ¢, + uy, such that ¢, = @(is: €,), etc. Since
Y, and W, satisfy the same conditions at the seatterer
[i.e., (6}, or (7) plus (8)], we have Wy, Yot = Donits
surface 5, and since ), and o, fulfill (1) in the external
region, it follows from (10) - e that

(. g} = (o + ), (e )} =0 (1)
for any surface (including the surface at infinity §,)

surrounding the scatterer. Since

{‘Pi Pyt = {“1 Ualg, = 0,
(18) reduces to
{1 w}t = —{u,, p,} = {pa, 01}, (19)

where the last equality follows from the explicit form
of the operator in (12). Thus since ¢, = @(i,: €,) =
€, - §(ip), we use (17) in (19) to obtain the reciprocity
relation
€ g(—t, hre) = e g{—iy, he) (20

This holds for the relatively weak surface condition
{1, Ya}s = 0, which includes (6), etc.

If 4, is replaced by its complex conjugate X, then
for lossless scatterers

{1, P} = {(@7 + ul). (g + 0} =0. (21)
We have {¥, @,} = 0, and

fuf, w} = < 20k f (0 X gf) + (0 x gh)* dS,,
4ari

= 51- J-g(ﬂ; Lred g*(o,iy:e)d,, (22)

where d0), is the differential solid angle around o,
and the integration is over all angles of observation.
Since * = e*e~ " = g(~-1*: €*), we reduce (21) to

e gl hie) + € - g G, igie) )
-1 )
== f g0, i;1 €)  g%(0, ;2 €)) dQ,. (23)

In particular, in the forward scattered direction, such
that all i’s reduce to i, and all €'s to €, we obtain the
“energy theorem™

—Re q . g(i, i: E) = 4—-1"‘ J.ig(ﬂ, i g)[ﬂ dﬂn

kﬂ
= = (i £), (24
dor
where O is the total scattering cross section. If the
seatterer is not lossless, then 4=/&® times the left-mast
form of (24) equals the sum of scattering plus absorp-
tion cross sections.

11/ 12/ 02 10: 28 Page 3



11-DEC-28682

11:25

552

Plane-wave representation: If w is known, then (16)
gives g by integration. An inverse relation follows
from (14) by using®

Mk fe — ) = L f e A, (29)

2ar
where the limits of the complex paths of the angles
associated with the unit vector p(=, f) (each path
analogous to one in Sommerfeld’s integral for H{Y)
are chosen to ensure Im p « (r — r') > 0. See additional

discussion in Noether!® and after (3:8).
Substituting the corresponding dyadic

i}(k|r—r|)_(1+—~—)h(k|r—r|)

_2.___ f(] _ pp}e{kﬂ'(l—r’) er (26)
w

into w of (12), and using definition (16), we obtain the
vector analog of (3:9):

ur; i) = — f " — ppye ™ w(r';ir )} 4O,

= L fe”“”g(p, i1e)dQ,, 27
2r

which bolds at least for r 3 rp.. = a. (See Ref. 3 for

weaker condition.)

Cartesian representation in inverse powers of r: The
asymptaotic form given in (5) is the leading term of a
series expansion of u in inverse powers of r which
convergesforr > rl .. = a;see Wilcox®2 for a detailed
discussion. This series, with coefficients expressed in
different forms, may be obtained from (27) by various
procedures, e.g., by means of

1 fe‘""“F(p) dQ, ; RrD(r; DYF(o),

2ar

D{p-—1- 2)
2!

+ (i)"D(D—l-Z)(D—Z-B)---
2r n!

swim-1+ o+ (]

(D—

[n—11m)

D= (28)

:51—3 [ + sin 03,(sin 63,)],
where r is a parameter, F(o) is representable as series
of surface harmonics, and D is Beltrami’s operator;
see (3:10) to (3:16) for details. Using (28) for the

* F. Noather, in Theary of Functions, R. Rothe, F. Ollendorf, and
K. Pohlhausen, Eds. (’chhnolcpgy Press, Cambridge, Mass., 1948),
p. 167, Eq. (7).
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Cartesian components of (27), we obtain

(2k ) D(D:z- ? :’
(29)

u = h(kr)D(kr; D)g(o)

— (k)| g + == Dy +

Zk
subject to V.-u=0and Vx Vxuo— k=0

Special function representations: In the following,
except for normalization factors, we work with the
transverse vector spherical functions introduced by

Hansen,® and discussed by Stratton,’® Morse and
Feshbach,® Saxomn,? Stein,® and others. We use

Mon6) = holl)CE),
€200) = ~r x V¥70) = (02 — g3, v1t0)

= ~L{0)Y7 (o),

¥™(0) = PM(cos Be'™?,
Y20) = (—=1)™[(r — m)!{(n + m)! 1P (cos e
(30)

Here £, = k! is a radiating spherical Hankel
function, and P™ is an associated Legendre function.
Sirnilarly

Nonlr) =

[n(n + Db (kr)P7 (0)

+ Bu [krh,(her)| B (0) | er,

P7(0) = 0Y7(0), B (0) = rVY™o) = 0 x CT(o).
(31

The two sets are related through &N = V x M and

kM = V » N, For real directions, the corresponding

even and odd vector harmonics Pyo and C&2 of

Morse and Feshbach? (pp. 1865, 1893 1899) ars  the

real and imaginary parts, respectively, of the present
P™ and C®[n(n + 1)]*. We have

C.0) = (=1™[(n — m)!{{n + m)!J[C(o¥)]*

We also work with N in an alternative form,
essentially as in Morse and Feshbach® (p. 1866):

n— nn+1 _
i 1Nﬂ(r) ?EJ‘I i )[hﬂ—l i" lErz—i - h +1l ﬂ+1]!
E,_,.=P + B, » H,=P, — B, . (32
n n+1

where we have dropped arguments and the index m
for brevity. Henceforth, also for brevity, all four-digit
page numbers we cite are to be found in Morse and
Feshbach.?

18 5, Stein, Quart, Appl. Math. 19, 15 (1961).
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The angular functions satisfy the following orthog-
onality relations:

' fc;’“-B‘;dQ =fC;’"-P;‘dQ =fP;”‘-B¢dQ =0,
fc;m-c::dﬂ =fB;;"‘-B;",‘dQ
= n{n + l)fP;"‘-P{,‘dQ
= (=1)M=dpdyn(n + 1)j(2n + 1),
f E M, d0 = f E,; 7. CtdQ

=J-H;4’Z'1-Ct,'dﬂ=0,

e B a0 = 4 0 b B a0

= (—"l)mq'wanuamu?
BBy =P}-C}=B].-CI=0,
. Cx = BY - B, (33)

The asymptotic forms of Hansen's functions are

("M (kr) ~ A(kr)C,(0), "IN, (kr) ~ h(kr)B,(0),
: (34)
where # = AiM as in {5).
From pp. 1782and1875 we may write the normalized
dyadic Green’s function for r > 7" as

Hile—vh =3 3 M 0OM_¢)

=1 mm—n

+ NN, _@)(~1)" d,,,
_n+1

" am+ 1)’

where the functions with superseript 1 are the non-
singular nonradiating functions (j type), and those
without superscripts are the radiating functions
(A type). If we substitute (35) into (12), we obtain

'l.l(l-'; i: E) = E [Mnm(r)cﬂm(i: E) - iNﬂm(l')b“m(i: E)]iﬂ’
Camliz € = T (=1)" d (M5, __(r), u(r’; i: €},
b = i (—1)"d {N._, . u}, (36)

The scattering coefficients (or multipole coefficients)
¢ and b are of the magnetic-type and electric-type,
respectively. If we introduce (34) imto (36), and
compare with (5) we have

g0, iz €} =3 [C7(0)c,,(i: ) + BNo)b,,.G:€)], (37)
which may also be derived directly from (16) by

(33)
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substituting [from (35) with r ~ eo, or from p. 1866],

#(c's —0) = (I — o0y
= X [CTOM; () + BN}, o] (— 1" d,,.
(39)

We could also have obtained (36) for o by substituting
(37) into (27). Thus

w2t [ S iCren + BB 40,

il R CR O
47

- T1%"
By = L f B;™(0) - glo) dQ,, (39)
4
which reduces to (36) on using
M) = 2 [ an,,
2w
IN, () = f ™ BR(p)dQ,  (40)
2

(the radiating function analogs of the forms on
Pp- 1865-1866).

General representation in inverse powers of r: The
present series leads to an inverse-distance expansion
fully analogous to (3:16). For the scalar case® we
substituted Hankel’s polynomial form

ha(P* == W[ 1 + n(n + 1)G1/27)
A on(n - Din(n 4+ 1) — 1-2](1/200/20) + - - ]
= h(ND(r; nln + 1]), (1)
into 4= Fa, D kr)i"¥™6), and then wused
Legendre’s equation

n(n -+ 1)¥,(0) = DY, (o), (42)

and the sealsr amplitude g = ¥4, ()¥™0) to
obtain the form u = A(kr)D (kr; D)g(o) [implicit in
the Cartesian representation (29)].

