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Figure 1. Geometry for the problem of a plane wave scattered from a particle at r and detected by an observer
atr'. :

The single particle is scattering according to e*?/R, R =|r'~r|, and the total field ¢ at
frequency @ measured as r’ is given by '

© +00 +00
Y =iy f d¢ J’ dn J dZe™ ¢*}/R, (8)
-A —00 -0 -
where

R=[(x—&)*+(y—n)+(z-{)"]V> (9)

In equation (8) it is assumed that a plane wave is transmitted in the +x direction, and
that scatterers are confined to the region to the right of the plane x = —A. It is demonstrated
in Appendix A that the integration over 7, £ yields

(lj:iZﬂ:ﬁ)-'[eikx J’x d§+J‘°°eik(25—x)d§:|' (10)

k —-A x

In more complicated situations, y is dependent on directions. It is shown in Appendix
A that similar expressions are obtained by using the stationary phase method to integrate
expression (8). The first integral in equation (10) yields x + A. This means that the particles
situated in the slab region —A < £ =< x contribute a coherent forward scattered field, whose
amplitude is i27Ay(x + A)/k. The second integral is oscillatory and does not converge.
However, if a small attenuation is assumed, i.e.,

k=k, +ig, (11)

‘where ¢ can be arbitrarily small, the integral converges at £=co. This situation arises
also in arguments concerning the radiation condition [9]. Hence, the second integral yields

e ™45 (1/2ki) €2X]T =~/ 2k, (12)

which means that the combined effect of all the scatterers to the right of x is again to
produce a forward propagating wave. The total field, including the time factor, is therefore
given by

i(x+A)_L]} gikx—ior (13)

([/(t)={l+27rﬁ‘7[ 2 oYE
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The model leading to equation (13) is oversimplified, and certain features in it must
be qualified. To begin with, the assumption of a plane wave of infinite extent is nonphysical.
It involves infinite energy, and does not make provision for attenuation due to scattering,
or the transition of coherent to incoherent radiation. Thus in expression (13) if x+ A-> 0
the amplitude will increase to infinity, which one knows to be wrong, because it violates
energy conservation. But equally non-physical is also an infinite volume of scatterers.
One could of course assume that the observer is at x =0, that the source is of finite extent,
and therefore as A grows, the amplitude will decrease as 1/ A (at large distance the finite
source can be approximated as a point spherical wave source). In any case, the main
conclusion of the analysis is as follows: from expression (13) it is now clear that the
presence of the particles has an effect on the forward propagating field, but that no
backscattering can be produced, since the total field has the factor e’** ™' corresponding
to a wave propagating in the direction of incidence.

These conclusions are supported by a discussion of a closely related problem, considered
by Rytov et al. [10]. They considered a finite dimension ensemble of scatterers; therefore
they obtained coherent scattering also at an off-forward angle, but the scattered field
decreased rapidly as this angle increased.

At the transmitter x = — A, the field is therefore

Y =[1—wmiay/k*] e kAo ' (14)

For simple media the dispersion relation is k = w/C, where C is the phase velocity. For
particles small compared to a wavelength one has Rayleigh scattering: i.e., ¥ is propor-
tional to w® and thus to k*. Consequently the second term in expression (14) is proportional
to the incident wave with a frequency independent proportionality factor. This means
that any transmitted wave of arbitrary pulse shape will be detected without distortion.
On the other hand, if ¥ is a constant independent of the frequency, the factor 1/k*
appearing in expression (14) corresponds to twice integrating with respect to time in the
time domain. This is a well known property of the Fourier transformation and will be
applied later in this paper. A general wave system may have temporal (w-dependent) as
well as spatial (k-dependent) dispersion [11]. In that case one can assume w factors in
expression (14) corresponding to time differentiation and k factors corresponding to
gradients in the time domain. All this means that, depending on the properties of the
particles, the original incident field can be distorted, in space and time, but that no
backscattered wave will be generated.

To investigate the situation where 7 is not uniform throughout space, let i=0 in the
region —A =< x=< B, and let the observer be situated in this region. Then expression (10)
becomes

i2wny Jw 260 G _"_’Z'_yezike emikx (15)
k B k

For this case an echo signal is obtained, because the factor e™** ™' indicates a backward
scattered wave. The phase factor e”*? is due to the round trip distance from the transmitter
to the boundary and back to the receiver. It is therefore seen that particle density gradients
produce backscattering, which is of course a known fact.

