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Transient scattering as a tool for identification of objects and their physical properties through 
their natural (resonance) complex frequencies is now under intensive investigation by 
mathematicians and engineers. This promising method of inverse scattering is pertinent to 
mechanical as well as electromagnetic waves. Presently this problem is considered in the context 
of acoustics for time varying objects, such as pulsating cylinders and spheres. Together with a 
choice of a reasonably simple physical model and boundary conditions, this provides a framework 
for discussing a few canonical problems. Mathematically, the method employed here is essentially 
a perturbation technique. The representation in terms of compact symbolic differential operatom 
which are manipulated algebraically helps to avoid a lot of cumbersome detail. The results display 
the creation of new spectral components and the associated new poles {i.e., new resonance 
frequencies) due to the time variation of the objects. The additional new features, when compared 
to the presumably known signature of the original object at rest, facilitate the identification of the 
details of the motion. 

PACS numbers: 43.20.Fn, 43.20.Bi 

INTRODUCTION 

Scattering by time varying objects has been discussed, 
to some extent, in the past. This study is not concerned with 
simple problems of uniform motion leading to the well- 
known Doppler effect, which have been amply discussed in 
the past, e.g., see Gill, t and especially for electromagnetic 
waves see Censor, 2 and Van Bladel, a citing numerous refer- 
ences. Of special interest here are problems which cannot be 
solved by means of simple coordinate transformations. 
Problems of this kind have been discussed by Censor, 4 Coo- 
per, s and Van Bladel and De Zutter, 6 for one-dimensional 
planar cases. ? De Zutter s considers also oblique incidence. 
Scattering by expanding cylinders and spheres is considered 
by Censor, 9'tø who also discussed various modes of periodic 
motion perturbing cylinders and spheres. • Some additional 
references are mentioned by Censor 2 and Van Bladel. a 

Presently, scattering of harmonic waves is considered 
for various motional modes perturbing the canonical eases of 
plane, cylindrical, and spherical scatterers. For simplicity 
the discussion is confined to acoustics, with the simple 
boundary condition prescribing the vanishing of the field on 
the surface (rigid objects}. The technique is sufficiently gen- 
eral to be adapted to other boundary conditions (e.g., free 
surface} and different wave systems (e.g., electromagnetic 
waves}. It must be noted, however, that in acoustics we need 
to include the simplifying assumption that the effects on the 
external medium are negligible. In electrodynamics in free 
space {vacuum) this problem does not arise. The refinement 
of the present model to include the fluid-dynamic problem of 
the motion induced in the external medium would make the 

problem considerably more complicated. The legitimacy of 
this assumption has been questioned previously by Rogers,•2 
but it seems that as a first approximation it is adequate. 

The method is described in a general manner first, and 
then applied to various examples of scattering from a vibrat- 
ing and rippling plane. Normal and oblique incidence are 

considered. Similar problems of time varying cylinders and 
spheres are discussed. 

The problem of transient scattering is the subject of in- 
tensive study at the moment. Most of the relevant literature 
deals with the electromagnetic problem. General reviews 
and introductions are given by Baum, la-u Dolph and 
Scott, •s Bennett and Ross, •? and Miller and Landt? Tran- 
sient scattering in velocity dependent systems, involving uni- 
formly moving objects has been discussed recently by Cen- 
sor. 19 

The impulse response for time varying scatterers is ob- 
tained from the response to harmonic excitation by contour 
integration. To this end the poles in the complex frequency 
plane must be identified. It is shown below that the motion 
creates new poles, or causes the migration of poles. The ap- 
pearance of new pole configurations may contribute to the 
analysis of the motion of the object by means ofits transient 
scattering response. In realistic situations the excitation will 
not be a unit impulse, which is a mere mathematical con- 
struetion. Indeed, the object will be excited by a sharp pulse, 
and some additional signal processing will be necessary be- 
fore the poles can be extracted from the scattered signal. 

