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We consider configurations of arbitrary scatterers (y=1,-+.,&) in two dimensions, such that the cireles
cirmmecribing the scatternrs do not intersect. As shown previonsly [V, Twereky, in Elestromognetic Waves,
R.E. Langer, Ed. (University of Wisconsin Press, Madison, 1962), pp. 361-389], the solution can he written
in terms of the multiple-scattered scattering amplitudes ., and the G, are specified by the presumably
known farfield isolated scattering amplitudes g, by a set of integral equations & (g) (which can be converted
to elpebraic equations involving Hankel fuictions of the separations by, etc.). Ameng other applications,
the previous puper gave the complete asymptotic series for G (g) in inverse powers of the &'s; this was based
easentially on Hankel's asymptotic expansion for the Hankel functions H,. The pregent paper dedves the
analogous convergent representztion of (G(z) bated on the exact representation of Hy in terms of Lommel
polynomials. For IV seatterers, we give the mmltiple-scattering solution 2z a series in. Hy, Hi, ", and the

13, January 1565

derivatives of g with respect to angles. For two seatterers, we pive a closed form in terms of o differential

operator,

INTRODUCTION

PR_EVIOUS papers derived integral equations for
multiple scattering of waves by confipurations of
arbitrary scatterers in two! and in three? dimensiops.
These equations specify the solution of the many-body
problem in terms of the presumably known farfield scat-
tering amplitudes (say g) of the scatterers in isolation.
Equivalent representations as sets of algebraic equations

'V. Twerzky, “Scatteting of Waves by Two Objects,” in
Eleciromagnetic Waves, R. E. Langer, Ed, (Univemsity of Wis-
consin Press, Madicon, 1962}, pp. 361-38%; Sylvania FDL Rept.
EDL-E60 (1961).

! V. Twemky, “Multiple Scattering by Arhitrary Configurations
in Three Dimensions,” J. Math. Phys. 3, 83-91 (1962): Sylvaniy
EDL Rept. EDL-E61 (1961).

3

were derived in terms of the corresponding isn.laﬁtad‘
scattering coefficients (the coefficients of the Fourier,:

P.A1

Mathieu, or Legendre series representations of g}, and-

several applications were made. In particular, series.
forms of the solutions ini.inverse powers of the separa-
tions of scatterers were generated in tetns of derivatives

of g with respect to angles. These inverse-separation
series, convergent in three dimensions and asymptotic

in two dimensions, were based essentially on the’ cor-.

responding inverse-distance (of observation) series for
an isolated scatterer in two or three dimensions, or,
equivalently, on Hankel’s series® for the outgoing radial

¥ (3. N. Watson, Theory of Bassel Funclions (Cambridge Univer-

sity Press, Cambridge, England, 1958), p. 198,
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Fic. 1. Coordinates for single-hody problem [or case where g i3
on the scatterer’s purface. More generally, p is a vector to any
surface that separates the scatterer from the observation point r.
The radiue of the smallest circle circumscribing the seatterer is a.

functions Ho(r)=H,W(r) in inverse powers of r. If
p=n+}, where = is an integer, then Hankel's seties re-
duces to ¢ thmes a polynomial in 1/r; however, if
p=n, the representation 1= an asymptotic series; the
corresponding scattering series are convergent in three
dimensions and asymptotic in two dimensions. In the
present paper, we derive the convergent inverse-separa-
tion series for multiple scattering in two dimensions.

For three-dimensional scattering problems, Som-
merfeld! considered the inverse-distance series form for
a single scatterer and showed that the coefficients of
successive terms could be obtained recursively from the
first, i.e., from the usual scattering amplitude g. Wilcox®
showed that the series was uniformly and absolutely
convergent outside the sphere circumscribing the arbi-
trary scatterer, Twersky® recast the series as a differen-
tial operator on g and used the resulting form to treat
multiple scattering: for N arbitrary scatterers (such
that the spheres circumstribing the scatterers do not
intersect), he obtained the mulliple-scattering solution
and multiple-scattering amplitude (say G) as a series
in the g's and the separations of the scatterers; for two,
he obtained a closed form involving a differential opera-
tor for & in terms of g.

