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Wave propagation in moving chiral media: Fizeau's 
experiment revisited 
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Abstract. The Fizeau experiment is discussed as a concrete example for investigating 
wave propagation in nonsimple moving media. Exact special relativistic formalism is used 
throughout, and first-order approximations are developed from the exact forms. No Doppler 
frequency shifts occur to an observer in the laboratory frame of reference, because in Fizeau's 
experiment the moving fluid is contained within stationary boundaries. Consequently, only 
phase shifts are measurable. The results show that in order to measure the velocity effects 
from the interference fringes, one has to adequately modify the construction of the original 
Fizeau experiment. A relativistically exact model for first-order in velocity was developed 
for the chiral medium giving a relatively simple formalism and enabling an easy solution 
to propagation and scattering of electromagnetic waves in the presence of moving chiral 
media. 

Introduction 

It is well known [Sommerfeld, 1964; Van Bladel, 
1984; Whittaker, 1960] that the speed of light varies, 
depending on the velocity of the surrounding medium. 
At the time when the ether theory prevailed, Fres- 
nel [Sommerfeld, 1964; Van Bladel, 1984; Whittaker, 
1960] was the first to determine the expression for 
the speed of light in transparent moving media. The 
Fresnel coefficient of ether drag was experimentally 
verified by Fizeau's experiment, which involved flow- 
ing water, and where the effect of media's veloc- 
ity was measured by means of an interferometric 
method, as explained below. In Fizeau's experi- 
ment the moving fluid was contained within station- 
ary boundaries; therefore no Doppler frequency shifts 
occur to an observer in the laboratory frame of ref- 
erence where these boundaries are at rest. Conse- 

quently, only phase shifts are measurable [Sommer- 
feld, 1964; Van Bladel, 1984; Lerche, 1977]. On the 
other hand, from the point of view of an observer in 
the comoving frame of reference where the fluid is at 
rest, a transformation from the laboratory to the co- 
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moving frame yields Doppler-shifted frequency and 
wavelength. This in turn affects the propagation in 
terms of the dispersive properties of the medium in 
question [Havelock, 1914; Brillouin, 1960]. Zeeman 
[Lerche, 1977; Zernike, 1947] performed an experi- 
ment with a moving glass rod, thus isolating the dis- 
persive effects (since the boundaries move along with 
the medium). Later Von Laue [Sommerfeld, 1964; 
Von Laue, 1965] showed that Fresnel's equation can 
be explained on the basis of the theory of special rel- 
ativity. The original Fresnel's formula and Fizeau's 
experiment considered only simple nondispersive me- 
dia and first-order velocity effects. Lorentz [Som- 
merfeld, 1964] and others (for references see Lerche 
[19771) showed that incorporating the dispersion ef- 
fects introduced by the motion of the media, Fres- 
nel's formula can be refined. Fizeau's experiment 
and different explanations of its result were carefully 
reviewed by Lerche [1977]. 

Using the theory of special relativity, expressions 
for the speed of light in various types of nonsimple 
moving media such as conducting dielectrics ( Wangs- 
hess, 1982], magnetoplasmas (for more references 
see Chawla and Unz [1971]) and other anisotropic 
media [Cheng and Kong, 1968; Kong and Cheng, 
1968; Von Laue, 1965] were developed. Recently re- 
search of wave propagation in chiral media has be- 
come a prominent subject of interest. A good link to 
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the existing literature is provided by Bassiri [1990] 
and Lakhtakia et al. [1989]. Much of the early ef- 
fort concentrated on the extraction of the chiral- 

ity parameter as a measurable factor characteriz- 
ing such media, for example, chiral media composed 
of a collection of small spiral-like objects possessing 
right- or left-handed symmetry (glucose and lebu- 
lose sugar molecules, for example) that in concert 
created the chirality effect on electromagnetic wave 
propagation (for review and references see Lakhtakia 
et al. [1989]). Later research dealt with electro- 
magnetic wave propagation and scattering by objects 
consisting of chiral media. As is the case with simple 
media, canonical problems that can be analytically 
solved are limited to objects of simple geometry, for 
example, plane parallel interfaces and infinite circu- 
lar cylinders [Lakhtakia et al., 1989]. As far as the 
present authors are aware, Engheta et al. [1989] were 
the first and only ones who attempted to link elec- 
tromagnetic theory and wave propagation in moving 
chiral media. Engheta et al. dealt with plane waves 
only, solving the problem of reflection of plane waves 
from a plane chiral interface uniformly moving at a 
constant velocity. 

