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First-order propagation in moving chiral media
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Abstract. The first-order propagation (in v/c) of electromagnetic waves in moving
isotropic chiral media is studied. The present analysis is based on Maxwell equations,
Bohren decomposition, and Minkowski’s relations taken to the first order in the velocity.
Accordingly, the effect of acceleration on the electromagnetic fields is neglected, thus
yielding a new model for solving problems involving moving chiral media in the presence of
arbitrary irrotational velocity and stationary boundaries. This new model is demonstrated
for a simple and constructive example, that is, transmission and reflection of a plane wave
from a plane boundary separating a stationary simple medium and a moving chiral medium.

1. Introduction

Interaction of electromagnetic waves with moving
media has served as an important research subject
for some time. Most textbooks on optics or rela-
tivity theory cite the well-known Fizeau experiment
[Fizeau, 1851; Lerche, 1977; Zernike, 1947]. Later,
using the theory of special relativity, expressions for
the speed of light in various types of nonsimple mov-
ing media such as conducting dielectrics [Wangs-
ness, 1982], magnetoplasmas (for further references
see Chawla and Unz [1971]), and other anisotropic
media [Cheng and Kong, 1968; Kong and Cheng,
1968; Von Laue, 1965] were developed along with so-
lutions to various scattering problems involving such
media (for further references on scattering from mov-
ing scatterers, see Van Bladel [1984]).

Recently, research of wave propagation in chiral
media has become a prominent subject of interest.
Several books are already dedicated to electromag-
netic waves in chiral media [Lakhtakia et al., 1989;
Lakhtakia, 1994; Lindell et al., 1994] and provide a
good link to the existing literature. Much of the early
effort concentrated on the extraction of the chirality
parameter as a measurable factor characterizing such
media, and later research dealt with electromagnetic
wave propagation and scattering by objects consist-
ing of chiral media. As is the case with simple media,
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canonical problems that can be solved analytically
are limited to objects of simple geometry, for exam-
ple, plane parallel interfaces, infinite circular cylin-
ders, and spheres [Lakhtakia et al., 1989; Lakhtakia,
1994]. The solution of such problems was greatly
simplified by Bohren’s decomposition [Bohren, 1974,
1975, 1978], which transforms the electric and mag-
netic fields into two new fields which are solutions
of the Helmholtz wave equation with an additional
constraint. Later, it was shown by Lakhtakia [1994]
that these new fields are a special case of Beltrami
fields in chiral media. The term generalized Beltrami
fields is related to fields which satisfy

U ((VxQ)xQ)=0 (1)

In chiral media, the discussion is restricted to more
specialized variety, that is, fields which satisfy

VxQ=hQ (2)

A comprehensive discussion of Beltrami fields is given
by Lakhtakia [1994].

Naturally, problems involving motion and chiral
media attracted some researchers. Cerenkov radi-
ation in optically active substances was discussed
by Bolotouvskii and Mergelyan [1963], who are also
cited by Zrelov [1970] in a book which is dedicated
to the subject of Cerenkov radiation. To the best
knowledge of the present authors, Bolotovskii and
Mergelyan [1963] were the first ones to deal with elec-
tromagnetic problems which involve motion and op-
tically active media. However, almost, three decades
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later this subject was discussed again in the west-
ern world by Engheta and Bassiri [1990] and Mon-
zon [1990]. Although Cerenkov radiation appears in
cases where charged particles move with relativistic
velocities in a certain medium (faster than the speed
of light in that medium), the principles of special
relativity are not used.

