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Scattering of electromagnetic waves by arbitrary objects moving in free space is discussed. 
The objects move at constant velocities. The formalism is relativistically exact and applies to 
arbitrary distances from the scatterer. The results are recast in terms of the dominant (far-field) 
frequency; this is useful for low velocities and near-field frequencies. Numerical results are 
given for scattering by two-dimensional moving monopoles and dipoles. 

INTRODUCTION AND STATEMENT 

OF THE PROBLEM 

For scattering problems involving objects uni- 
formly moving in free space, one may use the method 
prescribed by Einstein [1905]: the incident electro- 
magnetic wave is transformed into the frame of ref- 
erence where the object is at rest; the scattering 
problem can supposedly be solved in this frame of 
reference. The resulting scattered wave is now trans- 
formed back into the original frame of reference in 
which the observer is situated at rest. The method is 

illustrated by Einstein for the case of a plane wave 
scattered by a perfectly reflecting mirror. 

Presently we consider the corresponding two- and 
three-dimensional problems. Particular examples are 
provided by the circular cylinder and the sphere, re- 
spectively. Results are given in terms of the well- 
known special functions arising from solution of the 
corresponding velocity-independent problems. The 
formalism is relativistically exact and applies to arbi- 
trary distances. Therefore previous studies, con- 
cerned mainly with the far zone, are considered to 
be special cases, e.g., Lee and Mittra [1967] and 
Restrick [1968]. Computational results are presented, 
and approximations are given for low velocities and 
near zone in terms of the dominant (far-field) Dop- 
pler frequency. 

TWO DIMENSIONS 

Let I', I" be two inertial frames of reference, in 
which we define times t, t' and Cartesian systems of 
coordinates x, y, z and x', y', z', respectively. Observed 
from I', the origin of I" is moving with constant 
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velocity v = •. The source wave q, = E, H is specified 
in I' as a harmonic plane wave: 

• = f exp (tlr.r' '-- kot) (1) 

in the usual notation, e.g., CenSor [1969]. The cor- 
responding wave in I" is given by 

•' = f' exp (tlr'-r' r-- iw't') (2) 

t' where r', are prescribed by the Lorentz transforma- 
tion, and the detailed transformation formulas for 
k', w', are given elsewhere [Censor, 1969.] Consider 
a cylinder of arbitrary cross section whose axis coin- 
cides with y' in F'. Hence the motion, as observed 
from F, is perpendicular to the axis. The incident 
wave (equation 1) is polarized along the axis. This 
implies a scalar formalism. 

Starting with the Hankel-Fourier series representa- 
tion and exploiting the Sommerfeld integral represen- 
tation for the cylindrical functions, the scattered field 
u' can be written as 

u'(r', t') = 1' • i'•a.H.(k'r ') exp (imO' -- ic0't') 

exp [ik'r' cos (0' -- r') 

-- ico t t']g(r t) dr t (3) 

Here H•, = H•, {x) is the Hankel function of order rn 
of the first kind, r' is the distance from the axis, and 
0' is the angle with respect to direction x, measured 
in !". The scattering amplitude 

g(O') •-- • a. exp (imO') 

is evaluated at the excitation frequency o,'. In ac- 
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u(r', t') = 

cordanco with the transformations for plane waves 
[Censor, 1969], we find' 

•'1-- f exp [i•'(r')](1 + • cos r')g(r') dr' 
= '},]' • i'b.H.(k'r ') exp (irnO" 

b. = a. -{- [a._, -{- 

•, --- (1 -- /5•') -•/' 0 '- v/c (4) 

where c is the speed of light in free space. 
Inasmuch as the structure of u in (4) is the same 

as u' in (3), except that a. is replaced by b., other 
representations for the scattered field may be used. 
Formally one can find u[r'(r, t), t'(r, t)] in terms of 
P coordinates r, t by substitution. Evidently this leads 
to cumbersome expressions which are not more trans- 
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Fig. I. Polar plot for equiamplitude contours of the scat- 
tered field produced by a moving monopole. The speed of 
the object, moving from left to right, is/• = 0.5. The ob- 
ject is situated at the origin at the time t = 0 when the 
contours are computed. Distance from origin is measured 

ß 'in'k¾ units. The amplitude is arbitrarily normalized.' 
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Fig. 2. Scattering by a monopole as in Figure 
I, but with 0 -- 0.9. The effect of the velocity- 
dependent dipole term is seen near the origin. 

parent. In the far field, u behaves in many respects aS 
a plane wave; and Doppler effects in the frequency, 
propagation constant, and amplitude may be identi- 
fied. Far-field equiamplitude and equiphase contours 
have been considered by Lee and Mittra [1967]; Censor 
and Damenstein [1970] computed the field of a mono- 
pole and a dipole for arbitrary distances, according 
to (4). In the far field, results are obtained which are 
similar to those given by Lee and Mittra. In the near 
field, results show novel features. 

