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(38)

(39)

(36)

(35)

a ..
-:;x x=O
ak '

ax +!t=o
aw ak '

(11) is satisfied. Hence cp can be reconstructed
and (33) can be considered solved. By inspection
of (23) and (36) it is noticed that (a/Sk) x x=O
prescribes a dual Snell law of refraction for the
dual rays in k space.

B. Examples

The solution of (20) and (21), or (24) can be
conveniently obtained using numerical methods
(e.g., the Runge-Kutta method7

). Even though
the present study is theoretical, a few simple
examples are presented to highlight the new
method and its physical import~ In (15) let us
considerl an isotropic, inhomogeneous, and non­
dispersive medium, such that JJ. =#-Lo=const and
E: =E:(x, t), where #J.o, E:are scalars. Consequently,
(16) is derived in the form

G=det t8x 8xi - E Jloi) == 0, (37)

where I is the idemfactor dyadic. For transverse
one-dimensional fields (37) reduces to

S= :~ =± [J.LoE:(x, t)]1/2 •

aG/ax dx dt 8G/ak dk acl8w
aGI8t · dw+ dw + aGlat · dw + 8G/at =0, (34)

The simplicity of (38) is somewhat misleading
since for the full wave solution (1) with arbitrary
E:(x, t) usually leads to complicated differential
equations. It is due to the present method of de­
fining localized pulses that (38) is obtained in
this simple form. Clearly, for a large variety
of cases (38) should be easily integrated, yielding
the dual-dispersion equation (17)0 For example,
consider

in the domain E: > '0 with a an arbitrary real para­
meter. The integration yields

G =:;: ct+A+x+i'x2=O, c=(#-LOE:O)-l/2, (40)

whose solution, with proper initial conditions,
. satisfies (33). Using (14) in (34) prescribes (24)

as the set of dual-ray e'quations equivalent to (33).
Similarly to (22) cp(k, w) is represented as a line
integral

.. f.P(i,W) ..
cp(k,w)= .. (x·dk-tdw),

Po(ko,wo )

and stipulating the uniqueness conditions

ill. THE DUAL-DISPERSION EQUATION AND RAY
TRACING

function of li, w. This justifies the assumptions
we made on &0 (10).

The present section is more than an exercise
in Fourier transforms, because the physical
properties are included via the disEersion equa­
tion F(k, w) =0 [or equivalently w(k)],' and the
dual-dispersion equation G(X, t) = 0 [or equivalently
t(i)]. In (25)-(29) this prescribes values k, w
which satisfy F =0. Similarly in (30)-(32), for
a given time to the pulse is spread in an interval
Xo:i: AX about a central value xo, such that G( Xo,
to> = 0 is satisfied. There is a slight difference
between the two cases which should be mentioned.
Since G = 0 (17) is the integral of (16), there
exists a constant of integration which permits
an arbitrary choice for the initial location of
the pulse.

A. Theory

The manner in which the group slowness concept
appears as the counterpart of the group velocity
suggests that ray tracing as well has its· analog.
This is the dual-ray tracing theory. It describes
the propagation of localized pulses in inhomo­
geneous weakly dispersive media. Dual-ray
theory, like conventional ray theory, rather than
dealing with specific signals, describes the effects
induced by the medium at hand. A cursory out.­
line has been given above, and necessary addi­
tional detail is supplied here.

Starting with the constitutive relations (9) and
assuming solutions of the form (10), with prop­
erties (11) and slow variation of the amplitude,
the operational forms (12) are obtained. This
yields (13) which still contains the rapidly varying
factors k, w, which must be properly eliminated.
The argument presented in the former section
for inhomogeneous nondispersive media led to
the concept of group slowness s=at/ax, and
described the amplitude of the dual-wave packet
as c:onstant on the line k. - sw =const in it space.
This corresponds to s=.dk/dw. These results are
adopted for inhomogeneous weakly dispersive
media, justifying the use of (14) in (13). Finally
this leads to the definition of the dual-dispersion
equation (17). The transition to (24) is now de:­
rived in more detail.

Reinstating (11) in G =0 (1 7) yields the analog
of (18):

G(acplak, - acp/aw;k, w)=O, (33)

whose solution is sought. Following the same
line of argument as for the conventional ray­
tracing theory, the counterpart of (19) is obtained
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displaying the change of t as a function of w along
the dual ray defined by (24):

dk
s =dw =± (1 + ax)(! + I3w)/c • (46)

Integrating (46) yields the equation of the dual ray

Again, the pulse will slow down to the velocity
of propagation 'of the material wave. The prac­
tical implementation of the phenomenon might
be very complicated but the way it has be~n de­
rived from a simple example demonstrates the
potential of the new method.

