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Scattering of Elastic Waves by Moving Objects
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It is shown that simple elastic media in motion exhibit new properties, owing to the effective compressional
and shear wave velocities produced by the motion. Presently, we consider scattering of a compressional
plane wave by (1) a half-space moving parallel to the interface and (2) a cylinder moving along its axis.
In both cases the assumed boundary conditions correspond to good contact at the interface. Computational
results are given for the scattering amplitudes as a function of velocity and angle of incidence.

INTRODUCTION

Scattering and propagation in acoustic moving media
are discussed by Morse and Ingard.! Reflection and
transmission at a plane interface are considered by
Keller,? Miles,® and Ribner.* Yeh?® discusses the moving
fluid layer problem. Graham and Graham? consider the
effect of the transition boundary layer between the
two regions. Scattering of acoustic waves by a cylinder
moving along its axis is given by Yeh.# Some references
concerning the analogous electromagnetic problem are
given by Censor.'® Analogous problems for moving
elastic scatterers are considered here. In contradistinc-
tion to the acoustic problem, two effective parameters
are encountered here, namely, the effective compres-
sional and shear wave velocities.

The correct choice of boundary conditions at the
moving interface is a severe problem. In a concrete
case, one expects a lubricating (viscous) layer between
the interfaces, which involves nonuniform velocity
within this region. Thus Graham and Graham? con-
sider an acoustical problem with linear velocity profile,
but without applying the boundary conditions relevant
to viscoelasticity. Even without the correct visco-
elastic boundary conditions, the problem becomes too
complicated for close-form representation.” Since this
problem is not the main theme here, we compromise
by considering limiting cases. The case of very good
lubrication implies that normal stresses and displace-
ments at the interface are continuous, but that tan-
gential stresses vanish. This has been considered else-
where" for the configuration of a moving elastic slab.
Here we assume the opposite situation, i.e., a very
poor lubrication, which in the limiting case implies
that stresses and displacements, both normal and tan-

gential, are transmitted across the boundary. This is a
fairly general model, since by letting the shear-wave
velocity in some region vanish, elastic-acoustical prob-
lems are obtained as special cases.

Besides the theoretical interest, some engineering
applications might be relevant: for example, probing
a moving fluid inside an elastic duct, which is not
otherwise accessible, or scattering by elastic moving
objects within fluids.

I. STATEMENT OF PROBLEM

We consider the problem of scatiering of plane,
space-, and time-harmonic elastic compressional (P)
waves by objects moving parallel to the boundaries:
(a) a moving half-space and (b) a cylinder moving
along its axis. The objects are moving in the direction
#z=1z/2 (see Fig. 1) with a constant velocity 1, as ob-
served in frame of reference xyz, at rest with respect
to the external medium.

The incident compressional wave has the form

k,-r=Fk,(z cose+x sine). (1)

Subsequently, the time dependence exp(—iwf) will be
suppressed throughout. In Eq. 1, ¢ is the displacement
potential of the incident wave, 2, =w/a, is the propaga-
tion constant, «; is the compressional wave velocity in
the external medium denoted by 1, and w is the angular
frequency (henceforth, the frequency).

The boundary conditions at the interface are the
continuities of the displacements and stresses. To
satisfy these conditions, similarly as in the case of
media at rest, reflected and transmitted compressional
and shear (S) waves are required. Accordingly, the
scattered fields can be generally represented as a

da=exp(ik, r—iwl),

203

The Journal of the Acoustical Saciety of America



ABOUDI AND CENSOR

— e ———— —
E———

—_—— e e ————— e —— -

1 2

Fi16. 1. Scattering of an incident compressional wave by a
moving elastic half-space. The dashed arrows show the direction
of motion of medium 2, as seen by an observer at rest in medium 1.

superposition (integral) of plane waves:

¢n=/ exp(ik, 1v)g (7r)dr, k- 2=cose,

-

k,-X=cosr,

O = / exp(ik, ©)g. D (7)dr, k,-i=cosf,
ﬁs-i=c057,

. 2)
¢2=/ exp(tK,- )G (r)d7, K,-Z=cosd, (

~

K, x=cosr,

\h("’=/exp(iK.-r)G,“)(r)dr, K,-i=cosf’,

K;-x=cosr,
i=1,2,

where k,=w/B; and B; is the shear wave velocity in
medium 1; similarly, K, and K, are effective propaga-
tion constants depending on the velocity, as described
later. We denote by ¢ and ¢ the displacement poten-
tials for the compressional and shear waves, respec-
tively. The functions g, and g, are the scattering
amplitudes for the potential at hand; in Eq. 2 they
indicate the amplitude of the plane wave propagating
in the variable direction 7. In the case of two half-
spaces, the integrals reduce to single plane waves, and
only i=1 is relevant.

The velocity of medium 2 affects the apparent wave
velocities according to

aest=as+v cose’ =w/K, 3)
Bgﬂ' =ﬁ2+'v COSfI =uJ/K_,,
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where as and 3, are the compressional and shear-wave
velocities, respectively, in medium 2 at rest. Equations
3 follow from the transformation of the Helmholiz
wave equations for the potentials ¢a and ¢, into the
frame of reference of medium 1 at rest, exploiting the
fact that the boundary conditions preserve the fre-
quency of the incident wave in this frame of reference.
The first of Egs. 3 appears in the previously cited
references dealing with the corresponding acoustical
problem, which follows as a special case upon putting
B1—0, 38— 0.