We obtain the analog of (42) for the vector
spherical harmonics by separating variables in the
vector wave equation (1); we write J(r) as a series
of functions R_(r)F_(0), and obtain

Fﬂ(u){rﬂk% + (llﬂn)ar(rgaar)]
=rVx(VxF)— VV.Fl= D-F,0), (43

where J reduces to DF in Cartesian coordinates, In
polar coordinates, with F = F,7 + Fdﬂ + Ff.0="#

11/ 12/ 02 10: 28 Page 5
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we have

DF= F{ DF. 4 2F_+ —%-6 [Fy(sin OF ) + a.,,F,,,]}
-1

1
sinf

+ 9{ DFy + [Fo +2¢0s88,F,] — 23,}“,]
\ 1 2
+ tp{DFq, - m[-—nﬂp + 2cos0d_Fg] — ma,,ﬂ].
(44)
If we specialize (43) to RF = M of (30), and use
Bessel's equation
[k*? 4+ 8,(r%8 4, )k, ] = n(n + 1), (45)
we obtain the veetor analog of (42):
[n(n + 1) — B -1C,(0) = 0. (46)
Similarly, if' we specialize (43) to RF = N of (32),

apply (45) for &,_; and A, and use the orthogonality
properties of E,_,, H,_ ., as in (33), we obtain

(m=1n—DIE, =0, E,,=P,+Bjn, 47
[n+ 1)(n+2)= D H,,, =0,
H...=P,—B,Jjn+1). (48)
The above provides a different procedure than the
asual one of synthesizing solutions of the vector wave
:quation from known solutions of the scalar equation:
We separate variables in the vector equation to obtain
43) and work with solutions of the form 4,(")F (o),
where F represents the three sets of eigenvectors
E,i: C., and H,,, of the linear operator 5.
Using (41) we rewrite M of (30) and N of (32) as
LM, = hkD(n[n + 1DC,,

in--iN — h n(n + 1)
" 2n 4+ 1

x [D(n = 1mE, ;= Dn + Lin + 20H,,, ],
(49)

where the three D’s are polynomials in (n[n 4 1),
([n = 11n}, and ([n + 1]{n + 21, respectively, From
(46)—(48), we have
Dl + 1DF, = DT IF, =D -F,,
Dier; B) = I+ (i)2kr) 55
AR D (D — 12 4 -+ (50)
Using (50) in (49), we obtain
"M (r) = h(kr)D(kr; D) - C (o), (51)
"N, (1)
= h(kr)D(kr; ) [n(n + 1))@ + DI(E,, — H,,).
(52)

FROM 972 8 6472949 TO

From the definitions in (32),

2nd+1
nn +1) "

En—i - I'In+1 = :
(52) reduces to
i"IN(r) = h(kn)D{kr; D) B, (o). (53)

We may now construct the full vector analog of the
scalar solution (3:16). Substituting (51) and (53) into
(36), reduces the solution to

u = h(k"¥D(kr; D) - T[C™(0)c,,, + B (0)b,,,.]

= h(kr)D(kr; D) - g(o, i; ), (54)
where the differentiations are with respect to the
angles of 0.

The longitudinal (with respect to o) P terms do not
appear explicitly in (54) [or in (53)]; however, except
for the leading term (the far-field form Ag), components
aloeng o are generated by the D - operation. The polar
representation of the above series form obtained by
using (44) for [, with polar components of subsequent
terms expressed recursively in terms of the first (g),
was derived originally by Wilcox,'? who also showed
that the series in r— converged absolutely and
uniformly in 7, 6, and ¢ in any region r > ), = a.

Since our series for the scattering amplitude g(n)
of (37) is a general transverse form, we see from {27
and (54) that

L [ewmrp) a0, = w30 5) ¥, (58)
where r is a parameter, and where Flo) is representable
as a series of transverse vector surface harmonics. To
cover vector problems for which V. 0, we
generalize (55) to include nontransverse components
(Py). This corresponds to fields which involve the
longitudinal functions

Lot} = Byl (kn)IP7(0) + (h,/kr)B](0)

i—n-{-l

n+1

[rh, (1" E,_, + (n+ 1)hv;+1i""'-lI'InH]

= [empng an,. (s

essentially as on p. 1865, and in terms of E and H of
(32). Thus if

F(0) = T (CT(0)nm + BObnm + PP(O)pon]s  (57)
then substituting (57) for F(p) in (55) we obtain

L f ™ F(p)dQ2,
2or

= 2 Mﬂm(l')ﬂ,,m - iNnmbnm - iLﬂman]iﬂ =V. (53)
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From the second equality of (56), and from (41), (47),
and (48) we obtain

Lowi™™" = =" [uD(n — 1])E,,,

2n + 1
+ (n + 1)[n + 11 + 2])Hn+1]

o 1
= KD ) o 1 [PE,; + (n + DH, ]
= (D) - P™(o), (59)

where the final form followed from

HE, 4+ (n -+ DH,, = (22 + DP,_,
Substituting (51), (53), and (59) into the series V of
(58) gives

V = k(D) - 3 [CT(0)e s, + BLO)br -+ PT(0)p.]
= h(kn)D(kr; D) « F(o). (60)

Thus (55) holds for any F(o) representable in terms of

any series of vector surface harmonics.

2.2, Dyadic Fields

We may parallel the above development of the
scatiering problem of the vector plane wave ¢p(i: €)
of (2) by the analogous development for the dyadic
plane wave introdueed in (3):

i) = (] — i)t = (] + VV/k?)eitt=
= V x V x Jefr/k2 (61)

The dyadic scattering problem, becase of its higher
symmetry, is often the casier one: for the vector form
(2) we must specify both a direction of incidence i
plus a direction of polarization € in the plane perpen-
dicular to i, but in (61) we specify only the direction of
incidence i = k/k. The vectorplane wave follows from
@(:€) = g(i) -, and we may introduce a dyadic
scattering amplitude®—® 5(o, i), such that the vector
amplitude follows from
g(0,1: €) = F(0,0) - &, (62)
We may rewrite (61) as
¢(0) = (c& + BB)e™ = (i &6 + (i: 5)5, (63)

where 1, €, & form an orthogonal set of unit vectors.
From the superposition principle, the corresponding
dyadic scattered wave is thus

#r; D) = u(is ) + u(i: §86.
Asgymptotically, we have

i(r; ¥) ~ h(kr)[g(o, i: €)e + p(o, i: 8)8] = h(kr)f(o, 1)
(65)

(64)
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with
flo.y =g(o,i: ) + 2(0,1: 86~ (66)

in accord with (62) and with S8axon’s definition.™®

Although we could construct the dyadic functions
from the vector ones by using (64) and (66), it is some-
what simpler to consider the dyadic scattering
problem systematically. In the following, (1d) means
Eq. (1) in terms of 4, etc.

Surface integrals: If we transpose the dyadic I°
terms in (10}, we obtain

"-[T‘T-(Vxqu)—(VxVxf)T-u]dV

= »—f[(n x DT (V xu) — (Vx )T, (n x w)] ds,
(67)

where the superscript T indicates the transposed
(Gibbs’ conjugate) dyadie. For any dyadic solutien of
(d),

(VxVx Ff = *FT=V xVx FT
(% F)T=—FTxn, (VxF)"=—F(xW), (68)

where (xV) operating to the left on F in the last
equality means differentiate to the left on F but leave
the vector part of xV on the right of £, In particular,
for F =T of (9), we have

[T=T (x=-Funp,
(Vx D) = -V xF=hkir~rDko x I (69)
From the steps leading to (10) and (67), we obtain

f[FT-(VxVx ) — (Ve VxFT-gdv

= —f[(n x BT (V x i) — (V x BT (n x 2)] dS.
0
In the region external to the scatterer, we use (70)
for F = ' = Bkj4=i to obtain
s = £ [l BT (@ 2 )
i
—(Vx B (ax a]ds={ka, (7)

where n points away from the scatterer. It is this
definition of the brace operation for dyadics, equiva-
lent to (12) for # replaced by a vector u, that we use
henceforth. Sinee (47 - BT = BT- 7, we have 4% =
{#, &%}, and also

o= a7 =K (@ ax by
—(x DT (Vx D] dS = {4 k. (72)

|
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Bimilarly
§(o, 1) = {F(—a), a(r'; D)}. (73)
From (18d), ie., {f, %} = 0, we proceed as for
(19) to obtain

{'F_Jl ’ ﬁz} = ‘—{ﬁ1 1 933} = {@! 2 ﬁi}T- (74)

where the last equality follows from (72). Thus using
(73) in (74), we obtain Saxon’s result?

g(""in i) = fT("ia ), (75)
which also follows from (20) and (62):
&+ [E(—ir. p) « €] = €5+ [B(~1,, iy) - €]
=& {0y, i) g,
From (74}, we see that i, - §(i,, i;) = #(i,, i) - i, = 0,
Le., £ is transverse both fore and aft [cf. (66)]. From
(66) and (74), we have
Fins i) = £ (—ky, —ip) = e,8(—ia, —f;t &)

+ 8,8(—1i;, —iy! §y), (76)
which supplements (66) in providing a vector repre-
sentation for (i, iy) in terms of observed instead of
incident polarizations,

Similarly from (21d). i.c., {} , ,} = 0, we proceed
as for (21) to obtain
{00, o} + (&, @) + (&, @} = 0. (77)
The first term equals £(if, i), the second reduces to
+{FE L &I = FTH(i, 1), and the last equals

i 1) = 2 (0 x £ (o % gy ds
Tl

= 2_11; f FT*0, i) - Fo, i) d. (7%)

Thus the dyadic analog of (23) is

arsl - . 1+, ..
§00. 0 + 2, i) = — P fg o, 1) - #(0, 1) 0,

= (19

as obtained originally by Saxon® by a briefer, more
abstract procedure. The symbol §' represents the
Hermitian adjoint of £ In the forward direction
if =if = iy = I, we may reduce (79) to (24):

—e- [§0L D) + @ i) -e = —2Re[e- 3. i) - ]

' =L (g0, e a0
= f_i Qi €). (80)

Plane wave farm: To construct the dyadic analog of
(27), we use (7 — pp} - (7 — pp) = I — pp, and rewrite