For the above examples (24) is trivial, dt/dw
=0, di/dw=O simply indicating the absence of
dispersion effects. Weak dispersion will be in­
troduced by modifying (39) to the form

E: =E:o(1 + ax)2(1 + {3W)2 , (43)

where {3 is a small real constant. Accordingly,

G ==1= ct+x(1 + ax/2)(1 + (3w) , (44)

and (24) prescribe

dt
dw =± I3x(l + ax/2)/c , (45)

and for x=O at t=O the constant A vanishes. From
(38) and (40) it is clear that the pulse slows down
as the dielectric constant increases. An inter­
esting example is provided by the case of a "ma­
terial wave", where a change in the dielectric
parameter is propagating through the medium
with a velocity u, according to

dt 1
S =-d=±-f(x-ut). (41)x c

A simple instructive example is provided by f
=U(x - ut), where U is a unit step function with
its discontinuity at x =ut• As long as the localized
pulse is in the region x>ut its location is governed
by G=x ± ct =0, i.e., it is not affected by discon­
tinuities in regions not occupied by the pulse.
The effects introduced by gradients in E: can be
studied in terms of the example f= 1+ [a(x - ut)]2.
At x=ut the pulse moves according to'x±ct=O,
but as soon as it leaves this dielectric well's
increases and the pulse is slowed down. Even­
tually it will move with the velocity u of the ma­
terial wave. A simpler case of the above class
is provided by a linear function f =1+ a(x - ut)
with a> 0, x ~ ut, and 'only propagation in the posi­
tive x direction is considered. For this case we
solve the differential equation c~'+ aut =1+ ax.
The homogeneous solution is t =Ae-<ou/es), the
particular solution is t=x/u+B, A,B=const, hence
for x large enough, such that the exponential is
negligible, we have

IV. THE DUAL-FERMAT PRINCIPLE

(47)

(49)

(48)

k =± (1 + ax)w(1 +~w/2)/c •

C(k)=c(l+y,~), y>O,

where c =(J.LoE: o)-1/2 and y is small enough such
that y1t« 1 for the range of k 2 considered here,
otherwise the assumption of weak dispersion is
violated. From (24) we have

The restricted Fermat principle for time-inde­
pendent media is stated in many textbooks on

For a given location ", (45) prescribes that t,
the time when the pulse exists there, is propor­
tional to {3w. Hence different spectral components
propagate at different slowness rates [as demon­
strated by (46) as well]. For large x, (45) shows
that the time effect grows, displaying the fission
of the pulse as it propagates in the medium. The
effect can be decreased by having smaller (3, but
even in a homogeneous medium defined by a =0
the effect will persist. Finally, a somewhat
oversimplified example will be considered for
demonstrating the construction and evaluation
of dual rays. Consider a homogeneous disper­
sive medium whose dual-dispersion equation
is given by

G =x· x- [c( it) ]2t2= 0 ,

dk x x
dw=t[c(k)r~ICI'

dt =0
dw '

dx 2tC:lk ~
dw = c(k) ~ 2tyK.

The central position of the pulse is given by values
x, t satisfying (48) for some mean value of k 2 •

According to (49), t=const, and i is affected by
the dual-ray tracing. Let us check a few values
of Kpresumably existing in the spatial spectrum
of the pulse at time t. From the approximate
expressions in (49) it is clear that the dual ray
starting with an initial value it which is parallel
to xwill be a straight line. For an initial k
oblique with respect to the initial xthe incremen­
tal dk/dw, di/dw change the directions of it and
x such that they gradually move towards some
common direction. It follows that the rays (i.e.,
the segments dk put end to end) diverge less as w
increases. This demonstrates the way fission'
of the ,pulse takes place as various spectral com­
ponents move in different directions. The conver­
gence of the dual rays also suggests that the ampli­
tudes 80(1{, w) (10) increase as w increase. More
concrete examples require machine computation.

(42)G=X - ut+ const =0 •
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(54)

(52)

(57)

(56)

(55)

(58).. :!\ dt
-[(w -k eVlY]- dT =-OdT

ydT '

is therefore natural to call (53) the dual-Fermat
principle. This formal construct needs now
physic al interpretation. For that, we turn back
to the restricted Fermat principle for time-inde­
pendent media, which can be formally stated as

f i b -o .. k -dx=O·.
J:a

For this case (21) prescribes a fixed frequency.
Dividing (55) by w yields k(w in the integrand,
which is the reciprocal of the phase velocity.
Consequently (k;w) ·dx=dt has the dimension of
time and (55) is equivalent to o[t( b) - t(a)] =0,
conforming with the verbal statement at the be­
ginning of this section. Corresponding to (55) we
have for frequency independent media

It b +

o .. i-dk=O.
to "

For this 'case (24) prescribes t = const along the
dual ray, hence (56) can be written as 0 JXlt -dk
=0 Jdw=O or o[w(b) -w(a)]=O. Thus the (re­
stricted) dual-Fermat principle prescribes a
stationary frequency difference between two points
on the dual ray.To understand this in a more
physical way, consider two adjacent points. For
fixed tJ. k=k" - k. and stationary value of ~w = wb

- wa this means that the slowness function s
=dk/dw is stationary. For minimum tJ.w this
means that the pulse moves at the highest possible
speed (subject to G = 0). This conforms with the
original idea of the Fermat principle, prescribing
a minimum travel time.