The statement of the Fizeau experiment as a prop- 
agation and scattering problem is not simple even 
for the case of simple media: it involves moving me- 
dia in stationary pipes; hence in regions where the 
flow is injected and drained, the simple model of 
a medium uniformly moving at a constant velocity 
is inadequate. In order to reconcile this difficulty, 
a model has been proposed before [Censor, 1969a], 
whereby the simplicity of the uniform flow is pre- 
served at the expense of violating the flow field con- 
tinuity at the boundaries. This approach yields the 
correct Fresnel-type formulas for the phases and also 
facilitates the discussion of reflection and refraction 

of waves at boundaries. This model will be adopted 
for the present analysis as well. In any case, as far as 
these authors are aware, the analysis of a Fizeau-type 
experiment involving nonsimple, for example, chiral 
media, has not been attempted to date. 

Using the Fizeau experiment setup as a concrete 
example for investigating wave propagation in non- 
simple moving media is the subject of this paper. 
Exact special relativistic formalism is used through- 
out. First-order approximations are developed from 
the exact forms. It is believed that small velocities 

will be of interest for any experiment planned in the 
future. It is noted that the Galilean space-time trans- 

formations are not compatible with the relativistic 
covariance of Maxwell's equations; hence first-order 
results correspond to the limiting case of the Lorentz 
transformation approximated for the first-order v/c 
effects. In addition, a model for the first-order ap- 
proximation in v/c is proposed here, and it is shown 
that its results agree with the first-order approxima- 
tions of the exact computations. 

Using the simple configuration depicted in Figure 
I we consider a linearly polarized plane wave, orig- 
inating in a simple medium, say air, normally inci- 
dent onto two slab regions containing chiral media 
moving with the same speed in opposite directions. 
Still considering the point of view of an observer in 
the laboratory frame of reference, within each such 
slab region the incident wave is split into two cir- 
cularly polarized plane waves, one right-handed and 
the other left-handed. The two waves posses different 
wavelengths but retain the original frequency of the 
incident wave, because for the laboratory observer 
only boundaries at rest are involved. For these four 
circularly polarized waves (two in each slab region) 
the amplitudes are differently affected by the motion 
of the fluid. As a result, elliptically polarized waves 
(rather then the linearly polarized waves of the clas- 
sical Fizeau experiment) emerge out of each slab re- 
gion. The result is therefore more complicated and 
requires deeper scrutiny. The details of the analysis 
are given subsequently. 

Chiral Media 

It is proper at this point to give a brief introduction 
to electromagnetic waves in chiral media and intro- 
duce the notation and definitions that will serve us in 

the sequel. Chiral media can be envisaged as consist- 
ing of small helixes (sometimes the structure of the 
medium molecules is of this nature) whose effect is to 
rotate the orientation of polarization of waves mov- 
ing along their axis. Inasmuch as a right-handed he- 
lix retains its sense of rotation whether viewed from 

one end or the other, the effect of one helix cannot 
be annulled by another one having the same sense of 
rotation. Moreover, if the orientation of the axis of 
the helix is equiprobable in all directions, the chiral 
medium will have identical effects on waves prop- 
agating in any direction. Thus an isotropic chiral 
medium can be defined as an ensemble of such ob- 

jects. For the special case of the Fizeau experiment 
the propagation is always parallel to one direction, 
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Figure 1. General structure of Fizeau's experiment 

that is, normal to the slab face, or if using a tube, 
along the tube axis, whether we deal with isotropic 
or anisotropic chiral media is immaterial. On the 
other hand, for two- and three-dimensional problems, 
confining the argument to isotropic chiral media con- 
stitutes a vast simplification of the analytical work, 
therefore such problems should always be considered 
first. 

The constitutive relations for isotropic chiral me- 
dia are given by [Bassiri, 1990; Lakhtakia et al., 
1989]: 

D -- eE + i•B 
H -- i•E + 1//•B (1) 

where • is called the chirality factor. The values/• 
and e have their usual meaning of electric permit- 
tivity and magnetic permeability, respectively, and i 
is the imaginary unit number. Equations (1), along 
with Maxwell equations in sourceless domains, lead 
to the following wave equation for isotropic chiral 
media: 

VeE + k2E + 2co/•V x E -- 0 (2) 

where k 2 = co2/•. The solution satisfying (2) consists 
of two plane waves of opposite circular polarization 
propagating in the positive z direction and two sim- 

ilar waves propagating in the negative z direction, 

ih+cva z--icot 
•+• + (• + iy)• • -- E cwO 

ih•v a z--icot 
• - •;•0 (•* iY)• • 

(a) 