FROM 972 8 6472949 TO

(26) in terms of the form (61) as

Ml — v === frﬁ(r; P ¢T's —p) df,. (81)

substituting in (71) and using (73), we obtain

s 11, iy T
i(r; i) = o fw(r; P) gp, 1) dQ,
=2_17;J‘E¢kn-rg-(p’ 0 da,. (82)

Similarly for (55d), etc.
If the scatterer is not at the origin r = 0, but at
r = b then we may work with
€+ (03 1) ~ h(ker)@(l; —o0) - £(o, 1) - F(b; i)
= he™015 (g §). (83)
Special fimction series: Corresponding to
7 = ¢ = (I — ipe™
= 2 [Mi(OC™) — N, B ™[i"(—1)™ dys
an4+1
d,=———, 84
nin + 1) ®4)

we have
a(r; ) = 3 (M, n(0e,n0) — iN, b0 (85)

(0, 1) = 2 [CT(0)e, (D) + BT, (D],  (86)

where
cnm(iJ = z [‘xﬂmvuc":‘uﬁ) + ﬁmnmﬂ:’u(i)]’
v.H

by = 3, O ) + S B "1 (87)
The reciprocity relation (75) gives

Oy mprt—m = (= 1) et
and similarly for 4; for § and ¥ we obtain this form
with (—1)v+e,
For a spherically symmetric scattcrer,
oD = X M,ut)Co (e, — iN,,B;™b,)i7(—1)™,
(88)

§0.D) = 3 [C0)Com (e, + BIo)B™0b, )(—1)"
=3 3, @)

n=1l me=—y

where b and ¢ are independent of directions. We may
rewrite (89) as

80D = 3 [C,(0, D, + Bifo. Db,

Cofo D) = 3 CHOCT"@(—1)™ = L@)L{HP, (o - i),

thh=—n

B (o,1) = [o x L{o)][i x L®)P (o -1}, (90)
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where P, (0-i) = 3 ¥m(a) ¥’ A (i)}(—1)™is the Legendre
pelynomial, and L is defined in (30).

The form (%0) has essentially the same symmetry as
for the scalar problem: The reciprocity relation (75)
reduces to _

&(0. 1) = §(—o0, =i) = £7(i, 0). (91)

Substituting (91) into (79) gives the simpler form

~Re £, 1) = = [, 0)- 0,10 40, 02)
and using (90), and

f €.y, 0)« B0,i) O = 0,

fﬁ‘ﬂﬁl! a)- ﬁv(os i) dQ = 477-5:161 » i&)anu/dn:
with D = { or 5, we obtain
—d, Re €n = |c,[% —d, Reb, = B (93)

In the forward direction, we have

§0,0) = (7 ~ 1) 3 [z + DG, + ¢ (94) .

and the total cross seciion equals —4m/k® times
Re>[ 1.
If only the dipole terms are significant, then
Fo)=Co+Bb, O=8+, B =B+ 5,
€1 = CYo)C(i) = @i, sin O sin 0,
€1 = Re CYo)CH()
= (86, + $¢f cos 6 cos 0,) cos (p — )
+ (B¢, cos 6, — §b; cos 6) sin (p — ),
B = BY(o)BY(i) = 88, sin 6 sin 8,,
B} = Re Bl(0)B!*(i)
= (88, cos 6 cos 6, + @4,) cos (¢ — @)
+ (B, cos 0 — ¢f, cos 8) sin (¢ — g, (95)
For a homogeneous sphere of radius o, for the
surface conditions (6d),

b =.ﬂ[x_jyﬂd = ka.

cﬂ = -‘_JL(x;)'dﬂ ? n L
ha(x) O[xh ()]
96)
For conditions (7d) plus (8d), we supplement (84)
and (88) with the internal field

¥ = 3 ML (kT)C (), — iN3, B, b, Ji"(—1)™,

N
and obtain
— I8 0] — FBIXF O
" Fnl X8, Ixh ()] — k(B LXT (X)) "
=, (1), b,=cye), X=ka (98)

S W mm R AR
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See Morse and Feshbach® (pp. 1882ff), Stration!®
(pp- 563ff), and Van de Hulst™” (pp. 113f).

Small scatterer of arbitrary shape: For an arbitrarily
shaped scatterer with all dimensions very small
compared to wavelength, in terms of dyadic electric
(P) and magnetic () dipole moments (pp. 1886ff),
we have ‘

o= hlkr)sfed+ (Vx Byt~ (V % G/k%)
=4 (VxR -m(ixDifk]-§ (99
where j arises from the £ field ¢, and # from the
associated H field proportional to V x F=1ix gtk =
i x 7. @ik; both p and # are independent of i and o.
From the definition of & in (12), we obtain

k= (F — ao)ie + 00H = fT,
o) = SR gy 2

x
VxE#—khlnxfz-—ktho:-—(Vxh)T.
(100)
Using A~ (F—00)k, V xFfeiox i} in 99 to
obtain # ~ gk, we write
§0.0 = (T - 00). 5-(I — i)
—oxD-m-(IxD=g +7. 0D

I—jimee+86=—(Ixi)-(Ixi),
Ixi=ix]=8e—eh

are both planar dyadics; the first is symmetrical, and
the second is antisymmetrical, Both annihilate comn-
ponents of vectors parallel to #; the second (f x )
turns perpendicular components through 90° around
I as an axis, and the first [{ — §i = — (7 x i)?] is the
negative of a turn through 180°; see Gibbs®® for
detailed discussion of (7 x i),
From theorem (75) applied to (101), we obtain

Here

P=F" wh=nm" (102)
thus each is symmetrical and may be put in the form
B = ptt + pfi + Prtl, where the vectors corre-
spond to the principal axis. From theorem (79), we
obtain

_Reﬁ=21'fﬁ‘(f-ﬂ*’)-ﬁ*dﬂ=§ﬁ'ﬁ*,
T

—Re = —ifrﬁ-(]x 0)+(I x 0) » |m* dQ)

= i+ AR (103)

Y H. C. van de Hulst, Zight Scartering by Smail Particles (John
Wiley & Sons, Inc., New York, 1953), Chap. 2.

**Bec I Willard Gihbs, Fector Analysis, Vol. I Collecred Works,
Val. I (Yale Unlversity Press, New Haven, Conn., 1948), Pp- 6IfT,
for (Ff X i)"; and also E. B. Wilson, Gbb'y Vector Analysis (Yale
University Press, NMew Haven, Coon., 1943), pp. 2994, More

" geoerally, the dyadic operztions of this puper are based on their

development, and also on C. E. Weatherburn, Advanced Feetor
Analysis (Bell and Sons, Loadon, 1949), and on Ref. 6,
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With s equal to either &, n, or , we have —Rep, =
#[p,)*; similarly, with 5 or ¢ or r equal to either x, y,
or z, we have —Rep, = —Rep, =% > p_p%.
The special case (95) comresponds to j = b,J,
m= ol
Fo,)=b(I—o00) - (I —il) —clox [y (F x i)
= bl(ae + ¢¢) - (Bigi + Fid)
+ ex(@b — 67) - (@8 ~ b)) (109)
For later use, we make the relations between (95) and
(104) explicit by rewriting A in terms of Hansen’s
functions. From (35) for #' — 0 we see that all terms
vanish except
Npp— 3@+ BD = $(Fcos 6 — Osin @) = §z,
N, = §(P! + BY) = §[#¢" gin 6 + &™(cos 68 + i)
= §& + i),
Ny = —#NR) — —1 8% — i),

(105)
where 2, (£ + i7)/+/2 and (£ — i$)/+/2 form a set of
orthonormal veetors, Consequently,

B(kr) = BT = 2Ny (kr) + 3(% — iF)Ny, — (£ + 19N,
= INjg -+ Ny, + $N1,, (106)

Using the asymptotic forms of the left- and right-hand
sides, we also have

- 00 = £BY0) + ¥z — iH)BL — (% + i7)B;*
= $B(0) + £ Re B! + $Im Bl
= ZB(0) + %B(0) -+ JB,(0}, (107)
where since, (/ — 00) = (7 — 00)*, we may transpose
the left and right members of each term. Similarly,
sinee V »x N2 = (V x N)f = kM etc.,
V % hjk = —(V x B)T/k
= M2 + My (£ = i7) — M, (% + if)
= =IMy ~ My, — My, (108)
oxf=Ixo
= Ox =45+ £ReCt 4 FIm !
= £C, + %C, + FC,. (109)
Since /% 0 = (I — 00)- (F x o), wealsohave f x 0 =
B,(0)C.(0) + B.C. + B,C,.
Substituting (107) into the electric term of (101),
and letting § and f range over £, 7, # we may write
£00,) = 3B BM, pu=i-p-1;
5i=2%9,2 (110)
We may also work with the first form of (107) te
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obtain
o, 1) =3 Bo)B{*(i)pp,; mp=—1,0,+1,
mu
111
where, e.g., (1t1)

P = 2+ (% 19) = (B + BY) - 5 - (B} + BY).
If the principal axes of § coincide with £, §, 2 then
(110) reduces to
£.(0.) = B(0)B,()p, + B,(0)B,{p, + Bo)BGp,.

. (112)
The analogous discussion goes through for g,,, i.e.,
En=—(Ixo)-m-(Iu)=(Fnoaf-m-(ITxi)
= E Cg(o)m,tct(i), etc. (1 13)

Bee Morse and Feshbach® (pp. 1886f) for an
alternative development and for illustrations of p
and . Electric dipole dyadics are also considered
by Yvon,¥ Mazur * Fixman ™ Browe,? and others.

