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and for x=0 at #=0 the constant A vanishes. From
(38) and (40) it is clear that the pulse slows down
as the dielectric constant increases. An inter-
esting example is provided by the case of a “ma-
terial wave”, where a change in the dielectric
parameter is propagating through the medium

with a velocity #, according to

s=%=i%f(x—ut) . (41)

A simple instructive example is provided by f
=U(x —ut), where U is a unit step function with

its discontinuity at x =uf. As long as the localized
pulse is in the region x>ut its location is governed
by G=x+ct=0, i.e., it is not affected by discon-
tinuities in regions not occupied by the pulse.

The effects introduced by gradients in € can be
studied in terms of the example f=1+[a(x - ut)}?.
At x=ut the pulse moves according tox+ct=0,

but as soon as it leaves this dielectric well s
increases and the pulse is slowed down. Even-
tually it will move with the velocity « of the ma-
terial wave. A simpler case of the above class

is provided by a linear function f=1+ a(x - ut)

with @> 0, x> ut, and only propagation in the posi-
tive x direction is considered. For this case we
solve the differential equation ct’+aut=1+ ax.

The homogeneous solution is t=Ae~(®¥/¢%)  the
particular solution is t=x/u+B, A,B =const, hence
for x large enough, such that the exponential is
negligible, we have

G=x-ut+const=0. (42)

Again, the pulse will slow down to the velocity
of propagation of the material wave. The prac-
tical implementation of the phenomenon might
be very complicated but the way it has been de-
rived from a simple example demonstrates the
potential of the new method.

For the above examples (24) is trivial, dt/dw
=0, dx/dw 0 simply indicating the absence of
d1sper81on effects. Weak dispersion will be in-
troduced by modifying (39) to the form

€=€,(1+ax)P(1+Bw)?, (43)
where B is a small real constant. Accordingly,

G=Fct+x(1+ax/2)(1+Bw), (44)
and (24) prescribe

dt
E-—tﬁx(1+ax/2)/c s (45)
displaying the change of f as a function of w along
the dual ray defined by (24):

gf;:* (1+ax)(1+Bw)/c . (46)
%)
Integrating (46) yields the equation of the dual ray

Ss=

k=1 (1+ax)w(l+Bw/2)/c. 47)

For a given location », (45) prescribes that ¢,
the time when the pulse exists there, is propor-
tional to Bw. Hence different spectral components
propagate at different slowness rates [as demon-
strated by (46) as well]. For large x, (45) shows
that the time effect grows, displaying the fission
of the pulse as it propagates in the medium. The
effect can be decreased by having smaller B, but
even in a homogeneous medium defined by o =0
the effect will persist. Finally, a somewhat
oversimplified example will be considered for
demonstrating the construction and evaluation

of dual rays. Consider a homogeneous disper-
sive medium whose dual-dispersion equation

is given by

G=% %-[c(D =0
i (48)
ck)y=c(l+y ¥?), v>0,

where ¢ =(us€,)*/2 and v is small enough such
that y#* «< 1 for the range of k2 considered here,
otherwise the assumption of weak dispersion is
violated. From (24) we have

dw t[c(BE T2’

dt

7-=0, (49)
_q_x_ 2tcyk

=~ 2tvk.

The central position of the pulse is given by values
X, t satisfying (48) for some mean value of &2,
According to (49), ¢=const, and X is affected by
the dual-ray tracing. Let us check a few values
of k presumably existing in the spatial spectrum
of the pulse at time ¢. From the approximate
expressions in (49) it is clear that the dual ray
startmg with an initial value k which is parallel
to X will be a straight line. For an initial k
obhque with respect to the initial Xthe mcremen-
tal dk/dw, dx/dw change the directions of k and

X such that they gradually move towards some
common direction. It follows that the rays (i.e.,
the segments dk put end to end) diverge less as w
increases. This demonstrates the way fission

of the pulse takes place as various spectral com-
ponents move in different directions. The conver-
gence of the dual rays also suggests that the ampli-
tudes 8 (T{ w) (10) increase as w increase. More
concrete examples require machine computation.

IV. THE DUAL-FERMAT PRINCIPLE

The restricted Fermat principle for time-inde-
pendent media is stated in many textbooks on
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optics and electromagnetic theory (see, for ex-
ample, Jones®). Verbally stated, it says that
the travel time of wave packets between two
fixed points in space is stationary (maximum,
minimum, or inflection). The generalized form,
applicable to time varying media as well, has
been given by Synge,® in variational form

P .

5 f * (K d%-wdt)=0, (50)
£

where P, (x,,,t ),P,(%,,t,) are fixed endpoints.

Since k w,X,t are interrelated through the dis-

persion equation (8), the integrand (50) must be

augmented, using a Lagrange multiplier function

A

]

5 .,[ P’(ﬁ.gf_-w—+x(r)F(k 0 % t))d‘r 0(51)

where 7 is an integration parameter. Of course,
the addition of F =0 into (51) does not change the
value of the integrand, but derivatives are af-
fected. The associated Euler-Lagrange equations
of (51) are obtained as

dx 8F dk

ar —Mr )8k *dar =A@ ) X (52)
oF dw OF

T amis, =i

Dividihg by dt/dT we obtain the Hamilton equa-
tions (20) and (21) without additional assumptions.
The remaining equation dt/dr =A(8F/8w) is not
relevant to ray tracing although its physical in-
terpretation is of considerable interest, as
shown later.