I. STATEMENT OF THE PROBLEM AND A GENERAL 
FORMAMSM--HARMOHIC EXCITATION 

We are dealing with the problem of scattering from time 
varying objects. For the ease of harmonic excitation the inci- 
dent wave is chosen as 

u,(r,t ) = e '•"'- •', (1) 

a plane harmonic wave propagating in the direction of the 
unit vector ft, with frequency to and propagation vector 
k = f•co/C, with C denoting the phase speed of the medium. 
The scattered wave u,(r,t ) is a solution of the wave equation, 
such that the sum (ui + u= ) satisfies the boundary conditions 
on the surface of the object, and at large distances u, behaves 
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as an outgoing wave, satisfying the pertaining radiation con- 
dition. For time invariant scatterers the boundary condi- 
tions and (1) prescribe a time harmonic solution, such that 
the scattered wave is - of the form u• (r)e , where u• is a 
function of co, and written in this notation to distinguish it 
from u s. In the presence of time varying surfaces the spectral 
content of the scattered wave differs from that of the exciting 
wave, hence, in general 

u:(r,t} = ;• dv A (V)Us•{r}e -ivt , (2) 
where.4 {v} denotes the amplitude of the appropriate spectral 
component. A time invariant surface is generally defined by 
the implicit function Fo{ p) = 0, where p is the position vec- 
tor locating the surface. For a time dependent surface we 
have in general 

F{ p,t ) = 0. (3) 
The boundary condition is prescribed on the surface r = p, 
subject to {3), and for simplicity, the boundary condition 
used throughout the present study is 

u,{ p,t } + u,( p,t 
although other boundary conditions are applicable too. The 

ß general problem is to compute {2) subject to (3} and {4), with 
{2) being an appropriate solution of the wave equation, as 
explained above. 

Inasmuch as a general method is not available, we con- 
fine the discussion to cases where the time varying surfaces 
are perturbed fixed shapes, e.g., time dependent perturbed 
planes, cylinders, spheres, and p is given in the form 

P = Po + pl(t} ß 
In this specialized form (4) now reads 

exp[&-po + tk.p•{t ) -- icot ] 

+ ;_• A (v)u• [ Po + p•(t }] exp{ -- ivt } dv = 0. {6} 
The problem reduces to finding such constant coefficients 
A (v} which satisfy {6) for all t. 

The spectral contents of the incident wave at the per- 
turbed surface is given by the Fourier transform 

u•{ p,t } ----- exp{tk-po --/cot 

= exp(&-po) ;_• dpf(k, !z -- co) exp( -- ipt ). {7) 
In order for {6) to be satisfied for all t, we have to look for the 
corresponding spectral components in the scattered wave. 
However, there is no point in formally recasting us{ p,t} or 
u•{ p} in a Fourier integral, because these functions are un- 
known. On the other hand, u•{ Po) is available in closed form 
for numerous scattering problems involving time invariant 
surfaces. Therefore the present approach will be to expand 
u• [ Po + p•(t )] in a Taylor series about u•,(Po), and for 
practical problems the series can be truncated if the pertur- 
bation is small. In a compact notation the Taylor series is 
represented in the symbolic form 

u•[ Po + p,{t)] = exp [ p.{t }'V]u•v{ Po), {8) 

by which it is understood that the exponential has to be for- 
really expanded in powers of{ p•-V), where V is the gradient 
operator, and the differential operators thus obtained ap- 
plied to u•(Po). The advantage of this notation is in the fact 
that as far as t is concerned, V can be manipulated algebrai- 
cally. Similarly to (7} we now write 

exp[ p•(t).V] = dag{V,a) exp{ -- iat) (9) 
ao 

and exploiting the convolution theorem, {6) becomes 

f(k• -- co) exp{ik-po ) 

= -- f_• dvA {v}g{V4t -- v}u•,( Po)- {10} 
Provided the functions shown in (10) actually exist and can 
be found, the problem now reduces to deconvolving (10} and 
finding A {v), which are necessary to specify the scattered 
wave (2}. 

The general method described above will be applied to 
specific examples of interest in the following section. It is 
noteworthy that this formalism, in a more specialized way, is 
exactly what people have done in the past, e.g., see De Zut- 
terri Here it is elevated to the position of a general formalism, 
including differential operators. 

II. TRANSIENT SCATTERINGsGENERAL 
CONSIDERATIONS 

To complete the general introduction, the question of 
transient scattering and the related subject of the appropri- 
ate pole configuration is introduced. However, the reader 
might prefer to skip this section in a first reading and go on to 
examples of perturbed planes scattering harmonic waves. 