3. MANY SCATTERERS

For many scatterers in the geometry of Fig. 3:1, we
write the vector field as

W =€) + W, AL~ k(kr)S0, 1), (114)
where W and § have the forms (12) and (16) with u
replaced by “W. The “compound amplitude™ § fulfills
the same theorems as g.

Proceeding as in Refs. 1 and 3, we express the total

scattered field of a configuration of scatterers (whose
“centers” are at b,) as

qu = z U,(l' - bu)eﬂ"h.s Ua = {ﬁ(k |rx - r.;DpUa(r;)} »
(115)
wherer, = ¥ — b, and r, are an observation point and
surface point respectively in the local coordinates of
scatterer 5. For &kr, m o,
U, ~ h(kr J{§(r; —0), Ut))} = h{kr,)G.(0), (116)
where G,, the “multiple-scattered amplitude™ of
scatterer 5, reduces to the single-seattered function g,

as the others recede to infinity. In terms of G, the
compound amplitude equals

S(o,i: €) = 3 ™G (o, [i: €]), (117)

where the brackets are to indicate that i: € plays a less
complete role in G than in § or 2.

W ). ¥von, Actualftds sclentifiques er industriclics (Hefmann Cie.,
Paris, 1937), Nos. 542 and 543,

#0 P. Mazur and M. Mandal, Physica 22, 289 (1956).

¥ M, Fixman, J. Chem. Phys. 23, 2074 (1955).

# W. F. Brown, Jr., in Handbuck der Phystk (Springet-Yerlag,
Berlin, 1956), Vol. 17.
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Integral equations: Substituting f of (26) into U, of
{115), and rewriting in terms of G, of (1 16), we obtain

Uy(r,) = 51; fe"‘""'G,(p) aqQ,, (L18)

U= e“'“’jem'(”"'JGs@) dQ,f2m.  (119)

Proceeding as in Ref. 1, we yse r, = r,4+b, —h =
I, + by, to express ¢p and AL in the local coordinates
of scatterer 7, and write the total field referred to ¢
as a set of plane waves plus one outgoing wave U,:

¥, + 1)
— e“‘""l:e“""‘e -+ zr f gie(—1)-bey e"‘""Gs(_p) dQ/R':r +U ‘:l

=MD, 4 U, (120)

where 3’ means sum over s 5 7 and where &, is the
total excitation at z. Then knowing the response (m)
of the scatterer to one plane wave, we use the super-
position principle to write

U, =g + 3 _[ o0y (2 ¥, )G (1) D2,

Y. = G,/G,, (121)
where vy, is the polarization of G,.

The asymptotic form of (121) for r,— o gives a
“self-consistent” system of integral equations for the

multiple-scattering amplitude:

Gy(0) = g0, iz €)

+ 3 f B Vg (0 b )G () dQ,/2m,  (122)

where in general g(o, it €) and g(o, p: v,) are not_par-
allel. Forming e+ G,, and using the reciprocity rela-
tion (20) to replace e - g,(0, p: y,} by v, g(—p,—o0: ¢)
we see from the definition (116) for G, that the inte-
gral converges if Im p « (b,, ++, — r/) > 0. In terms
of b, = bub,,, we require b,, > [(t! + r)- 5,00
L.e., that the sum of the scatterer’s projections on by,
do not overlap.

The integral equation (122) is essentially a “reci-

procity relation” between G and g. This follows on

applying Green’s theorem (10) to <, and ¥y, with s,
as the solution for «p, incident on an isolated scatterer
1, and ¥, as the solution for ¢, incident on a collection
of scatterers which includes ¢; Y, and ¥, satisfy the
same conditions’ at ¢'s surface and the same wave
tquation in its interior. Consequently, essentially as
for (18), we obtain

0={{,¥,},
= {(tp1 + up), (s + 3 Uperenn 4 Ugd}ss

(123)

FROM 972 8 6472949 TO

where the subscript ¢ indicates integration is over a
surface that isolates seatterer ¢ from the others. We
have {¢p, . ¢p,} = Oas previously; similarly {¢p, , Uz}, =
0 since U, has no singularities inside the surface that
isolates ¢; finally {5y, Use}; = {uy, Uy}, = 0 follows
from the asymptotic forms (5) and (116), Consequently
(122) reduces to

{p1, U} = —{uy, 02} — {0, 3’ Upemieda}.  (124)
Using the definitions of G and g as in (116) and (16),
and proceeding as for (20), we reduce (124) to
€ G—iy, 1 &) = €, - g,(—ia, ire)

+ {3 Upethobu, u,}. (125)
Introducing the plane wave representation (118) for
U, and the definition of g in the kernel, gives

€G- =e-g(-i, ijie)

+3 f T hag oy i ey - G(p) dLl 2w (126)

Applying (20) to g,, and replacing —i, by o we reduce
(126) to e, » (122),

Equation (122) is a mixed vector-scalar form, The
analogous mixed vector-dyadic form is ebtained by
introducing the dyadic isolated-scattering amplitude
g of (66). Thus since glo,i:€) = Flo,i).-e, and
£(0, P, Y.) = 5(0. p) + ¥., we may rewrite (122) as

Glo) = 5f0,1) - ¢
+ E'fem""'“"g':(o, p)  G(p) dQ, /27, (-:127)

Similarly, we obtain a complete dyadic representation
by introducing a multiple-scattered dyadic amplitude
G', such that

G(o) = G(a) + &, (128)
and dropping e: :
G0 = 20, + 3 [ e-vago, ) - 6,p) doyom,
(129)

which is the complete analog of (3:34). Alternatively
from {g,,Ws}, = 0 we obtain (124d), i.e.,

{¢h, U} = — {8, Fo} = {Fy, T 7 g b}
= —“{17;1, &)
— E’J‘e{k(n—ll-b;«{ﬂu, @(r,: p)} . Gs(p) dQ/z.ﬂ, (130)

where the last form followed from (118d). From
(116d) and (73) and (74), we reduce (130) to

G(—ip) = §(—ip, i)
+ E:J‘eik(p—l)-bug'r(_p,ii) - G:(p) dQ/Zﬂ', (131)
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from which we obtain (129) by using the reciprocity
relation (75) to convert §* to F—1,. 1) and F{—i;, 5,
and then replacing i, by 0. See Appendix A for
additional relations and discussion of reciprocity.

Large spacings: We obtain forms of (129) convenient
for large k |b, — b,| = kb,, by applying (55):

G0, = 50,1 + 3’ Foo 40, B) - by, D,

Fuu = hkbge D,
= Ru(b) + M5 + Ny(B7) + - -,
(132)
where D is given terms of D in (50), and the present
subseripts indicate that the differentiations of (44) in
b are to be performed with respect to the angles

. associated with the unit vector b,,. We introduced the

additional factor i in the argument of G to facilitate
iteration. If we keep only the leading term of D
(i.e., I), then
o  (0.1) + Z" be—ikbey

3 (0, 1) ~ £.{0, €- -

{0, )~ & & ikb

1

"g(ﬂ, 51:) . Gs(Btn i);
(133)

if we dot-multiply from the right by € we have the
system of equations discussed by Saxon? (pp. 92-99).
{The analogous equations for the scalar problem, and
the iterated orders-of-scattering form are discussed by
Karp, and by Twersky in the papers cited in the
survey, Ref. 5.)

The Jeading term of (132) is the sinple-scattered
value, or equivalently the “first-order” of scattering
B0, 1). Tterating (132) starting with #,(o, 1) yields a
series in inverse powers of kb,, which involves £ and
its derivatives. Thus the (k&) term [either of (132) or
(133)] is the far-field multjple scattering form of the
second arder of seattering:

37 B B0, B+ Blbin Dy Ry = Rkb e ]

1.&., the -dyadic analog of (3:37). Terms to order
(kb)~ are given by

.2' jé’##' g",,(u, E'u) " Z' 'felp . E’.(Bm 5.1;1) * gm(ﬁan! D
r R -
+ 3 Moy 500, B+ £bs D,
Mgy = (2kb)Rey + D,

where the double sum corresponds to the third
far-field order, and the single sum is the first “mid-
field** correction to the second far-field order; this is
the analog of (3:38). The next terms in the expansion
of G, the terms or order (kb)3 are given by (3:39d),
obtained from (39} of Ref. 3 by replacing g by £, the
previous scalar operators J€ and M by the present
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dyadics, and the previous N° by
N = [(if2kb F 208, » By, - (B — 2D

Algebraic equations: 1f we substitute spherical .
harmonic representations for &, and G, in (129), ie.,

£0,1) = 3 [CT(0)er, (D) + BR(a)bon(D)], (134)
Gyo) = 3 [CT(0) €, + BT(0)Bin].  (135)
and use the orthogoriality of the C’s and B’s we obtain

c:."“ - cfm(i) + zr z feﬂ:(n—l)-hn "':nn(p)
- [CHp)E;, + BUp)B,,) d2,[2m,

Bi = V@ + 3 S [0t )

- [CHR)Cre + Bip)Bi,] dldyf2m.  (136)
If we expand the isolated scattering coefficients as
series of spherical harmonics as in (87), then we may
write

c ::m = c:lm(i) + z’ z t“;mvue:qs(sz; L/ rq)
+ ACE — ol + ABE],
Bl = Dill) + 3’ S [YCE + 6CE — yBE + 5B,
| (137)
where the scheme for the indices is shown only once,
and where

—ik-bey

) f ¥ CH(p) - CHp) d2
T

=§C.C)=¢§®B.B),
£ =E§B-C)= —HC-B). (138)
Following the procedure used for the sealar ease, we
write C-C and B+ C as sets of products of surface
harmonics Y'Y to reduce the present &'s to sets of the
E*s of (3:42), and then use (3:43) to write § and & in
terms of A's and their derivatives times ¥'s. We
illustrate this subsequently. (In the above, we have
generated implicitly the addition theorems discussed
by Stein.1®)
In particular, for spherically symmetric scattcrers
(137) reduces to

Cla = (=D {CIM()
+ ' 3 [CLE&(st; nm, rg) — B8},
B, = (—1"bL{BIME) 4+ 3 X (€& + BLElL
(139)

which we apply in detail to two scatterers in the next
section.