The plus and minus superscripts indicate propaga- 
tion in the positive or negative z direction, respec- 
tively, while the subscripts cw and ccw stand for 
clockwise and counterclockwise circular polarization, 
respectively. The convention used here for the sense 
of rotation assumes an observer is looking in the di- 
rection of propagation. This notation, cw and ccw 
(sometimes referred to as right and left circular po- 
larization) and plus and minus superscripts for di- 
rection of propagation, is also used to label related 
physical quantities such as amplitudes, propagation 
vectors, and frequencies. The corresponding propa- 
gation vectors are given by 

(4) 

It follows that the two positively going waves propa- 
gate with different phase velocities 

+ co 1 
c•o n+• ø ñ• + v/• + • (5) 
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and similarly for the waves propagating in the -z 
direction we have 

(6) 

The concept of the intrinsic impedance of the chi- 
ral media is used to relate the electric and magnetic 
fields: 

Echo -- q:iZH •o (7) 
CCW CCW 

where the impedance is defined by 

- (8) 

Fizeau's experiment 

Figure 1 describes the general configuration of 
Fizeau's experiment: light incident from the left is 
split into two beams propagating through transpar- 
ent walls of pipes containing a uniformly moving 
fluid. Unlike the original experiment, in this pa- 
per we consider a moving isotropic chiral fluid. The 
emerging beams are redirected toward a screen or an 
eyepiece, where the ensuing interference fringes can 
be observed. The goal of the experiment is to inspect 
the drag effect produced by the motion of the fluid 
as manifested by the shifted interference fringes in 
the observer's field of vision. This effect is caused 

by the phase changes incurred by the beams prop- 
agating through the moving medium. It should be 
emphasized that the glass pipes are fixed in place, 
and therefore, as far as the observer in the labora- 
tory frame of reference is concerned, no Doppler fre- 

quency shift occurs. Inasmuch as the fluid has to 
enter and leave the tubes, there are regions, usually 
at the edges of the pipes, where the uniformity of the 
flow cannot be maintained. Neglecting the behavior 
of the fluid near the edges, for the theoretical analysis 
we assume that the flow is time-constant and uniform 

in opposite directions in the upper and lower pipes, 
respectively. As mentioned above, the question of 
the continuity of the flow near the edges is neglected 
in order to simplify the analysis. 

Now restricting the discussion to the upper pipe we 
first discuss a model of wave scattering from a slab 
region containing a moving chiral medium, bounded 
by two fixed (nonmoving) parallel plane boundaries 
as depicted in Figure 2. Let us refer to the labo- 
ratory frame as F and to the frame comoving with 
the fluid as F •. The medium surrounding the pipes 
is characterized by e0, P0, and the glass envelope is 
considered infinitely thin and therefore does not fea- 
ture in our analysis. The chiral medium is excited 
by a plane wave ri -- •:Eo ½ikøz-iwt, where •k0 is the 
appropriate propagation vector, z is the direction of 
propagation, ov is the angular frequency, and t de- 
notes the time, all considered in F. Since the bound- 
aries are fixed, boundary conditions are applied in 
F. It follows that in order to satisfy boundary condi- 
tions for an observer in F, all the waves, inside and 
outside chiral media, oscillate with the frequency o• 
of the incident wave. 

In order to simplify the analysis we first consider 
a first-order multiple scattering approximation, that 
is, the internal reflections are ignored. This approx- 
imation simplifies the analytical work involved, still 
highlighting the effects of moving media on the prop- 
agating waves. The same effects are apparent in the 

eikoz-icot 

z=O 

chiral media 

d 

Figure 2. Scattering by a slab of moving chiral media 
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exact multiple scattering solution given below, which 
for chiral media at rest agrees with the results de- 
rived by other methods such as the transition matrix 

[Bassiri, 1990]. 
For a medium appearing in F to move in the pos- 

itive z direction, the comoving frame F • coordinates 
are given by 

X ! -- X 

y• -- y 
z' - •/ (z - vt) 

- - 

(9) 

where ff -- (1 - V21C2) --1/2 The wave equation for ß 

chiral media at rest in F' is now given by (2) with 
the appropriate notation 

V'2E ' + k'2E ' + 2•'I•V' x E' -- 0 (10) 

where k •-- w•e is the propagating vector measured 
by an observer in F •. According to (5) and (6) the 
solutions of (10) for waves propagation in the positive 
z direction are 

ß •+ • •t • tk cw z --iw •+ •+ E• -- E •. (i 4- iy)e •o(11) 

where i'- i, y' y are identical in F and F'. '+ -- Ecw 0 
and EccwO are the constant (complex) amplitudes of 
the cw and ccw waves. 

