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Velocity-dependent multiple scattering by two thin cylinders 

Dan Censor 

Department o/Environmental Sciences, Tel-Aviv University, Ramat-Aviv, Israel 

A relativistically exact formulation is presented for multiple scattering of electromagnetic 
waves by arbitrary, uniformly moving objects. The formulation is based both on spectral rep- 
resentations which are easily transformed from one frame of reference into another and on 
a successive scattering scheme which iteratively satisfies the boundary conditions on the sur- 
face of the obstacles. Explicit expressions and computational results are given for scattering 
by two thin dielectric cylinders. 

INTRODUCTION 

Comprehensive reviews concerning multiple scat- 
tering by configurations of scatterers at rest are given 
by Twersky [1960] and Burke and Twersky [1964]. 
For configurations at rest, the two-dimensional case 
is discussed by Twersky [1962a] and Burke et al. 
[1965]. The three-dimensional scalar and vector 
problems are given by Twersky [1962b] and Twer- 
sky [1967], respectively. Scattering of electromag- 
netic waves by objects moving in free space is dis- 
cussed by Censor [1967, 1971, 1972]. 

We consider the problem of multiple scattering 
by a configuration of arbitrary obstacles moving with 
respect to each other and with respect to the ob- 
server. The formulation is based on an iterative 

scheme of successive scattering. A certain wave, de- 
rived in the frame of reference of an object at rest, 
is recast in terms of a plane-wave integral. The rela- 
tivistic transformation formulas are applied to the 
plane-wave integrand of this spectral representation, 
in order to express the result measured by the ob- 
server. Another transformation brings us into the 
frame of reference of a different obstacle, where the 
scattered wave is computed. The details of the 
scattering process are explained below. The result- 
ing integrals are complicated, and a considerable 
amount of manipulation is necessary in order to 
derive explicit expressions, in terms of well-known 
special functions. The formulation is demonstrated 
in detail, and computational results are derived for 
the relatively simple case of velocity-dependent scat- 
tering involving two thin dielectric cylinders. 
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GENERAL THEORY 

The geometry of the problem is given in Figure 1. 
In a surrounding medium of free space a system of s 
(s = 1, 2, ..- , i, ... , j, -.. , n) objects is given. 
Each object is specified by means of its surface and 
the boundary conditions on it, as seen in the proper 
frame of reference in which the object is at rest. The 
incident electromagnetic wave is specified in frame 
of reference P (x, y, z, t) in which the observer is 
situated. Object s = i, as observed from P, is moving 
with a constant velocity v•, i.e., the motion is uniform 
and purely translatory. In I' a frame of coordinates 
x•, y•, z•, is constructed by a rotation of x, y, z, such 
that v• = •v•, where • designates a unit vector. 
Object i is at rest in its proper frame of reference 
I' { • • (x•', y•', z•', t•') of which the origin r•' = 0 moves 
with velocity v•, as observed from I'. At t•' = t = 0, 
the two systems of coordinates x•, y•, z• and x•', y•', z•' 
coincide. In I '• the object is located by a position 
vector b•, the tip of which defines the origin of a local 
system of coordinates, to be introduced subsequently. 
(Of course, during the period of observation no 
collisions are allowed since such collisions cannot 

be accounted for by the present special relativistic 
model.) 

The incident plane wave (its E field, say) is defined 
by 

•, = A exp (tlr.r- icot) 

= A exp (t•r.r• -- icot) = A exp (iqb) (1) 

where 

r• = r•(x•, y•, z•) 

and where A is the amplitude, k is the propogation 
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Fig. 1. Geometry of the general problem. The incident wave 
and the observer are situated in an inertial system of reference I'. 
Given a configuration of s objects moving at velocities 
i = 1 ..... s, I '(i) is chosen such that object i is at rest. At ti 
t = 0 the systems of coordinates x•, y•, zi and x/, y/, 

coincide. 

