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We consider configurations of arbitrary scatterers (s: I,---,N) in two dimensions, such that the circles 
circumscribing the scatterers do not intersect. As shown previously IV. Twersky, in FJectromagnetic Waves, 
R. E. Langer, Ed. (University of Wisconsin Press, Madison, 1962), pp. 361-389], the solution can be written 
in terms of the multiple-scattered scattering amplitudes G,, and the G, are specified by the presumably 
known farfield isolated scattering amplitudes g, by a set of integral equations G(g) (which can be converted 
to algebraic equations involving Hankel functions of the separations b,•, etc.). Among other applications, 
the previous paper gave the complete asymptotic series for G(g) in inverse powers of the b's; this was based 
essentially on Hankel's asymptotic expansion for the Hankel functions H•. The present paper derives the 
analogous convergent representation of G(g) based on the exact representation of H= in terms of Lornreel 
polynomials. For •V scatterers, we give the multiple-scattering solution as a series in Ha, H•, b -•, and the 
derivatives of g with respect to angles. For two scatterers, we give a closed form in terms of a differential 
operator. 

INTRODUCTION 

, REVIOUS papers derived integral equations for multiple scattering of waves by configurations of 
arbitrary scatterers in two t and in three a dimensions. 
These equations specify the solution of the many-body 
problem in terms of the presumably known farfield scat- 
tering amplitudes (say g) of the scatterers in isolation. 
Equivalent representations as sets of algebraic equations 

• V. Twersky, "Scattering of Waves by Two Objects," in 
Electrornagnetic Was, es, R. E. Langer, Ed. (University of Wis- 
consin Press, Madison, 1962), pp. 361-389; Sylvania EDL Rept. 
EDL-E60 (1961). 

a V. Twersky, "Multiple Scattering by Arbitrary Configurations 
in Three Dimensions," J. Math. Phys. $, 83 91 0962); Sylvania 
EDL Rept. EDL-E61 (1961). 
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were derived in terms of the corresponding isolated 
scattering coefficients (the coefficients of the Fourier, 
Mathieu, or Legendre series representations of g), and 
several applications were made. In particular, series 
forms of the solutions in inverse powers of the separa- 
tions of scatterers were generated in terms of derivatives 
of g with respect to angles. These inverse-separation 
series, convergent in three dimensions and asymptotic 
in two dimensions, were based essentially on the cor- 
responding inverse-distance (of observation) series for 
an isolated scatterer in two or three dimensions, or, 
equivalently, on Hankel's series a for the outgoing radial 

a G. N. Watson, Theory of Bessd Functions (Cambridge Univer- 
sity Press, Cambridge, England, 1958), p. 198. 
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1:•o. 1. Coordinates for single-body problem for case where 0 is 
on the scatterer's surface. More generally, 0 is a vector to any 
surface that separates the scatterer from the observation point r. 
The radius of the smallest circle circumscribing the scatterer is a. 

functions H,r)=H?)(r) in inverse powers of r. If 
p=n+«, where n is an integer, then Hankcl's series re- 
duces to e •' times a polynmnial in l/r; however, if 
p=n, the representation is an asyanptotic series; the 
corresponding scattering series are convergent in three 
dimensions and asymptotic in two dimensions. In the 
present paper, we derive the convergent inverse-separa- 
tion series for raultiple scattering in two dimensions. 

For three-dimensional scattering problems, Smn- 
ruerreid • considered the inverse-distance series form for 

a single scatterer and showed that the coefficients of 
successive terms could be obtained recursively from the 
first, i.e., from the usual scattering mnplitudc g. Wilcox s 
showed that the series was uniformly and absolutely 
convergent outside the sphere circumscribing the arbi- 
trary scatterer. Twersky • recast the series as a differen- 
tial operator on g and used the resulting form to treat 
multiple scattering: for N arbitrary scatterers (such 
that the spheres circumscribing the scatterers do not 
intersect), he obtained the multiple-scattering solution 
and multiple-scattering amplitude (say G) ,as a series 
in the g's and the separations of the scatterers; for two, 
he obtained a closed form involving a differential opera- 
tor for G in terms of g. 