For two-dimensional scattering problems, the analog
of the Sommerfeld-Wilcox development has recently
been given by Karp,® who used essentially the exact
form of H.(r) in terms of Ho(r) and Hy(r) times Lommel
polynomials in 1/ (see Ref, 3, p. 297), Karp® showed
that the representation in Hy and H; and inverse
powers of ¥ converged, and described a procedure for
obtaining the coefficients of successive terms recursively
from two values of the scattering amplitude. In the
present paper, we construct the corresponding repre-

LA, Sommerfeld, Partial Differentiol Equalions in Physics
{Academic Press Inc., New York, 1949), p. 192.

' (. H. Wilcox, “A Generalization of Theoreos of Rellich and
Atkingon" Proc. Am. Math, Soc. 7, 271-276 (1956},

¢S, N, Karp, "A Convergent Tarfield’ Expantion for Two-
Dimensional Radiation Functions,” New Vork Univ. Courant
Inst. Math. 5ci. Rept. EM-169 (1961).
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sentation in terms of two differential operators, and then
derive the convergent representation in inverse powers
of separations for the multiple-scattering problem.

1f the Hankel asymptotic expansions of By and H, are
inserted in the present results (the exact series for NV
bodies and the closed operator form for 2 bodies),
then we again obtain the complete asymptotic repre-
sentations given previously.' Although the asymptotic
representations are the more useful ones even for only
moderately large separations, the convergent ones
bring the subject in two dimensions to the same level
of completeness as in three, and are expected to facili-
tate obtaining explicit representations for specific
problems. :

I. PRELIMINARY CONSIDERATIONS

We consider scattering problems such that the field
putside the scatterer satishes

(Ve iteiu=0, Vi=aS+a,s k=|kl=2r/A, (1)

where ¢ consists of a plane-wave source tern ¢ and an
oulgoing scattered wave u:

? k="Fi, 2
u~g(@ et xbr =g (B )H k), rve.  (3)

In general, we take the origin of coordinates as the cen-
ter of the smallest circle (radius ¢) crcumscribing the
scatterer. The scattering amplitude g(8,e) (which is in-
dependent of ) specifies the “farfield” response in the
direction # to o wave incident in the direction a. The
fiold satisfies any of the usual boundary or transition
conditions at the scatterer’s surface, but we need not
consider these explicitly, Although we use scattering
terminology, the results apply to any radiative solu-
tion of von Helmholtz's equations, ie., to any solution
of Eq. (1) subject to Eq. (3) (e.g., g may be an antenna
pattern [unction or a piston function),

Many different exact general representations for #
and g exist: surface integrals, volume integrals, complex-
integral spectral representations, infinite series of Bessel
and circular functions, infinite serjes of Mathieu func-
sions, as well as various “mixed representations” ob-
tained by routine manipulations of basic forms. For
r>a (at the least), appropriate representations for #
and g may be paired off as transforms, so that knowledge
of either one determines the other: o '

In particular, if we apply Green’s theorem to u( o) and
Hy(k|r—g|) in the region external to the scatterer, we
obtain the Helmholtz surface integral form ‘

=g£k-r=gikrunu(ﬂ—a)’ r'=‘rﬂ;.

1
“(fsﬂ)=; [ ¥ n(klr—ui)anu(g,a)—uanH?]dS(g)
=(Ho(klr—ol); ulem)}, ()

where S(p) is any surface inclosing the}f:écé.tterér‘ and
excluding r, and 9, is the normal derivative outward

P.&a2
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‘from the scatterer (see Fig. 1). The corresponding rep-
resentation for 7 of Eq, (3) follows From Eq. (4) by
'substitut'.ing the asymptotic form

 Ho(k|r—p| ) ~ethe wmti-e) g (kr), Erpl, £9p. (5)

Thus,
g(a:ﬂ) = {g—ikﬁ Wﬂ(ﬂ—(’),ﬂ(p,&) }, (&)

where the integral is over any surface inclosing the
scatterer,

If % is known, then Eq. (6) gives g on integration, An
inverse relation follows® on introducing into Eq, (4)
the Sommerfeld* representation of A, as a complex in-
tegral of plane waves. As shown previoualy,!