vector, and w is the angular frequency (henceforth, 
the frequency). Inasmuch as the objects are moving 
in free space, Einstein's [1905] prescription can be 
used. The waves are transformed into the frame of 
reference where the scatterer is at rest, the scattered 
wave is derived, and the result can be transformed 
again into another frame, and so on. Thus in order 
to find the scattered field produced by object i, • is 
transformed into I '( • yielding •'. 

where 

= A,' exp (iq•,') (2) 

where 

q- ,y•(1 -/gg cos 

C = (•0•0) --1/2 

•,• = (1 -- /•/2)-1/2 

cos oq = ki'•i 

where/• is a dyadic, I is the idemfactor dyadic, and 
the Lorentz transformation and • = •' specify the 
transformations for k•, o• details are given by Censor 
[1969a]. In I '•) the wave (2) is shifted to the local 
coordinate system of object i, }/•' = r•' - b•. Now, 
it is assumed that the single scattering problem for 
the object at hand is known. The scattered wave 
u•' is recast in a spectral representation 

u,' = IA,'I exp (ik,'.b,) 

exp [flr•,'.(ri' -- b,) -- ' tw, t,']g• df•p' (3) 

i.e. (3) is represented as a superposition (integra•l) of 
plane waves propogating in a complex direction 
as specified by the appropriate contours C in the 
complex plane (or planes). Each such plane wave has 
an amplitude g, = gi(.•.', [r•', [r•,') which depends 
on •.', the direction of polarization of the excitation 
wave, its direction of propagation [ri', and the direc- 
tion of propagation [r•,'. This function is propor- 
tional to the scattering amplitude for the object in 
question. In a manner similar to that used in (2), 
u•' can be transformed into I' by applying the inverse 
transformation to the plane wave in the integrand (3), 

u, = IA,'I exp (ik,'.b,) 

where 

ß fe exp (--ik,:,,'.b, q- ck,•,')F,"g, dr1:,, (4) 

•i•, ! : kiy, t .ri t -- Coitti t 

Pi t= Pit(ki•, t , 

Thus far we have formulated the single-scatter- 
ing velocity.dependent problem. The multiple 
scattering case follows quite naturally, by considering 
exp (i•i•,') P•'. g• in (4) to be the excitation wave for 
object j. This successive scattering procedure is 
repeated as many times as necessary for a desired 
accuracy, with respect to distances and velocities. 
The formulation by itself is of little value as long as 
the integrals are not recast in terms of known com- 
putable special functions, therefore in the next section 
a special case is considered. 

MULTIPLE SCATTERING BY TWO THIN 
DIELECTRIC CYLINDERS 

In order to keep the mathematical manipulations 
as simple as possible, the following special case is 
chosen. Consider a configuration of two cylinders 
of circular cross section, oriented parallel to the 
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• axis. The propagation vector of the incident wave 
given below and the velocity lie in the xy plane, this 
ensures a scalar formulation, in contradistinction to 
other cases, see Censor [1969 b]. 

The geometry of the problem, Figure 2, is chosen 
such that one object is at rest, attached to F, and 
the other one is attached to the origin of F'(x', y', z'), 
moving along the x direction; i.e., b• = 0, and the 
objects overlap at t = t' -- 0 at the origin x = x' = 0. 
This must be excluded, since it has no physical 
meaning and leads mathematically to singular results. 

The incident wave (an E = E•. field, say) is chosen as 

exp (ikx -- iwt) (5) 

The single-scattered wave produced by the object at 
rest in I' is given by 

Uo = • i'•a,•H•(kr) exp (imO -- iwt) 

= fe exp [ikr cos (0 -- r) -- iwt]g(r) drip' 
g(0) --- •'• a,• exp (im 0) (6) 

where H• = Hmm{•) is the Hankel function of the 

first kind, the contour C is a Sommerfeld path, and 
in the present case r extends from 0 - •rf2 + ioo 
to 0 + ,r/2 - ioo in the complex plane r. 