As is known to the present authors, Engheta et
al. [1989] were the first to attempt to link elec-
tromagnetic theory and wave propagation in moving
isotropic chiral media using the theory of special rela-
tivity. Engheta et al. [1989] were concerned with the
effect of chirality on the Doppler shift and aberration
of plane electromagnetic waves. No boundary value
problems were discussed. Later, Lakhtakia et al.
[1991] analyzed the scattering of an electromagnetic
plane wave from a small chiral sphere moving with
constant velocity. Hinders et al. [1991] and Youtsos
[1992] analyzed the reflection and transmission of a
plane wave from a moving chiral slab. Hillion [1993]
presented a covariant formalism of electromagnetism
in moving chiral media and Lakhtakia and Weiglhofer
[1995], discussed the covariances and, invariances of
Beltrami-Maxwell postulates (i.e., representation of
electromagnetic fields in terms of Beltrami fields). In
general, the use of Beltrami fields simplifies the so-
lution of electrodynamical problems involving chiral
media.

Common to the discussions of Lakhtakia et al.
[1991], Hinders et al. [1991], and Youtsos [1992] is
the motion of the boundaries along with the media.
Solution of such a problem involves transformation of
the electromagnetic waves to the frame of reference
comoving with the medium; thus Doppler shifts are
present, and the dispersive properties of the media
must be considered if the Doppler shift is significant.
Another class of boundary value problems is prop-
agation and scattering of electromagnetic waves in
the presence of moving chiral media and stationary
boundaries. Such a problem was discussed before by
Ben-Shimol and Censor [1995], where the classical
Fizeau experiment was analyzed as a study case, re-
placing the simple moving medium (flowing water in
the original experiment) with isotropic chiral fluid.
A reflection from a stationary boundary and prop-
agation in a moving chiral fluid were solved using
the theory of special relativity. Exact expressions
were developed, and approximations correct to the
first order in v/c were given. The combined effect of
chirality and motion on the results of the Fizeau ex-
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periment, was carefully investigated and showed the
validity of the original results for circularly polar-
ized waves (instead of the linearly polarized waves in
the original experiment) in terms of wavelength and
phase velocities.

In the analysis given by Ben-Shimol and Censor
[1995], expressions correct for the first-order approx-
imation in v/c were developed from the exact solu-
tions. Later, a relativistically exact model for first
order in v/c was developed for the chiral medium,
which yielded a relatively simple formalism, facilitat-
ing an easy solution to propagation and scattering of
electromagnetic plane waves in the presence of mov-
ing chiral media. However, this model was limited
to plane waves and plane boundaries, and the exis-
tence of a more general model, suitable for various
propagation and scattering problems in the presence
of moving chiral media, seems to be of some physi-
cal import. The present work derives its motivation
from previous publications describing such a model
for simple moving media and demonstrating its use-
fulness for various canonical problems [Censor, 1968,
1969a, 1969b, 1972).

The present analysis uses Bohren’s decomposition
[Bohren, 1974, 1975, 1978] and Minkowski’s relations
taken to the first order in v/c. Accordingly, the ef-
fect of acceleration on the electromagnetic fields is
neglected, thus yielding a new model which is useful
for solving problems involving moving chiral media
and stationary boundaries. The use of the new model
and the velocity effects are investigated by consider-
ing a simple and constructive propagation and scat-
tering problem: reflection and transmission from a
plane boundary separating a simple medium and a
moving chiral fluid.

2. First-Order Propagation in Moving
Chiral Media

Let us assume that an isotropic chiral medium is
moving with a constant velocity v relative to a sta-
tionary observer which is positioned in the laboratory
frame of reference I'. The frame of reference comov-
ing with the chiral medium is denoted by I''. The
constitutive relations of isotropic chiral media in I
were chosen as

DI
H =

€' +itB/
i€E' + 1B’ (3)
m
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[Bassiri, 1990; Lakhtakia et al., 1989; Lakhtakia,
1994] where u and € represent the magnetic perme-
ability and electric permittivity, respectively, and §
is the chirality factor. The constitutive relations may
be represented in matrix form by

( > ) N ( (- iﬂ;fg?) . ) ( b )

- (1) "

and the matrix notation is well understood from (4).
The use of —D in place of D in (4) prevents the rede-
finition of [K] in subsequent steps of the development
given below. Using this matrix notations, Maxwell
equations in sourceless domains and with the time
variation factor exp(—iwt) are

(35) - w(B) o

(v5)=(s) ©

The relations between the electromagnetic fields in
I’ and I may be given in a dyadic form by

E = V.-(E+vxB)

D' = S/-(D+v><H/cz) 0
B' = V.(B-vxE/c?)

