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case the matrix 8 M, /8a, is singular and (49) does
not exist.

AN EXAMPLE—-SELF-FOCUSING
IN HOMOGENEOUS NONLINEAR MEDIA

The above formalism for nonlinear wave-packet
propagation is very abstract; therefore, a simple
example will be considered here. This will
demonstrate the feasibility of the model to deal
with self-focusing, even though the problem con-
sidered here is very elementary. For a homo-
geneous and time -independent medium, F, =0,
F3=0, prescribing in (47) dw/dt=0, dk/di=0.

At any point in the medium we have 8w/8¢=0,
9k /8¢=0 because of the time independence. Con-
sequently

dw 9w dw dx
dw_g_ %, fw, X 51
dt Y ox dt (51)

because of dw/d¢ and (10) 8w/8% = —8k/8¢=0. But

dk 8k 8k dx
L L 52
at ot ' a%  di (52)

is not so trivial. It prescribes 8E/8t=0 but

(8k /8%) * (d% /dt) =0 means that change of k can
only take place perpendicularly to the ray direc-
tion V. From (49) it is seen that da /d¢=0; again
it is assumed that 83/9¢=0 due to the time in-
dependence, and (83/8%) - (dX/d¢) =0 prescribes
that the gradient of the components of the field be
perpendicular to the ray. For the simple exam-
ple discussed here, the medium is isotropic, with
the nonlinearity contributed by one term in the
dielectric parameter

_ () (2)
D,=€ ;5 E; 8, +€1nE  ELO 8. (53)

Thus €{2) will be denoted ¢‘®. Here ¢,

6(2), w are taken as real positive constants; there-
fore E,;=E can be oriented in the x, direction
everywhere, and the problem becomes scalar.

Maxwell’s equations (19) are now
kyHy =k H, + we B, =0,
k,E, —wu H =0,
kR E,+wpn Hy,=0,

(54)

D (2)
€q=€  TE an

where €, conveniently denotes the “equivalent”
dielectric parameter. Eliminating H,, H, we
obtain the dispersion equation

F=0=—k2+w2y(€“)+e(2)E). (55)

In (55), %, E are not constant in space, but from
dE/dt=0 (49), we have E =const on a ray, he’nce
(55) prescribes k* = const on a ray, i.e., the k

vector can change direction but its length |f(|
remains constant along a ray. Thus it turns out
that although we start with a homogeneous me-
dium, the nonlinearity introduces inhomogeneity,
thus leading to the self-focusing effect. From
(54) it also follows that H3+H?Z= const, hence

I 3 | is a constant on a ray too, and can change
only perpendicularly to V. If we start with H
perpendicular to E and ¥ (42) is automatically
satisfied. Hence for the present case E in (55)
is taken as constant and (47) reduces to (14), pre-
scribing

T=(wre, ) 'K =(ne, ) ?k/ | K], (56)

which is expected for isotropic media, in which
v,k are parallel. From k2= const we have v?
=const, i.e., V+dV=0. This provides the basis
for ray tracing for the present problem. We need
an initial surface perpendicular to the rays, on
which the group velocity is known. From this
surface orthogonal trajectories of surfaces and
rays can be constructed. One way of approxima-
ting this scheme is to erect segments V A ¢ nor -
mal to the surface, connect the ends of the seg-
ments to derive the next surface, erect new seg-
ments normal to this surface, and so on. A
sketch of the field profile and the orthogonal
trajectories is shown in Fig. 1. The results of

a computer -aided construction is given in Fig.

2. The field intensity has been chosen as a Gau-
ssian distribution with a maximum E(0)=2.24

X 10°V/m and a value 8 10° V/m at a distance
of 0.5 mm from the beam’s axis. The parameters
€'V =g, p=p,are taken with their vacuum values,
and €'? =4x 10™3%,. A plot of the rays with the
same scale for x,,x, would cause all the rays

to crowd near the axis. Therefore the x, co-

X2

E(x,) Xy

FIG. 1. A sketch of the field amplitude profile F(x,),
and the orthogonal trajectories of rays tangent to Vv and
the orthogonal surfaces on which dV lies, such that
v-d¥v=0.
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FIG. 2. Computer-aided construction of orthogonal trajectories, displaying self-focusing. The x, coordinate is ex-
panded, distorting angles. Choice of parameters and numerical technique explained in text.

ordinate is expanded. This of course distorts
angles, hence the surfaces appear to be planar
and normal with respect to the axis. In computing
the ray paths, the ray fronts have been approxi-
mated by an even polynomial x,=a +bx2+cx?,
where the coefficients a,b,c are determined from
the previous computational step by means of a
least-mean-square scheme. The results clearly
display the nonlinearity-induced self-focusing
effect.