In general, the exact relativistic relations between 
plane waves in F (where the observer is in rest) and F • 
(where the chiral medium is in rest) are represented 
in dyadic form by [Censor, 1967] 

where the dyad Few is defined by 

(12) 

v ' 1- cow •o/ 

where I is the idempotent dyad, • is a unit vector in 
the direction of the velocity, and hcw is a unit vec- 

cc?l] 

tot in the direction of propagation of the cw and ccw 
waves, respectively. The same relations holds for the 
magnetic plane waves. In the special case of Fizeau's 
experiment both electric and magnetic waves are per- 
pendicular to the velocity. The transversality of the 

ß 

fields is preserved in F • for any order in v since the 

( dyad F•o is truncated to the scalar - 1 - v/ CCiB ' 

which determines the change in the magnitudes of 
the plane waves caused by the transformation from 
F to F •. It is interesting that the magnitude of the 
cw and ccw waves are affected differently. 

The Doppler effect prescribes the relations of the 
wave parameters in F and F • frames: 

'+ ( + + ) CO cw -- •/ CO cw - h cw v 

•+ _ + + v/c 2 

Using (4) the relations between and between and in 
P• are 

a (14) 

where C • cw are the phase velocities of the cw and ccw 

propagating waves within a stationary chiral medium 
as defined by the right-hand side of (5) and (6). It 
should be noticed again that in P, •- • -- •+ 
It k interesting to note that an observer comoving 
with the chkal medium measures now two circularly 
polarized waves possessing two different •equencies 

• • and two corresponding propagation vectors •cw • •ccw 

h• , hcc •. In terms of an observer in P, the electric 
field in the upper tube is composed of the cw and 
CCW waves 

E + (i + i2) + d• •-• E•0 
+ (i - ii) (15) 

Equation (13) together with • -- • -- + •ccw 

prescribe the propagation vectors within the chiral 
medium as measured by an observer in P' 

1 + vC•/c • 
ccw C cw t v 

The same results may be obtained directly by us- 
ing the velocity addition formula of special relativ- 
ity [Sommerfeld, 1964] in its scalar form (since we 
are dealing with a one-dimensional problem [Ce•or, 
19695]. 

The parameters of the waves within the chiral 
medium, expressed in F, enable us to solve the bound- 
ary problem in the frame of reference in which the 
boundaries are at rest. Following the description of 
Fibre 2 we assume a linearly polarized plane inci- 
dent wave propagating in the positive z dkection, 
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Ei - •:Eo ½ikøz-iwt, where k0 = •k0 is the propa- 
gation vector of the incident wave outside the slab. 
Using a successive multiple scattering model, the 
boundary conditions at z = 0 determine the waves 
propagating in the positive z direction within the chi- 
ral medium. Since in F the electrical field inside the 

chiral slab is elliptically polarized we also assume el- 
liptical polarization for the wave reflected from the 
slab. The reflected wave is represented by a sum 
of two oppositely rotating circularly polarized waves 
having the same frequencies and propagation vectors 

ER -- (• + iy) ERcw + (•- iy) ERc•w (17) 

It is interesting to note that elliptical polarization 
for a reflected wave when the incident wave is lin- 

early polarized can occur in isotropic media too. This 
effect exists for lossy media, for example [$tratton, 
1941]. The waves inside the chiral medium are de- 
fined by (15) using the propagation vectors expressed 
in (16). Since a general elliptical polarization is as- 
sumed for the reflected wave, the incident wave is also 
described as a sum of two oppositely rotating circu- 
larly polarized waves. Relying on the basic properties 
of chiral media, a cw polarized wave within the chi- 
ral medium is generated by a cw incident wave. The 
proper reflected wave is ccw polarized (i.e., all three 
waves are rotating in the same sense for an observer 
looking down the positive z direction). A similar ar- 
gument applies to a ccw incident wave. Representing 
the linearly polarized incident wave as a sum of two 
oppositely rotating circularly polarized waves having 
the same amplitude enables us to exploit the princi- 
ple of superposition, that is, the solution is derived 
for the waves which rotate in the same sense (for an 
observer looking down the z direction). As shown be- 
fore [Censor, 1969a] the normal motion of the fluid 
with respect to the slab coupled with the fields paral- 
lel to the interface has no effect on the transmission 

and reflection coefficients at the surfaces, therefore 
the continuity of the electric and magnetic fields at 
z - 0 prescribes the next four equations 

