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On the other hand, V can depend on momentum
and energy without introducing inhomogeneity or
anisotropy into the equation. This implies in (1),
V(s/0%,0/8t), i.e., a differential operator. The
possibility of including differential operators pro-
vides the loss terms in the equations governing
the motion of the particle. It is interesting to note,
in this context, that Rayleigh’s dissipation func-
tion (see Goldstein,?® for example) describes vis-
cous (i.e., velocity-dependent) frictional forces
can be used to extend the Lagrangian equations be-
cause of its velocity dependence, similar to the
present momentum and energy dependence.

Now let-¥ be represented as a superposition of
plane waves, which will be interpreted subse-
quently as a wave packet

T(X, t)=f Ak dw \Ir(lz,w)e‘E X-iwt (2)

It must be emphasized that (2) is not a Fourier
integral, since k, w are not necessarily real;
therefore an inverse transformation is not avail-
able. However,. in the present case it is not
needed.

By combining (1) and (2) and exploiting 8 /6% = ik,
8/9t==iw we derive the dispersion relation be-
tween k and w,

2 B
F=%§+V(E,w)-ﬁw=o, : (3)
and, by identifying the momentum and energy by
p=#k, E=hw, respectively, we get the corres-

ponding classical expression for the energy balance.

The function V(K, w) need not be real; therefore in
general, F and also K, w are complex.

The concepts of complex momentum and energy
are not new in physics (e.g., complex power in
oscillatory electrical networks, or complex po-
tentials in nuclear physics, as mentioned above);
however, it needs physical interpretation before
it can be accepted here. This is done below, after
clarifying the concept of a wave packet.

The choice of k, w satisfying (3) is not unique
even for real V. It is the stipulation that the group
velocity must be real which determines the allowed
values of k, w satisfying (3). Writing F =0 in the
form w =Q(K) and expanding 9 as a Taylor series
about a central value k,, retaining only the first
derivative, yields :

(E k). 4)

Substituting (4)‘in (2) yields
V(& 1) = e‘io '?-mbtf(ﬁo’i -

w =Q(K) +

(5)
v=§%, wo =0(&,),

where f is the integral after the complex plane
wave is pulled out. This is a descrlpuon of a
wave packet with a carrier wave e'*o ¥-iuwt ang
an envelope f which is constant on X =¥¢. However,
in the present case Eo, w, are in general complex.
Since real X, ¢ are stipulated, we must choose
those values K, w, satisfying Im¥ =0,

We can now return to the concepts of complex
momentum and energy. According to (5), the
probability density is defined as

TP *=e™2 Imk *% +2 Imwtff*‘ (6)

The fact that k, w are allowed to be complex leads
to a function (6) which is dependent on X,t. If we
move in space with the group velocity prescribed
by (5), then ff* is a constant and the exponential
becomes

e-z(!rr\i‘v—lmm)t X (7)

If in addition ImK.¥>Imw, then we have, as we
move in space, a time-dependent exponentially de-
caying function which describes the absorption of
the stream of particles. The opposite situation
ImK. V< Imw describes a situation where owing to
the stream of particles the medium is stimulated
to generate more particles. In some respects this
brings to mind the avalanche effects in electrical
discharge and stimulated emission of radiation in
lasers. However, the present linear theory is more
adequate for description of stable systems, and
therefore limiting the discussion to dissipative
systems leads us on firmer ground.

INHOMOGENEOUS TIME-VARYING SPACE'

In inhomogeneous time-varying space we allow
V to change slowly in space and time. (The pre-
cise meaning of “slowly changing” functions is
not further elaborated here. It suffices to say
that over a distance £~ and time w™*, 'V is ap-
proximately constant.) The particle is described
by means of the eikonal approximation

v =f(i; t)ei #(X.6) )

, (®)

oG 0= [ & d-wa),
{51

where f(X, 1) is the amplitude and ¢ (X, #) is the
phase of the de Broglie wave packet. The phase is
described as a line integral in four-space between
events P, and P,. For (8) to be a unique represen-
tation we prescr1be2‘1

vxk=0,

w aE ©)

3% Tar =0.

Synge! considers ¢ as the extended action (this
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corrésponds to Fermat’s principle in its extended
form for optics), hence we prescribe 6¢ =0, where
6 denotes the variation. However, this variation
vanishes subject to the constraints that F(k, w, X, t)
=0 [similar to (3), but includes the slow variation
in %,¢]; furthermore, all along the trajectory

ImV =0. It has been shown?*® that the equation of
motion are given by

it _F,

1
dk _Fy % (o)
a F, *’

.Im(av Fy_ 9% Fy &%

. - =V +
B3 F, dw/F, 98X

’

2%
S

where F ,=8F/ow, Fz=VF, etc. and 8%/0Kk is a
matrix 8v,/8k,;, i,7=1,2,3, etc. See the appendix.
The new term B, which vanishes in conservative
‘systems, is necessary to keep X, ¢ real, i.e.,
ImV =0, not only at the boundary, where ImV =0
is aboundary condition, but all along the trajectory.

The above given theory is not limited to the wave
equation (1). In fact, any function F(k, w,%,t) =0
can be used, provided it leads to group velocities
not larger than ¢, otherwise special relativity
theory is violated. Thus for example Schrédinger’s
zero-spin relativistic equation or Dirac’s relativ-
istic equation (see Schiff,?® for example) may be
used. The latter leads for a free particle to a
determinant E? — ¢?p? — m?c* =0 which is identical
to the dispersion relation of Schrddinger’s rela-
tivistic equation, therefore for a free particle
the equations of motion are independent of spin.
This is not the case if electromagnetic potentials
are added.