H = V-(H-vxD)

where V = 41 + (1 — y)vv, T denotes the idemfac-
tor dyadic, ¢ is the velocity of light in free space,
B=v/e,y=(1 —ﬁ2)_1/2, and ¥ is a unit vector
in the direction of the velocity. In order to develop
Minkowski’s relations in I, correct for the first order
inv/c (i.e., ¥ = 1), we substitute (7) in (4):

E
) = w(x)
vxB
+[K] ( —vxD )
(8)
Replacing B and D with their zero-order constitu-
tive relations (4) in places where v X B and v x D

appear yields
(%)=m(5)o(or20) (28)
9

B-v xE/c?
-D-vxH/?
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where [I] denotes the 2 X 2 unit matrix. Equation (9)
represents B, D in terms of E, H in the laboratory
frame of reference I' and allows us to use Maxwell
equations in I'. Substituting (9) in (5) gives

(vif) = ()

. 2 1 vxE
o (i 5) (1)
(10)
The differential equations for E and H in (10) are
of mixed form, that is, E is represented in terms of
H, and vice versa, and cannot lead to the known
Helmholtz wave equation for E and H. Careful ex-
amination of (10) reveals that both matrices iw[K]
and iw ([K P +1/c [I]) are each diagonalized by the
same diagonalizing matrix [A] which is used in Bohren’s
decomposition [Bohren, 1974, 1975, 1978], where

Al ( 1 —iZ)
= L 1

and Z = (6//.L+£2)_1/2 is the intrinsic impedance
of the chiral media. Therefore the idea of repre-
senting the electromagnetic fields intensities E, H
by two independent fields Q;, Q2, each satisfying
a simpler differential equation with some additional
constraints, still holds. Moreover, the linear trans-
formation from E and H to Q; and Qg is identical
to the transformation of the stationary case

(5)=w(3)

where [A] is the diagonalizing matrix of [K].
Using (12) in (10) yields

(Vle) = W[’\](Q;)
V x Qg "y ([/\]?_,_%[I]) ( :ig; )
(13)

where [)] is a diagonal matrix consisting of the eigen-

values of [K]:
=(% &)

Cie =

(11)

(12)

(14)

1
+p€ + /pe + pg?
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For plane waves propagating in stationary chiral me-
dia, Cy 5 are recognized as the phase velocities, and
the subscripts 1 and 2 indicate right and left circular
polarization, respectively.

Since all the matrices in (13) are diagonal, it is ev-
ident that Q; and Q2 are independent vector fields,
and (13) may be separated into two distinct equa-
tions:

. 1 1
v + ZW(E - —2)V X Ql = th]
tof (15)
. 1 1
V+ ZuJ(C—22 — E)V x Q2 = —hoQ2

Equation (15) may be written in a more compact
form, using a special case of the “extended V” oper-
ator discussed by Nathan and Censor [1968]:

Vi X Q2= £h1,2Qu,2 (16)
where Vi = V 4+ iw(1/C% — 1/c¢%)v for Q = Q; and
Vi = V+iw(l/C% — 1/c®)v for Q = Q,. Provided
that V x v =0, we may add [Nathan and Censor,
1968]

Viz  Q12=0 (17)

In addition, the condition V x v =0 makes it possible
to introduce solutions for Q;, Qg, of the form

Qi = Qe WM
Q2 = Qge ™h2r

1 1
Ap= (-Cz—ﬁ)v

Note that originally and in a strict sense, in the
relativistic transformations for the electromagnetic
fields, given above (equation 7), constant veloci-
ties are assumed. Assuming small acceleration, the
equations are postulated to hold for varying veloc-
ity fields, too (see Van Bladel [1984] for scatter-
ing of electromagnetic waves from rigid bodies in
nonuniform motion and [Censor, 1969b, 1972] for
wave propagation and scattering in nonuniform flows
of simple fluids). Substituting (18) in (15) shows that