For two-dimensionM scattering problems, the analog 
of the Sommerfeld-Wilcox development has recently 
been given by Karp, s who used essentially the exact 
form of tl,(r) in terms of Ho(r) and Hi(r) times Lornrod 
polynomials in 1/r (see Ref. 3, p. 207). Karp • showed 
that the representation in 11o and 11• and inverse 
powers of r converged, and described a procedure for 
obtaining the coefficients of successive terms recursively 
from two values of the scattering amplitude. In the 
present paper, we construct the corresponding repre- 

•A. Sommerfeld, Partial Differential Equations in Physics 
(Academic Press Inc., New York, 1949), p. 192. 

a C. H. Wilcox, "A Generalization of Theorems of Rellich and 
Atkinson," Proc. Am. Math. $oc. ?, 271-276 (1956). 

• S. N. Karp, "A Convergent 'l'arfiehl' Expansion h•r T•o- 
l)imensional Radiation Functions," New York Univ. Courant 
Inst. Math. Sci. Rept. EM-169 (1961). 

sentetlon in terms of two differential operators, and then 
derive the convergent representation in inverse powers 
of separations for the multiple-scattering problem. 

If the Henkel asymptotic expansions of H0 and H• are 
inserted in the present results (the exact series for N 
hodleg and the closed operator form for 2 bodies), 
then we again obtain the complete as3nnptotic repre- 
sentations given previously2 Althongh the asymptotic 
representations are the more useful ones even for only 
moderately large separations, the convergent ones 
bring the subject in two dimensions to the same level 
of completeness as in three, and are expected to facili- 
tate obtaining explicit representations for specific 
problems. 

I. PRELIMINARY CONSIDEI•TIONS 

We consider scattering problems such that the field 
outside the scatterer satisfies 

(Va+ka)f•e -'•'=0, Vz=O?+O• •, O) 

where •b consists of a plane-wave source term • and an 
outgoing scattered wave u: 

•=e'•'•=e i•'•'(•, k=ki, r=ro; (2) 

u•g(O,a)e•'•(2/•kr)t•g(O,a)II(kr), r• •. (3) 

In general, we take the origin of coordinates as the cen- 
ter of the smallest circle (radius a) circumscribing the 
scatterer. The scattering amplitude g(0,a) (which is in- 
dependent of r) specifies the "farfield" response in the 
direction 0 to a wave incident in the direction a. The 

field satisfies any of the usual boundary or transition 
conditions at the scatterer's surface, bnt we need not 
consider these explicitly. Although we use scattering 
tcrminology• the results apply to any radiative solu- 
lion of yon Helmholtz's equations, i.e., to any solution 
of Eq. (1) subject to Eq. (3) (e.g., g may be an antenna 
pattern function or a piston function). 

Many different exact general representations for u 
and g exist: snrface integrals, volume integrals• complex- 
integral spectral representations, infinite series of Bessel 
and circnlar functions, infinite series of Mathieu func- 
sions, as well as various "mixed representations" ob- 
tained by routine manipulations of basic fom•s. For 
r>a (at the least), appropriate representations for u 
and g may be paired off as transforms, so that knowledge 
of either one determines the other. 

[n particular, if we apply Green's theorem to u(o) and 
H0(k[ r--0]) in the region external to the scatterer, we 
obtain the Hehnholtz surface integral form 

u(r,a) =-- I-H0(kl r-- 01 )0,(0,a)-- uOjlo•dS(o) 
4i 

= 11Io(kl r-- 01L u(0,a) }, (4) 

where S(O) is any sin'face inclosing the scatterer and 
excluding r, and O• is the normal derivative outward 
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from the scatterer (see Fig. 1). The corresponding rep- 
resentation for g of Eq. (3) follows from Eq. (4) by 
substituting the asymptotic form 

tIo(klr-oI)•e•o•ø-•)tt(kr), kr>>l, r>>0. (5) 

Thus, 

g(0,•) = {e-•o •"ø-%u(o,a ) }, (6) 

where the integral is over any surface inclosing the 
scatterer. 