In order to derive the single scattered wave pro- 
duced by the moving object, (6) is transformed into 
V according to (2), yielding 

.d' exp (ik'x'-- iw't') 

,4'/1 = k'/k = w'/w = [(1 -- fi)/(1 q- fi)l •/2 (7) 

The scattering problem in r' is solved, in a manner 
similar to that used in (6). According to (4), the 
wave is transformed into r by multiplying the inte- 
grand by y(1 q-/• cos v'), yielding 

H1 -- A,,f exp [ik'r' cos (0'--r')- iw't'] 

ß (1 q-/5 cos r')g'(r')dr'/•r 

A"y • i%,•H,•(k'r') exp (imO' -- iw't') 

where 

(8) 

b,• = a,•' -3-/5(a,•+x' q- am_x')/2 

g'(O') = • am t exp (irnO') 

Fig. 2. Geometry and scattering modes for the special 
problem of two thin cylinders. One object is at rest in I', 
the other one is attached to I v , which moves in the x-di- 
rection. The observer is situated to the right of both, on the 
x-axis. Dotted and dash-dotted lines describe the single 
scattering modes, solid and dashed lines describe the mul- 

tiple scattering modes. 

By making the suitable substitutions in the Fourier- 
Hankel series representation, (8) may be expressed 
in terms of x, y, z, t as measured by an observer in I'. 
Note that g'(0') in r' is excited by ,o'. This termi- 
nates the single-scattering part of the problem. 

Consider now the first-order multiple-scattering 
mode produced by u• when scattered from the object 
at rest in r. One must consider the two possible 
cases, whether the moving object is to the right or 
to the left of the object at rest in I'. In the first case 
in (8), 0' - ,r, which makes the limits of the integral 
ß r/2 + ioo to 3=/2 - ioo. In order to have the Som- 
merfield limits for the Hankel functions H,• (•>, the 
variable of integration r' must be modified. Similar 
considerations apply to the other mode of multiple 
scattering taken into account in the following sec- 
tion. Since the phase is invariant, in (8) the exponent 
is written as 

i[k,r cos (0 -- r) ? o•,t] 

= =,(] + cos r') (9) 

The object in r is therefore excited by a complex 
plane wave propagating in direction r, according to 
(9). The result is u0• for the plane-wave response, 
and the multiple scattered wave is given by 

ux.0 = A'• f u0,(1 q-/5 cos r/)g'(r')dr//•r (10) 
Obviously the object in I' is now excited by a com- 
plex frequency that depends on r and takes into ac- 
count the velocity effects and the fact that the dis- 
tance between the objects varies. Hence uo• cannot 
be taken outside the integral sign. Without much loss 
of generality the observer is situated in the far field, 
hence Uor in (10) can be written in terms of the 
asymptotic representation 



952 DAN CENSOR 

u0, = (2/i;rk,r) •/2 exp (ik,r -- iw,t)g(O) (11) 
The last restriction can be waived by adding cor- 
rection terms, see Twersky [1962a]. 

Similarly the plane wave in (6) is transformed 
into I" by multiplying the integrand by •(1 - /• 
cos •), and the phase in the integrand (6) is recast as 

k, tr t cos(0 t -- r t)-- iw, tt t 

= = - cos 

Titis wave excites the object in r', producing the' 
which is transformed back into r according to (8), 
yielding the analog of (10), 

Uo,x = 3' f ux,(1 -- /5 cos r)g(r)drier (13) 
where in the far field u• is given by 

Inserting these considerations in (10), (11), 
(13), and (14) and making the appropriate sub- 
stitutions yields 