Eo + 
-7 + ER•o Ec•oo 

- _• + • -Z Ecw o .o + (18) • + E•o E•0 2 
-- 1 .01( _ z- 2 

where •/0 -- V/eO/PO is the intrinsic impedance of the 
surrounding medium. The first two equations are 
related to cw waves only (all the expression were 

originally multiplied by • q-i•), and the last two 
equations to ccw waves only {all the expression were 
originally multiplied by •- i•). Therefore the vec- 
tor notation is omitted. The two pairs of equations 
of (18) are solved independently. Equations (18) can 
be expressed in matrix form to give 

(19) 

where the independency is obvious and the solutions 
for the waves within the chiral fluid are 

+ + z (20) Ec•øø -- E•øø Z + O• 

Expression (20) defines the amplitudes of•the circu- 
larly polarized waves 

E+ [(x + r•o+Z 

+ 
(21) 

which means that it is elliptically polarized with a 
degenerated polarization ellipse (since its semiminor 
axis is zero). The phase difference angle between the 
x and y components of the electrical wave varies lin- 
early with z and is identical to the orientation angle 
of the ellipse. The solution of the boundary equations 
at z = d uses (21) as the incident wave and assumes 
the transmitted wave to be elliptically polarized: 

(22) 

Inside the chiral medium an elliptically polarized re- 
flected wave is propagating in the negative z direc- 
tion' 

(• + i•r Ec•vo½ih•-• z-iwt 
+ (•- i•) E•-cwo ein2•z-iwt 

(23) 

where 

1 - vC •o/c 2 
h•o - '::'::• cv (24) 

•w -C •w t v 
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The matrix form of the boundary equations at the 
right boundary is given by 

-1 1 0 0 

1_ 1__ 0 0 
Z r/o 
0 0 -1 1 

i 1 

0 0 • •7 

E•woeinc-• d 
Etc•o e ikøa 
EccwO ½i h 2•. d 
Et•. ½ikoa 

+ i +d Ecw 0 ½ h•w 
I •+ •ih © d 

+ •ih © d 
EccwO c • 
1 + •ih © d 

(25) 

The solution of (25) yields the complex amplitudes 
of the transmitted and reflected waves at z- d. 

where 

i( n +•. - •o )• 
Et c•. -- Etoe c•o (27) 

2r/0ZE0 

+ z) (28) 
Equations (28) show that the total transmitted wave 

rt 
[^ /n+ _n+ .\ 

+2½ in ( n•% •n•+c• d iko(z-d)-i•ot 
(29) 

is rotated in the x-y plane by an angle 

½_ + 
2 

+ Using the explicit expressions of h•+• and h•o, 
takes the form 

•d( 1 1 ) 1-v2/c 2 (1+ (1+ 
(31) 

For low velocities the first-order dependence on v be- 
comes 

ø•d ( i i ) ( ( i i ) ) (32) 
In addition to the velocity independent term in • 
(corresponding to the optical activity of the chiral 
medium at rest) there is a change in the rotation 

angle due to velocity effects. In the lower tube this 
velocity effect is obtained by replacing v with -v is 
of opposite sign. 

The expressions for the transmitted waves can be 
used to analyze Fizeau's experiment with moving chi- 
ral media. Equations (27) are used directly to obtain 
the results for the upper tube. For the lower tube 
(27) applies for the appropriate parameters, includ- 
ing the opposite sign for the velocity. Denoting the 
parameters of the lower tube by a bar sign, the am- 
plitudes of the transmitted cw and ccw waves for the 
lower tube are given by 

E--t• = Eto ei(n•%-kø)a 
Et•c• = Etoe i(n•+•ø•ø)a (33) 

--+ --+ 
where h•o hc•oare obtained by changing the sign 
of v in (16) and (24), respectively, that is, 

•o •c•o (34) 
h c•o -h + 

which means that the propagation vectors of the 
waves propagating in a given direction in one tube 
are the negative value for those in the other tube, 
with waves propagating in the opposite direction and 
with the opposite sense for the circular polarization. 
One may deduce (34) simply by inspection, since the 
relative velocity between the positively going waves 
relative to the flowing chiral medium in the upper 
tube are identical to the relative velocity of the nega- 
tive going waves and the medium motion in the lower 
tube, etc. Substituting (34) in (aa), the complex am- 
plitudes of the waves emerging out of the lower pipe, 
expressed in terms of the parameters of the upper 
pipe: 

gtco. = Etoe-i(h2• +•o)d 
•t•. -- Etoe -i(h•c•o+kø)• (35) 

Clearly, interference patterns cannot be created 
by circularly polarized waves possessing an opposite 
sense of rotation (the sum Of two such waves yields 
an elliptically polarized wave but not an interference 
pattern). Comparing (35) to (27) shows that the 
cw and ccw waves emerging from a tube posses dif- 
ferent phases. Therefore superimposed interference 
patterns will be produced by the two tubes, and this 
fuzzy pattern will not be easy to exploit for mea- 
surements. This suggests that a purely cw or ccw 
incident wave will lead to a single and therefore more 