1
‘ u(r,u)=-fﬂ‘k""'“_ﬁg(":ﬂ)d": (7)
T

where the integral is over the Sommerfeld path
v4ieo to rdy—im with v satisfying 7 sin(§—+)
‘= Lo 8in(s— ) Jnax>0; this path will be understood for
all inteprations over -, Values of p on the scatierer's
surface give the greatest range to ~. If we take
y=0-7/2, then we require 1> [p cos(f— ) Jmax—i.e.,

(1-+439)(94-43Y) - - - ([Zm+-1]-+452)

the distance (r) from the “center” of the scatterer (the
center of the circumseribed circle of radiug a) to the
obscrvation point must be greater than the scatierer’s
Projection on r; this value y=§—x/2 suffices for all »
and ¢ if 7+ . Thus the scattering amplitude g introduced
to specify the behavior of # for 7~ serves to describe
the field at least for all distances r>g. '

The limiting asymptotic form u~Hp as in Eq. (3)
foliows from ¥q. (7) by the usual saddle-point pro-
cedure’ for kr—w, and this procedure may also be
used to generate the complete asymptotic representa-
tion. More directly, we exploit the analogous Hankel
asymptotic representation?® for H,:

(1—dnt). o
+o]

1

i =— fraoertirpdo. .,

i () . fe rHrndy H(r)[H- .

(1=dn%)(9—dn?) . - - ([2n— 1t —4n2)

=H -— —
(r)*’?:':" (i8r) ™!

= H(r)R(~t)= D(r; —»). ®

Thus, since the Taylor series for f(r) around a saddle
point ro= 0 may bewrittensymbalicallyas f(r)= ¢? F(ro)
with 0=8/87,, we have the general result .

fr)= D0 M)y (9)

1
R S f et f{r)dr~ H(r) T

T

where 79 is to be set equal to zero (the saddle point)
after differentiation, The special case corresponding to
Eq. (7) (parameter kr, and saddie point §) ig!

#~D(kr; 3Mg(0.0)
g+4d%  9g4-409%+ 1634

=H(k')[g+ iy 128(k)7 - "] 10

in terms of the scattering amplitude g(f,a) and its @
derivatives, [ Terms to (k) were derived by Karp and
Zitron? essentially by substituting & (k) g+g1/kr] into
the wave equation and solving for g,.] We shortly con-
sider the exact series analogous to Eq. (10).

An alternative exact representation for % in terms of
£ may be constrycted by using the addition theorem for
Hy(k[t—p]) in Eq. {4), or by substituting the Fourler
series : '

0= & anleei, (11)

#m—go

into (7) and isolating the usval integral representation

5. N. Earp and N. Zitron, “Higher Order Approximations in
Multiple Scattering, J. Math, Phys. 2, 394406 agﬁl).

(%)™ 1

of Ha, This leads! to
=2 an(@)i"Hu(hr)e™?, r2a. ' (12)
The cocfficients a,, (the Fourier, scattering, or multipole

caefficients) determine both % and g. We may eliminate
aa by substituting

i ~inngd “ 13
ﬂn(ﬂ)—é; /u. glue)einndy, ( J‘

to oblain

ar

u=3, H,(kr)irgin? f

0 .

The coefficients ¢. may also be written as sur_fa:éé in-
tegrals by substituting Eq. (6) into (13) and replacing.

the plane wave by its Fourier-Besze]. series; thus
anf{@) =1 J (ko) eine, w(pe)}, . . o
The complete asymptotic series (10) for « may be ob-
tained from Eq. (12) by using Eq. (8) and the differ-
ential equation satisfied by the exponentia] function:

(3t nDeint—0, T

TO 1511 F.E3

g(p,a)a‘;‘""dp/EW, r>a. (14)
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From Eqs. (8) and (15), we have

,ian(r)#fnum D(r; .__ne)eiuﬂﬂ f..D(:r; az)ﬂiua’

(16)

and consequently (14) reduces asymptotically to

in

s~ D(r; AN 6""[ g(mm)eidu/ 2w

=D(r; #g(fa) (17)

as in (10). The analogous procedure for the three-
dimensional problem,? based on Hankel's polynomial
representation for Hyy, yields  equal to e™*"/ikr times
an exact convergent series in inverse powers of r (a
series whose coefficients involve the scattering ampli-
tude acted on by powers of Beltrami’s differential
operator).