Ux.o = B f exp [i3,1•(k'r -- co't) cos r'] 
ß (1 q-/5 cos rt) 5/• drt/Tr 

Uo.x = D f exp [--i3,1•(kr' -- cot') cos r] 
ß (1 -- /5 cos r) '•/• clr/• (17) 

where 

B = A'ao(co)ao'(Co)q? (2/i•rk"yr) •/• exp [i•,(k'r -- co't)] 

D = (1 q- 15)ao(co)aot(Co)'y4(2/iTrkg/rt) •/• 

ß exp [i'y(kr t -- wt t)] 

u•, = (2/i•rk,'r') •/•' 

ß exp (ik,'r -- iw,'t)g'(O')'¾(1 q- l• cos 0') (14) 

Again care must be taken concerning the limits of 
the integral (13), depending on the relative position 
of the objects with respect to the observer. 

For a dielectric cylinder with E polarized along 
the axis, it is well-known that the boundary value 
problem yields 

a,• = [kJ,•(Ka)J,•'(ka)- rJ,•(ka)J,•'(ka)]/D,• (15) 
where 

D,• = --k J,•( ra)H,•'(ka) q- rH,•(ka) J,•'( ra) 

and where K is the propagation constant inside the 
cylinder, J,• are the nonsingular Bessel functions, 
the prime indicates differentiation with respect to the 
argument, and a is the radius. For thin cylinders, 
ka << 1, the cylindrical functions are expanded near 
the origin; this yields 

ao = i•r(ka/2)2(--1 q- K•'/k •') 

a• = i•r(ka)4(--1 q- K2/k•)/32 

a,• ec (ka) •'•+ •' rn = 1, 2, ..- (16) 

Hence there exists a hierarchy, which prescribes that 
for small ka the single scattering processes should 
include a0 and a•, while the multiple scattering 
processes as described in Figure 2 should include a0 
terms only. If the cylinders are thin enough, higher 
terms and higher multiple scattering modes can be 
neglected. Note that a0 and ax are proportional to the 
square and fourth power of the excitation frequency, 
respectively. 

ao(w) = ao%0) are given by (16) 

In order to make a computation feasible, it is neces- 
sary to evaluate the integrals in (17). To the order 
g4, the first integral yields for 0' -- 0, 

aoHo q- 2a•iH• -- 2A2H2 -- 2iaaHa q- 2c•4H4 

H• = H•[q,l•(k'r -- w't)] 

a0 = 1 q- (15/16)/f -- (15/1024)/54 

= + (/128)g 

a2 = (15/32)• • -- (5/512)• • 

aa = (5/128)0 a 

a• = --(5/2048)• • (18) 

The second •tegral yields the same structure, •th 
the ar•ment of the Hankel functions berg -•(kF 
-•F) and m, ,aa multiplied by (-1). Thus the total 
field can be computed, and explicit results may be 
compared with the velocity •dependent case •ven 
previously by Twersky [1962c]. 

DISCUSSION OF RESULTS 

In the velocity-independent case [Twersky, 
1962c] the amplitude and phase of the total scatter- 
ing amplitude shows resonance effects, as a function 
of the separation between the objects. This is due 
to the multiply scattered waves that interfere with the 
single-scattered waves, reinforcing or partly cancelling 
them. In the velocity-dependent case, at least for one 
of the modes, there is a significant Doppler shift in 
frequency and wavelength. Consequently, beats are 
produced, which is a new phenomenon typical of the 
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Fig. 3. (a) absolute value of total field, and (b) phase 
of total field both normalized with respect to the field of 
the object at rest. The velocity is • = 0.1. The center kvt '- 
100 is the retardation time of the observer with respect to 

the origin x -- 0. 

present problem. The observer is situated at a large 
distance kx - 1000, so. that even at large velocities, 
the moving object does not reach him during the 
duration of observation. It takes a retardation time 

•xt - xfc for a phenomenon happening at the origin 
to reach the observer. At this time the moving ob- 
ject has traversed a distance vat - $x. The results 
are therefore taken for the range kvt from t•kx - 10 
to flkx + 10. The results look similar for different 
velocities because of the normalization, tvk, of the 
time axis, but as far as the separation vt is con- 
cerned, this is a consistent representation. 

