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Electromagnetic scattering by harmonically expanding surfaces
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A relativistically exact iterative method is developed for
scattering of electromagnetic waves by expanding surfaces.
In particular, the problems of the expanding cylinder and
sphere are computed. It is shown that expanding scatterers
respond to harmonic excitation by radiating nonharmonic waves.
These waves involve complex frequencies computed here. The
method given here involves secular terms in t, therefore its
validity for harmonic excitation is limited to early times.
However, in the :case of impulse excitation and transient
scattering this problem is automatically resolved by the
fact that the signal is exponentially decaying and the secu-
lar terms have no large-time effeect.

INTRODUCTION

The fascination, almost obsession, of
scientists with the effects of motion on
electromagnetic fields dates back to the
time of Hertz {1890}; see historical
remarks by Sommerfeld {1964}, who also
devoted a good part of his textbook to
the question of relativistic electro-
dynamics. It is probably no coinciden-
ce that Hertz {1890}, Einstein {1905},
and Minkowski {1908}, entitle their
papers "her die Grundglelchungen der
Elektrodynamik fur bewegte Korper,

"Zur Elektrodynamik bewegte, Korper,

and "Die Grundgleighungen fur die
elektromagnetlschen Vorgange in bewegte
Korpern, respectively. Later, moti-
onal effects in electrodynamics have
been used to clarify basic concepts in
special relativity theory {Pauli, 1958}.
This interest in relativistic electro-
dynamics has not diminished with time.

Recent studies are cited and discussed
by J. Van Bladel {1984} and Censor
{1984}. The problems are usually

very complicated, and since the begin-
ning, in an effort to gain more insight,
researchers, for example, see Einstein
{1905}, resort to analyzing canonical
problems. In order to check and

compare results, and in order to provide
answers to pressing questions raised by
engineers, in many cases heuristic assump-
tions are made and spproximate mathemati-
cal results are derived.

The problem of scattering by expanding
nonplamar obJjects has been discussed by
Lam {1968}, who extended the calculations
by Debye {1909} to the case of an expand-
ing conducting sphere. Later work by
Pogorzelski {1973} treats the associated
problem of a spherical discontinuity
expanding at a given rate, with the int-
erior and exterior media having different
velocities. The basic approach common to
these studies {Lam, 1968; Pogorzelski,
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tivistic boundary conditions but treat-
ment of the time dependence as harmonic.
After solving the problem and substitu-
ting the appropriate time dependence of
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26 CENSOR: SCATTERING BY EXPANDING SURFACES

the objJect's rafius, Doppler effects on
the frequencies are found. This is accom-
plished by expanding the relevant expres-
sions (e.g., reflection coefficients) in

a Taylor series sbout t = 0, and deriving
approximate expressions of the form eiot,
where a can be identified as frequency.
This approach, although providing a lot of
insight, is manifestly inconsistent. It
falls within the frame of the quasi-
stationary method {Censor, 1984}. This
also explains some similarities between
the present results and Pogorzelski
{1973}, for example, the presence of
complex frequencies in the scattered wave.
The quasi-stationary method yields some,
but not all, first-order relativistic
terms {Kleinmen and Mack, 1979; Cooper
1980}. The present argument avoids using
quasi-stationary assumptions, as explained
below.

The electromegnetic problem of scattering
by expending objects, without the quasi-
stationary assumption, has been considered
previously {Censor, 1973}. The problem was
considered to first-order velocity effects
and small times, like the work by Pogorzel-
ski {1973}. Also the existence of secular
terms which become boundless as t + «
appears in these previous studies. The
present method, in spite of being itera-
tive, is relativistically exact and
provides, at least in principle, a way of
deriving better explicit approximations
in B = v/c relativistic accuracy and Bwt
(time range of validity). Explicit re-
sults are computed below for (Bwt)?
approximations.

The presence of secular terms, or the
validity of solutions for early times
only, is a serious disadvantage if one
considers harmonic excitation only.
However, it is realized that if impulse
excitation and transient scattering are
considered, the response consists of
rapidly exponentially decaying waves.