E(st; vp, rq) =

4. TWO SCATTERERS

For two scatterers, we take the primary origin
(r = 0) as the midpoint of the line joining the centers

11/ 12/ 02 10: 28 Page 12
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of their circumseribed spheres. The centers are located
at ‘
by = b{b, +, §) = bb,, i

by =bb,m — 7,7+ ) = bb_ = —b,

where 3, r, £ are spherical coordinates; the local
coordinates with respect to these centers are written
as I = r, and r, = r_. For this case the seattered
field reduces to

E‘:L(’-') = Ut + e 0 (r),

+6 = Dki-b, = kb, (140)
and the compound scattering amplitude equals
Q(ﬂ, i) = ed(ﬁuﬁ)é‘+(u, I) + g g} ,_(ﬂ, i),
A =Fkbo fo= Llo-h. (141)
The plane wave representation yields
Te= 2—1~ I Gy dQ,  (142)
i

where

Gafo) = B0, i)
+ Tt J. b Z=(0,p) - G*(P)dﬂplzﬂ'. (143)

4.1, Inverse Separation Reprosentation
For two scatterers, (132) reduces to

G0} = Fa(0, 1) + Fx» fu(o, bs) - Gofbe),

Fu = h(2kb)T2, (144)
where the subscripts on D, etc., indicate that the
differentiations are to be performed with respect to
the angles associated with the unit vectors b..
Replacing o by b, we solve for
Grlbw) = [T = T+ Zolb, ) Fo 2,00, ]

[Ebu, D + 5 e B, b)) - £ube, D,

- (145)

which when substituted into (144) gives a closed
operational form for ¢ (o) in terms of the isolated
scatterer functions §,, ie., the analeg of (3:50).
Since the inverse dyadic [[ — ¥ I equals F + % +
F.X+--, we see that the expansion of the
closed form in powers of 5! yields the series (3:51d)

to (3:54d), on replacing the previous scalars by our
present functions.

4.1, Radially Symmetric Scatterers

For two spherically symmetric scatterers, we use
isolated scattering amplitudes #, as in (134} in terms
of ¢ and b, and G, as in (135) in terms of G, and

FROM 972 8 6472949 TO

BE . Specializing (139), we have
Com = (—1)"c{C37()
+:2 [C8.(nm, vu) — AT5.1),
™

Bom = ()"BHB"0) + 3 [CLEL + BLE,],
Vi (146)
where -
& (nm, vu) = e*‘“"fe‘mz’“"’t C™(p) » Ch(p) dQj2x
(147
and similarly & involves B™ . Cx,

To illustrate the above, we keep only the electrie
and magnetic dipole terms (&, and ¢,), and suppress
the arguments 2kb in k,, and 4, in Y™ We rstain
only the six equations of (146) imvolving €, and
By for m'=10, L1, The integral £,(10, 10) involves
€} C) = sin®r = §(¥, — ¥,), and consequently, from
(3:14), we have £.(10, 10) = 3(k, + Yih): similarly
for the other integrals. Thus

G/t = CU)

+ eﬁga[ﬂho + Yeho)CT, + $Y2h,Ch

+ Y?hzef-j. - Yihlmi;l + lehlmiz]s

et =

+ €Y €T, — Y2k — Yeho)CT,

+ 2Y5heC — Yo B — Vi, BT,
_(31.:':—1/ = C}

+ Eﬁza[iyihnefu + $Y3h,C,

— ¥(2he — Yoho)CL 1 + Yin, BT,

+ Vb, B (148)
plus the analogous set for B+ obtained by inter-
changing all forms of “B” and “C” in the above and
replacing all ¥i* by — ¥,

If the axis (5) of the pair of scatterers is taken along
the polar axis (%) [ie., scatterers located at I, =
+bx=y=0]then 1 =0, and f =0, All ¥’
but ¥y =1 and Y,(,) = 41 vanish, and we may
compress the remaining terms by using

$(h + Ja) = 2fp = B,
22k — ho) = (oh)'[p = &,

P = 2kb! (‘.'.'1 =G bl = b' (149.)
Thus
Ciof/c = CUi) + e7¥HET,,
Citle = —C7(0) + ™ xec], + h3),
G, je=— i) + E;M(JEGTA F B,
Baofb = BYD) 4 THHET,,
BL/b = —B() + BT, + hET),
BE/b = —Bl() + BT, & hET ) (150)
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. Since C} = @ sin 0, and B? = fsin 4, the components

€ and B, vanish for incidence along the pair’s
axis (6 = 0); for these “axial” components, there js
no coupling between electric and magnetic moments,
On the other hand, the “perpendicular™ components
B, and €4, are coupled in general.

For the axial components, we jterate once and
fegroup terms to obtain

Cio = c*{CY0) + & PHCN) + Fger))

F :Fiza
- ﬂl_.ﬂf__fi] Cli) = C#A(ﬂ-';)cf(i)!

1 —efey®
(151)
By, = b*A(BT)BY), (152)

where A(b) is obtained on replacing ¢’s by b’ in A(c).
For the perpendicular components, we first con-
sider the cases when only the eleetric or only the
magnetic effect exists.
Electric dipoles: Tf ¢ = 0 the multiple-seattered -
field is fully specified by (152), and by the simplified
form of the last two equations of (150),

B = —bEBIGE) — £ e RT ), (153

plus the analogous equation for BE, involving
Bi(3). Thus

B = ~bDEIBYGW, B, = —b*DEIBY),
D) = (1 + 57 F0) (1 =570, (154

where D differs from A of (151) only in that K is
replaced by Jg,
For this case,

£(0, 1) = Ho, Db+ = (o 4 By, (155)

where the F's are the corresponding Ay’s of (95).
Similarly,

G=(0) = G(o, i) = bfAi(t;ﬂED + BEDEGRE. (156)

Thus while each isolated scattering amplitude {s an
electric dipole determined essentially by the direction
of ineidence, the corresponding multiple-scattered
amplitude is a sum of two uncoupled “compound
dipoles”: the compound axial term 54 and per-
pendicular term 5D are each the closed form of the
corresponding geometrical progression of orders of
scattering.

If the direction of incidence is along the dipole axis
(i = 2), then B® = 0, and if the ineident polarization
i5 € = %, we have

§1°£=(Hcos«pcosﬂ-q‘isinzp)syl,
£(0,2) % = glo, 2: 3) = by,
G 2= G = b=D)y,. (157)

FROM 972 8 6472949 TO

If the direction of incidence is perpendicular to the
axes (=), and if the incident field js polarized
parallel to the dipole's axis (e=2), then B1. 2 =10
and

B2=—fsino=1y,, go,s1: 2 = by,
G = b*A(b7)y,. (158)
On the other hand, if the polarization is perpendicular
to the axis (€ = ) then 5°- § = 0, and
El-ﬁzqﬁcos¢+ésmqncosﬂzya,
go.%: ) = by, G= bED(bTyys.  (159)
In 2ll the above, the forwardscattered values of B
and G have the same pelarization as the incident wave,
The same holds for arbitrary direction of incidence
1=o0 for which case we have B¢ 88 sin® 6 and
B <= fhcostd + V9. If €=7, then g=be and
G = bDe; similarly if € = 8 (perpendicular to i,
then g = be(sin® # - cos*) = be, and
G = be(d sin® 8 + D eost a).
Although £, and £_ satisfy (75), the theorem does
not apply individually to the corresponding multiple-

scattering functions G, and G for the elements of the
pair: the reciprocity relation applies only to the

scattering amplitude for the configuration &, i) as in
(141). From (141), (152), and (154), we write

é = ﬁ-l- + F —a
F(o,1) = &8¢ (0, ) = g0t R, 4 evttror g
F(0,5) = e 0F (g, ) = g0t g + gl g
g, = BiBYe.D)  b{BYe,1)

1 —p*b g 1 — ptp—ger?
btpmie

b-—
E_E-E+;+";

B H .
e e - T Fe.
(160)

From (160), we have

F:f(—i, —D) = eikb-(l—u)f'{; + e”“""“’"’f = F+(:ﬂ, i),
FE(‘—i, —D) - e—ﬂ:b-ﬂ—n)K_ + eﬂ-ikh-(lﬂ.ojfgé F_(ﬂ, i_),
%(~i, —0) = FN(~1 —o0) + FX(—i, —0) — &(o, 1).