Transient scattering is at the present investigated very 
intensively by mathematicians and engineers, especially in 
the field of electromagnetic wave scattering. From the im- 
pulse response a map of poles can be obtained in the complex 
frequency plane, constituting a signature which character- 
izes the scatterer in question. This, therefore, provides an 
inverse scattering method which facilitates the identification 
of scatterers and certain properties thereof. The special con- 
tribution of the present study, as given in subsequent sec- 
tions, is the analysis of the effect of time variation of the 
scatterer on the scattered wave, and the interpretation in 
terms of the associated pole configuration. Since the present 
study brings together {for the first time, it is believed} two 
remote subjects, namely, transient scattering analysis and 
scattering in the presence of time varying boundaries, a short 
introduction seems to be in order. 

Physically speaking, the impulse response is what is 
measured when a bell is given a brisk tap, for example. The 
bell responds with a ringing {the impulse response scattered 
wave) according to its natural resonance frequencies. These 
depend on the bell's shape and materials involved. Since the 
sound is transmitted into the environment, its amplitude de- 
cays as the energy departed to the bell is slowly dissipated. 
Hence, we are dealing with complex frequencies describing 
the exponential decay. A map of these frequencies in the 
complex plane characterizes the object in question and pro- 
vides a signature. In the following mathematical introduc- 
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tion it will be clarified how the impulse response of a time 
varying object may contribute to studying its motional char- 
acteristics from the changes in its pole map, compared to the 
unperturbed object. 

For simplicity the excitation is taken as a plane-wave 
unit impulse 

1 •o 8(t-•)=-•-• f_•exp{,k.r-icot)dco. (11) 
Consequently, the impulse response is found by integrating 
the response to an incident harmonic plane wave over all 
frequencies. In (2} the response of a time varying object to an 
incident wave of frequency co is indicated. The dependence 
on co has been suppressed in the notation (2 I, but if we write 
explicitly u•{co,r,t) to denote the frequency of the incident 
wave, then the impulse response will be given by 

1 I• us{w,r,t)dco=•residues. (12) 2•' • 

From {12) it is clear that if the residues are computed the 
complicated integration along the real axis can be avoided. 
Actually the poles are located in the lower half of the com- 
plex co plane. The question of the multiplicity of the poles, 
and the extraction of poles from the impulse response is dis- 
cussed in Baum, u-is Dolph and Scott, t6 Bennett and Ross, l? 
and Miller and Landt, •a and the references cited by them. 
The impulse response will take the form 

u(r,t ) = • W• {k• r) exp{ - ico• t } {13} 

for objects posseszing simple poles, where co, are the poles in 
the complex co plane and W, are solutions of the associated 
Helmholtz equation, with k, = co,/C. 

Our task in connection with the analysis of transient 
scattering from time varying objects is to identify the new 
poles introduced by motional effects and their multiplicity. 

Ilk THE PLANE SCATTERER 

The time varying perturbed plane scatterer has been 
considered by numerous authors, see Censor, 2 and Van Bla- 
del 3 for some references. An exact solution, based on the 
D'Alembert solution of the one-dimensional wave equation 
has been given by Censor 4 {• also Van Bladel and De Zut- 
ter, b and the comment by Censor with reply of authors, ? and 
De ZutterS}. 

The one-dimensional case of a harmonically vibrating 
mirror is of importance because of its relative simplicity, 
which serves as an example for the general formalism dis- 
cusseel above, and as an introduction to more complicated 
cases discussed below. The incident wave is given by 

ui = exp(ikx -- icot ) (14) 

and the reflected wave is first written in a general form 

• co (15) us = A (¾) exp{ -- ik•x -- ivt ) dr, k• = • , 
which defines outgoing {i.e., reflected) waves. It must be 
stressed, and this point will be picked up below, that the 
choice of the scattered wave and the legitimacy of this choice 
is the most heuristic step in the whole treatment. The motion 

is described by 

p = Xo + •sin/2t. (16) 

Hence the incident wave (14) and the reflected wave (15) at 
the position of the scatterer (16) are given by 

exp(ikx o + i• sin [2t - icot ) 