If u is known, then Eq. (6) gives g on integration. An 
inverse relation follows t on introducing into Eq. (4) 
the Sommerfeld • representation of H0 as a complex in- 
tegral of plane waves. As shown previously? 

u(r,a) =- e•'•O-Og(r,a)dr, 

where the integral is over the Sommerfeld path 
•+i•o to •+y-ioo with y satisfying rsin(0--,) 
--[_o sin(so--T)]m•x> 0; this path will be understood for 
all integrations over r. Values of o on the scatterer's 
surface give the greatest range to -•. If we take 
? = O--•r/2, then we require r> [p cos(O-- ;o)-],•--i.e., 

the distance (r) from the "center" of the scatterer (the 
center of the circumscribed circle of radius a) to the 
observation point must be greater than the scatterer's 
projection on r; this value ?= 0-•r/2 suffices for all r 
and 0 if r• a. Thus the scattering amplitude g introduced 
to specify the behavior of u for r--• oo serves to describe 
the field at least for all distances 

The limiting asymptotic form u•Hg as in Eq. (3) 
follows from Eq. (7) by the usual saddl•int pro- 
c•ure • for kr•, and this proc•ure may also be 
used to generate the complete as•ptotic repre•n•- 
tion. More directly, we exploit the analogous HaZel 
as•ptotic represen•tion a for H•: 

[ ] i•(r)=- e•'•'•'•dr--•(r) lq--f... 

( 
= •(r) 

•-o ( i8r )'m ! 

• o½)m(- n•)• •ff; - •*). (8) 

Thus, since the Taylor series for fir) around a saddle 
point r0= 0 m•v bewritten s•bolicallyasffr) = 
with OmO/Oro, we have the general result 

( I q- 40 z) (9q- 4Oz) .-- ([2mq- 1 ]• q- 40 z) 
f(•0)-- •(,; o9f(•o), (9) 

where r0 is to be set equal to zero (the saddle point) 
after differentiation. The special case corresponding to 
Eq. (7) (parameter kr, and saddle point 0) is I 

= tt(kr)[g-{ gq-40Zg 9gq-400Zgq- 160•g •-. . . (lo) 
i8kr 128(kr) z 

in terms of the scattering amplitude g(O,a) and its 0 
derivatives. [Terms to (kr)-• were derived by Karp and 
Zitron * essentially by substituting H(kr)[g+g•/kr-] into 
the wave equation and solving for g•.-] We shortly con- 
sider the exact series analogous to Eq. (10). 

An alternative exact representation• for u in terms of 
g may be constructed by using the addition theorem for 
.Ho(kl r- 01) in Eq. (4), or by substituting the Fourier 
series 

g(o,•)-- •. •,(•)•,,o, (11) 

into (7) and isolating the usual integral representation 

* S. N. Karp and N. Zitron, "Higher Order Approximations in 
Multiple Scattering," J. Math. Phys. 2, 394-406 (1961). 

of H•. This leads t to 

u=E a•(a)i•H•(kr)e '•, r>a. (12) 

The coefficients a• (the Fourier, scattering, or multipole 
coefficients) determine both u and g. We may eliminate 
a• by substituting 

•(•):• j0 •(•,•)•-,•a• (13) 
to obtain 

u=• H,,(kr)i"e '•ø g(u,a)e-'"od#/2% r>a. (14) 

The coefficients a• may also be written as surface in- 
tegrals by substituting Eq. (6) into (13) and replacing 
the plane wave by its Fourier-Bessel series; thus 
•(-): i-•{Y•(•) •-"•, •(o,•)}- 

The complete as}qnptotic series (10) for u may be ob- 
tained from Eq. (12) by using Eq. (8) and the differ- 
ential equation satisfied by the exponential function: 

(O•+n•)ei•ø=O. (15) 
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From Eqs. (8) and (15), we have 

i'•1t,•(r)ei'•ø• 53(r; --n2)elnø= 53(r; 02)e i"ø, (16) 

and consequently (14) reduces asymptotically to 

u• 53(r; 02)• e in0 g(u,a)e-•dt•/2r 
d0 

-- 53(r; O•)g(O,a) (17) 

as in (10). The analogous procedure for the three- 
dimensional problem, 2 based on Hankel's polynomial 
representation for H,•+•, yields u equal to ei•r/ikr times 
an exact convergent series in inverse powers of r (a 
series whose coefficients involve the scattering ampli- 
tude acted on by powers of Beltrami's differential 
operator). 