Q1o Qo satisfy

VxQp =
VXxQz = —hQg

Equation (20) shows that Qio, Qo are Beltrami
fields. From (20) it follows that Qq0, Q2o also satisfy

(18)

where

(19)

hl QIO (20)
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V-Qp=0
V-Qg =0

V2Qqo + hiQ10 =0
V2Qa0 + h3Qg0 =0

respectively. Here we gain all the advantages of
Bohren’s decomposition, that is, the solution is based
on vector fields which are satisfying the ordinary
Helmholtz equation (77} whose solutions for various
coordinate systems and in terms of various represen-
tations are already available. These known solutions
may be used to form new solutions for wave prop-
agation in moving chiral media, correct for the first
order in v/c. However, the main difference between
the present model and the first-order model (in v/c)
for simple media is the fact that the electromagnetic
fields within the chiral media are composed of two
Beltrami fields Q;, Q2, each containing a distinct
velocity-dependent term.

The solution (18) may be modified in order to deal
with nonuniform flows of isotropic chiral fluids, that
is,

(21)

and

ro

Q = Qloexp(—lw A1'dl) = 6Quo
5

Q2 = Qgexp (—iw Az'dl) = I2Qg
r
‘ (22)

Substitution of (22) in (15) again yields equation
(20), provided
wA I

1,271,2

+ V112=

T2
wl, , (A —v/ A, -dl) =0
r

(23)
are satisfied. In general, this can be obtained if the v
is irrotational, that is, V xv = 0. Then, the integrals
are independent of the path and are functions of the
limits only. A; 2 may be represented as the gradients

of two scalar functions ¢, 2, and from (23) we obtain
ro r2

v/ Az-dl = V[ Verp-d

r1 ry ! (24)

= Vig,2(r2) — ¢1,2(r1)]

Now if r; is taken as a constant and ry = r, (24)
yields Vo 2 = Ay o, and (23) is satisfied.

3. A Simple Example

In this section we demonstrate the use of the new
model for a relatively simple example, that is, a re-
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z

Figure 1. Reflection and refraction from a plane
boundary separating (left) stationary simple medium
and (right) moving chiral medium

flection and transmission of a plane wave which ex-
cites a plane boundary separating a stationary sim-
ple medium and a moving chiral medium as shown
in Figure 1. The incident plane wave is described by
Einc — ﬁezkoz—iwt

where kg = w,/o€o, and the chiral medium moves
with an arbitrary velocity v, which in Cartesian sys-
tem of coordinates is given by

VvV =Rvy +§Jvy+2v,

A short discussion supporting such an example as a
concrete physical problem is given by Censor [1969a].
Since the boundary is fixed, the boundary conditions
are solved in the laboratory frame of reference where
no Doppler shift may be observed in the transmit-
ted or the reflected waves. Consequently, the model
described earlier is appropriate for the present exam-
ple.

The general description of the reflected electrical
wave is

Eg = (XErx + 9Egy + 2Eg,) e’*n 7

where
krp = Rkgrx + Fkry + ZkR.
kg| = ko= wy/koco
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According to the given model, the transmitted elec-
tric and magnetic waves within the chiral medium
are described as a superposition of two other fields

Q.. Qq,
E = Qi —-iZQq

H, = %ZQI + Q2 (25)

and the approximations for Q;, Qg, correct for the
first order in v/¢, are

Qi = Qe ™M
Q: = Qge ™hzr¥

and Qq9, Qg0 which satisfy (20) in the Cartesian
system of coordinates are given by

Qo = (inx + ley + lez) eth1 r—iwt
Qo = (iQ2x + szy + 2Q2z) eth2 r—iwt
The propagation vectors h;y, ho of Q;0, Qg0 are not

yet known and will be described by expressions of a
general form as

h] =
hy, =

(ﬁhlx + yhly + 2hlz)
(Xhox + Fhay + Zhy,)

