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which is no more linearly dependent on the ori­
ginal field equations M r = O. Consequently, the
Fermat variational principle is written in the form

(50)

(47)

(46)

(45c)

(45b)

dk
dt

dK 8P aAf
--+'A--:::;-+A ~=OaT ax r ax '

BFABMr - oA-+ --- .
Bas r Bas

From the last equation (45c) we find

A = _ A BF (a lVr)-1
r aa s Bas

which is substituted in the first two equations
(45a) and (45b). Finally, expressing (45) and
(46) in terms of k, w, x, t and dividing by d t yields
the ray equations

d x F k ..
-= --=v
dt Fw '

Clearly (50) is not identically zero, and using it
in (14) will yield the ray tracing for the present
case. The reason for using the first scheme (47)
and (49) is the fact that the solution a= A(K, X) is
generally not available. The linear limiting case
is obtained by taking the limit a- O. Consequently
(43) reduces to the linear case (8). For the linear

where the subscript, e.g., F w' denotes the dif­
ferential operator

F = 8F _ 8F (8M r )-1 8Mr (48)
w 8w 8a s 8a s 8w'

and similarly for Ft,Fk ,Pi. Since avaries along
the ray path, we have to supplement (46) by da s /

dt, obtained by differentiating M,.=O,

lias =_(aM,.)-1(8~. dk + 8M,. dw
d t 8a s a k dtaw d t

+8A1r .dX+8Mr ) (49)ax dt at'

The solution of the system (47) and (49) yields the
rays x(t) and the values of k(t), w(t), a(t) along
them. Note that (47) contains v implicitly in F.
In a numerical scheme this simply means that at
every step, v= - Fk / Fw updates the value of v
from the previous one. The above procedure,
leading to (47) and (49), is equivalent to the fol­
lowing scheme. Let us assume that M r = 0 can be
solved, yielding a set of equations a,. = A r ( K, X).
The constraint (42) is substituted into (41) in
order to eliminate one of the fie Id components,
e.g., E1 • Then five of the equations a r = A,. (K, X),
r = 2, ... ,6 can be substituted into

(42)

(39)

(44)

(45a)

f Xb (- ax - )o x K· dT +'AF+ArMr dT=O.
a

vxP=O

dX aF aM
-+'A~+A ---:;-L=o
d T aK ,. 8 K '

Le. ,

Varying K, X, a (i.e., k, w,x, t, E,H), the cor­
responding Euler -Lagrange equations are ob­
tained:

Ray tracing in nonlinear media

The existence of an algebraic dispersion equa­
tion (41) facilitates the derivation of a ray tracing
formalism. Since (41) involves the field com­
ponents a, it cannot be used in the Fermat prin­
ciple (12), since avaries too, and the field com­
ponents are related through (38). An additional
constraint on the fields is necessary, ensuring
that the group velocity vis in the direction of the
Poynting vector

P=iRe(ExH*),

where r -= 1, , 6 stands for the six equations
(38) and s -= 1, ,6 denotes the field components,
Le., a= (EuE2,E3,H1,H2,H3)' Except for the
linear case, F TS is still a function of the field
components a. Here too, a nontrivial solution
will exist provided the determinant of Frs vani ­
shes. This defines the dispersion equation

detFrs-=F(K,a)=O. (40)

Note that F( K, a) = 0 is linearly dependent on
M r ( K, a) = O. It is therefore impossible to sub­
stitute the field equations M r into F to get rid
of the dependence on the field amplitudes. For a
slowly varying medium 8, (33) is replaced by (9)
and the dispersion equation takes the form

F(K,X,a)= o. (41)

must be satisfied along the ray. By substitution of
(42) into (41) we obtain a modified dispersion
equation

F(K,X,a)=O, (43)

one harmonic is filtered out somehow, this will
affect the amplitude of all field components and
all harmonics, including the fundamental.

The set of algebraic, nonlinear homogeneous
equations (38) can be vlritten in the form
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(53)

(51)

(56)

vector can change direction but its length Ik I
remains constant along a ray. Thus it turns out
that although we start with a homogeneous me­
dium, the nonlinearity introduces inhomogeneity,
thus leading to the self -focusing effect. From
(54) it also follows that Hi +H ~ = canst, hence
IIi I is a constant on a ray too, and can change
only perpendicularly to v. If we start with Ii
perpendicular to E and v(42) is automatically
satisfied. Hence for the present case E in (55)
is taken as constant and (47) reduces to (14), pre­
scribing

~ -1 ~ -1 /2 ~ I I-Iv = (W f-LE eq) k = (fJ-E eq ) k k,

which is expected for isotropic media, in which
v, k are parallel. From k 2 = canst we have v2