1320 BEN-SHIMOL AND CENSOR: FIZEAU'S EXPERIMENT REVISITED 

distinct pattern. Consider the incident plane wave to 
be a cw wave only. The emerging waves are defined 
by (27) and (35). This results in the interference 
term (as defined by Born and Wolf [1989], i.e., the 
cross intensity of the two waves) given by 

(36) 

The phase difference between Etcw and Etc•w (ac- 
tually the argument of the cosine function in (36)) 
shifts the interference fringes (compared to their po- 
sition for zero velocity). For low velocities (v << 
) the phase difference becomes 

v (37) 

which is identical to the Fresnel formula. Similarly, 
the interference of ccw waves gives the same expres- 
sion (37) with cw replaced by ccw. 

As mentioned earlier, the analysis given up to this 
point is not exact in the sense that the full boundary 
conditions are not satisfied, as was done by Lerche 
[1977]. The full analysis given in the next paragraphs 
uses all the definitions given above for cw and ccw, 
positively and negatively going waves, chiral media 
impedances, etc. This careful analysis is more im- 
portant for more complex configurations involving 
oblique incidence, for example. As far as the present 
subject is concerned, the subsequent detailed analy- 
sis will show that the amplitudes Et• and Et• and 

__ __ 

the associated Etc• and Et• have a different form. 
Here we assume the presence of the four plane waves 
within the chiral media; all take part in the boundary 
equations at z - 0 and z -- d. As before, we solve 
the boundary equations for the upper tube. The re- 
sults for the lower tube are obtained by replacing v 
by -v. 

Neglecting once again the nonuniform velocity near 
the edges, we assume that all the waves inside and 
outside the chiral medium have elliptical polariza- 
tion. Each wave is represented as a sum of ccw and 
cw waves. The scattered and transmitted waves are 

defined by (17) and (22), respectively. The electri- 
cal fields within the chiral medium are represented 
as the sum of the positively going wave (21) and the 
negatively going wave (23). 

The boundary equations at z -- 0 and z -- d 
have to be solved simultaneously. Representing the 
boundary equations in matrix form we get 

+ 
Ecwo 

Etcw 

+ 

E2.o 
Etccw 

- 

_Q-1 

1 

-l/r/0 
0 

0 

1 

0 

0 

where the Q matrix is defined by 

0 Q. where Qll, Q22 are the submatrices 

-1 i 1 
--1 --1 1 

•o Z Z 

Qll - 0 e i5•% e 

z z 

Eo 

0 

0 

_½i5o 
Ei•o 

•o 

(38) 

Q22 - 

-1 i i 0 

--1 __1 --1 0 
r/o Z Z 

0 e iSLe. e iS•-• --e i5ø 
.•q- . - 

• ccw -- ig•cw -- igi•0 
Z Z 

0 denotes a 4 x 4 submatrix of zeros, and 6+•o - 

h+•o d, 6•o -- h•o d and 6o -- kod. It is once again 
CC•.t) CC•.I) 

obvious that the representation in terms of circular 
waves yields a sparse Q matrix (38), which may be 
separated into two independent matrices. The am- 
plitude of the cw emerging wave is 

2EorloZei(,•% +•-•o) 
(vo - z)"+ (vo + z)" 

Similarly the amplitude of the ccw wave gives the 
same expression (39) with cw replaced by ccw and 
vice versa. 

Comparing (39) to (27) shows additional terms 
that result from the full solution. The same expres- 
sions hold for the lower tube with the replacement of 
v with -v and the upper bar symbol. Using the con- 
nection between the propagation vectors within the 
lower and upper tubes (34), the complex amplitudes 
of the cw and ccw waves emerging out of the lower 
tube are given by 

gt•o- Et•o -i(5•%•"+52•" ) 
l•,t•,. -- Et•o -i(5•% +,•L,,,) (40) 
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The form of (40) enables an easier examination of 
the interference between the wave emerging out of 
the tubes. In order to measure the effects of the 

velocity on the waves, the construction of Figure 1 
is used again. The shift of the fringes results from 
the interference between the cw waves alone and be- 

tween the ccw waves alone (cw and ccw waves do 
not interfere with each other). Using (39) and the 
first equation of (40), the change of the light inten- 
sity resulting from the interference of the cw waves 
(namely the interference term) is described by 

(41) 
where 

•bcw - arg(Etcw) 

__ tan -1 ((•ø+Z)2sinS:•"-(•ø-Z)•'sinS•-•) (.o+Z) • co• ,L•-(.o-Z) • •in + 
(42) 

The interference term and the phase of the ccw 
waves are obtained by exchanging the cw and ccw 
indices in (41)and (42). 