(161)
Thus, although the individual functions do not
satisfy thearem (75) (because the phase of the & term
Is not preserved) their sum does—arid this is all that is
required. See more general discussion in Appendix A,

In the forwardscattered direction,

86D = 6.4 + G.q, )
=K. + K+ 2K cos (2kb - 1), (162)
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where we may use B°= e sin®f and A =
€€ cos® # + €,6,. From thearem (80) the total cross
section for a pair of scatterers equals
Qi: €) = —(4n/k) Re (e - €+ &)
= —{4x[k*)2Re [e-(K -+ &_+ 2K cos 26) - €].
' (163)
For the special case of a pair of identical scatterers
(b" = b7) under symmetrical excitation (ie, 8=
kbei=2nm;n=0£1,"-+, with n=0 corre-
sponding to incidence perpendicular to the axis) we
have
G =G, =G=nb + DAy,
A=1/1 —bH), D=1/l —bX), (164)
and the total cross section follows from

Re §(i, 1) = 2 Re G, i)
= H"2 Re b4 + B2 Re bD.
For logsless scatterers,
- * . 2 :
Re ba — REB( ~ bBH)* Reb — || I ;. %
‘ |1 — BH|? |t — bH|? p

and since the theorem for an isolated lossless dipole
gives ~Re b = § |32, we have

(165)

bl 1
Re bd = —-*r'lL'_“r;E” = —3(1 + ) bAL,

Similarly for Re Db we replace H, J by J6, F with
& = 3,lpillp. Thus
Re 84, 1) = —4(1 + £5) jpa)® B0

LD BDR B, (166)
from which we obtain @ by dot multiph'cation as in

(163).
For & = 2nmm, it is simple to demonstrate that

&(i,,, i;) satisfies the gemeral theorem (79). For the
present case §7(i,, iy) = &, L), and consequently,
(78) reduces to
—Re 86, 1) = 2= [ &6, 0)- G0, a1
T
equivalently,
—2Re Gli;, 1) _
—_— 4l f(?(il . 0) - G‘(u, ia) ’E‘A ‘I"‘ E_‘AIE dﬂo,
T

(167)
where A = kbb+ § = kb cos 6, Since G* is obtained
by replacing b4 and 6D by their complex conjugates,
we may show directly by proceeding as for (148) that
(167) is satisfied. For example, in the tight-hand side

FROM 972 8 6472949 TO

603
|bD[* BT Bi(i,) is multiplied by
[Bi@-Brez + e 1 e g,

=2 B}-B;l agQ — f 9—43"5-) (€™ + ™% 40Q;

the first term gives ~4%7, and the second gives —&r
Zfs — j2) = —Bx%. Sinee —4[1 + 3321 |pDR =
2 Re 4D [from (165) and (166)), etc., we see that hoth
sides of (167) yield identical terms,

Magnetic dipoles: Similarly if 57 = 0 in (150), we
use (151) and the second and third equations of (150):

G = —c*[C) — ¥ChEl,  (168)
plus the analogous equation for G | involving Ci(i).
Thus, as previously,

G = D)D), CF, = —ED(EF)CKD).
' (169)
The single scattered amplitude is
£ =CHC + O, (170)
with the s as in (95), and the cotresponding multiple
scattered values are
G¥(o, 1} = cFA(cH)C0 + eTD(eHE, (17D

The present case is completely analogous to the
previous and corresponding results may be obtained
by inspection.

For axial incidence i = 7 we have &% = 0, and if
the incident E is polarized parallel to %, then corre-
sponding to (157), we have

Cr2=fcosp~gsinpeos 0 = T
0,8 2= g0, 2: ) = cq:T:! G= cﬁD(ch)YL

TO 8511 P.

(172) |

For normal incidence i = %, if the incident E s along
the axis (€ = ), then .2 =< 0 and corresponding
to (158),

Clr 2=yl = —yl, (o, £: 2) = o],
G = ¢ED(Fyyl. (173)

If the polarization is along $, then 2. $=0, and
corresponding to (159),

€ 9= fsinh = Yi, glo, % §) = s,
G_; EA(T )y, (174)

One electric plus one magnetic dipole: The Temaining
elementary situation in (150) is that in which one
scatterer (+) is an electric dipole and the other (—)
is a magnetic dipole. For this case we set b~ = ¢+ = 0
so that the required functions in (151) and {152) reduce
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to the single-scattered values

Co = ¢ Ci), By, = bBI(D), (173)
which correspond to the first and fourth equations of
(150). The second and fifth of (150) reduce to

Ch = —c[CT! + B h),

B, = ~b*[B;? 4 CG A, (176)
plus the analogous set for G, and B, in terms of
Ci and Bj with A, replaced by —#,.

Solving (176) and its analog we obtain
Cn = —¢"EC() + ¢™FBY(i),
Ciq = —c EC{(D) — ¢ FBYi),
B, = — b EBIY() + e FCTV),
R, = —BEBI() — e FCLG),
E = 1/(1 — F'¢7hl), F = ¢"b*h,E,
The single-scattered amplitudes for this euse are
Eo=brB+ B, g =c(CP+Cn, (178)
and the corresponding multiple-scattered amplifudes
equal

am

G, = b*E° + bTEE' + ¢ ¥F D,
G = O+ ¢"ECY + WF [
D = Bi(o)CT'(H) — B7Y(0)CKD) = i Im Bi(o)CI*()
= i(8¢, cos 0 cos §; — @6 sin ( — @)
+ i(88, cos 0 + e, cos 6,) cos (p — ?)),
D' = C(o)B7 (i) ~ CT{0)BY(0) = —i Im CY()BI*(})
= —i(f¢ — §8,cos 6 cos 6))sin (¢ — )
— i(08, cos 6, + ¢, cos @) cos (@ — ). (179)
The present case is much less symmetrical than the
preceding ones, and provides a simple illustration of a
scatterer containing ¢rosy terms [eg, Co)B ()]
corresponding to coupling between electric and
magnetic dipoles.
For axial incidence i = £, we have B = {0 =,
If € = %then
Dg=iy, D'.2= i,
G- %= (V'E + ¢™Fiy,,
G+ %= (cE — &Fi)yl. (180)
In the forward direction,
9 =G, + G_=(b" + ¢7)E£ + 2 5in (Zkb)Fx.
(181)
For normal incidencs i = £, if € = 7 then B+ 2 =
£0-8=P1v7=0and
D.i= iy, G,= b+'_'f2 — e Fyy,
G_=cEv;. (182)

FROM 972 8 6472949 TO

In the forward diraction,
G, =b*, G_=cE,
€=G,+G_ = +cEE (183
fe=jthen B =1+ p=J-5j=0and
D' p = —i(fsin ¢ + pcos fcos @) = —iy,,
G, =b'Ey;, G_=cy;~ Iy, F. (184)
In the forward direction
¢ =G, + G_=(E+ ). (185)
More generally in the forward direction we write

g = bte, g =cTE, G:h = G:l:E' (186)

If € = j then
G, = b'E 4 ¢ Fi cos 6,
G_= ¢ sin®f + ¢ Ecos® 8 — e®Ficos . (187)
Similarly, if € = & then

G, = bTsin® 6 4- b7E cos® 8 + ¢~™F ¢os 6,
G_. = ¢ E — ¢™iF cos 6. (188)
Thus, in all cases, the forwardscattered values have
the incident polarization,

Electric plus magnetic dipoles: For the general
situation of (150), each scatterer has both elactric and
magnetic dipole moments. The axial components are
as in (151) and the corresponding perpendicular
components follow from the remaining four equations
of (150). Thus eliminating Cf; and $7, from the
second and fifth, we obtain

G = = {CTM DR, ) £ BI DS, o)}/A,
By = —bFBIDR(e, b) F CRHS(e, B)Y/A,
R(b,c}=1— b*b-3* — THTH?
+ BT — bR 4 Ry,
S5(b, ) = hJELHHF — )
+ hbTETEL — BTH(JER & BD),
A=1—E b + ¢fe™) — hi(ctd™ + o bt)
+ eTe"hTET(IER + RV, (189)
where R(c, b) is obtained from R(8, c) by interchanging
b and ¢, and similarly for §. The corresponding
coefficients CZ,) and B, are obtained by replacing
C; ' and BJ! by €] and B}, and &, by —#,.

Equations (151), (152), and (189) provide the co-
efficients for an explicit closed form for multiple
scattering by two arbitrarily separated scatterers such
that each is fully specified by its appropriate electric
and magnetic dipoles when isolated. The set covers

the special cases considered previously and allows us
to obtain corrections, ¢.g., to (156) for the case whetc
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the magnetic dipoles are not negligible. The present
results apply to small spheres of differeqt radii with
both € and p different from unity, to two perfectly
conducting spheres (for which case the electric and
magnetic coefficients b, ¢ are of the same order of
magnitude), etc. Simple forms of the present results
follow not only for the cases considered as illustrations
but also for the limit of separations small compared
to wavelength (kb = 0 for which region we use the
crigin expansions of the #’'s, a3 well as for separations
large compared to wavelength (k& 3 1) for which
case we use the asymptotic form of the A%. From
Symmetry considerations, specializing the above two-
scatterer results to identical scaiterers, enables us to
write down the corresponding  solutions for one
scatterer near a perfectly conducting plane, two
pratuberances on such a piane, and one pratuberance
on the wall of a perfectly conducting quadrant; see
analogous expressions for two cylinders  given
previonsly.=

4.3, Small Scatterers of Arbitrary Shape

To construct analogous closed forms for two non-
spherical scatterers small compared to wavelength,
we base the development on (99)ff, and its general-
ization to an essentially arbitraty exciting electric
field &:

G- O=h-5.&4(Vx )i+ (V x B/kn. (190)
Electric dipoles: For a configuration of two arbitrary
electric dipoles specified by p. excited by ¢, the
multiple-scattered fields T, may be written
Opm gzt OF =ity 0% 0, = kry).-
(191)
where ¢ is the value of the source fermn at the
scatterer located at bb,, = 6B, and where ®+ js the
corresponding  total excitingﬁﬁcld; similarly, for

brevity, UZ means the field of 7 evalnated ar kb, ,
etc. We have

P = 4 OZ = gy iz - &=, (192)
cousequently, ~
S (I — i aD T (4 i 57,
¢ =~ i)™, 4T = k(2kp) *Pis
h= (I~ bb)¥ + bbH, (193)
whete § =k . b, and J€ and F are defined in (100},
We consider first the case corresponding to Sec,
4.2, for which g, = p,T (smal] spheres, elementary

tnodel for oscillating electrons, etc.), where we have
replaced the previous 5* by 5, to avoid confusion with