Now the first-order approximations of Q;, Qg2 are
written as

Ql = (lex + ley + lez) Cl(hl‘UAl) r—iwt
Q2 = (2Q2x + ngy + 2Q22) e’(h2—WAz) r—iwt

and substituted in (25) in order to form E. and H.
The boundary conditions require continuity of the
tangential components of E and H at the z = 0,
that is, in dyadic form,

(I-22) - (Bine + Br —E) =0

3 (26)
(1—22) . (Hinc + HR — Ht) =0

It is necessary that the arguments of the exponential
factors of the fields in (26) be identical for the surface
2z =0, that is,

kix = kry =0 (27)
hix = (1/C% —1/c)v,
hiy = (1/C%—1/c?)vy
b = (UCE— 1/, (28)
heyy = (1/C3—1/c)vy

and the z components of kg, h;, and hg may be
determined from
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br= i+ g, i =k (29)
hi = /R +h: +h:, = w/C
1 1 ;y ; / 1 (30)
hy = (/B3 +h3, +h3, = w/Cy

It is evident from (28) that even for the given sim-
plest case of normal incidence, the propagation vec-
tors of the transmitted waves are not normal to the
boundary and are velocity dependent. The boundary
conditions will now be applied to the amplitudes of
the fields in (26) for 2 = 0 with additional informa-
tion from (20), resulting in a set of four equations:

1+Egy, = Q1x —1Z2Qax
ERy = Al_gly — iZA2Q2y
i
(1-Egrx)/Z0 = ——Z—lle + A2Q2x (31)
)
Ery/Zo = _EQIX + Qa2x
where .
A = thihi + hiyhis
! _lhl hly + hlxhlz (32)
A —’thhzx + h,-zy hgz
2 ih2h2y + hogho,
The solution of (31) for Qix, Qax is given by
Q _ 2 (tAgn +1)
X7 (14 2A0A0) + i (14 1) (A2 — Ay)
O = 2(iA + 1)
> T Rp(1+2A:1A2) +i(1+n) (Az— Al)(] Z();
33

where 1 = Z/Zp.

Substituting the explicit form of Ay, Ag results
in cumbersome expressions which hinder the explo-
ration of the physical meaning of the results. A sim-
pler form which retains all the physical meanings of
the present example is achieved with vy = 0, yielding

Qux = 2cos6; (1 +ncosby) /A

Qi = 2i (1 +ncosbs) /A

Qi = —2sinf; (1 +7ncosby) /A (34)
Q2x = 2icosfy(1+ncosb)/(AZ)

Qoy = 2(1 +ncost) /(AZ)

Q2. = 2isinfy (1 +1cosby)/(AZ)

and

A = (1+1n?) (cos by + cos ) + 21 (1 + cos b cos b3)
(35)
where 61, 03 are the (real) angles subtended by h;,
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hy and the positive 2 axis, respectively (see Figure
1), that is,

. 1 1
sin 01 = hlx/h’l = (C—,lz — 0_2) Vx/hl (36)
hix
Ccos 01 = h]z/hl = 1-— F (37)
1

and h; is given in (30). Identical expressions may be
given for 05, replacing the subscript 1 with 2 in (36)
and (37).

4. Summary and Conclusions

The feasibility of a model for propagation of elec-
tromagnetic waves in a moving chiral medium is
discussed. The derivation of the model is based
on Maxwell equations, Bohren’s decomposition, and
Minkowski’s relations correct to the first order in v/c.
The model allows for deriving the direct solution of
various problems involving chiral media in motion in
the presence of stationary boundaries. The explicit
form of the waves within the moving chiral medium
is obtained in the laboratory frame of reference, thus
exploiting already known solutions for problems in-
volving stationary chiral media. The model is a gen-
eralization of a similar model which was derived for
moving simple media, and the main differences here
are the use of Bohren’s decomposition, the use of two
distinct “extended V operators”, and the existence
of two correcting phase factors for circularly polar-
ized waves. Consequently, further applications may
be investigated, as was done by Censor [1968, 1969b,
1972).
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