In the range r>a, Eqs. (7) and (14) are equivalent 
representations of the scattered field u (or of any radia- 
tive solution of the Helmholtz equation), and Eq. 
(17) is the corresponding complete asymptotic inverse- 
distance series. We obtained Eq. (7) from the basic 
form (4) and then obtained Eq. (14) from (7). We could 
just as well have obtained Eq. (14) from (4) (by using 
the addition theorem for//0) and then obtained Eq. (7) 
from (14) (by using the plane-wave representation of 
//•). (The sequence that we followed is ordered in terms 
of decreasing domain of validity in r.) Similarly, the 
two procedures for obtaining the complete asymptotic 
representation are equivalent. We mentioned both and 
stressed the equivalence of the plane-wave and cylin- 
drical-wave forms to facilitate a subsequent develop- 
ment. Additional discussion and representations are 
given in Ref. 1. 

As discussed by Karp, • a convergent inverse distance 
expansion for the two-dimensional field has essentially 
the form 

o• P,(O) Q,(o) u(r) = tto(kr) E --+ Hx(kr) • -- 
•=o v!(2kr) • •=0 v!(2kr)•' 

r>a. 
(18) 

Karp showed that the series converge uniformly and 
absolutely for r>a, and considered their analytical 
properties in detail. He pointed out that substituting 
Eq. (18) into the differential equation (1)--differenti- 
ating and rearranging the results as a linear combina- 
tion of//0 and H• and using the fact that the coeffi- 
cients of the Hankel functions Ho and H• must vanish-- 
leads to P,• and Q,, recursively in terms of P0 and Q0; 
the zeroth-order coefficients were expressed in terms of 
g by comparison with asymptotic forms. As examples, 
Karp gave • 

Po(O) = [g(O)q-g(O+r)•/2, Qo(O)= [g(O)--g(O+•r)•i/2, 
P•= -- (O•Qo+Qo), Q•= O•Po. (19) 

Thus, Karp • has provided the parallel development 
for two dimensions of that followed by Sommerfeld • 
and Wilcox s for three dimensions. We now parallel 
Twersky's development 2 for the three-dimensional prob- 
lem and recast u explicitly in terms of 02 and g; i.e., 
we obtain the convergent analog of Eq. (10). 

II. EXACT OPERATIONAL FORM 

As discussed in Watson, a the Hankel function may be 
written exactly as 

H,•(r) = Ho(r)R•,o(r)+H•(r)R•_•,•(r), (20) 

where the general form of a Lommel polynomial is a 

•<,/2 (-- 1),•(n--m)!I'(s+n--m)(r• 2•-" R•.•= •=o m!•n--2m)!• \•/ . (21) 
From this, we may represent the R's of Eq. (20) as 
polynomials in nL 

Corresponding to Eq. (20), and as determined by 
whether n is even or odd, we distinguish four cases of 
Eq. (21): 

•-, •-, (- 1) 

X/2•---- 
L (n-•)!(n-•-l) ' 

2 
R•_,.x= -- • C,,• , (22) 

•=0 r (2,+ 1) 

,•-, 2 (n+•+ 1) 
E 
,=0 r (2•+ 1) 

R•,,.,= • C,•, •n+v) 
.=0 

In the quotient of factorials in brackets in R•,•.o, we 
divide through by the denominator and pair off factors 
(n+m)(n-m)=n•-m • to write initially 