In the range r>>a, Eqs. (7) and (14) are equivalent
representations of the scattered field # (or of any radia-
tive solution of the Helmholtz equation), and Eg.
(17) is the corresponding complete asymptotic inverse-
distance series. We obtained Eq. (7) from the basic
form (4) and then obtained Eq. (14) from (7). We could
just as well have obtained Eq. (14) irom {(4) (by using
the addition theorem for Hy) and then obtained Eqg. (7)
from (14) (by using the plane-wave representation of
H.). (The sequence that we followed is ordered in terms
of decreasing domain of validity in r.) Similarly, the
two procedures for obtaining the complete asymptotic
representation are equivalent, We mentioned both and
stressed the equivalence of the plane-wave and cylin-
drical-wave forms to facilitate a subsequent develop-
ment. Additional discussion and representations are
given in Ref, 1.

As discussed by Earp,® a convergent inverse digtance
expansion for the two-dimensional field has essentially
the form

w L
+H (k) 3. el ]
=0 pl{2kr)”
(18)

r=a.

() =Hulkr) 2. )
11 = Hulkr
=0y [(2kr)"

Karp showed that the series converge uniformly and
absolutely for r»a, and considered their analytical
properties in detail, He pointed out that substituting
Eq. (18) into the differential equation (1)-—differenti-
ating and rearranging the results as a linear combina-
tion of H, and H, and using the fact that. the coeffi-
cients of the Hankel functions H, and &, must vanish—
leads to P, and Q, recursively in terms of Py and Q;
the zeroth-order coefficients were expressed in terms of
g by comparison with asymptotic forms. As examples,
Earp gave!

Po(®)=[g(0)+g(6+m]/2, Qu@)=[g(0)—g(6-+) /2,
By=—(8°0v+Ch), 0,= &Py, (19)

FROM BGU ELECTRICAL £ COMP.DPT TO
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Thus, Earp® has provided the parallel development
for two dimensions of that followed by Sommerfeld!
and Wilcox® for three dimensions. We now parallel
Twersky's development? for the three-dimensional prob-
lem and recast % explicitly in terms of 8* and g; ie,
we obtain the convergent analog of Eq. (10).

1I, EXACT OPERATIONAL FORM

As discussed in Watson,® the Hankel function may be
written exactly as .

Ho(r)=Ho(#) R o() = Hi(r) R 3101,

where the general form of a Lommel polynomial is?

(20)

_ﬁnn(—1)'"(n~—m)lI‘(s+n—m)(} im—n
e e (n— 2} T (s-+-m) \z) '

From this, we may represent the R's of Eq. (20) as
polynomials in 2. S

Corresponding to Eq. (20), and as determined by
whether # is even ot odd, we distinguish four cases of
Eq. (21):

21

=1 (-- 1) nt¥

Ran o= Eﬂ C“'=§ W
() ntr=1)17
2 '
X [ () (n—r—1) ]]
Ry ¢, L)
(2v-+1)

Wil r
2 (ntr-1)
Cppm—— +»),
E] r (2v41) )

n (ﬂ+l’)
REN 1= Z Cnr T +
=0 ()

nusl

(22)

n—1

Rantrom™

In the quotient of factorials in brackets in Ran,0 we
divide through by the denominator and pair off factors
(ntm)(n—m)=n?—m? to write initially ,.. .

.

W (s) - -« = DI by 1)< -00 7+ (a=9)]

= p—?] - ents o [P— (10T
doubling up once more and multiplying: ‘through: by
24 we thus obtain -
(2n)2((2n)t— 2290 (2n)?—42]- - - [(2m)!— (o= 22 ]1
X [(2n)— (2 )=M,(—[24T7), (23)
with M,=1. Equation (23) reduces the first two gets of
R’s of Eq. (22) to polynomials in (2#). For Raa,y, we

deal with the bracketed quotient .of factorials times
{(n+»)/(n—v) and pair off factors ‘A ntm)(n—m-+1)

P. A4
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= (2#4-1)*— (2m—1)?; doubling up, we obtain R’s of Eq. (22} to polynomials in (2n-}-1)2.