Since the additional ter• &•, &• have a compli- 
cated dependence in the velocity, a simple analysis of 
the interference •inges is not available. The elimina- 
tion of &•, &• results with a slight modification to 
the construction of Fibre 1. Let us consider the c•e 
where the interference • limited to the x components 
of the cw wave emerging out of the upper tube and 
the ccw wave emerging out of the lower tube only. 
This may be obtained by putting a clockwise polar- 
izer in front of e•h tube (so the exciting wave is cw 
only) and an additional polar•er at the end of each 
tube. The second polarizer allows the transm•sion 
of waves polar•ed in the x direction only. In th• 
case the interference term • of the form 

J• -[Eta[ 2 (1 + cos (5•+• + 62•0)) (43) 
Similar expressions resuk from the interference of 
the y components. One can discuss the interference 
between the x (or y) components of the other two 
emerging waves. In this case the interference term 
is of the form of (43) exchanging the cw and ccw 
indices. 

Equation (43) is much more simple to analyze. 
One can achieve the result of (43) with the aid of 
two polarizers positioned at the end of each tube al- 
lowing the transmission of the x components only. 
The upper tube is to be excited with a cw circularly 
polarized wave and the lower tube with a ccw circu- 

larly polarized wave (the practical arrangements of 
the Fizeau experiment are not discussed in this arti- 
cle). The shift of the interference fringes (relative to 
the case of zero velocity) is proportional to the sum 

1 -vcccw ) _•_ c •' v - 

which yields for the first-order approximation in v/c 

0jd [( I I ) (1 I I ) ] (45) + :-VT2L v 

A model for first-order approximation 
in v/c 

A relativistically exact model for first-order ap- 
proximation in v/c has been developed before for 
moving simple media [Censor 1968; 1969a; 1972]. 
This facilitates an easy solution to propagation and 
scattering of electromagnetic waves in the presence 
of moving simple media. A similar model is devel- 
oped in the sequel for homogeneous isotropic chiral 
media, which will be used to obtain the first-order 
approximation in v/c of Fizeau's experiment more 
easily. 

Let us assume that an isotropic chiral medium is 
moving with velocity v relative to the laboratory 
frame of reference F. For an observer in a frame 

of reference comoving with the chiral media F', the 
constitutive relations are given by (1} with all fields 
marked by primes (i.e., fields measured in F'). The 
relativistic transformations of the electric and mag- 
netic fields are given by 

E'- V.(E+v x B) H'-- V.(H-v x D) 
D'--Q-(D+vx•H) B' -- Q- (B -- vx }E) 

(46) 
where V- (1-ff)•+ffI and I is the idempotent 

dyad. 
In order to get Minkowski's equations for the chiral 

medium, both D • and B • are represented as functions 
of E • and •. From (1) we get 

D' --[A] H' (47) 

With the present notation (i.e., a vector of two fields 
multiplied by a 2 x 2 matrix) we mean that in the 
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right-hand side of the upper equation of (47), all the 
components of E • are multiplied by a single scalar 
All (the matrix element in the first row and first 
column) and all the components of H • are multiplied 
by the scalar A12. Putting (47)in (46) yields a first- 
order approximation in v/c 

where 

B D -[^] n +[^•]vx u 

-i/• 
[^] - e + u• 

- ( u(• + u•2) +/•2•2 _ 1/c 2 ) 
-2i/•(• +/•2) 

--2i/•2• 

•(• + 
_3_•2•2 __ 1/c 2 

(48) 

Substituting (48) in Maxwell's equations in the lab- 
oratory frame gives 

E --iw [A] U +[A•]vx V x -H -H 
(49) 

For a first-order approximation in v/c, solution of the 
form 

E = E•e 
H - Hie • (50) 

where only ½ is velocity dependent with the condi- 
tion (changes in amplitude are second order effects). 
Substituting (50) into (49) and performing the cross 
product operations result with 

x I-q1 ]- 
[ 

(51) 

Since we deal with isotropic chiral medium, the 
amplitudes of the electromagnetic fields El, Hi are 
complex in general and are normal to each other. 
Bohren's decomposition [Lakhtakia et al., 1989; Boh- 
ten, 1974] shows that the fields E1 and ill1 are in 
the same direction, therefore to solve (51) the vector 
V½ has to be in the direction of v, that is, V½ = av 
where a is a proportionality factor determined by the 
solution of 