2'•[("+ •) ' ' '"' ' ' ("--•+ •)X("+•- 1)-.-n... (n--•)3 
= 2•[n2- v2•... n2... [n •-- (•- 1)2•; 

doubling up once more and multiplying through by 
2% we thus obtain 

(2n)•{ (2n) 2-- 2•[(2n) •--4• '" [(2nF-- (2•-- 2)•} • 
X[(2n)•--(2v)•M•(--•2n•), (23) 

with Mo= 1. Equation (23) reduces the first two sets of 
R's of Eq. (22) to polynomials in (2n)L For R•.•, we 
deal with the bracketed quotient of factorials times 
(n+v)/(n--v) and pair off factors 4(n+m)(n--m+l) 
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---(2nq- 1) 3-- (2m--1)3; doubling up, we obtain 

{ [(2n+ 1) 3-- l']E(2n+ 1) 3- 9•... [-(2n+ 1) 3- (2v - 1) 2'] }2 
=N,(--[-2n+ 1-]3), (24) 

with No= 1. Equation (24) reduces the last two sets of 
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R's of Eq. (22) to polynomials in (2n+ 1) 3. 
In terms of Eqs. (23), (24), and 

L,• (-- 1)•/(2r)2'(2v)!, (25) 

we write the required coefficients as the polynomials 

(26) 

where the upper limits were replaced by o, since [-from Eqs. (23) and (24)-] all new terms are identically zero. Thus, 
from Eqs. (20) and (26), we have 

( - 1)-H3• = ttoR,(- E2n-½)q-/'/iRe/( - E2n-] 3) -• D,(r; - 
i(- 1)"H3.+•= ttoRo'(-- [2n+ 1-]2)+tt•Ro( -- [-2n+ 1-]2) --- Do(r; -- [-2n+ 1•). 

(27) 

Note the factor of i incorporated in the odd values. 
The essential feature of the above is that we have reduced H• and H•+• to polynomials in (2n) 3 and (2nq- 1) 3, 

respectively. Consequently, because of Eq. (15), we may replace the polynomials in n 2 by ones in 02= Oo 2 in the 
product forms; thus 

(- 1)"H3,,e 12"•= D •(- E 2n']3)e i2"ø= D •( O 2 ) d 3"ø, (28) 
(- 1)"iH3,,+te I(2•+•)ø= Do(-- [2n+ l']2)e i(3'•+ •)ø= Do( O3)e i(3•+øø. 

Thus, the Hankel-Fourier series (12) may be rewritten 

u= • a2•H•,,(--1)•ei2•ø+ • a•+•H3,,+•(-1)•ie 

= D•(O2)• a3•ei•ø+Do(03)5• a3•+•d( 3•+t)ø. 

Equivalently, since 

E a3•e •2"ø= « E a•ei'a(l+ei'•') = «[g(O)+g(r+O)-]=-g•(O), 
E a2•+•e I(3"+•)ø= « E a•ei'*ø(1 - e i•') = «[g(O)-g(rq-O)']=go(O), 

(29) 

(30) 

we have thus reduced Eq. (12) to the form 

u(r; a) = D•(r; 0o2)g•(O,a)+ Do(r; Oo•)go(O,a). 

Here, 

D• = HoR•q- H•R•', 

R,=I [ • ..., 
2(2r) 3 4!(2r) • 

03 02(02q-4) -* O'-'(02q-4)2(O3q-16) 2 
RJ --• t-'", 

2r 3!(2r) a 5!(2r) • 

(31) 

(32) 
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and 

Do= HoRo'+ HtRo, 

0%1 (0,+9)(0,+1), 
R o'/i= -- { 

(O'-I- 25) (O'+ 9)'(0=+ 1) ' 

2r 3!(2r) a 5!(2r) s 

(0,+1), 0,(0,+9) , 
Ro/i=l --t q-'". 

2(2r)' 4!(2r)' 

1---., (33) 

The functions g, and go are the components of the scattering amplitude g(O,a) that are symmetrical and antisym- 
metrical with respect to reflection in the plane Oq-•r/2 (i.e., the plane perpendicular to the direction of observation). 