3 V. Twersky, I Appl, Fhys. 23, 407 (1952),

the other b%. Since
B =ppheE=p p (7~ by + bba,

&
We may write
I—ar- W= (I — bbY1 — p,p_ie%)

. + E‘E’(l = P p_H?),
and express the reciprocal as

l—pp & 1~ pip H

(194)
We also have

¢ — &5 7= = [(F~ BhyL + JepLe™)
+ bb(1 + Hpoe™%))., g+, (195)
Thus using (194) and (193), we reduce (193) to
O = [(I — 55)D= + bhas] - ¢,
Az = {1+ P?e;iMH)/(l - P+P-HE.) = A(Hs )
-D; = A(']:E! P‘F): (196)
where 4 and D are essentially as defined in (151) and
(134). The corresponding scattered waves from (191)
are thug
Up=kr)y g [(J - b5)Dy + Bbd.]. ¢
=) By - g2, (197)
where F is the multiple-seattered moment. The
asymptotie form of (197) for kr» L 7r%b is
T, ~ hext'=2G  with
Guf0,i) = (F — 00) - B, . (] - if)
= (I — 00)+p,[(J — b Dy + BB (7 — iif).
(198)

If we take b = 2 (j.e., if we measure 6 from 6), then the
multiple-scattered amplitedes ¢, of (198) may he
rewritten directly in the form (156) by using (107), i.e.,
for this choice of axis we have

Py = p.l(#% + 5P)Dg + 2245,
and using (107} reduces (198) to the form (112) with
Pe=Pu=pD,andp, =p.dz.

For a small sphere of radius a with =1 and
dielectric constant e, we Hhave P~ itka)Y (e — 1)/
(e + 2). For small Spacing p = 2kb & 1 we may yse
9 —H{2 »2 ifp*, Thus

° -1
o (] 12
i el tro A V-
in the static limit k -» 0. For this case we may also
neglect k6 -~ 0. For identical scatterers we then have
3
BI85, 85 . _ (2] (e—l)_
P 14R 1-2R 2b/ \e 42
(199)
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On the other hand, for p 3 1 we have &€ ~ h, and
H ~ —2ihy/p; if we neglect H, then we get the “far-
field multiple-scattering form™

P~ pID(I — bb) + bb], &~ h.,(zlcb), (200) -

more generally we use J = Al 4+ (i/g) - 1/p%)],
H = =2h[(i/p) — 1/p%] to convert F to the analog of
(144) plus (145).

The above dyadic dipoles are spherically symmetric
in that § = b means the vector dipole 7 - € = pe has
the direction of the incident polarization. We can also
consider the case of a fixed vector dipole § = pdd
(i.e.,, a fixed metal wire oriented along cf), or the
general dipole j = T of (102)ff. For simplicity we
assume that the prmmpal axes of the scatterers are
parallel, and take { = b. Thus we may write

e = b fo = J(pubE + pufif) + Hpu L (201)
and obtain
Fe 5 i = (L — 3% pe )EE + (L — Xy p )
+ (1 — H“p;w;m)ff,
+ -, -
(I - Uupru)?t = E(I€, P)‘EE + E(3€, p)ijif
+ E(H, p)iL,
E(¥€,p) =1/(1 ~ J(':'.?'pe-_l_pé_), efc. {202)
Substituting into p - @ = P - ¢, we construct
Bompor [T — i a7 (] 4 ™)
= Pg:;D(PF)g & + b D(p,=)ii + pc*A(pﬁ)Efv
(203)

Magnetic dipoles: Similarly for two magnetic
dipoles, say each of the form

5 VxGe=Vxh-(ijkd -Vxg

=(—hoxI) - m.-(Ixi) g (204
we may work with the electric functions
U,=5,.V x D= (203)
P =T+ Ti= +E-Uxd  (206)
to obtain
V=[] (V&) -(VxiD?
SV F LV x5E-Vx ¢ (207)

Since
Vxb=VxVxh-mkt=F m,

the function [ ] i of the same form as for the
electric case but with the previous p replaced by m.

For ri. = m,f corresponding to the sphericaily
symmetric case of Sec. 42, we have from (207) and
(196),

V x O = [(7 — EB)D(ms)

+ bbA(mz)] - ¢* x iik. (208)
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Thus using (208) in (205} with § a5 in (204), we obtain
U, = ihym (0 % I}« (] — BB)D(mz) + bbA(m,)]
« (1 % i)e=?
=(VxhA) M -V x g [k (209)
where A -is the multiple-scatiered moment. Since
hatlers) e~ —ihller.) ~ —ihkr)e™,

the scattering amplitudes are

Go=-—(ox M _-(Ixi)
= —(0 x I}»m[(I = bbY D{mz) + bbA(m)] (T x D).
(210)

If we take 5 = # then (210) may be rewritten directly
in the form (171) by using (109) to reduce & to the
form (113).

For a small sphere of radius g with e =1 and
permittivity g, we replace ¢ by p in the previous
illustration. Similarly for the magnetic analog of the
more general case (203) we obtain

M = m,;:t-D(mﬁ:)gf + mniD(m!FF);?rl)
+ mydmall. @11

See Appendix B for analogous results for scalar
problem.

Electric plus magnetic: 1f we are dealing with one
electric (.} and one magnetic {(_) dipole, then we
may work with

U, =a, (gt + U =i, . ®* (212)

=8 -Vx(g+ ) =0_-Vxd, (213)
where

O = gt 4 57V x D, (214)

Vx 3 =Vxg +(Vxa) -0 (215

Solving (214) and (215) we obtain

D= [T= . Vxa ) [T+ 8-V x ¢,
. (216)

Vx® =[] (Vi)
Vg +(Vxd) ). (217)

We have
it =V x k- ifkt =
and similarly
Vxir=~kh(-bxD.-g=knthxl)-p.

For the case of Sec. 4.2, we have § =pl and
i = ml and

vt-V x i

—khy(b x 1) - imjk,

=—mphbxh.-(bx])
= m_p kI — bb).
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Thus

(= 5%V x iy =[] = (I — bBym_p, ¥
= bb + (7 — 651 — p,m_hD)
= bb + (I — bH)E,

and ¢onsequently

& = [6b + (F - bHE
— im_hy(6 % De™™(I x {)E] - ¢+,
E=1/1— p.m_hd, (218)
Sl'ml'larly
V x @ik = {[b6 + (I — BBE]- (i x 1)
— iphy(h x D™} - 5. (19)
Using (218) and (219) in (212) and (213) gives the

corresponding electric dyadic fields. To obtain the
scattering amplitude we use

f, = puA(hrt) ~ Poho(kr)e™(1 — o0),
and simitarly
po= —khyo x Dm_{i* ~ —~hem_(o x D)/ik.
Thus

Gy (I~ 00)- {p [Bb + (7 — bH)E]
—i(h x I)- (i x D™} . (F — i,
F = p,m_hE, (220)

G_= (o x ) {m[bb + (] = 65)E] |
+ihx D (Tx DFe™) (i x ), (221)

where we replaced 7 — i in the last term by —(7 x i) -
(Z x i) to stress the similarities of the form of the
composite moments P, and Wi corresponding to
(220) and (221), respectively. To reduce (220) and
(221) to the forms in (179), we take bb = 27 and use
(107) and {109).

For the more general case of

mi_=3% mig, x=¢ 7. L.

(222)

P =2 pi%,
with £ = £, we have
L=V xhefifk® = —by( % Iy« iifk
= hy(fiim, ~ ném)k,
V x i = khlf [, £ = '-khy.(éﬁp;, - ﬁ-:EP;)-
Consequently
ﬁ: +Vx ﬁ: = hf('.s‘-spem,, + ﬁﬁpqmg)p
V ox - ot = hj(fmyp, + ijim,py).

FROM 972 8 6472949 TO

Thus

O+ = [{ + £EE(p,m,) + #1E(p,my)]
L[+ ihye ™ m,E — mAEXT x D] - ¢+, (223)
P'+ = fy o+ (g
= pll + p.E(p; mEE + p,E(p,m i
+ i F(pm )& — F(o,mili x D),
Go=(—o00).- B (] —ii. (224)
Similarly

V% &= [{ + EEE(mep,) + E(m,p)]
Ve ihl(éﬁpr, _“ﬁ'-spg)em(i x f)]' k(ix ),
) (225)
M_ = (m. -V x & )(iki x )2
= m;ft -+ ng(mqu)E'lE + qu(mqpf)ﬁﬁ
— €™ F(mp )5 — F(m,p 10 x D),
G=—oxD)-M-(Ix}), (226)
which differs from (224) in the interchange of m
and p and the replacement of by —i.

If each scatterer comsists of an electric pluzs a
magnetic dipole such that the isolated-scatterer
values equal @, + &, with & and # as defined in this
section, then we write the scattered electric dyadics as

Op =it &% +5,.Vx & = (4, +7,-VxI)d*,
(227)
with
O* = g+ (B + 5.V x ). D7, (228)
where V x 7. @ is a temporary expedient for V x &.
Eliminating ®F from the right-hand side, we obtain

B = (% + 25§ + 5%V x ¢

+(E A+ -V x D). B2

+ (L + 55V x 5D .V x B+, (229)
plus the corresponding expression for U x @+
obtained by replacing all left-hand elements in the

terms in parentheses by their curls, e.g, V x ®=
involves

Vx ¢t+ (Vxid). 67 +(V x 7L) - (V x ¢T),
ete. Essentially as for the previous case, we may salve
the simultaneous equations for $+ and ¥ x = to

reduce the above to the case considered previously by
separations of variables.