Exploiting the formal resemblance of (20), (21),
and (24), suggests that (24) too be derivable from
a variational principle. Using the dictionary de-
veloped above, we obtain

B Kk .
0 L (E-%—tz%+A(Q)G(x,t;k,w)) dQ=0,
: (53)

where P, (k,, w,), P,(k,, w,) are fixed endpoints.
The Euler-Lagrange equations of (53) are then
given by

dk _ %

-A@2%, ZXoA@)2%-,
ase ax as ok (54)
dw 8G dt

Again, division by dw/dQ yields (24) and dw/dS
=A(8G/dt) itself is not material for the dual-ray
tracing procedure, although it would be desirable
to have some physical interpretation for it. It

is therefore natural to call (53) the dual-Fermat
principle. This formal construct needs now
physical interpretation. For that, we turn back
to the restricted Fermat principle for time-inde-
pendent media, which can be formally stated as

Xy o
af k-d%=0. (55)
%a

For this case (21) prescribes a fixed frequency.
Dividing (55) by w yields k/w in the integrand,
which is the reciprocal of the phase velocity.
Consequently (k/w) -dX=dt has the dimension of
time and (55) is equivalent to 8[¢(b) —t(a)] =
conforming with the verbal statement at the be-
ginning of this section. Corresponding to (55) we
have for frequency independent media

5 f (56)

For this case (24) prescribes ¢= const along the
dual ray, hence (56) can be written as 6 [ %/t -dk
=5 fdw 0 or 8[w(d) —w(a)]=0. Thus the (re-
stricted) dual-Fermat principle prescribes a
stationary frequency difference between two points
on the dual ray. To understand this in a more
physwal way, cons1der two adjacent points. For
fixed Ak= k, k and stationary value of Aw=w,

- w, this means that the slowness function §
=dE/dw is stationary. For minimum Aw this

. means that the pulse moves at the highest possible

speed (subject to G=0). This conforms with the
original idea of the Fermat principle, prescribing
a minimum travel time.

The interpretation of (51), hence also (53) is
much more difficult. Consider (51) first. Since
the time interval #(b) —¢(a) in (50) is fixed we
have to look for another quantity to replace the
stationary travel time of the restricted Fermat
principle. Censor®!° proposed the interpretation
that in general the proper time! (in the relativis-
tic sense) is stationary. For an observer at-
tached to the wave packet the proper time 7 is
related to laboratory time ¢ by

AT 1 =FF/c?M 2= ;— 67)

where V is the group velocity of the wave packet.
This is motivated by the observation that for fixed
dt in (57), dT will be minimum for maximum V.
The idea that the wave packet moves with maximum
velocity conforms withthe minimum travel time con-
ceptinthe restricted Fermat principle. Aplausible
interpretation of (50) follows in a consistent way.
Writing the integrand (50) in the form

~[(0=F 9] ar = —ar, (58)
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the quantity in brackets is recognized as the rela-
tivistic transformation formula for the frequency,
hence in the proper frame we have . This quan-
tity will be minimized as V is increased. Simi-
larly, the generalized dual-Fermat principle (53)
can be interpreted in a way which links it with

the restricted form (56). Here again (53) pre-
scribes fixed endpoints such that w(b) - w(a)
=const, and therefore we have to look for a dif-
ferent quantity which is stationary on the dual
ray. Motivated by (57), we now define

aQ ( g.u\¥2 1
(LI L
dw c Y
lY= 5/ (§ . §) ’

where df2 is the element of proper frequency for
an observer attached to the localized pulse. To
understand the physical justification for (59) we
recall that (57) describes the relativistic time
dilatation phenomenon. This is derived by dif-
ferentiating the time transformation formula
t=y(7 +V +¥'/c?) holding VX’ fixed, where ¥ is
the position vector in the proper frame. Similarly,
differentiating the frequency transformation
formula w =¥(Q +K’ <) with k’ -d=const yields
(59). We now rewrite the generalized dual-Fer-
mat principle in the form

(59)

5 fi-dl?-tdwa f[(i-;—t)y]dsz, ' (60)

and further modify the integrand to obtain
S [(X-0th]dQ=8.XdQ=% «dr’, (61)

where X’ is the position vector and di’ is the ele-
ment of k’ for an observer attached to the localized
pulse. This representation conforms with (56),
hence we can finally state that along the dual rays
the proper frequency is stationary. Again, from
(59) this means that the pulse moves at the highest
speed to minimize the travel time.

V. CONCLUSIONS

Propagation of localized pulses in inhomogen-
eous weakly dispersive media is discussed, using
Maxwell’s equations of the electromagnetic field
as a concrete physical model. It is shown that a
duality exists between the present case and con-
ventional ray tracing in dispersive weakly inhomo-
geneous media. The analysis leads to the defini-
tion of dual-ray theory, the group slowness con-
cept, the dual-Fermat principle, etc. At each
stage of the discussion the formal analogy helps
in choosing the correct definitions and relations,
and helps in understanding the physical import
of the new concepts. Some simple examples are
given, however, for specific applications machine
computations are necessary. The present dis-
cussion is confined to linear lossless systems.
The implications for lossy and nonlinear media
will be considered in the future.
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