= const, Le., v· dv = O. This provides the basis
for ray tracing for the present problem. We need
an initial surface perpendicular to the rays, on
which the group velocity is known. From this
surface orthogonal trajectories of surfaces and
rays can be constructed. One way of approxima­
ting this scheme is to erect segments vA t nor­
mal to the surface, connect the ends of the seg­
ments to derive the next surface, erect new seg­
ments normal to this surface, and so on. A
sketch of the field profile and the orthogonal
trajectories is shown in Fig. 1. The results of
a computer -aided construction is given in Fig.
2. The field intensity has been chosen as a Gau­
ssian distribution with a maximum E(O} = 2.24
X 107 V1m and a value 8 x 106 V1m at a distance
of 0.5 mm from the beam's axis. The parameter s
E( 1) =Eo, JJ. = J-L 0 are taken with their vacuum values,
and E(2) = 4 x 10-13Eo• A plot of the rays with the
same scale for Xl' X 2 would cause all the rays
to crowd near the axis. Therefore the x 2 co-

The above formalism for nonlinear wave-packet
propagation is very abstract; therefore, a simple
example will be considered here. This will
demonstrate the feasibility of the model to deal
with self -focusing, even though the problem con­
sidered here is very elementary. For a J!omo­
geneous and time -independent medium, F t =0,
Fi = 0, prescribing in (47) dw/dt =0, dk/dt = o.
At any point in the medium we have awlat=o,
ak la t = 0 because of the time independence. Con­
sequently

dw=O= aw + aWe dx ,
dt at ax dt

AN EXAMPLE-SELF-FOCUSING
IN HOMOGENEOUS NONLINEAR MEDIA

case the matrix aMrlaa s is singular and (49) does
not exist.

because of awlat and (10) awlax= -ak/at=o. But

dk =0= ak + ak . dx (52)
dt at ax dt

is not so trivial. It prescribes ak la t = 0 but
(ak lax) · (dx I dt) = 0 means that change of k can
only take place perpendicularly to the ray direc­
tion v. From (49) it is seen that d aI dt = 0; again
it is assumed that aa/a t = 0 due to the time in­
dependence, and (aa/ax)· (dxldt) = 0 prescribes
that the gradient of the components of the field be
perpendicular to the ray. For the simple exam­
pIe discussed here, the medium is isotropic, with
the nonlinearity contributed by one term in the
dielectric parameter

Thus E ~;k will be denoted E (2). Here E (1),

E( 2) ,f-L are taken as real positive constants; there­
fore E 3 = E can be oriented in the x 3 direction
everywhere, and the problem becomes scalar.
Maxwell's equations (19) are now

where E: eq conveniently denotes the "equivalent"
dielectric parameter. Eliminating HI, H 2 we
obtain the dispersion equation

F = 0 = _k 2 +w 2 f-L (E:( 1) +E:(2) E). (55)

In (55), k,E are not constant in space, but from
dE/dt=O (49), we have E=const on a ray, hence
(55) prescribes k 2 = const on a ray, Le., the k

k 1 H 2 - k 2 HI + WE eq E 3 = 0 ,

k 2 E 3 -W!J.H1 =0,

k 1 E 3 +WJ.J, H 2 = 0,

E: =E:(I) +E:(2) E
eq 3 ,

(54)

FIG. 1. A sketch of the field amplitude profile E(x2),
and the orthogonal traj ectories of rays tangent to :y and
the orthogonal surfaces on which d v lies, such that
:Y-dv=O.
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FIG. 2. Computer-aided construction of orthogonal trajectories, displaying self-focusing. The x2 coordinate is ex­
panded, distorting angles. Choice of parameters and numerical technique explained in text.

ordinate is expanded. This of course distorts
angles, hence the surfaces appear to be planar
and normal with respect to the axis. In computing
the ray paths, the ray fronts have been approxi­
mated by an even polynomial x 2 =a+bxi+cxi,
where the coefficients a, b, c are determined from
the previous computational step by means of a
least-mean-square scheme. The results clearly
display the nonlinearity-induced self-focusing
effect.

DUAL-DISPERSION EQUATION AND DUAL-RAY
TRACING IN NONLINEAR SYSTEMS

We are now at the stage where we can combine
the ideas given above to discuss solitary waves
in nonlinear media. The existence of soliton
solutions for various nonlinear wave systems has
been extensively studied in recent years; see,
for example, Scott et aL IO The present discussion
is not aimed at finding new soliton solutions for
specific differential equations, but to develop a
general, somewhat different point of view based

on the duality of wave packets and localized
pulses, and using the above formalism for wave
packets in nonlinear systems to derive the ana­
log for solitary waves. The important character­
istics of solitary waves in nonlinear media is
their stability in the presence of dispersive
mechanisms. This will be shown to follow from
the present theory; furthermore, this phenomenon
is the analog of self-focusing of wave packets in
nonlinear media. In the subsequent discussion
the stability is explained in terms of the diver­
gence and convergence of the dual rays in k
space.