The analysis in terms of harmonic excita-
tion is therefore considered as a tool
for deriving the impulse response, rath-
er than as an end in itself.

Presently, we are dealing with the
problem of electromagnetic scattering
by expanding obJects in free space. For
simplicity, the objects considered are

cirecular cylinders and spheres, whose
radius changes uniformly according to

p=a+ vt a,v = const (1)

where v is the velocity of a local
inertia system comoving with a point
on the surface, as observed from the
laboratory frame of reference. Again
for simplicity, the surface is conside-
red to be a perfect conductor, for
which the boundary condition is the
venishing of the tangential E' field,
for an observer in the comov1ng system.
In the laboratory system the boundary
condition becomes

§' x V. (E+ MY X H) =0 (2)

where n' is a unit normal in the comov-
ing system and in the present case n' =
v, and V= yI + (1 - Y)v ¥, with I

the idemfactor dyadic and y=(1-
v.y/c®¥F1/2. For p' = v, (2) becomes

yx (BE+uyxH =0 (3)

In (2) and (3), E, H denote the total
fields, due to the incident and reflect-
ed waves. Note that (3), although it
does not involve vy, is relativistically
exact to any order of B, provided the
assumption of local inertial frames of
reference is valid.

The relation of the harmonic wave and
impulse response is through

kx| = ikr - det
G(t-T)=—fe dw (%)

2m

in which an impulse plane wave is re-
cast in terms of a superposition (inte-
gral) of plane waves. The response to
each plane wave is denoted by

ug(w,r,t), and the total impulse res-
ponse u(r,t) is the sum total integrated
over all~w,

o

1
55 us(w,g,t)dm

I residues (5)
u(r,t)

-0

where ug(w,r,t) denotes the scattered
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field excited by frequency w. If the
contour is properly chosen the compu-
tation of the integral reduces to the
sum of the pole residues.

The computation of (5) involves t as
a parameter. The result u(r,t) is
valid for a limited range of t, depend-
ing on the accuracy in Bwt, i.e., on
the number of iterations. To continue,
the radius a (equation (1)) must be up-
dated, u_(w,r,t) derived again, and the
computation (5) repeated. This raises
the question of how fast the complex
frequencies in the scattered wave
change in time, compared to the fre-
quencies appearing in (5). Do we have
to introduce different time scales to
take care of the situation? The
expressions derived below, much the same
as the Doppler effects from moving planes,
are shifted from the incident frequency
by a factor involving B, of the form
w(1l + BF), where F involves the radius a.
For B = const or varying slowly, no
problem of this kind arises.

The pole creation and migration,
induced by the motion, provide the
characteristic signature for this mode
of motion. If the details of the motion
are known, the identification of the
object is feasible.

THE EXPANDING CYLINDER

The problem of the circul&r cylinder
expanding according to (1) is interesting
by itself, and also provides a good intro-
duction to the more complicated problem of
the expanding sphere. This is so because
for the cylinder the electric and magnet-
ic excitation can be discussed separate-
ly, in the context of a scalar formal-
ism. As in the case of a cylinder at
rest, for an incident wave polarized
along the axis of the cylinder, i.e.,
for the case of normal incidence, there
are no depolarization effects; hence
the scalar formalism is feasible.

The incident wave is chosen for
harmonic excitation as

. s © im$-iwt
P T J_(kr)e

~ m= 00

(6)

whose representation in polar
coordinates r,¢ involves the nonsin-
gular Bessel functions J . On the sur-
face defined by (1), (6)™involves

d

Jm(ka + kvt) = I+ kvt o Jm(ka)
2 2
+ (k;t) 3 (ka) + ...
(3ka)2 ™
= "% (ka) (1)

The expansion in (7) in a Taylor series,
and its symbolic representation with the
operator ek , Where 9 denotes differ-
entiation with respect to the argument,
is the key to deriving a solution to the
scattering problem.