According to (4), the field of a moving monopole 
is given by 

u(r', t t) = 'vffe-'•'•'ao[Ho(k trY1 q- #5Ht(ktr') cos 0'l- 
(•) 

Similarly for a dipole, assuming that ax - a_x 

u(r', t') = ['3,e -'•'•'a• {2iH•(k'r') cos 0' 

'-[- l•[Ho(ktr') -- H•(ktr') cos 20'1} (6) 

The field (5) has the formal structure of a monopole 
plus a velocity-dependent dipole term; similarly, (6) 
has the structure of a dipole plus velocity-dependent 
monopole and quadropole terms. The following fig- 
ures are taken from Censor and Damenstein [1970]. 
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In the near field, Figure 8, the quadrupole term has 
a pronounced effect. At higher velocity fi = 0.9, this 
effect is seen even in the far field, Figure 9, and 
much more emphasized in the near field, as seen in 
Figure 10. 

THREE DIMENSIONS 

In spherical coordinates we have for the scattered 
wave u'(r', t') 

u'(r', t') = • dl•' [dr' sin r' 
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Fig. 3. Scattering by a monopole. Equiphase contours cor- 
responding to the monopole of Figure 10 B -- 0.5. 

Figures 1 and 2 show the polar plot of equiampli- 
tude surfaces for a moving monopole at t = 0. At 
large distances they resemble the results obtained by 
Lee and Mittra. The present results show some ad- 
ditional detail where the contours come closer to the 

origin. The effects are more pronounced for Figure 
2, where B = 0.9, compared to fi = 0.5 in Figure 1. 
The amplitude increases from outer to inner surfaces, 
and the numbers refer to an arbitrary normalization. 
The distance from the origin is measured in k'r' units. 
Similarly, Figure 3 for • - 0.5 and Figure 4 for fi - 
0.9 show equiphase contours and resemble the circles 
found in the far-field theory. Closer to the origin 
there are new features characteristic of the near field 

as described by (5) and (6). 
Figure 5 shows equiamplitude contours in the near 

field for a monopole moving at a speed • --- 0.5. The 
effect of the dipole term is apparent. This is more 
emphasized in Figure 6, where the speed is higher: 
fi - 0.9. In Figure 7, the far-field equiamplitude 
contours for a moving dipole are shown, for • - 0.5. 

ß exp (ik'O'.r' -- 

- I' f d•,, exp (i•p•,')g(•') 
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Fig. 4. Scattering by a monopole. Equiphase contours cor- 
responding to the monopole of Figure 2, • -- 0.9. 
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ß exp (i•k•,')[cos r'g(p') - p'(g-•)] 

•D -- (1 - 'y)DD -Jr- 

This yelds [Censor, 1967] 

(8) 

ff'.C.' = •o. C.' -t- •0(a,P._, = + a.P.+•' 

•,(m, n) = - 
(n + m)(n + 1) 

2n+ 1 

au(m, n) = 
n(n- m + 1) 
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Scattering by a monopole as in Figure 1. Equiam- 
plitude contours in the near field, 0 -- 0.5. 

M..(r') = n.(k'r')C.'(• ') 

C.'(f') = -- r' x V Y.=(f') 

N..(r') = { n(n -}- 1)h.(k'r')P."'(f') 

q- Ok,r, [k'rth,(ktrt)lB,"(ft) } /k'r' (7) 

p.-.(f,) - •, y..-(f,) 

B.=(f ') = f' x 

Y.=(f') = P.=(cos 0')e •"•' 

where P'(O', r') is a complex unit vector defined by 
0', r', the azimuthal and polar angles, respectively; 
h. denotes the spherical Hankel functions of the 
first kind, and P.= is the associated Legendre function. 
Applying the transformation formulas [Censor, 1969] 
to the plane waves in the integrand (7), with v taken 
along the polar axis 0 = 0, we have 

u(r't') = I' f d•v, exp (i•,')ff'.g(O') 

ß u'(r', t') q-•0 / a[2•, Fig. 6. 
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Scattering by a monopolc as in Figure 2. Equiam- 
plitude contours in the near field, 0 -- 0.9. 
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Scattering by a moving dipole. Equiamplitude contours in the far field, 
t• -- 0.5. 

as(m, n) = 

ot,(m, n) = 

n(n- m + 1) 
(2n -[- 1)(n -[- 1) 

(n -I- m)(n -3- 1) 
n(2n 4- 1) 

(9) 

a•(m, n) = 
im 

n(n --1-- 1) 

Hence, 

a0(m) = im 

ff t . g __ • . g ._[_ "}'1• E ( d,,,., Cn '" '-[- e. m B. • q- [,.• P,, 

&• = a•(m, n)b,.,, 4- as(m, n -- 1)c,,_•,,. 