Constitutive relations and the dual-dispersion equation

Similarly to (31), which applies to homogeneous
dispersive media, we now define for inhomo­
geneous time-varying nondispersive media

such that the linear term :D~I)(.X) = E~I.)(X) 8.(X) in
1 13 J
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X space corresponds to the convolution

(58)

in K space; Le., (58) is the analog of (30). This
suggests the general nonlinear model for the con­
stitutive relations in inhomogeneous, time-varying
nondispersive media [cf. (31) and (32)]

~~n)(x)=ofd4X ···fd4X [E~~) (X ... X)8.(X)···8(X,]
I: 1 n -1 l J" •• v l' 'n J 1 v n" (59)

where :D~n)(K) and :D~n)(:x) are a Fourier-transform
pair (see Appendi~). The analog of (33) is now a
periodic wave in K space,

For sake of symmetry, G [Eq. (65)] is taken as the
starting point for the following ray tracing form­
alism.

8i (K) =L: &mieiU(K), cp(K) =X'K (60)
m

(67)

(66)

(69)

das=_(aNr)-l(~.dk + a~r.dx + aNr!!:i..+ aNr)
dw o<is ok dw ax dw at dw aw '

(70)

where G
w

= ac/aw- (ac/aas)(aNr/aas)-laNr /aw,
etc. Similarly to (49) we now have

Dual-ray tracing

(K b(_ dK - _ - - - - -)0J
K

X·dn+AG(X,K,ct)+ArNr(X,K,Cl) dn.

a (68)

The dual-ray equations are the Euler-Lagrange
equations of (68). Because of the complete anal­
ogy with (44), the ray equations are written by
inspection of (47), interchanging xand k, and t
and w, yielding

dk Gx "-=-=-=sdw G t '

dX =G£
dw Gt '

Following the dual Fermat principle (27), and by
inspection of (44), we now write

8XP=0,

and incorporate it into G (65) to derive

G(X, K, a) =0.

The derivation of the dual- ray equations which
are the generalization of (28) [j ust as (47) are the
generalization of (14)] follow s in a straightforward
manner. Corresponding to (42) we impose the
constraint

(65)

(62)

(63)

(61)~~n)(X) = E~~) (X) 8 .(X) · · · 8 (X)
l lJ"··V J v

G(X,K,a)=o,

which is the dual-dispersion equation [cf. (41)] for
solitary waves in inhomogeneous weakly disper­
sive nonlinear media. We again make the com­
ment that (65) is more symmetrical to F (41), but
also (64) can be used for ray tracing, using 8 of
the previous step to evaluate the derivatives of g.

where GrS still is a function of the amplitudes a
=(as) =( 81' 82 , 8 3 ,3C1 ,X2 ,X3)· The v!ll~hing of
the determinant of Grs defines 9(8, x, ct) =0, and
if we allow the constitutive parameters to weakly
depend on K, we have

9(8, X, K, a) =0 , (64)

which is the counterpart of (23) for the nonlinear
case. Similar to (24), integration of (64) yields

for the fundamental harmonic y =1. Similarly to
(38) we now obtain the generalization of (21) to
nonlinear media

(8 x JC) i + E~~) (X) 8 j + E~~~ (X) 8 j 8k + . . · =0 .

Similarly to (39), we now rewrite (62) in the ma­
trix form

which is a generalization of the harmonic function
(17). The argument which led from (33) to the
algebraization of the constitutive relations (37) is
applied to (57) -(60). This yields the constitutive
relations
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SOLITARY-WAVE STABILITY IN NONLINEAR MEDIA

which together with (69) provides the system of
equations for tracing the dual rays. This com­
pletes the formal derivation. Using the above
given example for wave-packet propagation, the
stability of solitary waves will be discussed.

however, this time, according to (61), the con­
stitutive relation (71) is in X sp9;.ce, while (53),
according to (37), was given in K space. For the
present case (62) reads [cf. (54)]