For (6) denoting E polarization, (3)
involves the mate H field obtained from
Maxwell's equation H-VXE/lmuo . The
value of the tangential E+ [ v x H
corresponding to the 1nc1dent wave, at
the surface of the scatterer, is given
by
(1 + 1ga)e™® 5 4@

n

3 _(ka)e™ ~ 1T (g)

Note that (8) is an exact expression.
Since the dependence on ¢ is not affect-
ed, the scattered wave is chosen as

.m img -ivt
i:ll e J Am(v) Hm(kvr) e av

k = v/e (9)

defining outgoing waves, with the yet
undetermined spectrum dependent on v.
Here H denotes the Hankel function of
the fifst kind. Similarly to (8) on the
boundary defined by (1), the condition
(3) prescribes a field

(1 +i83) 1 i® ™ A_(v) BVed

m

-ivt

B (kva.) e av (10)
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The frequencies v and the associated
coefficients are chosen so that

-iwt + Bwt?d

(1 + iBd)e Jm(ka) + (1 + iB3)

)e-ivt + Bvto

J Am(v Hm(kva)dv =0 (11)

vanishes for all t. Here is where the
approximation starts. Since a solution
of (11) is not available, it is expanded
in powers of fwt. By iteration, as exp-
lained below, any desired accuracy in
powers of Bwt can be attained. In (11),
the first-order aggroximation of the
Teylor series ePWt9 J is J + Butddy
correct to first orde® of Blt. This is
operated upon by 1 + iB9 prescribed by
the boundary conditions, as explained
after (7), resulting in (8). Hence we
have in (11), (1 + isa)(Jm + BmtaJm) =

(1 + iB3)Jm + (1 + 1B3)Buwtdlp
{1+ iBB)BthJm}

1+ isa)qm
= (1 + iBB)Jm exp{Butd (1 + 1837 )/

(1 + 183)Jy {1+

(1 + iB3)J_} , relativistically exact
in 8 and afirst-order approximation in
Bwt, and a similar expression inside the
integral (11) with v, k_ replacing
w, k, respectively. with indices m, (1)
denoting the mode and the order of appro-
ximation, respectively, we obtain
v=yv

m

(1 + isa)aJm(ka)
(1 + isa)Jm(ka)
(1 + iBB)BHm(kvm(l)a)

\)m(l) =w + ifw

(1) (12)

- iB"m (1 + iBa)Hm(kvm(l)a)

Because (12) is transcendental,
explicit expressions for v, 1) to a
desired accuracy in B are found by
iteration. To the first order in B,
(12) yields the complex frequency

(1) _ oH (ka) aJm(ka)

. m
vm =w + iBw (ﬁ;TEET - E;TEET ) (13)

and the associated coefficient is

. (1) (1 + iBa)Jm(ka)

T iBa)Hm(kvm(l)a) (14)

For higher-order spproximations in B,
(13) is substituted on the right-hand
side of (12) for vm(l and k (1) =

v (1)/c, yielding on the left®an
iffproved Yy 1) correct to order 82. The
new v 1) %5 then substituted on the
right-hand side (12), etec., ete., until
the desired accuracy in B is achieved.
It is well known that for uniformly
moving plane scatterers the frequency is
constant, this is the well known Doppler
effect {Einstein, 1905}. Correspondingly,
the present results for large ka should
vary slowly as a function of ka. This
will now be considered in a general way.
For expressions of the kind
3Hp(ka) /Hy(ka) as in (13), for large ka
we use the aiﬁmptotic representation
Hy ~ S (ka)eika yhere Sy is essentially
(ka,)'ll?2 times a polynomial in inverse
powers of ka (see, for example, Stratton
{1941}). It is clear that in 3Hy/Hp for
large arguments the rapidly oscillating
term eik2 cancels, and therefore the ra-
tio is slowly changing as & function of
ka, as required. The problem becomes
more complicated for expressions of
the kind 3Jy,/Jp,, involving the nonsin-
gular Bessel function. Here we can
use the representation of Jy(ka) in
terms of Hankel functions of the first
and second kind, yielding -ika
Jm(ka) ~ Tp(ka)eika + yp(ka)e R
vhere T, .Uy again involve inverse powers
of ka. Obviously, for real ka elka,
e-ika do not cancel in 3Jy/Jy and the
ratio does not appear to vary smoothly
as ka increases along the real axis. It
is not clear that this is actually the
behavior of 3Jy/Jy as ka » , which
strictly speaking approaches 0/0 and
becomes indeterminate. Inasmuch as
formulas relevant to such expressions
have not been found in the literature,
the problem must be approached from a
different angle. One way to obviate
this difficulty is to consider k as
complex, k = Re k + iIm k, with Im k > Q
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and small as we please. This amounts

