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EO[ 1 —ZQO'X\(UO/C) COS(QI)]eiko.x(vo/ﬂ)sin(m)+ik0§y _iwot-i—Es —0. (55)

Let us guess E; =ZF in the form

ik T —iwgt T—iw t

+A+eik+

ik_r—io_t

Es = —Eo(e

+A_e ), (56)

where kg, is given in (50) and 4 _,4_ are of order v/c.
We already assume the sideband frequencies

wizwoiﬂ (57)

and try to satisfy (55) and (57) simultaneously at the
boundary defined by (52). The result is

Ay =—(09/ClkoR(1+0/Q) (58)

provided we meet the condition that (vy/C)wy/Q) << 1.
If this condition cannot be met, more sidebands will be
necessary to satisfy the boundary condition, as done by
Van Bladel’ and De Zutter.?” In this study it is attempted
to compare the three cases described above; therefore, in
order to keep the examples as simple as possible, only the
first pair of sidebands is derived. Using the expansion of
Bessel’s function near the origin, the corresponding ex-
pressions given by Van Bladel’ and De Zutter?’ [e.g., see
Eq. (10.129) in Van Bladel’] are seen to be identical. The
propagation vectors are determined from

(59)

which includes the aberration effect.

Case c. For this case we combine cases (a) and (b), i.e.,
B [Eq. (47)] is now included in the incident and scattered
wave. Inasmuch as the same term appears in the ex-
ponential of both the incident and scattered fields, it has
no effect at the boundary. The effect appears in the scat-
tered wave by adding if3 in the exponents of (56). To the
first order in (wg—Q)Ay/Q we obtain

kg T—iwgt —iw_t

E,=—Egle +E.e "“*'+E e )

(60)
L ©o— 0 i\_oeik0s~rIiQx .

o 2

CYLINDRICAL SCATTERERS

As an example for problems of this kind, we consider a
circular cylinder of radius a, whose surface is a perfect

|

conductor such that the tangential E field vanishes at the
surface. For simplicity only one polarization will be con-
sidered, that of the E=2F field parallel to the cylindrical
axis. The interacting acoustical wave will be taken as a
cylindrical wave leading to (43) or (45).

Case (a). The incident wave is a plane wave as in (17),
polarized along the z axis and propagating in the X direc-
tion, with S given by (43) or (45), depending on the dis-
tance in acoustical wavelengths from the center of the
cylinder defined by r =a. The incident wave is recast in
terms of cylindrical waves®®
ikox —iwyt +iB

E =’Z\E0€

—iwyt +if

=2Ee > it (korie™?, (61)

n=—co
where J,are the nonsingular Bessel functions and v is the
azimuthal angle; r is the distance perpendicular to the
axis of the cylinder. In view of (61), the scattered wave is
chosen as

ES:Eoe—iw0t+iﬂzl-naan(kOr)eimIJ , (62)
n

where a, are coefficients and H, denotes the Hankel
functions of the first kind of order n. The term /3 is iden-
tical for the incident and reflected waves, hence the appli-
cation of the boundary condition

E+E;=0],,=4 (63)
simply yields
a,=—J,(koga)/H,(kqa) (64)

as in the static case. The velocity effect is therefore con-
fined to the effect of B in (62), according to (43) or (45).
According to (45) it is obvious that for r— « the velocity
effect vanishes.

Case (b). Here we assume 3=0 for a medium at rest,
and consider the cylinder to pulsate according to

r=a +§&ysin(Q1) , (65)

i.e., the associated velocity is £y cos(Qt) =Tv, cos(Q¢) in
the radial direction. At the moving boundary according
to (53) and (65) and to the first order, the incident wave
becomes

E'=2E,[i —ﬁo-?(vo/C) cos(Qit)]e _motz i"J,[koa + (koug /Q) sin(Qt)]e™¥

=ZE,e ot > inemV{J, (koa) —J,(koa)ko T cos(Qt)+ [J, (koa)kovo /Q] sin(Q1)} , (66)
n

where J, denotes the derivative with respect to the argu-
ment and only the first correction term in the Taylor ex-
pansion is retained. Subject to the present approximation,
(66) displays a dependence on the original frequency wq

and the sidebands wo*(); therefore, these frequencies
must also be present in the scattered wave. According to
the (first order in wv/c) relativistic transformation
E'=E+uvxH, taking H to the zero-order approxima-
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tion, we have in the Z direction