The question arises as to the effect of attenuation on the above theory. Namely, if k
is complex, and possibly dispersive, i.e., k = k(w), does one still obtain expression (10)
without further qualification? The answer is positive. The theory leading from expression
(8) to expression (10), with details given in Appendix A, is not modified by complex k,
as can be seen by retracing the argument. ‘
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Thus, consider in expression (13)
k=a(w)+ig(w), . (16)

where a and B are real functions of w and are chosen arbitrarily. The result (13) can
now be given for an attenuated plane wave propagating into the medium. In the time
domain, general solutions are obtained by superposing plane waves as in expression (13),
with a weight function W(w). Thus expression (13) becomes

e — i(x+A) 1 ik(w)x—iwt
Lo dw W(w)[l+2wn7(w)[—k(w) ———2k2(w)]}e (whxior (17)

The effect of expression (16), combined with y(w), might distort sharp pulses such that
their peaks are not identifiable any more. However, since all the spectral components
propagate in the same direction as the incident wave, even though the speed of propagation
is complex and frequency dependent, there is no coherent backscattering.

3. ANALYSIS OF A TRANSMITTER-RECEIVER TRANSDUCER PAIR

In order to give a strong support to the theoretical predictions of the previous section,
a realistic example of a disk transmitter and a central point-receiver transducer pair has
been chosen. The transducer is backed by a rigid baffle. The scattering particles occupy
the right half space. It can now be shown that the received pressure in this case is identical
to the pressure sensed by the point-receiver due to radiation emitted by the disk in the
absence of scatterers. This confirms the above theoretical prediction that no coherent
backscattered radiation exists. _

Let ¢,,(r, t) denote the velocity potential impulse response of the disk-point transducer
pair, at time ¢t and due to a particle located at r. By using the reciprocity principle
expounded by Freedman [12], ¢4, can be written as [13, 14]

¢dp(ry t) = ¢d(rs t)*d’p(rv t)s (18)

where the asterisk denotes convolution, ¢, is the impulse response of the disk [15], and
¢, is the impulse response of the point transducer [16],

o(t—
& _1 /e 4 . (19)
r
where AS denotes the effective area of the point transducer, henceforth taken as AS =1.
The total velocity potential response due to a random ensemble of scatterers, uniformly
distributed in the z> 0 half space, is given by the integral

d(t)= IJJ o(r, t) do. (20)

>0

The integral (20) has been numericall} evaluated. The expressions used are given in
Appendix B and the result is given in Figure 2(a).

To confirm that the numerically calculated results shown in Figure 2(a) are reliable,
one can find analytical expressions for two special cases and compare the above numeri-
cally calculated results with the two analytical expressions. One special case is that of a
small region which is very close to the center of the disk. The point-disk transducer pair
should now behave like a point-infinite plane transducer pair, while in the far field case
the point-disk transducer pair behaves like a point-point transducer pair. The analytical



RANDOM ENSEMBLE SCATTERING OF RADIATION 405
¢ ()
$,a(1/4)ca?

$ra{1/d)c312

>t

1

E

1
a/c

o

0 arc

3
“d‘fg” )

o la/c

Figure 2. Numerically calculated forward and backscattered velocity potentials and pressure due to uniformly
distributed particles for a point receiver at the center of a disk of radius a whose surface executes a velocity
impulse. (a) Velocity potential ¢(¢) for scattering coefficient y independent of frequency; (b) solution (a)
differentiated once with respect to time changes the velocity potential solution to pressure; (c) solution (b)
diﬂe;entiatcd twice with respect to time giving the numerically computed detected pressure for y proportional
to w”, :

expressions for the backscattered velocity potential for these two special cases are derived
in Appendix C and are as follows:

$:(1)=c*/4 (for 1-0),  ¢(1) = ca’/4(for 1> ). (21, 22)

The curve depiéted in Figure 2(a) is seen to be consistent with expression (21), even for
times ¢ =< a/c which are not necessarily infinitesimal. Thus

d(1)oc /4 (for t<a/c). ' (23)

Also, the curve is consistent with expression (22) even for times ¢t which are not necessarily
infinite, '

¢(t)occonst. (for t>a/c). (24)