to including minute absorption in the
medium, which physically can always be
assumed, and the incident wave is ex-
ponentially attenuated in the direction
of propagation. Such an artifice is
used in electrodynamics in other places
(see, for example, Stratton {1941,

p. 487}),in connection with the unique-
ness theorem. As ka is thus taken in
the positive direction and a little
above the Re(ka) axis, elka decays
exponentially, and e-ika grows,
eventually elka is negligible and

e-1ka cancels in the numerator and
denominator of 3Jp,/Jy, yielding a

slowly varying function of ka. On

the other end of the scale, for small
ka, Jp, Hp and their derivatives with
respect to the argument can be represent-
ed by power series (see, for example,
Stratton {1941}), hence expressions of
the form 3Jp/Jy, 9H /Hy vary smoothly,
even for real ka., Let us now consider
arbitrary values of ka. As noted above,
all results, e.g. equation (13), will
have the form vy 1)= w(1 + BF), where F
involves the radius a. Clearly, (13) is
inadequate when F is very large, e€.g.,
when Jp(ka) = 0, because the correction
term is becoming paramount. If (13) is
not satisfactory, (12) might still
yield good results. Near a real zero

po of Julpy) we may have BdJ(py) large
enough to offset this effect. In other
words, the complex zeroes p, of

(1,+ iB3)J(py) might be such that

vp(1) will vary slowly with a, without
the devastating effects of rapidly
changing v, on each updating of the
radius a. The same comments apply to
the last term in (12), involving Hy
functions, and to other expressions
derived below. The validity of these
results with respect to reasonably
slowly changing frequencies is still an
open question and will have to be checked
on numerical examples. Pogorzelski
{1973} in his concluding remarks has
noted the limitations that are inherent
in such models, the present one included.
The computation of numerical examples
will be performed elsewhere. It is worth-
while to note that the present argument,

essentially splitting J, into Hankel
functions of first and second kind,
describing outgoing and incoming waves,
respectively, is somewhat analogous to
the formalism used by Pogorzelski

{1973}. Pogorzelski splits the incident
wave into outgoing and incoming compon-
ents, represented by Hankel functions of
the first and second kind, respectively,
and only the incoming components are
Doppler shifted upon reflection. Also
note that Pogorzelski {1973} relates the
Doppler frequency shift only to those
terms contributing imaginary parts,

i.e., yielding real frequency shifts.

Thus his reflection coefficients are still
time dependent. Here all temporal effects
are grouped in terms of complex Doppler
shifts. The present results, derived con-
sistently without quasi-stationary assump-
tions, seem to be natural. Of course,

one can always separate the complex ex-
ponential into real exponential and oscil-
latory factors. Physically, the complex
exponentials indicate that the expanding
objects perform work against the field's
radiation pressure, resulting in ampl-
tude effects in the scattered fields. It
is well known {Einstein, 1905} that
Doppler frequency shifts are coupled with
velocity-dependent amplitude effects even
for the simplest case of scattering from
a uniformly moving plane scatterer.