If the scatterer is a monopole g(O,a)= ao, then g,= ao and go=O; u reduces to D•g,, and since all terms but the 
first of R, involve 02 we obtain simply u= tIoao as required. If the scatterer is a monopole plus dipole g(O•)= ao 
q-2at cos0, then g,=ao and go= 2at cos0; the D,g, term again gives ttaao, and for Dogo [since all terms but the first 
involve (O•+ 1) cos0=0-[ we obtain H•i2a• cos0. Thus u= ttoao+H•i2a• cos0 as required. 

Isolating H0 and//t in Eq. (31), we have 

u= tto(R4,-}-Ro' go)+ tt•(R4o-J-R,' g•), (34) 

which is the same form as Eq. (18) obtained by Karp. s We now have the coefficients of Eq. (18) explicitly in terms 
of g and its 0 derivatives: 

P,,= (-- 
02= i(-- 

P,•+•= --i(-- 1)•[Oo•+(2v+ 1)=]NdOd)go(O), 
Q•+t = (- 1)'[o•*+ (2•)•]3/I•(0•)g,(0), 

(35) 

where M and N are the polynomials of Eqs. (23) and (24). Thus, 

po= g•= «[g(O)q-gOr+O)], Pt = --i(Od+ 1)go(O), P•= - Od(Oo•+4)gdO), Pa= nt'i(Oo•+9)(Oo•q - 1)"go(O), 
i (36) 

Oo=igo=-[g(O)-g(a.-t-o)], Ot=o,"g,(o), O,_=-i(o,'-l-1)'go(O), 
2 

etc. The coefficients for 0 and 1 are Karp's results as in the present Eq. (19), and the other terms may also be ob- 
tained by the method that he describes. • From Eqs. (18) and (36), we have 

i(Oø--] -1) O2(O•q-4)g, (02+9)(024-1)•go } u=Ho g•. --'go t-i }-... 
2kr 2(2kr) ' 3 !(2kr) a 

+tt•{igo_fø'*g ß i(a2+l)•g o a•(o-'+4)= } 2kr 2(2kr)' 3!(2kr) a g,+--- . (37) 
For subsequent applications, we substitute the definitions of g, and go of Eq. (30) and rewrite Eq. (31) as 

u=D(r; ao•)g(O,a)+D'(r; O,')g(•+0, a), D----(D,+Do)/2, D'--=(D,--Do)/2. (38) 

If we replace Ho and H• in Eq. (38) by their Hankel asymptotic series as in Eq. (8), then D•:D as in Eq. (9) and 
•'---0. Thus Eq. (38) is a convenient form for assessing the corrections to the complete asymptotic representa- 
tion (10). 

Since the special function series (12) and the complex integral representation (7) are equivalent forms for 
r>a, Eq. (31) is, of course, the exact series representation of Eq. (8) for r>a, as well as of any other form of 
any solution of Eq. (1) subject to Eq. (3). Since Eq. (7) is general in form and since we may always write f(r) 
= •f(r)-t- f0r-I- r)]/2q- [J(r) -- for + r)3/2 = f,(r)-t-fo(r), the above steps have shown that 

a'J •r 

= i,(r; Oo')f•(O)+io(r; Oo'*)fo(O)= i(r; Od")f(O)+i'(r; Oo')fOr+O), (39) 
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where ['as in Eq. (7)] the limits are chosen to ensure 
convergence of the integral. Eq. (39) [as well as the 
previous Eq. (9)-] is a general result in terms of the 
parameter r and an analytic function f(r) such titat 
.riO) is representable as a Fourier series. [-The differen- 
tial operator fom• of Eq. (39) may also be obtained hv 
writing f(r) as a series in e •', expressing e •' as poly- 
nomials in sinr, using d .... sinr= (i/r)O,d '•', etc., 
and integrating by parts.] In Sec. Ill, we apply Eq. 
(39) to the special case where f is a product of scattering 
amplitudes. 