q- a•(m, n q- 1)c.+x,•, 

= ot•(m, n)c.,.,, -Jr' as(m, n -- l)b._x,,,, 

q- a•(m, n q- 1)b•.x,.• 

(10) 

/.,• = oto(m)b,m q-at(m, n q- 1)c.+•,• 

4' a.o(m, n -- 1)c,,_•,,,, 

From (10) it follows that 

u(r', t •) = /'e-'•'•'[ao.u'(r •, t') + 'rt• • 

- •e•n•- •l•I,•)l (•) 

exp (-- iw't')i "-• L.,.(r') 

= f df•,, exp (i•,v,')P,,"*(O') 
= exp (--iw't')i "-• {O•,•,[h.(k'r')lP.'"(•') 

l! m ! n t- h.(k r )B,. (t)/k r 

which is the analog of (4). It is noted that again 
coupling is limited to adjacent coefficients. 

Of course, in free space, plane waves are transversal 
in all frames of reference; and if'. g, if expressed in 
terms of P coordinates r, t, will have no longitudinal 
components. 

DOMINANT FREQUENCY APPROXIMATION 

Consider a ray propagating in r in direction ,, 
and reflected by a system of mirrors in P', such that 
the reflected wave propagates in direction 0 in r. The 
observed frequency o,• is related to the original fre- 
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quency • by 

cot I -- /•cosa 
-- ---- V (12) 

co 1 -- /• cos 0 

For arbitrary waves, (12) describes the far-field 
frequency, henceforth called 'dominant frequency,' 
measured by an observer in I' in the vicinity of t - 
0. This motivated Censor [1967] to express the field 
in terms of ,oV, kV and in particular to investigate 
first-order effects. 

In the case of a moving source the time in I' must 
enter in a way that changes the parameters, i.e., am- 
plitude, frequency, propagation constant, because 
change of position places the object nearer or farther 
with respect to the observer, in a direction .0 which 
is also time dependent. It is expected, therefore, that 
the change with time will depend on the expression 
vt/r, the ratio of the distance traversed by the object 
in the period t of observation and the distance of the 
observer r. In extreme cases of vanishingly small vt/r 
the period of observation might be very long and the 
effect will depend on the velocity in a stationary way. 
Thus in the light from the far stars, Doppler shifts 

in the frequency are apparent, but the rate of change 
of the frequency and amplitude as a function of time 
is negligible. 

To recast (5), or (4) in the general case, in terms 
of the dominant frequency, we exploit the addition 
theorem for cylindrical functions 

I•. •' xin• z __ ' .tp•)e • J=(p2)H.+.,(p)e "•*' (13) 

where 0 ( • ( o; o, m, o• form a triangle; $• is the 
angle between o and •; and 8•, the angle between t• 
and m, is acute. In the•present'cas½, we add and sub- 
tract krV in the arguments oœ the cylindrical func- 
tions, and similarly add and substract •otV in the 
exponent. In (13) this prescribes 8• - 8• - O, there- 
fore (5) becomes 

u = 3t]'aoe -i•'v • C=[H,•(kr V) 

+ i/• cos O' H= +• (kr V)] (I 4) 

C.• = exp (icot V -- ico't') J.•(kr V -- k'r') 

which is a relativistically exact expression thus far. 
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Scattering by a moving dipole, as in Figure 7. Equiamplitude contours in 
the near field. The effect of the quadrupole term is apparent. 
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The representation (14) is especially convenient in 
describing low velocities. Thus, if only first-order ef- 
fects in fi are retained, this leads to 

u = ]'ao exp (-- i•ot IX){ Co[Ho(kr IX) 

q- i/• cos OHt(kr V)] q- 2CxHt(kr V)} 

kr V- k'r' = krl• cos 0(1 + ct/r) 

+ els •) -- N + eLS •) 

•ot V -- wit t = --krl• cos 0(1 q- ct/r) 

+ O(fl 2) = --N + 0([3 ø') 

Co = exp (iN)Jo(N) = 1 -}- iN-}-O(fi 2) 

C• = exp (i N) J•(N) = N/2 q- 

(15) 

For short times of observation, N is small, having 
no zero order in/• term; hence only rn = 0, 1, -1 
is significant in (14), and in (15) Co, Cx, C_x are 
simple forms. 

A comparison of u in (15) and the exact form 
(5) has been carried out for t = 0 by Censor and 
Damenstein [1970], indicating that in the near field 
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Fig. 9. Scattering by a moving dipole. Equi- 
amplitude contours in the far field, /• -- 0.9. 

Also compare with Figure 7. 
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Fig. 10. Scattering by a moving dipole, as in Figure 9. 
Equiamplitude contours in the near field. Also compare 

with Figure 8. 

(kr < 5, say), the accuracy of the approximate re- 
sults is within a fraction fi of the exact solution. 

The same technique can be applied to three-dimen- 
sional problems, using the addition theorem for spher- 
ical Hankel functions. 
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