The accuracy of (1h) is determined by
ka(l in the denominator. Note that accu-
racy 1n B and in Bwt are different prob-
lems. The technique for deriving higher-
order corrections in Bwt is the following.
The scattered wave associated with (13),
(14) or higher-order approximations in B
will be written explicitly and included in
the condition corresponding to (11).To the
first order in B, (11),(13),and(14) yield

-iwt + Bwto

(1 + iB3)e Jm(ka)

-iv(l)t + Bwtd
m

+ Am(l)(l+iBB)e Hm(kvm(l)a)
+ (1 + 182) £ A (V) e 1Vt + thaHm(kvma)dv
=0 (15)

We know that in the absence of the integral
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term in (15) it vanishes to within a first- where the argument of all cylindrical
order approximation in Bwt. Hence the functions is ka. The associated coeffi-
terms of first order in Bwt resulting from cients are

the expansion in the integral in (15) are

assigned a coefflclent zero. For the terms (2) w2(1 + iB3)d2 I (ka)
of orders (Bwt)2, (Bwt)3 again approximate A = 2) -
1+ a by e%, and identify the complex fre- m (v' )2 (1+iB3)a2 H (k ,(2)a)
quencies and their associated coefficients (1) (1)
necessary in order to satisfy (15). This (v )2(1+iB3)3%H (k
. m'v_(1)a)
yields A,(2) - ] m
33J o T (v ®h2(1 4 13)92 B (k)
l(Bt)2 {w2(1+iB3)32 J exp{-lwt + Bgt _E_m} n n Vo
9°J
+ A (l)(v (1))2(1+1Ba)82 B m (18)
(1)1-, 331 Although the method is straightforward,
exp {-iv (1 )1; + —m———z—} the details involved in deriying higher-
e 3 2 Hm order correction terms in But and B yield
(2),. (2)2 increasingly complicated expressions.
A v 5 (1 + iB3)?? L With the coefficients and frequencies
n m (2) derived above, the scattered wave (9) is
(2) va t 33Hm explicitly given as an approximation
exp{—i\)m t4:3——— } of order (Bwt)3. The derivation of
a2H higher-order terms is left to the time
n when numerical computations will be
(2), ,(2)y2 . 2 carried out.
* Am (vm )7(1 + 183)3 Hm Thus far the electric field polari-~
r5\),(2)1_’ 53K zation has been discussed. If (6)
exp{-iv'(a)t+ m 1} =9 (16) corresponds to H-field excitation,
m 3 92y with the H vector in the z direction,
m then (3) prescribes that in (8), (10)

ete., 1 + iBd be replaced by 3 - iB,

H
where the arguments of J , are related the rest of the discussion remaining the

to the frequencies with "hith a term in same. This leads to different values

’E:i-f‘ll v:t: lal‘i‘srzc;a%id'(z)i) ’ 1];3'22(3 iast for the frequencies and the coefficients.
vi(2)7e, ete. & v n It follows that if the incident wave will
Im (16) ¢ th + 1 g % propagate perpendicularly with respect
n e integral re uc?s ° ?g? to the cylinder's generator, but with
fm§ becgu;s;le1 two frque:z;-es Vpt<’, the E field (hence also the H mate)
coefflc;a-.znts :; 235323%3) respectively tllted then the scattered wave will
are needed to Mancel the oxprossion in possess different (complex) frequencies
_ xp and coefficients for each polarization.
braces,.lndel.)endently of t. Note-that It further follows that the impulse
expressions in the exponents, having Bt response, at the (complex) frequencies

:5 a fag‘:or frrenayeze apprzﬁzﬁ:t:g fz::;t:ge which constitute the poles of the coeffi-
ero-order quency, wi g cients, will be different for each

;Ees(sztibt:gumcy of the results. polarization. This conclusion is not
ui characteristic to expanding cylinders

(2) 18 33Jm 33Hm and applies to cylinders at rest as well,
m =w + ( 7. 2 ) since for B = 0 the operators 1 + iB3J,
ofg  ¥TH (am 3 - iB reduce to 1, 3 respectively.
337 831 An important question in the theory
v'(z) . (1) iBw ( m m) o?‘ transient scattering is the multipli-
n m 3 827 82q city of the poles associated with the

m m impulse response. It is well known
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(see, for exmmple, Erdélyi et al.
{19531}) ,that solutions of the Bessel
equation have simple zeroes except for
the possible singularity for zero argu-
ment. The denominators of the coeffici-
ents obtained in the present problem,
e.g.,(14) and (18), are such solutions
and therefore the poles obtained are
simple. The question will be examined
again in connection with the impulse
response of the expanding sphere.