APPENDIX A. RECIPROCITY RELATIONS

We should stress that & of (131) does not in general
satisfy the reciprocity relation of the form (75):

£y, i) = Fl(—1,, ip. (A1)
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We may always write
Gr(—iu i) = E:(“izs i) + Zz(‘—lu i)
= R(—is, ) + 3 Ri(~1, , ip)e b,
(A2)
where R, (R for “reversible™) includes only those
“chains” of successive scattering processes which
start and end with seatterer ¢, and L includes those
that start with s 1 and end with ¢. Interchanging the
directions we get
Gi(—ia, 1) = Bi(—ia, 1) + 37 R, iyt
= R(—i,. i) + 2’ E;s(_iz s ig)e b,

(A3)
so that

G:(_i1 o1y — G;r(—i: 2 1) .
= TR iy, e — i, (ag)
is not in general zeto, We ilustrate this explicitly for
an elementary case in (160)ff. In the present Appendix
we list additional theorems for G.
The compound scattering amplitude
Oy, i) = 3 5 MG, i) (AS5)
of (117) satisfies the same theorems as §. Thus using
(A4) in (75), we obtain
G{~iy, i) = G;r(“—ih iy}
= 2 e G iy k) — €=y, i)
(A6)

These equations follow essentially from {7, F,} = ¢
over any surface bounding the collection. In addition,
we have {;,%,}, = 0 which led to the “reciprocity™
relation of (131), i.e.,

G:n(;ila ig) = g':‘!r(_ih il)
+_E:feik(nwlz)-h11§?‘(_p’ i) - G,(p, i) dQ/Z'JT,
(A7)

as well as the result obtained by interchanging and
transposition:

GtT(_iz 2 1p) =h'g(_i1- i)

+ 3 G, 1) g(—p, i) 02
' (A8)
Subtracting (A8) from (A7), we obtain

G!(_i11 S G;r(—iﬂ ' i1) ‘
+ z, f qikp-hra[e—il:v_nh:g'-t (_P1 51)(73(13: i)

N AT E(=D,i)] dQj2x. (A9)
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Similarly from {¥,,F.}, = 0 we obtain
Gl=ia, k) = GF(—iy, iy
+ Z.ﬁj‘eikn-h,.[E—ikgvbg.G;['(_p’ i)G,(p, ie)

— b iy, G=p. i)] dQf2=, (A10)

which we may reduce to (A9) by substituting (A7)
for GI(—p).
The above “reciproeity relations” follow from
{1, Pa}e = {1‘1?1 .v"P'a}c = {f s‘?z}t = {I‘Fl:qpa}a =0,
(All)
where ¢ indicates the surface that isolates scatterer 7
from the others, and ¢ indicates a surface argund the

whole collection. We may also regard the theorems
for lossless scarterers that follow from

(B ke = (V0 W) = {], By = (10,0, = 0,
(Al12)

as “‘reciprocity relations.”
The first form of (A12) yields (79), and the second
ylelds (79) with § replaced by the compound amplitude

g. Using (A5) in theorem (79) for §, we obtain
Gif, i) + Gl iy, i)
= — X'GL, i) — Gy, i)+t be
- 2—1; f[GI (0,1) + G o, i,)
1+ Zf(-;: . G‘Ee—ikllg—u')-h;, -
+ 3 5 Gl Gt a0 (A13)

where b,,, = b, — b,,, etc. In the forward direction
it =i,=1i, =i¥ =i for the class of scatterers
such that (e, i) = G, 0) we have _

—Re G, i) = Re 3 &, D)
+ = (@260 60,0+ 3676,
+ z zf Gf; . G’neik(n—ll-hm,] Jo - (A14)

We consider a special case of (A14) corresponding to
two simple scatterers in (163)ff, and have considered
other special cases in the papers on periodic and
random distributions cited in Refs. 4 and 5.

The third form in (A12) yields

L e s |
Gyt i) + gG,. 1) = —Efgr(o, i) - G (o, i,)dQ,

- %__, E'J‘E‘“""*""" £ i) Cfp, i) dQ,, (A15)

in which we may specialize to forward scattering and
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. use (75) for £ to eliminate Re £(i, 1). Finally the fourth

form of (A12) yields
Gl i) + G, 1)
R L J‘G;(ﬂ, il) - Gt(os iﬂ) dﬂﬂ
2

_ 2_1_ EIJ‘eik(D—i:J'bu GI(F*, il) . G-s(p’ ig) dQ

+
_ iz:[femtn—le)-b,.G;r(Pm’ NG (7.4(]31 il) dﬂ:‘ .
(A16)

For forward scattering and G%(o, i) = G(i, o) we have

~Re G, 5) = 1 f G*(i, 0) + G(o, 1) dQ,
4

+ .3.1; Re E’f OG- G fp, ) A (AL7)

We consider special cases of (A17) in the papers on
periodic and random distributions cited in Refs.
4 and 5.

APPENDIX B. SCALAR DIPOLES

In the previous developments of the analogous
scalar problems (Refs. 1 and 3), the case of two
different monopoles was used as the simplest illus-
tration. For the present electromagnetic case, our
discussion of two electrical dipoles as in (19Nt
provides the dyadic analog of the previous results for
monapoles: Le., if we replace the dyadies by appro-
priate scalars we again get the earlier results. Thus the
scalar version of (191 s *

Uy =u,9%, u,= athikry), P = ™",

+ Ty
OF — (pe + uitb'_ - (1 + uZe™)g
S T
iR =
_ [I + afe™™h(2kb))e ’ (B1)

1 — afaght®

where &= A" for the three-dimensional problem
[see Ref. 3, Eq. (63)], and b = H}V far the two-dimen-
sional problem [see Ref. 1, Eq. (71)].

The corresponding scalar problems of symmetrical
dipales,

u = B (kray(2) cos (B — 6)p, @ = ™,
u = ihM(kr)ay(3) cos (6 — 6,)g,

(B2)

where (B2) and (B3) correspond to two dimensions
and three dimensions, respectively, were considered by
separations of variables.® The normalization of the
scattering coefficients 4,021 and &.(%) is here Fhagen en
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that for lossless scatterers, we have —Re a(n) =
#lay(m)®, eg., for w =0 at the surface, we have
4, = —2L[H, and a; = —3j/h,. The present dyadic
development for two magnetic dipoles {204)fF suggests
an analogous development for generalizing the scalar
results to two arbitrary-dipoles,

We rewrite (B2) and (B3) in the single form
—(alk®)(Vh) « (V)
—(a/kB)kh o] « [ikei]

= —iah'g(i - o), (B4)
where & s either B!V or A, and &' = dhkr) is
either — ;' or —AY; similarly o = ay(2), &;(3). We
may now proceed essentially as for (205). Thus for
two dipoles we use
Us= v, - V(g + UB) = v, . VD=,
v= —(afk*)Vh, (B5)
DF = pF + yZ. VDT (B&)
Taking the gradient of (B6), and eliminating VO from
the right-hand side, we obtain the analog of (207):
V= =[] — vz - Wi [Vg* + V2.V | (B7)
We have
VY = —(a/k*VVh
= albbh; + (T — bhyh,/p]
= albbie + (7 — bhYH], p = 2kb, (B8)

H=V.Vp =

where k is either 42 or H', and k is either AL or
HP'. Thus Wi Wl =a.a (5536 + (] — BH)AT,
and

[ — Vv W] = BAECIE) + (F — HEH),

E() = 1/(1 — a,a_ 35, (B9)
Vo= < [bbA(I) + (T = b5)A(H)) . Ve
= F * v‘pi/at ?
A(a=, 3¢y = I_—Lua"'_.}(ie:':i" (B1D)

1 -g,a i’
where P, are the multiple-scattered moments.
Substituting (BI10) into (B3), we obtain

Uw=v,-P.Vgia, ~ A(kr)esNG, | (B1D)
where the multiple-scattered amplitudes equal
G o,i)=0-P-j

= 0. [bba A(a%, 2} + (I — bb)a 4(a¥, H]-i.

(B12)

(Note the shift in location between H and type

fiamatinmn Famme =01 .
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compared to vector problems in the text proper; this
is in accord with the relations between, e.g., acoustic
pressure dipoles and the electric functions in the text.)

Il' we express (B12) in terms of the appropriate
two- and three-dimensional specfal functions, we
obtain the previous results [(85) of Ref. I for circular
cylinders, and (69) of Ref. 3 for spheres].

To generalize the above to arbitrary dipoles, we
replace v in the above by

v = —(1/k)Vh - §, (B13)

so that
us= —~(EVh - p- Vo = ilypo-5-i, (Bl4)

where, e.g., § may be constructed from the known
approximations for elliptic eylinders and ellipsoids.
For the case where the principal axis of 5. and §_ are
parallel (i.e., essentially as in the text) we obtain (B11)
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and (B12) with P replaced by
Py = prud(pes. YEE + pod(p,z. T

+ pradlp=, 1L, (B13)
where the £ term is to be dropped for two dimensions.

We could also extend the above to all moments by
working with

uln) = (LA @p, @ (L), n=23 (Bl
Thus for monopoles
L=1, p=a (B17)
For dipales
L=Vfik, @=- p=(ah), (B18)
For quadrupoles we have
VA%
h=(f+wﬁl ® =1 p, = (abed)/(n — 1)n,
(B19)

which represents u as the scalar resulting from
double-dotting a tetradic® fore and aft by dyadics.

TOTAL FP.22
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