(•v x -H1 -- [Av] vx H1 (52) 

or in the form 

0 --a v xH1 

The solution for the set of two homogeneous equa- 
tions is not trivial if the determinant of the coeffi- 

cients matrix is zero, that is, 

( "cc% - - • + 2•2•2 + 2•v/•(• + •) - 7 
(5a) 

Equation (53) may be written as 

cc• C2• c 2 

where (7 c•o are the phase velocities of the cw and ccw 
cc/o 

polarized wave as defined in (5) and (6), respectively. 
The results obtained so far are identical in form to 

the model for moving simple media [Censor, 1968; 
1969b; 1972]. However, the present model applies 
only to circularly polarized waves (or superposition 
of such waves). Each sense of rotation is affected 
differently, as is obvious in (54). The expressions for 
the electric and magnetic fields, correct for first-order 
approximation in v/c are 

E•o - Elcw exp (-iw f A•,.dl) CC?D (2(2lO 

---- Elcw exp(ico½cw) 
ccw \ ccw / 

How Hlcw exp ' •ff•"dl ) (55) CC•O CC•O 

=-- H1 • exp 
where 

(1 1) A•- C2 c2 v--V½• cc•o (2•o cc?D 

All terms containing v in (51) are canceled, thus gen- 
erating the form of Maxwell's equations for isotropic 
chiral media at rest for El, H1 fields: 

V x -H1 H1 
Consequently E1 c•o, H1 cw satisfy the conventional 

vector wave equation of the isotropic chiral media, 
whose solutions for various coordinate system and 
problems are available. The relation A cw =- V4 cw 
restricts the model to irrotational motion only. 
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Let us apply the model on the first analysis of 
Fizeau's experiment (i.e., first-order multiple reflec- 
tion model). The waves within the chiral medium 
which propagate from the boundary z -- 0 toward 
the boundary z = d will be calculated for zero veloc- 
ity. 

E1 + Z [ ein•+•z .o+Z + 

q- (• -- i•) eih•+c•oZ] e -iwt 
(57) 

Next the fields are multiplied by the appropriate cor- 

recting factor e •ø4. Here ½-- -(1/C•2• -1/c 2) vz, 
v = •.v. The electric field within the upper tube is 
defined by (for first-order) 

E + Z [ eih•%z+iwrhc•o .o+Z + 

+ (•- i•) einL• •+i•• ] e -iwt 
(58) 

The wave transmitted out of the upper tube is ob- 
tained in the same manner 

2r/oZ [ Et -- (r•o+Z)•. (• + i2½) 
i + ß q- (•- i•) e hcc•oz+2wrhcc•ølz=a e ikø(z-d)-iwt 

(59) 
The same steps are applied to the fields within the 

lower tube replacing v with -v. 
The interesting results, however, are the interfer- 

ence terms. For interference of the two cw waves, the 
interference term is given by 

2r/0ZE0 ] - 2 (v0 + z) 2 (60) 
where 6 is the phase difference between the two cw 
polarized waves. Since the phases of both waves con- 
sist of identical zero velocity terms and correcting 
factors of the opposite sign 

(1 1) 6•---wd C•, c 2 v (61) 
which is identical to (37). 

The same procedure leads to the results for the ccw 
waves and to the interference terms obtained from 

the solution of the full scattering problem (using the 
transition matrix). 

Summary and conclusions 

Wave propagation in moving chiral media has been 
discussed, using the classical Fizeau experiment as a 

concrete example. The motion affects the phase ve- 
locities of the electromagnetic waves within the chiral 
media. This in turn causes a change in the rotation 
angle of the transmitted waves and a shift of the in- 
terference fringes. The dependence of this shift is 
simplified with excitation of the tubes by circularly 
polarized waves instead of linear polarization in the 
case of the original Fizeau experiment. With the sim- 
plified model, the waves exciting both tubes rotate in 
the same direction (both cw or ccw) separating the 
effect of the different two phase velocities of the waves 
within the chiral media. For each excitation (cw or 
ccw) the Fresnel drag coefficient is obtained. In the 
full model the exciting waves are of opposite circular 
polarization, and additional polarizers should be po- 
sitioned at the end of each tube in order to ease the 

measurements. 

A relativistically exact model for first-order ap- 
proximation in v/c has been developed for the chi- 
ral medium. This model gives a relatively simple 
formalism enabling an easy solution to propagation 
and scattering of electromagnetic waves in the pres- 
ence of moving chiral media. The Fizeau experiment 
was analyzed again using this model to produce the 
Fresnel drag coefficients directly. This model will be 
used in the future to analyze electromagnetic wave 
propagation and scattering in more complicated con- 
figurations involving moving isotropic chiral media. 
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