THE EXPANDING SPHERE

Scattering by & time invariant sphere
is discussed by Stratton {1941}, for
example. The incident wave (6) is recast
in & eries of wvector spherical waves,
with the direction of propagation taken
as the polar axis 8 = 0, and the direct-
ion z of polarization defining 6 = w/2,

¢ = 0. Then the incident wave can be
written
A ikx - iwt
ze
t 2 ( ) (e)
~-iw n .—le
= e I iR "R M - iN
n=1 +l)( ~n)
(19)

where (e), (o) denote even, odd functions,
respectively, and the bar signifies that
M, N involve nonsingular spherical

Bessel functions ). Accordingly,
g
ﬁ © = + J {COS ¢
~n ~ sin® “n n 'sin ¢
9 1 .sin ¢
=Jp 38 Pn {cos ¢} ¢ ’
(3 _ o + 1)
= _nin + 1 1l sin ¢, 2
N - kr In Pn cos ¢} =
1l 4 .y d 1 (sin ¢y 7
kr dkr { r Jn} d® *n {cos ¢} 8
1 cos ¢ K
“ kr sin 8 {kr j bp {51n ¢} ?

(20)

where j_ = j (kr), and P (cos 6) is the
assoc1a%ed L%gendre funcglon M, N are
obtained from M, N by replac1ng J by the
spherical Hankel function hy. Thé
maghetic field associated with (19) is
obtained from V x E = imug and

VxM=kN, VxN=KkM (21)

~

According to (3), we have to consi-
der the expanding boundary, the inci-
dent wave in the following expression

rx (E-iy x V x B/uw)
_ -dwt . .p2m+1 °
- 2 T am 1 %
« @O T 10 px @0 ) (e2)
and substitute (1) for r in (22). The
scattered wave is chosen as
-ivt _.,n 2n+ 1 (o) 4, (e)
J dve E T an+ 1) ( - lbng n
(23)

with yet undetermined coefficients and
frequency spectrum. Similarly to (22),
equation (23) on the surface involves the
vector expression

(o) (e) .
n

i r

-~

rx{a M - i b N
rxta M

(o) . (e)
x (a N "=1b M )} (2k)
and (1). Inasmuch as the 6,¢ coordinates
and 9,¢ unit vectors are not affected by
the equation of motion (1), it follows that,
since we started with orthogonal series (19),
(23), also (22), (24), are orthogonal.
Hence the coefficients and frequencies
are found for each mode n separately.
Separating (22), (24) to 6, $ components
yields

e-iwtsin¢{dP {3+ lﬁ (alkpjh)}

P {id{kpj}

~ sin 9 ko

+ Bjl}
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e Ceosplsrmg {5 + £2 (alkesh)}
- {igiﬁeil + B3} (25)
respectively, where j = Jy(kp), P = Pi

(cos 8), aP = %= P1 (cos 8), d = a/(ake),
and on the expanding sphere we have
p = a + vt. Corresponding to (25) we
obtain from (23) and (24)
"IV atn + 2 (a xpn))}
vP v
. id{k_ph}

. P ~ivt, * v

- sin ¢ s_ﬁFf dve b kvp,

sing gp S dve

+ Bh},

—ivta{

cos ¢ P J dve

iB
sind h + ko (d{kvph})}

V

id{kvph}
o + Bh}

v (26)

respectively, where a, b abbreviate a_ b
and k = v/c and h = h(k p) stand

for the spherical Hankel ¥Unctions. The
boundary condition has to be satisfied
for all ¢, 8, t, hence it is noted that
there is some redundance in (25) and (26),
and we obtain

-ivt

- cosp dP S dve bl

n’

e~ 19t (4 4 %g (alkp31)}

alh + %%; (a{xphl)} =0

e—iwt{id{igj} + 83}

+ [ dve_lvt

id{kvph}
b{T+ Bh} = 0

v (27)

+ S due_lut

Since there arertwo conditions (27),
a and b will be coupled to different
frequencies.