DUAL-DISPERSION EQUATION AND DUAL-RAY
TRACING IN NONLINEAR SYSTEMS

We are now at the stage where we can combine
the ideas given above to discuss solitary waves
in nonlinear media. The existence of soliton
solutions for various nonlinear wave systems has
been extensively studied in recent years; see,

for example, Scott et al.!° The present discussion

is not aimed at finding new soliton solutions for
specific differential equations, but to develop a
general, somewhat different point of view based

on the duality of wave packets and localized
pulses, and using the above formalism for wave
packets in nonlinear systems to derive the ana-
log for solitary waves. The important character-
istics of solitary waves in nonlinear media is
their stability in the presence of dispersive
mechanisms. This will be shown to follow from
the present theory; furthermore, this phenomenon
is the analog of self-focusing of wave packets in
nonlinear media. In the subsequent discussion
the stability is explained in terms of the diver-
gence and convergence of the dual rays in K
space.

Constitutive relations and the dual-dispersion equation

Similarly to (31), which applies to homogeneous
dispersive media, we now define for inhomo-
geneous time-varying nondispersive media

:D'.(I_{’)zi):“(f{’)-f'-

o+ :D“,")(f(’)-;-... , (57)

such that the linear term 3)2”(5(’) =€%)()_E) é’j(i{—) in
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i space corresponds to the convolution

U G A
DM(K) = f a’K,€V(K,) 6,(K-K)) (58)

J

in K space; i.e., (58) is the analog of (30). This
suggests the general nonlinear model for the con-
stitutive relations in inhomogeneous, time-varying
nondispersive media [cf. (31) and (32)]

m§n>(ﬁ)=fd‘*ﬁl---fd‘lx’c,,[e};!)_,,(ﬁl,...,E")sj(k’-ﬁly--su(ﬁ_fc")],

:ogﬂ()?):af d“Xl"'f a'X, [ (X, 0, X) 8K 6,X)], (59)

§=X1+ t '+§ y o =(277)-4(n-1) ’

n

where ‘Di")(ﬁ) and 3)(,.")()?) are a Fourier-transform
pair (see Appendix). The analog of (33) is now a
periodic wave in K space,

8(R)=3" 6, eim", oK) =X'K (60)

m

which is a generalization of the harmonic function
(17). The argument which led from (33) to the
algebraization of the constitutive relations (37) is
applied to (57)-(60). This yields the constitutive
relations

D{(X) =D, (X 8,X) - 8,(X) (61)

for the fundamental harmonic ¥ =1. Similarly to
(38) we now obtain the generalization of (21) to
nonlinear media

(3% 8),- BP(X)%, - L2 (X)3e,50, -+ - =0,
- (62)
= =( =(2) (% e =
(BExR),+eM(X)8,+E2) (X)8,8,+ " =0.

Similarly to (39), we now rewrite (62) in the ma-
trix form

N,=G,,@ (63)

rss)?

where G, still is a function of the amplitudes a
=(q,) =(6,, 8,, 85,%,,3C,,%,). The vanishing of
the determinant of G, defines §(§,X, @) =0, and
if we allow the constitutive parameters to weakly
depend on K, we have

8(5,X%,K, @) =0, (64)

which is the counterpart of (23) for the nonlinear
case. Similar to (24), integration of (64) yields

6X,K, @) =0, (65)

which is the dual-dispersion equation [cf. (41)] for
solitary waves in inhomogeneous weakly disper-
sive nonlinear media. We again make the com-
ment that (65) is more symmetrical to F (41), but
also (64) can be used for ray tracing, using § of
the previous step to evaluate the derivatives of G.

For sake of symmetry, G [Eq. (65)] is taken as the
starting point for the following ray tracing form-
alism.

Dual-ray tracing

The derivation of the dual-ray equations which
are the generalization of (28) [just as (47) are the
generalization of (14)] follows in a straightforward
manner. Corresponding to (42) we impose the
constraint

ExP=0, (66)
and incorporate it into G (65) to derive
G(X,K, @) =0. (67)
Following the dual Fermat principle (27), and by
inspection of (44), we now write
Rof, dK = = = = .-
6 R X'E+AG(X,K, @) +A, N,(X,K, @))dS .
‘ (68)

The dual-ray equations are the Euler-Lagrange
equations of (68). Because of the complete anal-
ogy with (44), the ray equations are written by
inspection of (47), interchanging X and k, and ¢
and w, yielding

dk | Gg_x

dw " G, ’

dx _Gg

R (69)
at_ Gy

dv ~ G,’

where G, =8G/dw—(8G/2@)(8N,/8@,) 6N,/ dw,
etc. Similarly to (49) we now have

da,_ i&“(aNr.d_EﬁNr.éiﬁ_f\’riﬁNr)
dw 9k dw 08X dw 0of dw 8w/’

aa,
(70)
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which together with (69) provides the system of
equations for tracing the dual rays. This com-
pletes the formal derivation. Using the above
given example for wave-packet propagation, the
stability of solitary waves will be discussed.