= exp{ikx o - icot ) • J,, (k• } exp(imat ), 

f A (v)exp{ -- ik•xo) • ( -- 1)nJ,(k•) 
X exp [ -- i(•, -- n/2 )t ], (17) 

respectively. In order that the boundary condition (4) be sat- 
isfied for all t, ¾ in (17) must be quantized according to 
v = co -- q/l, q = 0, + 1, q- 2 ..... so that the incident and re- 
fleeted waves contain the same spectral components, there- 
fore the reflected wave is given by 

exp{- icot- ikxo)y• y• A,(- l)nJ.(.tO -•.q.(2 •) n q 

Xexp[{q + n}a•t ], {18) 

and the problem reduces to the computation ofdq. For sim- 
plicity, without affecting the generality of the problem, as- 
sume that the plane vibrates about xo = 0. For each mode m 
we selected from (I 8} the values of n, q, satisfying m = n + q, 
hence the equation on d• becomes, as a special case of{10), 

• C 
{19} 

ß This is an infinite system of linear algebraic equations, and 
can be solved approximately by truncating the range of m, q. 
Trivially, q = m = 0 yields Ao = -- 1 and ¾ = co as the fre- 
quency of the reflected wave. If we allow q = rn = 0, q- 1, we 
get three equations on the unknowns A•, q = O, q- 1, 
Jo{•g } + •o Jo(/*g }--& J_, { [{co -- a 

-A_• J,{[(co + a)/cg } ---0, 

j2{[(co + a)/cg } =0, 

J_,(k• } -AoJ_dkg) +l, J_:{ [(co --/• )/C]• ] 
+ Jo{ [(co + a)/cg } = o. 

There is no point in deriving detailed analytical approxima- 
tions for high order q, m values. What is more interesting are 
the general properties of such solutions and the effects on the 
pole location. Evidently A• will be expressed as rational 
functions in terms of Bessel functions, i.e., a ratio of linear 
combinations of Bessel functions of various (real} integral 
orders and arguments [(co -- cd2 }/C• for various integral 
a's. The poles of Ao are therefore available for computation. 
In general, the scattered wave will be of the form 

q 

The explicit computation of the location of the poles is out of 
the scope of the present study and has to be found numerical- 
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ly. By correlation of numerical results for various • and/'• 
values with experimental data, in principle it is possible to 
identify these characteristic parameters of the motion from 
the known pole configurations. 

De Zutter a discussed the case of oblique incidence for 
scattering of a harmonic electromagnetic wave from a har- 
monically vibrating plane. It is important to review this ex- 
ample in the acoustical context, because fundamental prop- 
erties of the solution are a result of the kinematics involved 

and are not a result of discussing electromagnetic waves or 
using an exact special relativistic formalism. The incident 
wave is given by 

u, =exp(ik,• x +ikvy--itot}, k} + k• 2 =co2/C 2, {22) 
and its value on x = • sin Jgt is 

exp{ik• -- icot } •'. Jr• (kx• } exp{im[lt }. {23} 
m 

The general form of the scattered wave is chosen as 

us = f A (v} exp{ -- ik,• x + ik, y - ivt } dr, (24} 
kL 2, 

constituting a superposition of reflected waves for which the 
proper amplitudes and k•, v must be determined. At 
x = • sin •t we obtain for the scattered field at the boundary 

f A {v} exp(ik. y -- itot} •( -- l}"J. Ikvx• } exp(in12t}, rt 

k. = 125) 
Hence again (23), (25}, and (4} prescribe v = • -- • and (24) 
becomes 

u, = •A• exp[ -- ik•x x -- ik• y -- i{to -- q• )t ], 
q 

•,• = [• - (o - q•2 }•/C2] m . {26) 
Althou• we •e d•ing wi• simple s• (• op•s• to 
v•r el•tro•etic) waves, and no s•i• rela•v•c 
•nsiderations are involve, (26) pr•cts an •lar s• 
• of •tter• p•e wav•. •is includes, therefor, the 
a•mi• phenomenon which is somet• e•on•usly 
•nsider• to • a relativistic eff•t. Anoth• •int which 
ap• h•e but •s • pre•o•ly not• by • Zut•r s • 
in t•t that (26) pr•icts ev•t waves. This result hing• 
on the choi• ot (24} • a su•ition of refi•t• wav•. 
•e le•t•acy ot ming (24) in •is t• is howev• o•n m 
•ussion. Sho• we •ve •clud• in •e •tter• fidd 