Following the technique used for the
problem of the cylinder, all functions
f(kp) are now expanded in Taylor series

Bwt?d 3 = 9 (28)

£(ka) 3ka

f(kp) = e

complex frequencies are identified, and

+/ Qv

the corresponding coefficients are com-

puted. For brevity, denote
LRI} - B(xp) (29)

and D(kp) if h functions are involved.
Then (27) becomes

olut + B“ta{j(ka) + ig D(ka)}

e-lvt + Bvtad a{h(kva)

+ iBD(kva)} .

o~lwt + Butd (7)) + Bi(ka)}

-igt + But?d
n

+/ a {iD(kua)

+ Bj(k a)}
H (30)

The first-order approximetions of
(30) yield equations

3{j(ka) + iBD(ka)}
{j(ka) + ipD(ka)}

-iw + Bw

a{h(kva) + iBD(kva)}
h(kva) + iBD(kva)

= -jv + iBv

3{iD(ka) + Bj(ka)}

-iw + Bw —
{iD(ka) + Bj(ka)l
o{iD(k a) + Bh(k a)}
= —ip + iBu i I
{iD(k a) + Bh(k a)l
u U
(31)
for the complex frequencies v,u. The
associated coefficients are
o = _ dlka) + iBD(ka)
n h(kx a) + ipD(k a)
v )
p = _ iD(ka) + Bj(ka)
n iD(k a) + Bh(k a)
" s (32)
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which again possess simple zeroes,
since h, D, satisfy Bessel's equation.
Note that (31), (32) are relativistically
exact (to any order of B) and first order
in Bwt.

The rest of the technique is exactly
as for the cylinder, and there is no need
to repeat the argument. Again it is noted
that the frequencies asgsociated with the
a, b coefficients are different and can
be distinguished in the pole configura-
tion on ground of this property. In the
case of the cylinder the two polariza~
tions could have been excited separately,
but in the case of the sphere, or any
other vector problem, they are coupled.

CONCLUDING REMARKS

At the present time, solutions of
problems of the kind studied here are
probably of academic interest mostly.
However, the importance of‘relativistic
electrodynamics for various modern
engineering applications is now an
accepted fact, for example, in the
establishment of accurate space and
time reference for global positioning
system projects. There is also the
challenge of being able to analyze,
in a relativistcally exact manner,

a class of problems as discussed here.
In this area of applied relativistic
electrodynamics, scattering problems
are very difficult, and new methods,
applied to canonical problems, contribu-
te to our overall understanding. The
present example of uniformly expanding
objects, although amenable to analysis,
is much more complicated and cannot be
treated by using Lorentz transform-
ations as suggested by Einstein

{1905} for the vy = const case.

It has been shown that a relativi-
stically exact solution can be derived
for expanding objects. The method is
iterative and leads to gpproximations
in powers of Bwt and B. The response
to harmonic excitation is waves with
complex frequencies, i.e., growing or
decaying exponentially with time.
These complex frequencies are not
those appearing in the singularity
expansion method, i.e., these frequen-

cies are not the poles or "natural
resonances" associated with the objects.
However, these complex frequencies
appear in the arguments of the functions
from which the impulse response is calcul=
ated. Therefore the pole configuration
associated with the expanding objects
contains the "fingerprints" of the moti-
onal effects. Hence the motion can be
studied through pole extraction techni-
ques applied to the impulse response
scattered wave. The present study is
theoretical. Illustrations for specific
examples must be computed numerically.
In any case, it has been shown for the
examples considered here that we are
dealing with simple poles. This is an
important theoretical conclusion.
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