The explanation is as follows. For times ¢ < a/c the only rays reaching the point receiver
at the origin must originate from regions of the plane within a circle of radius a. Hence
during this time period the detected velogity potential ¢(f) due to the disk must be
identical with ¢,(¢), the potential due to the infinite plane/point transmitter/receiver
pair. For t> a/c no more rays from the disk of radius a can reach the point detector.
Thus any rays arriving during this period must be due to backscattering. The previous
analysis predicts, however, that the total backscattered radiation is identically zero. Thus
the detected pressure for > a/c is zero and thus the velocity potential ¢(t) = | p dt must
be constant. Note that the above argument is not a proof. If one had a simple proof, one
would not need the numerical calculation. What has been shown here is that all parts of
the discussion fit together in a consistent way. '
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Thus far it has been shown that the numerically computed backscattered velocity
potential ¢(t) is a reliable result. One can further show that the received pressure is
identical to the pressure sensed by the point-receiver due to radiation emitted by the disk
in the absence of scatterers. This latter is a result that can be found in the literature [17].
It means, as mentioned at the beginning of this section, that coherent backscattered
radiation is non-existent.

Equation (13) states that for the scattered pressure at a point, infinitely near a plane
transmitter in a semi-infinite medium, a forward traveling wave exists which is identical
in form to the incident wave, provided that the scattering factor v is proportional to k°.
To show that the numerical computation shown in Figure 2(a) for a point detector at the
center of a disk transmitter agrees with this prediction, one can differentiate the curve
shown in Figure 2(a) with respect to time three times: the first differentiation changes
the velocity potential to pressure, and the other two differentiations have the effect of
multiplying the scattering coefficient assumed in the numerical computation by (~iw)?
which is proportional to —k* (as mentioned in the previous section, the factor —iw
corresponds to differentiation in the time domain). The result of differentiating Figure
2(a) three times is shown in Figure 2(c) and is exactly identical with the pressure detected
at the center of a disk calculated by Robinson et al. [17].

4. DISCUSSION

The present study has shown that uniformly distributed scatterers produce no coherent
backscattered echo for any field geometry or waveform, as long as the multiple scattering
is insignificant, but they do produce a coherent scattered component in the direction of
incidence.

The most important implication of this result is that spatially coherent backscattering
must always be due to non-uniform scatterer volume density or size gradient or peri-
odicities on a scale larger than the illuminating system range cell (for a strong coherent
echo to be produced, the gradient must be sharp with respect to the range cell). Since
many authors have tacitly or explicitly addressed the possibility of the existence of
backscattered coherent scattering from uniformly distributed scatterers, e.g., Madsen et
al. [2] and Lizzi et al. [8], this seems to be an important issue which needs clarifying. It
is hoped that the present discussion will serve to answer the question of whether in a
specific case coherent backscattering should be anticipated or not.

The second implication of this work is that it may be possible to estimate local scatterer
volume densities in terms of the change of the coherent signal on transmission, by using
tomography methods. Estimation of local volume densities (rather than density gradient)
from backscattered radiation may still be possible by using non-linear properties of the
medium or the scatterers.
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APPENDIX A

The aim is to prove that

ac © ikR )
J‘_A d¢ I_ d"? J d{ e.k rf(é-)____:%elkrvﬁk:: j ) eik,(eﬂx—fl)f(g) d§, (A.l)

where
R=[(x=&+(y—n)V+(z=0)"1"%,  k-r=kf+kn+ky. (A2)

The proof is as follows. First apply V?+ k? to the left side of expression (A.1). This can
be interchanged with the integration and will only affect ¢*?/R. Note that expression
(A.1) does not contain solutions of the homogeneous wave equation. One also knows
that ¢*®/R is the free space Green function of the Helmholtz equation

(V2+ kY e*F/R=~4m8(£~x)8(n~y) 8(L —z). (A3)
Hence the left side of expression (A.1) becomes

—dm el J m dE (& —x)f(£) ™. | (A4)

Now apply V2+k? to the right side of expression (A.1), where
Vi+ K= /ax?+a/ay* + 8ozt + ki + K2+ K2, (A.5)
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Since (8*/ay*+k2) e =0 and (3°/az*+ k2) "* =0, one is left with

2 ik er ik ¢ [ a z] ik |x—g]
o pkotik, R —+k N . .
K © e @) g etk e (A.6)

But e'*s"*~¢l is the one-dimensional Green function [18] satisfying
(i/2k)[0%/ax*+ k2] eI~ = —§(x - £). (A7)

Hence the validity of expression (A.1) is demonstrated.