{[@n+1*—1I[Cn+1)—9]- - -[(2nt 1)— (2—1)7]j2 10 terms of Egs. (23), (24), and \
=NA—[2n+1F), (24) L=(~1y/(2)(2)), 25)

* with No=1, Equation (24) reduces the last two sets of we write the required coefficients as the polynomials

R{=[201)=(~1) nfz,,.,.,=’in LM(—[20]1),

- [(29)2— (20)7] \
R/(—[2n )= (- 1) "Rppr ==X LM,(~[InT ——————, o
(~ (2T =( £ =L e
C(Zn4-1) (20 1)*]

R/(—[2n+13)=i(—1)"Ryp 11 0=1 E] LN(—[2n+119 2r(2v1) '

Ro{—[2n-+1J) =i(—1)"Ran =i 3. LN o(=[2n 1),
(]

where the upper limits were replaced by e since [from Etz. (23) and (24) ] ali new terms are iden tically zeli-p. Thus,
from Egs. (20) and (26), we have

(—1)"Hyo= HoR(—[20 1)+ H\R, (— [20 )= D fr; ~[207), -
=) Hangy = HoRo' (=20 1)+ R(— 20+ 11)=D,(r; —[21+17).
Note the factor of 7 incorporated in the odd values, | :

The essential feature of the above is that we have reduced H,, and Hyypy to polynomials in (2#)? and (2n4- 132,
respectively. Consequently, because of Eq. (15), we may replace the polynomials in #® by ones in 82=a,? in the
product forms; thus ‘ '

{(—1)"Hy,etinf= D,(=[2n)etend= D‘(ai)"!na, 28
(= )iy 0840= D, (2t 1 J)etam00 D (g8) s, - 9

Thus, the Hankel-Fourier geries (12) may be rewritten

= 2 @gaHan(—1)mgft0 L5 g, 11 g pa(— 1) nfeiiznen)d ! "
=D (VL 0767t Do(3)T gy se9Enti, )

Equivalently, since
2 03 =1 T aapt®(1+-eirr) =3[ p(6) +g(r+8) J=g.(6), L (3m)
L Ganpae 0=} 3 0ot otre) =3 [5(6)—g(x-+6)=4,(0), T

we have thus reduced Fq. (12) to the form _
u(r; @)= D(r; 3% g(6,0)+ Dy(r; 8a%)g.(8,2).

e

Here, G “.]
D.=HoR+H\R/, '

(o +4)  ao*+H4)*(0*+16) -

== 1 T ?

22y 44(2r)¢ o ‘.':(-32):
& p@ar aeH4)p@+16)? T

T X 51(2r)

C
1
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and
Da=Hu-Rn,+ElRas
a1 (0r49)(a2+1)" (aﬂ-|-25)‘(a=+9)2'(aﬂ+1)ﬂJ_

R = ———1
2 31(2¢)? 51(2¢)0
(@17 (@109
Ro/.i= 1— } E P
22y 4121

The functions g, and g, are the components of the scattering amplitude g(f,e) that are symmetrical and antisym-
metrical with respect to reflection in the plane 8+/2 (ie., the plane perpendicular to the direetion of observation).
If the scatterer is a monopole g(f,2)= ao, then g.=aq and g.=0; # reduces to D,g., and since all terms but the
first of R, involve 87 we obtain simply %= Heay a5 required. If the scatterer is a monopote plus dipole g(6,a)=uao
+2a; cosf, then g,— 6o and g,=2a, cosd; the D g, term again gives Hoae, and for Doga [since all terms but the first
involve (3%-+1) cosf=0] we obtain II1i2e, cosé. Thus #=Hyag+ H1i2a; cost as required.
Isolating Hy and &, in Eq. (31), we have

‘“=HD(R¢EI+Rn’gn)'i“Hl(Rogu_l_Ru'ga ) ‘ (34)

which is the same form as Eq. (18) obtained by Earp.® We now have the coefficients of Eq. (18) explicitly in terms
of g and its 8 derivatives: ‘ o