—m)ot

E;=E +(vy/C)cos({Qt)e
X ¥ i"*tla,Hy(koa)e™" (67)
n

E,

where a, is given by (64). The boundary condition to be

satisfied is
E'+E;=0 | at r=a +§,sin(Q1) - (68)

We therefore choose E as

—iwgt

E,=E, 3 i"e™[a,e  "°H,(kor)
n
+afe _im+'H,,(k+r)
+aye “'H(k_r],
4+ zwoi'Q N (69)

and derive a,,a,, which are already of first order, sub-
ject to (65)—(69). This yields
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af— [+a,H,(koa)(koEotvo/C)

(k+ )

+kokol (koa)+id, (koa)kyTve/C] .
(70)

Therefore, the problem is solved, subject to the above-
mentioned approximations.

Case (c). Including the fluid motion, caused by the
motion of the surface at frequency (), prescribes a factor
¢'f in both the incident wave, as given in (61), and in the
scattered wave, given in (69). This factor is identical for
both fields and therefore has no effect when (68) is satis-
fied. Depending on the distance, expressed in wavelengths
of the acoustical wave, 8 is given by (43) or (45). Howev-
er, it is clear that in the far acoustical field the effects di-
minishes. This means that for cases of this kind the
medium’s motion can be altogether ignored and case (b),
although it violates mass continuity, yields a satisfactory
result.

SPHERICAL SCATTERERS

The case of scattering by a static sphere is a classical
problem, e.g., see Stratton.”> Here we consider the first-
order effect produced by a pulsating perfectly conducting
sphere. The vector spherical waves and harmonics are de-
fined here as in Stratton,?’ see also Twersky?® and Censor
and Le Vine.2¢

Case (a). The incident wave is a plane wave as in (17).
In order to conform with the analysis of Stratton® (pp.
563ff), we take ko=2ky, E=XE, hence

E=REoe " 70 P _gE e T S g (ML) iNGY)
n=1
_in 2n +1

" nin+1) "’

M“’—+i' (kor)P,(cosf) e 1{/ Wjn(kor)deP,)(cosh) s 1/} 1)

gn“—sinefn o/ sin jn (ko n cos ,

nin+1) Af(ko ) 0s

Nfe,ln)_rT Jntkor)Py ]¢+0f (kor)dgP, lcos}w ¥ flkor )p' sin [¥
Sp)=[pjn(p)p, p=kor,

where the prime denotes differentiation 3.

In the present form (71) follows Stratton’s Egs. (1)—(3),
(Ref. 25, p. 564), in a slightly compacted manner. As in
Stratton,” the superscript (1) denotes the nonsingular
spherical Bessel functions. P,} is the associated Legendre
polynomial and o,e stand for odd, even functions, respec-
tively. In terms of vector spherical harmonics (71) can be
written as

Mo —j,,(kor)Co ,

(11 (72)

=[n( n+1)jn(k0r)/kr]P() +f(kor)By, ,

and we shall use the orthogonality properties of the vector

f

spherical harmonics C,P,B as needed, below. The H
field associated with E (71) is given by Stratton,?® to
which we add a factor e‘f. The scattered field is again ac-
cording to Stratton

E,=Eoe """ S d,(a,M}) —ib,ND) (73)

n=1

where the superscript (3) denotes the dependence on the
spherical Hankel functions of the first kind h,(kqr), re-
placing j,(kor) in (71) and (72). For scattering by a per-
fectly conducting sphere of radius r =a, the tangential E
field at the surface must vanish
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TX(E+E{)=0],,-¢ - (74)

Note that in (71)—(74) TX N eliminates the longitudinal
vector spherical harmonics, i.e., TXP =0, and the result
of (74) is®®

= —julkoa)/hy(koa) ,

a'l
(75)
b, = —[koaj,(koa)) /[ koah,(koa)] .

Thus the problem is solved and the only difference be-
tween the present case of a moving medium and the static
case is the factor e'®, where 8 is given by (39) or (40), de-
pending on the distance. From (40) it is clear that as r in-
creases, the effect of the moving medium decreases. This
will also be relevant for case (c) discussed below.