SOLITARY-WAVE STABILITY IN NONLINEAR MEDIA

To get more insight into the method, the pre-
vious problem will be used. As in the derivation
of the dual-ray equations, everything follows from
the wave-packet formalism by interchange of K
and X variables. Again the simple case of a ho-
mog eneous dispersionless medium is considered.
The & field pulse is once again confined to the
x5 direction. Similarly to (53), the constitutive
relations are given in the form

D€y [0, +€3) 8,60,,0,,, (1)
however, this time, according to (61), the con-
stitutive relation (71) is in X space, while (53),
according to (37), was given in K space. For the

present case (62) reads [cf. (54)]
§,30, — 5,30, +(e WV +e@ 8)8.=0,
§,8,— e, =0, (72)
$,85+ Ui, =0,

hence by inspection of (55), G (64) is now

—_ 2 -
Tl 09
€,7€ '+ &,

and henceforth §,=§, the subscript will be sup-
pressed. The dual-dispersion equation corres-
ponding to (73) is

G=t?= pe x*=0 (74)

for § =const along a ray. In the transition from
(73) to (74) the addition of a constant of integration

is allowed, hence the time origin /=0 is arbitrary.

Again (66) is satisfied automatically, hence (69)
degenerate into (28). Furthermore, we have
dt/dw=0, dx/dw=0. From dt/dw=0 we conclude
that ¢ = const along the dual ray, and from d%/dw
=0 we have 8X/8w=0 and (8%/8Kk)(dk/dw) =0 [cf.
(52)]. This means that X can only change perpen-
dicularly to 8. From (73) or (74)

== e X _ g=é
S=(ue,,) TR T M o0 (75)

which should be compared to (56).

We are now ready to trace the dual rays, using
an example analogous to Fig. 1. Let us as-
sume that the amplitude (k,,%,) is specified on
the plane &k, in k space. Let the spectral density

8(ky,, ky), k,=const have the profile as in Fig. 1,
symmetrical with respect to some value 2,. In
addition, we assume that the plane k, =%, is per-
pendicular to the dual rays, i.e., on the plane
s,=0. Analogously to the previous example, we
have x?=const on a ray, i.e., X-dx=0, and in
view of (715) $:dS=0. The geometrical construc-
tion of orthogonal trajectories as for the previous
example yields the dual rays. Note, however,
that in the first problem § is inversely proportion-
al to the dielectric parameter (56), while in (75)

§ is in direct proportion to u€,. Consequently,

if E(x,) for the first problem and §(%,,k,) for the
present one have the same profile, the dual rays
in the present case will diverge, rather than con-
verge. For the linear case,’ a simple example
has been considered, for which dispersion caused
the dual rays to converge. It is therefore feasible
for the nonlinear effects to counteract the dispers-
ive effects. If the dual rays end up being parallel,
all the spectral components will be propagating in
the same direction and the pulse will retain its
original shape, without undergoing fission. Ob-
viously, more elaborate and physically sound ex-
amples should be discussed. This requires ma-
chine computation and will be presented else-
where.

CONCLUSIONS

The formalisms for wave-packet propagation
and ray tracing in X space, and the formalism
for solitary waves and dual-ray tracing in Kk space
are related by interchanging X, ¢ and T{, w coordin-
ates. Nonlinear wave-packet propagation reveals
the phenomenon of self-focusing. This is due to
the fact that the field amplitudes, which are func-
tions of X,¢, are involved in the ray equations.
Thus, nonlinearity contributes to the inhomogen-
eity of the system. Similarly, dual-ray equations
for solitary waves involve the amplitude of the
fields as a function of E, w, thus introducing dis-
persive effects. The dispersive effects of non-
linear origin can compensate, in certain cases,
the dispersion due to the constitutive parameters.
If this happens, the solitary waves will propagate
without undergoing fission.

These phenomena have been observed in the
past, but the dual approach provides new insight,
e.g., by showing that self-focusing and solitary-
wave stability are analogous phenomena. The
present discussion is theoretical and more ex-
amples, requiring machine computations, will be
necessary to fully evaluate the potential of the
present methods.
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APPENDIX
Given

f(t)=fdtl'"fdtng(tl,...,tn)hl(t—tl)"'h"(t—tn)
and the Fourier transforms
f(w)=ff(t)e“"‘, f(t)=21—n ff(w)e"""dw,
prove
rar=(5)" [ v [ oo 0pn@) - ngw),

with the constraint
wEw W,

The proof is as follows:

)= fdtl'“fdt"_lhl(t—tl)"'fdt,,g(tl,...,t")h"(t—t,,),

1 .

1 .
~ﬂ”=z;fdn~~/1mmmu—ar-gfdwﬁ"%%Aw)ﬂa,u.Jm“w»,

and so on, leading to

A =(2l,;>nfdw1' - fdw,hl(wlr Ch(@)g(@y, ..., w)e it e
f(w)=(—1—)H Jaw o [aopia) - nioygton ... w)x1y,

27,

1
Iy “on fdte“[w-(wlhnw")]=ﬁ(wn‘(w‘ W= W=t =W,

hence, instead of having » integrals, the last integral is evaluated by substituting

WEw Wt W,

and we are left with n — 1 integrals. This completes the proof.
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