II. MOVING HALF-SPACE

The geometry for scattering by a moving half-space
is shown in Fig. 1. Expressions for the displacement and
stress components in terms of the potentials ¢ and ¢ are
given, for example, by Ewing, Jardetzky, and Press.”
Using these expressions and applying the boundary
conditions leads to Snell’s law:

s E =, (4)

and to four equations relating the reflection and trans-
mission coefficients (see pp. 83 ff. of Ref. 12). Let us
denote by 4 and B the reflection coefficients for the
P and S waves, respectively, and similarly A» and B,
for the waves transmitted in medium 2. The explicit
expressions for the reflection and transmission coeffici-
ents can be derived from pp. 83 ff. of Ref. 12, taking
aerr and Berr according to Eqgs. 3 for the moving region.

To investigate Snell’s law (Eq. 4) without loss of
generality it suffices to consider acute angles of inci-
dence 0<e<w/2 and — 0 <v< 0, since this covers all
possible cases. A critical angle e=e. will occur for P or
S waves when ¢’ or ', respectively, vanish; e.g., for P
waves,

cose.=ai/ {@at+u). (s)

If, for example, the velocity is normalized, and the
same materials are used in regions 1 and 2 (a1=ay=1),
then it follows from Eq. 5 that criticality is possible
only for z>0. For e<e, we are within the shadow
zone.

In the usual case of v=0, we have €< f'. This
follows from the fact that 3<a. From Eq. 4 it is es-
tablished that this statement is valid for arbitrary
velocities too.

For identical media and v=0 we get e=¢'; this
expected result follows from Egs. 3 and 4. For »>0,
we have e'<e, until criticality occurs. For v<0,
we get ¢'>e until, for v —» — o, the angle ¢’ tends to
w/2, for arbitrary angles e. In every case f'>¢, as
mentioned above. For a given angle of incidence e, let
us investigate the behavior of the transmitted waves



SCATTERING OF ELASTIC WAVES BY MOVING OBJECTS

cos e! |
|
|
|
Latf/ |
|
|
|
| |
Pott |
_/ |
. sec o+l v f!/sece I2 sec e v
) | |
: : Petf
| Qfe——— _:.___
| | ' [
| | | |
| : [ I
| | |
[ [ |
: | |
! | |
w/2>6>0  |e'=ie" le=mid|  w>e'>w/2 (b)
(a)

F1a. 2. Sketch of (a) cose’ and (b) the etfective velocities, as functions of ». The chosen compressional wave velocities are ¢y =as=1,

and the shear wave velocities are 81 =8,= (3) 7%

as a function of the velocity v according to
cose’ =cose/ (1 —wv cose), (6)

which follows from Eqs. 3 and 4 with ay=as=1.

The above discussion describes the behavior for the
range — oo <v< v, where vo=(1/cose)—1, i.e., the ve-
locity for which criticality occurs for a given angle of
incidence e (see Fig. 2). For v,<v<vs+1, we have
cose’>1, which implies ¢’ =ie'’, where ¢’ is real. In
addition, ¢ must be chosen positive in order to get
an exponentially decaying wave as a function of x
(Fig. 1). In this range the behavior of the reflection

<c<<<<<K

and transmission coefficients is the same as for the
case of the different media at rest when criticality
takes place. For v,41<v<vo+2, we have — oo <cose’
< —1. Therefore, ¢'=m4ie"’’, where ¢'" is real and
positive. This ensures again an attenuated wave. Note
that in this range the effective velocity given by Egs. 3
is negative. For vy+2<v< o, we have —1<cose’' <0,
lLe., m/2<e'<w. In this range there is no criticality;
i.e.,, the transmitted wave has a real direction of
propagation. This phenomenon takes place at super-
sonic velocities ¥>as. The same argument applies to
cosf" too. It is noted that a.r and Berr become infinite
at the same velocity 2,41 [see Fig. 2(b)].

240

000

0 18 36 54 72 90

F16. 3. Absolute values of the reflection coefficients for (a) compressional and (b) shear waves, due to an incident compressional wave.

The wave velocities are as for Fig. 2.
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F1c. 4. Absolute values of the transmission coefficients for (a) compressional and (b) shear waves, due to an incident compressional

wave. The wave velocities are as for Fig. 2.

In Figs. 3 and 4, reflection and transmission coeffici-
ents, respectively, are given for various velocities as a
function of the angle of incidence 0<e<w/2. It is
assumed that the two media are identical when at
rest. In the present case, a;=ay=1 and 8;=B,=3V3
have been chosen ; thus the Lamé constants are identical.