SIMPLE EXAMPLES
Homogeneous time-invariant media

For simple examples we choose the nonrelativ-
istic equation (3) and a homogeneous time-invari-
ant and isotropic system. Thus we take V
=V(#2k2, hw). It follows that in (10) B=dw/dt
=dk/dt =0 and the group velocity is a constant
given by '

o _oprf L av)/( aV) -
v—ZﬁE(Zm Ty 1-~), Im¥=0. (11).

As a simple representative of this class we may
take

V=aik?/(2m), (12)

where o is a complex constant. Hence (3) becomes

i

=5, 7 ~hw=0, y=1+a (13)
and (11) yields
V=nyk/m, Im(yk)=0. (14)

Since k;, ¢=1,2,3 and y are phasors in the com-
plex plane, we have argy = —argk,;, and conse-
quently from (13) we have

argk; =argw =-—argy . (15)

Since there is only one direction of interest in
space, we may drop the vector notation in (14).
According to the argument following (7), dissipa-
tion exists for (Imp)ky#Z/m>Imw, but the imaginary
part of (13) prescribes (Imk)ky#/(2m) =Imw; hence,
provided Imk#0, y #0, the inequality is identically
satisfied. This is a very interesting result, show-
ing that the present system cannot give rise to
amplification (as opposed to dissipation). Another
interesting result is the fact that the group velocity
(14) is a constant of space and time, but (7) still
prescribes an exponential decay. This implies
that individual particles are not slowed down by
dissipation, as one would expect from classical
mechanics consideration (see also Buch and Den-
man’®), but are simply “disappearing” from the
stream of particles, i.e., their energy is either
finite or zero.

If we take V=aw, with @ a complex constant,
then (13) can be written again, with y=(1-a)™?,
hence we arrive at the same results. Classically,
in both cases V is proportional to the square of
the velocity, hence this result is not surprising.

Anisotropy can be introduced by making V a
function of k instead of k2. Although the problem
of spin is not considered now, Dirac’s approach
inspires one to try V =(#?/m)a -k, where here &
is taken as a constant complex vector. Now (3)
becomes

a7 ->
_ﬁ{_-i(;n'ﬁ_ér_m_) -7w=0 (18)
and

®+3d), Imk=~Im@&. 1

NE

-
V=

The condition for dissipation becomes (%/m)Imk
. (Rek +Red) > Imw but the imaginary part of (16)
leads to (%/m)ImKk.Red =Imw. Combining these
relations, the inequality becomes

Im& . Rek< 1, (18)
and therefore Imd - Rek> 1 means amplification.
Space and time slowly varying media

In order to avoid complicated problems requir-
ing machine computations, we again consider very
simple problems. Let V be independent of &, w,
but a slowly varying function of space and time.
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From (10'),

¥ =rk/m, Imk=0. (19)

But if V is allowed to be complex, then w must be
complex although Kk is real. The condition Imk.¥
:Imw implies Imw<0, Imw>0 for dissipation and
amplification, respectlvely From (19) we have
8% /ok =Iri/m, where I is the idemfactor dyadic,
therefore (10) prescribes

- 1_ 3y

PepImx >

dk _ 1_ sV

TR (20)
do 108V i :14

=L L i . Im—

Consider first V(¢) depending on time only. Then
B=dk/dt =0, hence only w can change according to
w=V(t). This is less interesting than a space-de-
pendent function V(X). Here (20) prescribes that
k will change as a function of ReVV, while Re(dw/
dt)=0and Imdw/dt =(K/m). ImVV. Hence Rew is a
constant and Imw, connected with the time depen-
dence according to (7), depends on ImVYV in the
direction tangent to the trajectory.

DISCUSSION

The question of dissipative systems has been dis-
cussed within the realm of ray mechanics, and
simple examples were given. Synge! in his book
proceeds by a method he calls “primitive quantiza-
tion” to discuss notorious physical phenomena,
e.g., the hydrogen atom. His approach is admitted-
ly a somewhat more precise version of the Bohr -
Sommerfeld quantum theory. A similar transition
for dissipative systems, if suggested, could per-
haps indicate the way in which dissipation can be
incorporated into wave mechanics (as opposed to

ray mechanics). This seems to be an open problem
at present.

APPENDIX
A simplified derivation of (10) is given. Since
F(K,w,%,t) =0 must be satisfied always and every-
where, we must have dF =0, hence for 8F/aw+0

1 _dF_,_dF/ok; dk; +dw
9F /3w dt aF/aw dt T dt
8F /8 x; axy oF/ot
T5F/ow dt oF/ow (A1)
The real part of (Al) is satisfied by
Re g ~Re ST,
(A2)
dw _ oF /8t
Re gt =~Reor/ow’
subject to
_dx; _ _8F/sk; _
el 8F/8 , Imu;=0. (A3)
Postulating
dr, aF/0x;
—_—t = , =
Im L Im oF /0w +B;, Imp;=0
Im-dio-—-—lmﬂé—t- +a, Ima=0 “d
dt aF /3w

and substituting in the imaginary part of (Al) yields
a=pv;. (A5)
Therefore only B, areundetermined yet. Butinorder

that v, remains real along the ray path we have to
add the constraint (d/dt)Imv; =0, yielding

dk; 8v; dw dx; 0v
i iy i _.__L — 42) =0, 6
Im(ak, dt Tow dt ox, dt at) (48)

Substitution of (A2)-(A5) in (A6) yields B, and com-
pletes the derivation of (19).
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