In Figure 3 results are given for • - 0.1, i.e., 
for an object moving at 30,000 km sec -x. The beats 
are clearly seen. To the left of kvt - 100 the ampli- 
tude of the beats is larger, because when the object 
is moving towards the object at rest, loosely speak- 
ing, there is a Doppler effect (1 + /•) / ( 1 - •) in 
the amplitude as well as the frequency. It is also 
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Fig. 4. Same as Figure 3, but • -- 0.2. 

oo 

Fig. 5. Same as Figure 3, but /• -- 0.4. Here the beat 
phenomenon is not apparent for the given separation. 

apparent that the number of beats is larger when the 
objects converge (to. the left of kvt = 100) com- 
pared to the case in which they diverge (for kvt > 
100). The reason is the following. When the objects 
diverge, the Doppler shift is (1 - •) / ( 1 + g), and 
when they converge the signs must be inverted, so 
that the shift is larger for the latter case; thus, 

which is a first-order effect in the velocity. Hence, 
when the shift is larger, the amplitude of the beats 
oscillates faster. The effects are more pronounced 
in Figure 4, where /• - 0.2. For higher velocities, 
e.g.,/• = 0.4 as in Figure 5, the beat phenomenon 
is not apparent for the separations considered here. 

Acknowledgments. Computations were carried out at the 
Tel-Aviv University Computer Center, Ramat-Aviv, Israel. 

REFERENCES 

Burke, I. E., and V. Twersky (1964), On scattering of 
waves by many bodies, Radio $ci., 68D, 500-510. 

Burke, I.E., D. Censor, and V. Twersky (1965), Exact 
inverse-separation series for multiple scattering in two di- 
mensions, J. Acoust. Soc. Amer., 37, 5-13. 

Censor, D. (1967), Scattering in velocity dependent systems 
(in Hebrew), D. Sc. thesis, Technion (Israel Institute of 
Technology), Haifa, Israel. 

Censor, D. (1969a), Scattering of a plane wave at a plane 
interface separating two moving media, Radio Sci., 4, 
1079-1088. 

Censor, D. (1969b), Scattering of electromagnetic waves 
by a cylinder moving along its axis, IEEE Trans. Micro- 
wave Theory Tech., MTT-17, 154-158. 

Censor, D. (1971), Energy balance and radiation forces 
for arbitrary moving objects, Radio Sci., 6(10), 903-910. 

Censor, D. (1972), Scattering in velocity-dependent systems, 
Radio Sci., 7(2), 331-337. 

Einstein, A. (1905), Zur Elektrodynamik bewegter K•Jrper, 



954 DAN CENSOR 

Ann. Phys., Leipzig, 17, 891-921. (English translation, 
Einstein, A. (1952), On the electrodynamics of moving 
bodies, in The Principle of Relativity, by H. A. Lorentz, 
A. Einstein, H. Minkowski, and H. Weyl, translated by 
W. Perrett and G. B. Jeffery, pp. 32-65, Dover, New 
York.) 

Twersky, V., (1960), On multiple scattering of waves, 
Radio $ci., 64D, 715-730. 

Twersky, V. (1962a), On scattering of waves by two ob- 

jects, in Electromagnetic Waves, edited by R. E. Langer, 
pp. 361-389, University of Wisconsin Press, Madison. 

Twersky, V. (1962b), Multiple scattering by arbitrary con- 
figurations in three dimensions, J. Math. Phys., 3, 83-91. 

Twersky, V. (1962c), Multiple scattering of waves and 
optical phenomena, J. Opt. $oc. Amer., 53, 145-171. 

Twersky, V. (1967), Multiple scattering of electromagnetic 
waves by arbitrary configurations, J. Math. Phys., 8, 
599-610. 