For negative velocities no criticality occurs, as men-
tioned above, and the curves show a smooth behavior
as a function of e. On the other hand, for positive ve-
locities, marked effects are apparent for angles of inci-
dence where criticality occurs (i.e., |cose’| =1), and
when the effective velocities attain an infinite value.
In these curves, point 1 indicates the angle ¢ for which
criticality occurs for the transmitted S wave, such
that to the left of this point we are within the range
of criticality. Similarly, point 2 indicates that for
higher ¢ there is no criticality for the transmitted P
waves., At point 3, acr=PBis=, and cose’ and cosf’
change sign from —o to + o« as e increases. Point 4
indicates that, for higher e, criticality occurs for re-
fracted S waves. This happens for cosf'=—1. The
range where both —1<cosf'<0 and —1<cose’ <0,
which would be at higher velocities, is not depicted in

Yolume 52 Number 1 (Part 2) 1972

206

TN
N

o

gAY

-
P~

-

F1c. 5. Geometry for scattering of an incident compressional
wave by a moving cylinder. The external medium 1 is at rest.
Observed from this frame of reference, the cylinder is moving in
the z direction with velocity v.
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F16. 6. Scattering amplitudes for a plane wave incident on a cylinder at ¢=25°, for various velocities: absolute value and phase,
for various velocities. (a) Polar plot for |g,(6) |; (b) polar plot for [z, (8)|; (c) polar plot for |g.?(8)|; (d) phase of g,(6); (e) phase

of .M (8); (f) phase of g, (g).

Figs. 3 and 4. Because of space considerations, the
phase is also not shown. Such curves would show a
jump in the phase at the above special points.

III. MOVING CYLINDER

Let us consider the case of a solid circular cylinder
moving along its axis in an infinite medium (see Fig. 5).
The incident wave is given by Eq. 1; the scattered
waves are given by Eq. 2. In the present case, the
integrals are recast in terms of cylindrical wave func-
tions, yielding

do=exp(ik,z cose) 3 i"J, (k7 sine) exp(ind),
¢0 = 0)

dr1=exp(ik,z cose)Y_ 1" A H (k7 sine) exp(ind),

19 =exp(ik,z cosf)
X3 "B, H, (k. sinf) exp(ind),

do=exp(iK pz cose’)d" i A, J (K pr sine’) exp(ind),

Yo @ =exp(iK,z cosf’)
X3 "B, DT (K. sinf’) exp(ind),

i=1, 2. (7
The subscripts 0, 1, and 2 denote the incident, scattered,
and internal fields, respectively. The A, Ba‘?, 44/, and
B, correspond to scattered compressional, scattered
shear, internal compressional, and shear waves, re-
spectively. The incident and internal fields are repre-
sented in .terms of the nonsingular Bessel functions
Jn, and the scattered waves are described by means
of the Hankel functions of the first kind H,*=H,
[corresponding to the time factor exp(—iwf)]. Inside
the cylinder, the arguments K,rsine’ and K,rsinf’
can become imaginary according to Fig. 2. In this
case, the fields can be described by the modified Bessel
functions I,. The boundary conditions are the con-
tinuities of the displacements and stresses at r=a.
The displacement vector u is given by

u=V-+XiWH+ VX (VX®D), (8)

and the stresses can be derived from u.!* By applying
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Fr16. 7. Same as Fig. 6, with e=45°.

the boundary conditions and exploiting orthogonality
properties of exp(inf) we get a set of six algebraic
equations for the coefficients A ,, B,V, B, A.,/, B,'@,
and B,'®. In matrix form we have

M- C=R, 9)

where M is a 6X6 matrix, C is the vector of the coefhi-
cients, and R is composed of the nonhomogeneous
terms, determined by the incident wave. To bring out
the intrinsic velocity effects, the two media are taken
with identical properties in their proper frames of
reference. Since Eq. 4 is valid for both the case of two
half-spaces and the present one, all the conclusions of
the previous section, such as criticality, hold here too.
In Figs. 6-8, the scattering amplitudes g,(6) and g, (9)
are given for various velocities and angles of incidence
e. These functions describe the potentials ¢, 19 of
Eqs. 7 at large distances, according to the asymptotic
behavior

$1~ (2/imkr sine)? exp(tk,r sine)g ,(6),

V19~ (2/irkyr sinf)} exp(iker sinf)g. 9 (6),
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g:(0)= i A, exp(ing),

n=—a

2, 9@)= 3 B.® explind). (10)

n=—oo

In the present results, we chose two identical media, as
mentioned above, and k,a=1. The three scattering am-
plitudes g,(6), g,7(8), i=1, 2 provide essentially the
most compact description of the elastic state. With
these functions known, the displacement vector u can
be derived (according to Eq. 8), and similarly the stress
and strain tensors. Furthermore, the field at arbitrary
points of the external region can be reconstructed from
the knowledge of the field at large distances. Conversely,
by exploiting orthogonality properties of vector spheri-
cal harmonics, the scattering amplitudes can be re-
covered from measurements, e.g., of the displacement
vector.

Inasmuch as the problem is symmetrical with respect
to 6=0 (the direction of incidence), the displacement
vector satishes v(f) =2(—#). This prescribes for g, g’
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F1G. 8. Same as Fig. 6, with e=65°.

a symmetrical structure, and a skew-symmetric struc-
ture for g,V. This is seen in Figs. 6-8.
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