IlL MANY SCATTERERS 

For a plane wave (p=e ikrøøe($'-øt) incident on many 
(t-- 1, 2,-.., N) arbitrary scatterers located at b• in the 
geometry of Fig. 2, it was shown previously • that the 
scattering solution of Eq. (1) could be written as 

v+qt, ,tt = I2 u,( - b,), 

/rt(rO ---- { no(ko l r,-- O, I), 

= (40) 

= • H•(krOi•e 
d 0 

where r•(r•,00= r-b• is the vector from the "center" 
of scatterer t, and where U• is the multiple-scattered 
wave of scatterer t, and Gt is its corresponding scat- 
tering amplitude. As the neighbors of scatterer t 
reeve to infinity, U• and G• reduce to qtU• anti •tgt, 
where q/=½t•.bt=•iiblm•{•l--a} and where m and gt 
are the appropriate functions for scatterer t in isola- 
tion. If kr,• •, then 
X•}*t•'o-•o; we may also work t with G[=Gdq• in 
order to make the phase of • more explicit. The prov- 
inces of the different representations for U• are essen- 
tially as discussed for u in Sec. I. 

ff we use the plane-wave fom• of Eq. (40) for the 
excitation at t arising from all neighbors (i.e., for 
•' U., where the prime means s•t) and the super- 
position principle for the total field scattered by t in 
response to a set of plane waves, we obtain • the hasle 
set of self-consistent integral equations 

G,(0,•) = g,(0,•) v• 

+E' f (40 

o 

Fla. 2. Coordinates for many-body problem. Expansions hold at 
least for cases where bt,>ac-ba,, where a• and a, are the radii of 
circles circumscribing scatterers t and s. 

where b,,(bu,3u)=bt-bo. The limits on the integrals, 
essentially as in Eq. (7), requirO 
+o, sin('•-•O-o, sin('v--•,)<O; if m and •. are 
on the appropriate scatterers' surfaces and if we take 
•,=•,--tr/2, then we require I that the separation 
of scatterer "centers" (&,) be greater than the sum of 
the scatterer's projections on bto. For 
essentially as for Eq. (14), we may substitute a series 
• B, •' for gt(;o and isolate the integral representation 
of I1,, to obtain 

Gt(O,a) = g,(O,a) •o,+ 57 •' E.II.(kb.) i•e 

)< 
o' 0 

(42) 

Equation (42) could also have been constructed by us- 
ing the addition theorem for H,(klrt+bul) in (40) and 
taking the plane-wave form of the resulting J's as the 
excitation--i.e., 

2•r L',(rø)= U,(rt+b)=• H,(kb)i"" ,i -"J .... (krOe" -,)or 
.t o 

= •,, II,,(kb)i"e '•t• 
.tO 

(43) 
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however, instead of working with such mixed forms 
(cylindrical waves to a given point and plane waves in 
the neighborhood of the point), it is, in general, more 
convenient to work with a pure plane-wave form, such as 

(44) 
which was used • for Eq. (41), and then transform the 
result. See Ref. 1 for additional discussion, for various 
sets of algebraic equations derived directly from Eq. 
(41) by substituting Fourier-series forms, or Mathieu- 
series for the amplitudes, and for various applications. 

In particular, the complete asymptotic representation 
for spacings kbt,>>l is obtained • on applying Eq. (9) 
to the integrals in (41), or equivalently on applying 
Eq. (16) to the sum over n in (42) and proceeding as 
for (17): 

S•( O,ot).•,g,( O,ot),•t-{- 5-•..' :Dt,gt( O,t•t,)S,(l•,,oO, (45) 

where •Dt,= :D(kbt•; O'*/0tff2t,) is defined in Eq. (9). The 
form (45) is most convenient for generating expansions 

for even moderately large spacings, and has also been 
applied • to obtain a dosed operational form in terms of 
:D for two scatterers. It also holds for combinations of 
scatterers and sources. 