The interpretation of (51), hence also (53) is
much more difficult. Consider (51) first. Since
the time interval t (b) - t (a) in (50) is fixed we
have to look for another quantity to replac e the
stationary travel time of the restricted Fermat
principle. Censor5,loproposed the interpretation
that in general the proper timell (in the relativis­
tic sense) is stationary. For an observer at­
tached to the wave packet the proper time T is
related to laboratory time t by

where v is the group velocity of the wave packet.
This is motivated by the observation that for fixed
dt in (57), dT will be minimum for maximum v.
The idea that the wave packet moves with maximum
velocity conforms with the minimum travel time con­
ceptin the restricted Fermat principle. Aplausible
interpretation of (50) follows in a consistent way.
Writing the integrand (50) in the form

i Pb (+ dx dt + +)o 'P. k-;jT"-w dT +X(r)F(k,w;x,t) dr=O,

tI (51)

Ii iPr. (k .dx - wdt) =0, (50)
~

where Pa( ia, ta),Pb (x", tb) are fixed endpoints.
Since k, w, x, t are interrelated through the dis­
persion equation (8), the integrand (50) must be
augmented, using a Lagrange multiplier function
X,

dt aF dw aF
-=x(r)- d-r=-A(T)-at ·dr aw'

Dividing by dt/dr we obtain the Hamilton equa­
tions (20) and (21) without additional assumptions.
The remaining equ'ation dt/dT = x(aFlaw) is .not
relevant to ray tracing although its physical in­
terpretation is of considerable interest, as
shown later.

Exploiting the formal resemblance of (20), (21),
and (24), suggests that (24) too be derivable from
a variational principle. Using the dictionary de­
veloped above, we obtain

(~(+ dk dw (.) (+ + )~o ~ X-dO -tdO +A 0 G x,t;k,WJdO=O,

• . (53)

where Pa(k., wa), Pb(kb, wb) are fixed endpoints.
The Euler-Lagrange equations of (53) are then
given by

dk aG dx aG
dO = -A(O)SX' dO =A(O)8k'

where T is an integration parameter. Of course,
the addition of F = 0 into (51) does not change tlie
value of the integrand, but derivatives are af­
fected. The associated Euler-Lagrange equations
of (51) are obtained as

dx SF dk SF
-=-X(r)- -=X(r)-
dr ak" dr ax '

optics and electromagnetic theory (see, for ex­
ample, JonesB

). Verbally stated, it says that
the travel time of wave packets between two
fixed points in space is stationary (maximum,
minimum, or inflection). The generalized form,
applicable to time varying media as well, has
been given by Synge,9 in variational form

dw =A(O)~ !!:!.-= -A (0) aG
dO at ' dO aw •

Again, division by dW/dO yields (24) and dW/dO
=A(aG/at) itself is not material for the dual-ray
tracing procedure, although it would be desirable
to have some physical interpretation for it. It
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(59)

the quantity in brackets is recognized as the rela­
tivistic transformation formula for the frequency,
hence in the proper frame we have O. This .quan­
tity will be minimized as vis increased. Simi­
larly, the generalized dual-Fermat principle (53)
can be interpreted in a way which links it with
the restricted form (56). Here again (53) pre­
scribes fixed endpoints such that w( b) - w(a)
= const, and therefore we have to look for a dif­
ferent quantity which is stationary on the dual
ray. Motivated by (57), we now define

dO =(1 _ii ·u)1/ 2 =!.-
dw c 2 y ,

ii= s/ (8 • S) ,

where dO, is the element of proper frequency for
an observer attached to the localized pulse. To
understand the physical justification for (59) we
recall that (57) describes the relativistic time
dilatation phenomenon. This is derived by dif­
ferentiating the time transformation formula
t =y (7 +V•x'/c2

) holding v·x' fixed, where x is
the position vector in the proper frame. Similarly,
differentiating the frequency transformation
formula w =y(O+k' ell) with it' .ii=const yields
(59). We now rewrite the generalized dual-Fer­
mat principle in the form

/) Jiodk-tdw=/) f[{ios-t)y}W, , (60)
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