al• wav• •th + ik•x in the ex•nential (24)? Such wav• 
wi• the approp•ate brach of(26) •uld •cel •e evid- 
ent wav• ob•n• by De Zutter? Or, • ev•t wav• 
are pre•nt, d•s the choi• ot (24) g•r•t• all such wav• 
t•t must • pr•t on the su•? •e quitions are 
rela• to the r•r•fion of•e scatter• wave • two and 
thr• d•sions. It •s •n shown, e.g., • Twersky 2•22 
t•t the repr•n•tion of the •at•r• wave in terns of out- 
going wav• • le•timate outside the circle {for two dime- 
sions) or sphere {in thr• dimesions} mclm•g the •tt•er. 
In fact, a minewhat weber •ndition is stated, •2• but this 
is un•nt• for the prat •gument. Ind,, fithe suffa• 
of a two- or t•e•sion• objet is •den• • such a 

way that a leaky cavity is formed, it is clear on grounds of a 
physical argument that standing waves can be present, i.e., 
outgoing waves alone are not sufficient to describe the situa- 
tion. The answer to the question of choosing the scattered 
wave in terms of outgoing waves will have to be resolved in 
the future, at the moment the present author is not aware of 
an existing answer. 

The method of solution for dq in (26} is similar to the 
normal incidence case, in that we have an infinite system of 
equations 

Once the harmonic excitation solution (26) is available, the 
impulse response is derived by (12}, and the pole confi]•ura- 
tion depends on the parameters of the incident wave to,k and 
the parameters of the motion, i.e., •. 

The problems discussed thus far have been considered 
in the literature before and served here to demonstrate the 

general formalism which deals with much more intricate 
problems as well. An obvious extension of the above prob- 
lems is the periodic motion replacing (16) by 

p = y• • sin(rat + •l, (281 
Y 

whereby {14) becomes on the scatterer 

exp(ikp -- iøat } = I•r (m•r J•r(k•r} 
Xexp[imr{Y12t + •r) -- lot ]). (29} 

Obviously, a tmnmtion of•,m r • n• to dedve explic- 
it approximations. •e refl• wave is •ven by (21 } but the 
b•p•g of•s from (29) •d the analog of (25) • get- 
ting cum•ome. In the a•n• of an obvious app•mtion to 
a s•ffic problem of int•t, t•s •m•t • not • 
fu•er pumu•. 

A much more practic• problem is pr• by •tt•- 
ing from a time va•ing •mga•, or dpp•ng pl•e. To 
this elms of problems •ion• •ttedng of round from the 
s•a• of the •, •th for a•ustic propa•fion a•ve the 
suffa• or unde•ater. In •I • our m•el is simp• by 
ne•t•g the eff•t of the motion of the m•a • by the 
moving surfak. T•s cl• of problems is • rda• • •t- 
tedrig of li•t •d sound by s• wav•. In g• we • 
d•ing h•e with a suffa• d•d• by 

p = Xo +pdy•,t}. (30} 

Mo• s•c•ly, we sh•l •nsid• •e probl• of a •e- 
dimensional m•h•iml wave on the suffa• a•rd•g to 

p=gsh(Ky--at), K=O/•, {31) 

where • is the phase vel•ity of •e m•h• wave. T•s 
m•e (30} d•, in a s•se, a moving diffr•tion •t•g. 
U•n reputing (31) by a smding wave 

p = • sin Ky sin •t, (32} 

we •r a •e v•ing •afing •up•g •e •e 
•sition, as d•n• by its m•, i.e., •e zeros of s• Ky. 
A•rding to (31), •e incidem wave (14) and the refi• 
wave (24} on •e suffa• •me 
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exp(ikp - loot) = • J•(k• ) exp[ irn(Ky - at) -icot ], 
m 

(33) 

x exp [n(Ky - } + - ] 
respectively. The temporal structure of(33) again prescribes 
that the scattered wave can be quantized according to 
v = to -I- q/l, but here we have to also accommodate the spa- 
tial dependence on y, hence (24} instead of ( 15} must be used. 
The condition on the surface now becomes 