Po= (= 1M, (8)gel8),  Prsa=—i(—1y[34(2+1)7IV(35)5.(6),
Qg=i(—1)"N (800208, Quean= (—1)[ 6P (2)2]M(06))g (),

where M and ¥ are the polynomials of Eqs. (23) and (24). Thus, , o .
. Po=g,=i[g(6)+glr+0)], Pr=—i(d’+ 1)go(8), Pr=—a(0+4)g.(0), Ps= +i(a,,=+9)(a,$+‘1)? o0y -
' L6
QO= ‘ign=_;tg(9)'§(1r+9):|; Q1= 36’3:(9), QE* “i(ﬂﬂn'l'l)zgu(a)s QBE’ ”"aﬂz(aﬂz"l_‘-t)ﬂ e(g): C ( )

(35)

etc. The coefficients for @ and 1 are Karp's results as in the present Eq. (19), and the other terms may also he ob-
tained by the method that he describes.® From Eqs. (18) and (36), we have

H[ T G GV ) }
T T BT 2y siwr

- i(at41)2, 9%o%4)
+H, {13., i - £y
2kr  2(2kr)? 31 2kr)?

+ } (37)

For subsequent applications, we substitute the definitions of g, and g, of Eq, (30) and rewrite Eq. (31) as -
= D(r; aﬂﬂ)g(ﬂxd)_‘_ﬂf&; Bun)g('.'r-l- f,a), Duee (DADy)/2, D's (Dl"'Dn)/z- (38)

1f we replace Hy and Hy in Eq. (38) by their Hankel gsymptotic series as in Eq. (8), then D~D as in Eq. (9) and
9D, Thus Eq. (38) is & convenient form for assessing the corrections to the complete asymptotic representa-
tion (10). - ‘

Since the special function series (12) and the complex integral representation (7) are equivalent forms for
r>a, Eq. (31) is, of course, the exact series representation of Eq. (8) for 3> ¢, as well as of any other form of
any solution of Eq. (1) subject to Eq. (3). Since Eq. (7) is general in form and since we may always write f(r)
=[f("+ flr+n)1/2+Lfln)— flr=7)Y1/2= f7)+ fo(7), the above steps have shown that

1 1
— j-giraun(r—ﬂ)f(f)d.r=_ fﬂ""""“'”U«(T)'an(‘r)]df

T

= D,(r; 3¢ fo(B) 4= Dalr; 805 fo(8)=Dir; 362 f(6)~ I (r; 04 f(m+-6), (39)
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where [as in Eq. (7)] the limits are chosen to ensure
convergence of the integral. Eq. (39) [as well as the
previous Eqg. (9)] is a peneral result in terms of the
parameter r and an analytic function f(r) such that
f(8) is representable as a Fourier series. [The differen-
tial operator form of Eq. {39) may also be obtained by
writing f(r) as a series in g7, £Xpressing € as poly-
nomials in sinr, using e ™r ginr= (i/r),eir wor, etc,
and integrating by parts.] In Sec. ITI, we apply Eq.
(39) to the special case where fis a product of scattering
amplitudes.

I, MANY SCATTERERS

For a plane wave p=e*rest®= incident on many
(¢=1,2,---, N) arbitrary scatterers located at b, in the
geometry of Fig. 2, it was shown previously! that the
scatteting solution of Eq. (1) could be written as

T=p+U, U= Ugfr—by),
Ui(rd={Holko|1:=pe]), Ulpe,a)}

2r
= f fbrs I 7, ) (40)
i
2w EZM
=T Bulrire™ | - Gla)etn,
[1] m

where r(ry@)=r—h, is the vector from the “center”
of scatterer ¢, and where U, is the multiple-scattered
wave of scatterer 4 and G, is its corresponding scat-
tering amplitude. As the neighbors of scatterer ¢
recede to infinity, I/, and Gy reduce to o0/, and eufs,
where @ =g b= gikbtoae—a) and where #, and g
are the appropriate functions for scatterer 7 in isola-
tion, If kre~ o0, then Uy H (br)Ge(0r,0)~H (Ar)G . (8,)
Xe-ikbtonlf-0); we may also work! with G/=G\/ g, in
order to make the phase of ¢ more explicit. The prov-
inces of the different representations for 77, are essen-
tially as discussed for » in Sec. I.