Case (b). Here we deal with scattering by a pulsating
sphere immersed in a medium at rest. The surface’s
motion is described by (65), where » now stands for the
distance from the origin (as opposed to the distance from
the cylindrical axis for the cylindrical scatterer case). The
boundary condition has to be satisfied at the boundary in
the comoving frame of reference. Accordingly, to the
first order, we have to consider E'=E+uvT X H, where
H is taken as the zero-velocity approximation at r =a.
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Hence, at the boundary

—lawgt

E'=E|,_q y¢sinan—(v9/C) cos(Qt)Epe

X 3 d, X (M) +iNGL) (76)

where the expression in square brackets follows from
Stratton’s Eq. (1) (Ref. 25, p. 564). Once more we use a
Taylor expansion and retain the leading terms

E I r=a+&ysin(Q1) =E I r=a +§05in(Qt)arE | r=a * (77
The boundary condition is
TX(E' +E)=0],_4 ¢ sinca0 » (78)

hence we need TX E’. Using the properties of the vector
spherical harmonics

TXP=0,
TXC=B, (79)
TXB=—-C,

we find from (76) and (77) T X E’ at the boundary

Eoe " 3 dy(jaBon +ifu Con +Eosin( Qg Bo +13af Con) +(00/C) cOS( Q) iy Con —if pBen)] 0

where j,,f;04/n,04fn have the argument kya. It is clear from (80) that in addition to the original frequency wg, we have
also the sidebands w1 =w(+ ) present. Furthermore, the velocity-dependent terms multiplied by vy /C have C,B factors
of opposite parity. Consequently, the scattered wave is chosen as

E,=Epe 'S d,(a,M5) —ib,N +G,) ,
n

(81)

—i —1 (3 ) i (3)(— 3 -
G"Iaie IQtM:’i'(+)+aie lﬂ!Me")(-F +ao_elﬂtM0" )+aielﬂlM1ei1 )

o, —iQtar(3)(+) e —iQmpg(3)(+) o iQmg(3)(—
+ 0% e TN T bl e TN T b2 e YN,

) j 3I(—
+be_elﬂtNimN )

where superscripts ( + ),(—) indicate dependence on k , ,k _, respectively, as defined in (69). All the correction terms in-

o,e o,¢e

volving a%¢_,b%°_ in (81) constitute legitimate vector wave functions and solutions of the Maxwell equations. It is as-
sumed that all these terms, i.e., G, are already of first order. By inspection of (80) and (81), and replacing j, by h,,
which will be symbolized by replacing f, by g,, we obtain TX E; at the boundary

—iwyt

Eoe

Ed'l I [anhnBon +ibng’l Cen +§0 Sln(Qt)(a’l aﬂh’l BDH +ib’l aagn Cen )
n

+(vg/C) cos(Qt)N b, h, Cpp —iay 8y Ben )] +TX G},

TXG,=a%e ¥ B,, +a’e M B,, +a’ eV, B,, +a e, B,

_bz-e —iﬂtg:Con —be—l—e—intgrj—cen _bo—eintgn_con _bieintgn—cen ) (82)
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where hF,gF indicate the dependence on k4. The sum of
(80) and (82) vanishes, and from the fact that terms are
orthogonal with respect to frequency, e,o parity, and
orthogonality of vector spherical harmonics, the coeffi-
cients are computed according to

Eo(Bgjn +a,05h,)+2ia% h, =0,
£0(3ajn +an0shy) —2ia% b =0,
£0(Qafn +bn0,8,)—2b% g, =0,
§0(3afn +brda8n)+2b% g =0,
(0o/C)jn +bphy)—2b° g7 =0,
(v9/C)jn +byh,)—2b% g =0,
(0o /CW [y +a,g,)+2ia® h, =0,
(0o /CN Sy +angp)+2ia’ hf =0,

and therefore the problem is considered solved.

Case (c). By juxtaposition of cases (a) and (b) it is pos-
sible to account for the effect produced by the motion im-
parted to the surrounding medium. It is clear from the
above discussion of the cylinder that the moving medium
will not affect the evaluation of the boundary conditions
and the effect will vanish as » becomes very large.

(83)
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CONCLUDING REMARKS

In the past, scattering of electromagnetic waves by
moving surfaces was considered mainly in free space (vac-
uum). For objects immersed in a material medium, there
existed no theory that could take into account the motion
produced by the moving surfaces. Therefore, the motion
of the surrounding medium was heuristically neglected.
The present study provides a formalism for dealing with
this class of problems. Simple cases discussed above show
that for bounded objects, the effect of the medium set in
motion by the moving surfaces can actually be neglected
at large distances from the scatterer. This conclusion vin-
dicates the heuristic approximation of neglecting the
medium’s motion. However, the present results show that
this approximation is valid only far away from the ob-
jects.

It must be stressed that the present theory also relies on
certain restrictions and heuristic assumptions, as men-
tioned above. In order to derive more general conclusions,
this class of problems must be further investigated.
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