51'JC2 - 5 2JCl + (E(l) + E(2) 8
3

) 8
3

= 0 ,

8 (iiI' k 2), iiI = const have the profile as in Fig. 1,
symmetrical with respect to some value k 2 • In
addition, we assume that the plane k l = kl is per­
pendicular to the dual rays, i.e., on the plane
52 = O. Analogously to the previous example, we
have x 2 =const on a ray, Le., x·dx =0, and in
view of (75) S ·ds =0. The geometrical construc­
tion of orthogonal trajectories as for the previous
example yield s the dual ray s . Note, however,
that in the first problem S is inversely proportion­
al to the dielectric parameter (56), while in (75)
s is in direct proportion to J..lE eq • Consequently,
if E(x 2 ) for the first problem and S(kl , k 2 ) for the
present one have the same profile, the dual rays
in the present case will diverge, rather than con­
verge. For the linear case,! a simple example
has been considered, for which dispersion caused
the dual rays to converge. It is therefore feasible
for the nonlinear effects to counteract the dispers­
ive effects. If the dual rays end up being parallel,
all the spectral components will be propagating in
the same direction and the pulse will retain its
original shape, without undergoing fission. Ob­
viously, more elaborate and phy sically sound ex­
amples should be discussed. This requires ma­
chine computation and will be presented else­
where.

(71)

(72)52 63 - J-LJC1 = 0 ,

51 6 3 + J-L3C2 =0 ,

hence by inspection of (55), g (64) is now

To get more insight into the method, the pre­
vious problem will be used. As in the derivation
of the dual-ray equations, everything follows from
the wave-packet formalism by interchange of K
and Xvariables. Again the simple case of a ho­
mog ~neous dispersionless medium is considered.
The S field pulse is once again confined to the
x 3 direction. Similarly to (53), the constitutive
relations are given in the form

and henceforth &3 =8, the subscript will be sup­
pressed. The dual-dispersion equation corres­
ponding to (73) is

which should be compared to (56).
We are now ready to trace the dual rays, using

an example analogous to Fig. 1. Let us as­
sume that the amplitude (k 1 , k 2 ) is specified on
the plane k 1k 2 in k space. Let the spectral density

for 8 =const along a ray. In the transition from
(73) to (74) the addition of a constant of integration
is allowed, hence the time origin t =0 is arbitrary.
Again (66) is satisfied automatically, hence (69)
degenerate into (28). Furthermore, we have
dt/dW=O, dX/dw=O. From dt/dw=O we conclude
that t = const along the dual ray, and from di/d W

='0 we have ai/aw=o and (ai/ak)'(dk/dw) =0 [cf.
(52) ] . This means that xcan only change perpen­
dicularly to s. From (73) or (74)

CONCLUSIONS

The formalisms for wave-packet propagation
and ray tracing in i space, and the formalism
for solitary wave sand dual- ray tracing in k space
are related by interchanging x, t and k, W coordin­
ates. Nonlinear wave-packet propagation reveals
the phenomenon of self-focusing. This is due to
the fact that the field amplitudes, which are func­
tions of x, t, are involved in the ray equations.
Thus, nonlinearity contributes to the inhomogen­
eity of the system. Similarly, dual-ray equations
for solitary waves involve the amplitude of the
fields as a function of k, w, thus introducing dis­
persive effects. The dispersive effects of non­
linear origin can compensate, in certain cases,
the dispersion due to the constitutive parameters.
If this happens, the solitary waves will propagate
without undergoing fission.

These phenomena have been observed in the
past, but the dual approach provides new insight,
e.g., by showing that self-focusing and solitary­
wave stability are analogous phenomena. The
present discussion is theoretical and more ex­
amples, requiring machine computations, will be
necessary to fully evaluate the potential of the
present methods.

(73)

(74)

(75)

9 =- 52 + J..l Eeq =0 ,

E =E(1)+E(2)&
eq 3 '
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APPENDIX
Given

and the Fourier transforms

f(w) = f f(t)e 1wt , f(t)=;'/f ff(w)e-iwtdw,

prove

with the constraint

W :: WI + · · · + W n •

The proof is as follows:

f(t) = f dtl ·· · f dtn-lhl(t - t l ) .. • f dtng(tw '" t,)hn(t - t,) ,

h (t - t \::.!.- fh (w \e-iwn(t-t,)dw
n ~ 2n n" n'

and so on, leading to

f(t) =G'/frf d Wl '" f dW,/ll(Wl )' • · h n( w,)g( wlJ ... , w,)e-tt(Wl + ... +w n) ,

f(w) =(;;) n-l f dwl '" f dW,/ll(wl )" 'hn(w')g(wU "" w,) X 16 ,

I =1- f dt e it [w - (w I + ... +w n)] = <5 (w - ( w - w - W - • • • - w ))o 2n n I 2 n-1 ,

hence, instead of having n integrals, the last integral is evaluated by substituting

and we are left with n - 1 integrals. This completes the proof.
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and Computer Engineering, Ben-Gurion University of
the Negev, Beer Sheva, Israel.
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