If we use the plane-wave form of Eq. (40) for the
excitation at ¢ arising from all neighbors (ie, for
2.,/ U, where the prime means s3<f) and the super-
position principle for the total field seattered by ¢ in
response to a set of plane waves, we obtain! the basic
set of self-consistent integral equations

Gilf,0)=g(6,0) s

__l_E.r[e{kb;.noa(Bn—f)g,(ﬂ,r)G.(T,a)dT/T: (4‘1)

problem. Expansions hold at

Fic. 2. Coordinates for many-bod
least for cases where by, a4, where o, and a, are the rmchi of
eircles circumscribing scatterers ¢ and 5.

where b..(8:,,85)=b.—h,. The limits on the integrals,
essentially as in Eq. (7), require! 5, sin(y—gn)
S (y— g —p, sin(y— )< 0; if p; and M are
on the appropriate scatterers’ surfaces and if we take
Y=8u—7/2, then we require! that the separation
of scatterer “centers” (by) be greater than the sum of
the scatterer’s projections on by For b ari-a,,
essentlally as for Eq. (14), we may substitute a seties
Z, Buetnm for g,y and isolate the integral representation
of H, to obtain

Celle)=g:(80) et 2 5 H n(kby,)inginBis
~ f 0 )Ca (e mmdp /2, (42)

Equation (42) could alse have been constructed by us-
ing the addition theorem for okl te+by |} in (40) and.
taking the plane-wave farm of the resulting /s as the
excitation—i.e., ‘

2r
U =U.(re+b) = 3o Ho(kb)ingindS im=n], ven (i )gitr=mts f G (w0 du/ 2w
. 1]

2r Y
=2 n Ho(RB)ingind _[ giteeonleilinuGy, (4 o)du/2m; (43)
. ‘ 2

P.av
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however, instead of working with such mixed forms
{cylindrical waves to a given point and plane waves in
the ncighborhood of the point), it is, in general, more
convenient to work with a pure plane-wave form, such as

U'(r‘_'_,,h):[eikbuuu(ﬂr-i')-Hk!'jEnu{h-f)G'(,r’&)dT/“., (44)

which was used® for Eq. (41), and then transform the
result. See Ref. 1 for additional discussion, for various
sets of algebraic equations derived directly from Eq.
(41) by substituting Fourier-scries forms, or Mathieu-
geries for the amplitudes, and for various applications.

In particular, the complete asymptotic representation
for spacings kb1 is obtained® on applying Eq. (M
to the integrals in (41), or equivalently on applying
Eq. (16) to the sum over # in (42) and proceeding as
for (17):

G} ~gdB) it 200 Dug88:)GiBu)y  (45)

where D= D(kb.,; #/98%) is defined in Eq. (9). The
form (45) is most convenient for generating expansions

B: (ﬁ,ﬂ)

is particularly convenient. The two elements of the
column vector [Gi(f.e)] are required to represent U/,
in the form Eq. (38), and Eq. (49) can be iterated
directly.

Tterating Eq. (49), we obtain

[Ge(8,2)]= [e:(6:0) w1+ 2 LD ge(8,850) I ga Brar) ]
+Z.'E-Dugl(ﬂ,ﬂu):lzm'[Dmgr(ﬁl{:ﬁm):l
' X[gm(ﬁm,a)wmj'i' Tt (50)

where [Dg] is the square matrix of Eq. (49), and the
other terms are column vectors, ‘The convergence
propetties of the iterated series of Eq. (50) (the “orders
of scattering” series) must be based primarily on |g|.
Only if k53>1 (as for the asymptotic form) would we re-
group! as an expansion in inverse powers of &; using the
asymptotic forms of Hy and Hy, we have D~5), D'~0,
and the representations for G, of Eqs. (49) and (50) go
over directly to (45) and to its iterations' discussed
previously,

IV. TWO SCATTERERSH

For two scatterers, we can eliminate G, from the right-
hand side of Eq. (46) and obtain G(g) in closed operator
fortn. We take the primary reference origin (r=0) as
the midpoint of the line joining the centers of the circles
circumscribing the scatterers and locate the centers by