The analog of Eq. (45) in terms of the exact rep- 
resentation Eq. (39) is 

G•(O,a)=g•(O,a)½•+ E,' O•,'g•(O,•t•)G•Ot,,a), (46) 

where D,,.f(•St•)=D(kb•,;O•/O•t,).f(fit,) stands for 
either of the two differential operator forms of Eq. (39). 
Thus, we may write the summand of Eq. (46) essentially 
as 

Dog(O,l•)a(,tg,a)-• Dt,' g(O, a'-'kt3)S(a"-[-t2, et) (47) 

or, equivalently, as 

DoZg( O,•)GO,a)+ g( O, 
= (48) 

where g(O,ltg)= •(O,it)+g(O, a-+•)-], etc. In general, it 
is more convenient to work with representation (47). 
The matric form 

Gt(a'-{-O, a)J- kg•(r--[O, a)-] kDt•g(•rq-O, ,Sty) Dt,' gt(a'q-O, ,r+/g,,)/kO,(•r+/g,,, •)_1 
(49) 

is particularly convenient. The two elements of the 
column vector [GffO,a)• are required to represent Ut 
in the form Eq. (38), and Eq. (49) can be iterated 
directly. 

Iterating Eq. (49), we obtain 

EG,( O,oO-I = [g,(0,,) ½,]+ E'E O,.g,( O,p,.)-lEg.(p,.,,•) 3 
+ 

-, (so) 

where FDg-] is the square matrix of Eq. (49), and the 
other terms are column vectors. The convergence 
properties of the iterated series of Eq. (50) (the "orders 
of scattering" series) must be based primarily on I gl- 
Only if kb>>l (as for the asymptotic form) would we re- 
group t as an expansion in inverse powers of b; using the 
asymptotic forms of H0 and Hb we have D• :D, D'•0, 
and the representations for G• of Eqs. (49) and (50) go 
over directly to (45) and to its iterations •.? discussed 
previously. 

IV. TWO SCATTERERS 

For two scatterers, we can eliminate G, from the right- 
hand side of Eq. (46) and obtain G(g) in closed operator 
form. We take the primary reference origin (r=0) as 
the midpoint of the line joining the centers of the circles 
circumscribing the scatterers and locate the centers by 

b+(b,ll+)=b+(b,t9), b_(b½5_)=b_(b, •r+tS). In terms of 
the local coordinates r+ and r_ (the vectors from the 
centers), we have 'tt= U+(r+)+ U_(r_). For kr+>>l and 
r+>>b, we have 

•(O,a) = e-'aG+(O,a)+ e'aG_(O,a), a = kb cos(0--•). (51) 

As in Ref. 1, we may also factor •=e •*•(•a) from 

From Eq. (49), we have 

D•=D(2kb; 0•/0•), (52) 

whose as•ptotic fo• was discussed previousl? in 
detail. As in Eq. (49), [Dg] is a 2X2 matrix and the 
other terns are col•n vectors. In order to r•uce 

Eq. (52) m a clos• form for G•(O) in te•s of g, we 
must express G,•,a) soldy in terns of g and operator. 

Substituting for 0 in Eq. (52), we obtain initia•y 

+ 

Iterating once yields 

= 
+ 
+ 
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Thus, eliminating [G:•(fi4-,a)] from the right-hand side, 
we obtain 

[ G-.(ti+,a) ] = [1- E D•:gvOS.,t•. )-lED .g +(•.,t•-,-) •l-' 
xl[g_,(•+,a)•,ñ]+ED, g,L&-,P•)]Eg+(fi-,,a)•,:•]l. (55) 

The inverse matrix [I--ABJ -• expands as 
+ABAB, we work from right to left in performing the 
D operations in the generated "chains," and the phase 
factors q+ are not operated on. 

Substituting Eq. (55) into (52) yields the sought 
for closed operational form [G{g)], which, together 
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with Eq. (38), provides the complete representation for 
the multiple-scattered functions Uñ in terms of H0, H• 
and the isolated scattering amplitudes gñ. If D• :B, then 
the present result reduces to the previous t as3qnptotic 
one. If we specialize the present g's to those correspond- 
ing to different pairs of circular cylindrical monopoles, 
dipoles, or monopoles plus dipoles, then the present 
result goes over to the special closed forms in terms of 
Ho and H• Ewith Ho+H• replaced by Hl(2kb)/kb] 
given previously? For the corresponding pairs of multi- 
poles of the elliptic cylinder, the previous closed forms 
in terms of the radial Mathieu functions are now de- 
veloped as series in H0 and H•. 