The integral (A.1) can also be evaluated by using the stationary phase approximation.
In the present case the stationary phase method yields the exact value. When y (which
appears as 7 in expression (8)) is a function of directions, and therefore cannot be taken
outside the integral sign, the stationary phase approximation yields a physically plausible
result. The two-dimensional stationary phase approximation is given by (see, for example,
reference [6])

27i h(ao, Bo) e*8eePo

. h ikglaB) 27~
JJoespriamre K [8un (0, Bo)8as (@0, Bo) — 825(a0, B1">

where a@q, B, denote the stationary point defined by the vanishing of the first derivatives

ga(aOs BO)__-O’ gﬁ(a’o, B0)=0) . ’ ' (A'g)

and the approximation holds provided the second order derivatives g..(ao, Bo),
gs.5(a0, Bo) and g, s(ao, Bo) are non-vanishing.

The stationary phase method can be used to integrate expressmn (A.1) with respect to
7, ¢ as follows. First

) (A.S)

ke, ke k:
g=p Lt I =+ (=) + (2 =01,

k y-n7 _k 2y
g’)— k R b g‘_ k R N (A'IO)

Instead of computing values 7,, {, satisfying g, =0, g, =0 one can note that

’\_’_,._.}"'7]0 ’\_'::__Z—{O

- —£\2 a2 _ oy \271/2
k- Re ' kR’ =[(x =&+ (y—no) +(z—{0)’] (A.11)

prescribes

ki/k=(x—£)/Ro AR

in order that k* = kX+k}+ kZ be satisfied. This means that R, is the distance between the
points x, y, z, and &, 1o, {o; Where 7, {, are chosen such that R, is parallel to the direction
k of the incident wave (see Figure A1). From this it follows that

kRo=k:Roy=k. (x—¢)+ k_‘-(}’ —n0) +k.(z—2) (A.13)
and therefore
kg=kx+ky+k._z, x> £ (A.14)

i.e., one obtains the exponent k - 1 of the incident wave. On the other hand, if £> x then
in expression (A.12) one has a change of sign and instead of expression (A.14) one now
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Figure Al. Geometry for the stationary phase method.

has
kg =—kx+ky+kz+2kt, £>x, (A.15)

again in agreement with expression (A.1). Consider instead of f(£) in expression (A.1)
a function depending also on 7, {. This corresponds to h(a, B) in expression {A.8). The
value h(ao, Bo) on the right side of expression (A.8) corresponds to choosing

Yok k) forx>&  y(-k,k, k) forx<¢ (A.16)

in expression (10). The y corresponding to x> £ is in the direction of the incident wave,
and the y for x < £ is in the direction of specular reflection.

FinaHy one has to compute the second derivatives by differentiating g, g; in expression
(10). This yields ' '

1 (y-n) 1 (z=2) _b=n)E-0

&m=p R’ 8x=q R 8nt R’ ) (A17)

At the stationary point, upon using expression (A.11),

1 k> 1 A% 1 kk,
o=} s [-(R)] segi aw

Hence at the stationary point
Vgun8er = gc = (1/ Ro)(K:/ k), (A.19)

which displays the consistency between expression (A.1) and the integration according
to the stationary phase method (A.8).

APPENDIX B

Let ¢4(r, t) represent the velocity potential impulse response of a flat disk transducer
embedded in an ideal rigid wall. According to Oberhettinger [15], ¢4(r, t) is derived as
follows. . '



410 GUOYAO YU, V. L. NEWHOUSE AND D. CENSOR

In case A, p=<a (see Figure Bl(a), where p, ¢, z are cylindrical co-ordinates),
0, <z
¢, z<ct<R'

1 e |:c212—22+p2—a2
¢ arccos
2pV P —27

0, ct>R

¢d(r) I) =

], R'<ct<R{. (B.1a)

In case B, p> a (see Figure Bi(b)),
0, ct<R'
2,2 2 2 2
_ ct'~z"+p°—a
da(r,)=4 cr 'arccos[
¢ 20V 2P = 22

0, c>R

], R'<ct<R). (B.1b)

Here
R=vJz*+(a+p)? (B.1c)
is the largest distance from point S to the circumference of the disk and

R'=Vz*+(a-p)’ _ (B.1d)

is the smallest distance from S to the circumference of the disk.
Let ¢,(r, 1) represent the impulse response of a point transducer; then

d,(r, 1)=(1/27) d(t—r/c)/r. ' (B.2)
The impulse response of the disk-point transducer pair is then
¢dp(r, t) = ¢d(r) ') * ¢p(r’ t)' (B-B)

The total velocity potential impulse response ¢(¢) due tb all scatterers distributed uni-
formly in the half space is

¢(l)=JJJ dap(r, t) do. (B.4)

z>0

For any specific time ¢, the scatterers located in such regions which the incident wave
has already passed through, or at which it has not yet arrived, will not scatter. Therefore,
the integrand ¢,,(r, #) will vanish in most regions of the half space for any specific time
1. The integration thus needs to be executed only over a very limited portion of space:

S5lp, ¢, 2}

(o)

Figure B1. Geometry for the disk transduccr.: (a) p=a;(b)p>a



RANDOM ENSEMBLE SCATTERING OF RADIATION 411

i.e., over the range cell. Upon taking this into account, it can be shown that the integral
can be rewritten (after normalization) as follows. For t<a/c,

ot ct/2~p2/2ct
(1) = J J d4p(p, 2z, t)p dp dz. (B.5a)

p=0Jz=0

Fora/c<t<3a/c,

1/2(ct—1) fct/2—(p?/2ct)
d)(l) = J- J ¢dp(p’ zZ, ’)P dp dZ

p=0 z=(J2=1/2e) /M 2P —4(p+1/2)
1

(ct/2)=(p?/2¢cr)
+J J‘ ¢dp(p9 Z, t)p dp dz
p=1/2(1—-1)

z=0

1/2(ct+1) J~(Jc’.z—1/2::)/Jc’:’—4(p-|/2)2

+ bu(p,z,t)pdpdz.  (B.5b)

p=1 z=0

For t>3a/c,’

1 ct/2~(p?¥/2ct)
é(1)= J bap(ps 2, 1)p dp dz

p=0 Jz=(J2i172ety/VF P —a(p+1/2)°

1/2(ct=1) (V2 =1/2ery/VcTT=4(p-1/2)?
+J J @up(p, 2, )p dp dz

p=1 z=(Ve2i=172c) VP~ a(p+1/2)°
1/2(c14+1) (s/c,l!—l/ZCI)Jc’lz-d(p—l/2)!

'

dar(p, 2, 1)p dp dz. (B.Sc)

p=1/2(ct—1) J 2=0

The integrals (B.5) have been numerically evaluated and the results are displayed in
Figure 2(a).

APPENDIX C

In this appendix the velocity potential is calculated at a point on an infinite plane
whose surface executed a velocity impulse, due to uniformly distributed particles whose
scattering coefficient is independent of frequency.

For an infinite plane (Figure C1) the velocity potential at point r is given by [16]

P t)__ij' 3(t—r'/c) ds—LJ'h J'°°8(t—\/a2+zz/c)
planei®s 27T whole plane r' 27T (V) Y, a2+ 22
Let u=va?+z%/c. Then

ada dg.

/]

o]

¢plane(r’ ')=J CS(I—'U) du:{

z/c

c if t?z/c}
0 otherwise)’

r4

Iy

Q 9] y

X

Figure C1. Geometry for calculation of the velocity potential impulse response due to an infinite plane.
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For a point transducer on the plane, the backscattered radiation from uniformly distributed
particles whose scattering coefficient is independent of frequency gives the velacity
potential

¢l(’) = JJJ d’plane(r: ,) * ¢poinl(r’ t) dU, (C~1)
z>0
where
. N AP _[e/@mr), t—rfc=z/c
d’Plan.c ¢poin1_J:/t2Wr8(l T r/c)d‘r—-{o, I—T/C<Z/C }- (C.2)

Subsmutmg expression (C.2) mto expression (C.1), using a spherical co-ordinate system,

one has
ct/(1+cos 8) c (C3’2/4 l>0
2 s .y ’ i
o ()= I J‘ I 27"r sinfdrdod¢ 10’ (<0 } (C.3)

This is the function shown in equation (21).

In the far field a disk-point transducer pair can be treated as a point-point transducer
pair but one of the impulse response contains a factor 7a?, where a is the radius of the
disk. Therefore

Bu(r, r)*¢,,(r,z)=J-‘ 21 8(r r’/C) )iS(r—fr—r/c)d

2

— rwa( —r/c)s(t—T~r/c)dr= a’ 5(1—2—’)
" 4t o T_ ¢ T T_4wr2 ’

o 2
¢2(1)=IJI ba(r, 1) * ¢,(r, t)dv#J- a s8(r—2r/c)2mr* dr.
- o 4mr®

z>0 -

Let u=2r/c; then
(1) =(a?/2) J'°° [8(t—u)c/2}du=ca*/4. (C4)

Expressions (C.3) and (C.4) are the functions ¢, and ¢, shown in Figure 2(a) and given
in equations (21) and (22). The agreement between the computer numerical calculation
based on equation (B.5) with analytical results (21) and (22) is excellent (maximum error
less than 107%).