I:G.i:i,:,)u)]= [gg(';r—l- 8, m)] [nglif’:‘!in) Dy'g(xt8, 1r+ﬁu):|[G-(vr+ﬁ:., a)

for even moderately large spacings, and has also been
applied! to obtain a closed operational form in terms of
0 for two scatterers. It also holds for combinations of

scatterers and sources.
The analog of Eq. (45) in terms of the exact rep-
resentation Eq. (39) is

G B,p) = g(0,0) ot Dn'g;(ﬂ,ﬂu)G-(ﬁmﬂ): (46)

where Di,- f(ﬁ;.) =D(kbu; 8’/6,&3‘,) - f(:ﬁu) stands . for
either of the two differential operator forms of Eq. (39).
Thus, we may write the summand of Eq. (46) essentially

a5

Dﬂg(arﬁ)c(ﬁﬂ)“_pﬂl'g(ep W+|B)G('ﬂ'+ﬂ: ﬂ) (4?)

or, equivalently, as

D,[2(6,8)G(By)=g(6, - B)G(w4-B,) 12 ‘
=D,[o(0,8)G(Bya)+8(0.80)G(Bga) ], (48)

where g(ﬂ,ﬁg)#[g(ﬂ,ﬁ):lzg(ﬂ, w+8)], etc. In general, it

is more convenient to work with representation (47).
The matric form

D' gu(8, m+Bu)

G(Bina) ] (49)

b, (5.84)=b4(5,8), b_(6,8)=b_(5, 7+6). In terms of
the local coordinates ¥, and r_ (the vectors from the
centers), we have W= U, (t;)+U_(r-), For kry>>] and
fa2b, we have ‘ .

U H{kr)G(0,0),

9(9,0;)=ﬂ“‘°G+(ﬂ,ct)+B"AG..(ﬂ,a), A=}kbcos(—8). (51)

As in Ref, 1, we may also factor ¢y = &0l from
G*. ' b
From Eq. (49), we have ' - N
[G*(B,a)jﬂ [g:i:(B}a) "ﬁi]'l" [-D :I:E:I:(ﬂwﬂi)][G*(ﬁﬂ:sﬂ)l.l v
D, =D(2kb; 3*/38%), - (52)
whose asymptotic form was discussed previously':in
detail. As in Eq. (49), [Dg] is a 2X2 matrix and the
other terms are column vectors. In erder to reduce
Eq. (52) to & closed form for G.(6) in terms of g, we
must express G(84,0) solely in terms of g and operators.
Substituting for # in Eq. (52), we obtain initially

[Gq:(ﬁ&_.,ﬂ)] = EH:F(ﬁ:l:sﬂ) "Pq::l
+ [ Drgr(Be8+) L CulBra) ) (53)

Iterating once yields \

[G(8 ,0) 1= [eF(B ) o]
+ [ Drgx(Bafe) L ga(Br.2) 01 ]
[ Drge(Be,87) LD (B Bu) LG (Bz) ] (54)

Tt
1
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Thus, eliminating [(G=(81,0)] from the right-hand side,
we obtain

[G=(Bue) =7 —[Drgz(By,B7) L Dg- (B8 T
X [LgrBea) e 1+ [ DrgeBu®) W Br ) el (55)

The inverse matrix [7—AB]! expands as [+ AR
+ABA B, we work from right to left in performing the
D) operations in the generated “chains,” and the phas
factors ¢y are not operated on. ‘
Substitnting Eq. (33} into (52) yiclds the sought
for closed operational form [G(g)], which, together
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with Eq. (38), provides the complete representation for
the multiple-scattered functions U, in terms of H,, H;
and the isolated scattering amplitudes g, If D~ then
the present result reduces to the previous! asymptotic
one. If we specializc the present g’s (0 those correspond-
ing to diffcrent pairs of circular cylindrical monopoles,
dipoles, or monopoles plus dipoles, then the present
result goes over to the special closed forms in terms of
Hy and II, (with Ho+Hs replaced by H,(2k8)/kb]
given previously.! For the corresponding pairs of multi-
poles of the elliptic cylinder, the previous closed forms
in tetms of the radial Mathien functions are now de-
veloped as series in K and H,.

P.&a3
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