• J.•(k•)exp[im(Ky--•2t)] d-•A• • I(- l)ndn(k•) 
m q tl 

Xexp[i(nK q- kq•)y] exp[ -- i(n + q)g2t ]l = 0. (34) 
By equating terms m = n + q (34) holds for all t, and by 
further defining kq• = qK, the condition (34) is satisfied for 
all y. But this prescribes 

k •x = (to + m•2 )2/C 2 -(qK) 2 (35) 
and the system of equations on Aq becomes (27), with k x 
replaced by k and kqx given by (35). Again the problem is 
characterized by an angular spectrum of scattered plane 
waves propagating in various directions, also (35) is condu- 
cive to evanescent waves and the same comments made 
above in connection with the oblique incidence case apply 
here. The motion induced poles for the impulse response 
associated with the last problem now depend on another pa- 
rameter, namely g', the phase velocity characterizing the sys- 
tem supporting the surface waves. At least in principle, this 
property can be studied by means of the scattering products, 
of the harmonic or the impulse response. The last problem 
can be combined with oblique incidence, or periodic excita- 
tion or both. Problems involving spatial combination of 
waves may be conceived. Other spatial wave modes such as 
cylindrical waves on the surface can be studied. The formal- 
ism is sufficiently general to encompass all such cases. How- 
ever, in a theoretical study as we have here, such detailed 
discussions are not justified. 

IV. THE CIRCULAR CYLINDER 

Many problems of interest involving surfaces which, in 
the unperturbed state have a radius of curvature large com- 
pared to wavelength, can be tackled with the methods de- 
scribed in the previous section. On the other hand, when 
characteristic parameters, e.g., radius, are comparable to the 
wavelength, the curvature of the unperturbed surface must 
be taken into account. The circular cylinder provides a con- 
venient canonical example for demonstrating the effect of 
time varying surfaces. Problems of this kind have been con- 
sidered previously by Censor, 2'•-• citing other literature re- 
ferences (see also Van Blade13). 

The novel feature, compared to problems of the plane 
scatterer, is thc appearance of the differential operators in- 
troduced in the general formalism (10). The unified ap- 
proach to examples given here facilitates the discussion of 
other classes of problems which may be of interest for engi- 
neeting applications. The response to harmonic and tran- 

sient scattering is considered, as a method of studying the 
motion via the scattered wave. 

Before prodeeding to the main line of this section, it 
seems advisable to try and understand which problems will 
be simple to handle. As it happens so often, problems are 
amenable to straightforward analytical treatment if they can 
be expressed in terms of the components of the coordinate 
system in question in a simple way. This is the reason for the 
relative simplicity of the analysis of the plane scatterer prob- 
lems considered above. In order not to be too vague, consider 
for example, the case of a circular cylinder oriented along the 
z axis and vibrating along the y axis, with the incident wave 
given by (14). The position of the surface of the cylinder is 
defined by 

p = i a cos • + • (a sin • + •' cos [2t ), (36) 
i.e., this is a cylinder of radius a whose center is given by the 
coordinates x = 0, y = •' cos [2t. The incident wave (14) is 
first written in terms of polar coordinates x = r cos •, y 
= r cos •, and then according to (36) we have on the surface 
of the cylinder the incident wave in the form 

exp{ik [a 2 cos2•b + (a sin •b + • cos/2t )2] •/2co s •b - ieot } . 
(37} 

Although we can, in principle, recast (37) in a series display- 
ing the spectrum in •b and t, and finally derive a form of the 
type (10), this is certainly a complicated problem. To bring 
up the essential issues involved in scattering by time varying 
objects, and until a need for a specific problem does arise, we 
shall confine ourselves to simple "canonical"problems. 

A relatively simple problem demonstrating the method 
of solution and its limitation, is provided by the pulsating 
cylinder, defined by a harmonically varying radius, 

p = a + • sin/2t. (38) 
The incident wave (14) at the surface becomes 

exp(ikp cos •b -- kot ) 

= • imJm (ka + k• sin g2t ) exp(im•b - icot ). (39) 
m 

We have the option of finding the spectrum of(38) by a Four- 
ier transformation, but practical reasons suggest that for • 
sufficiently small with respect to a, (38) be recast in a Taylor 
series. In practice this series will be approximated by a finite 
number of terms, up to the desired power ofk•. We therefore 
rewrite (38) as 

• i '• exp[(k• sin/•t )8]Jm (ka) exp(im•b -- icot) 
m 

= Z it, gsVm I,a)i 

X exp(im• ) exp [ -- i(co -- n/2 )t ], (40) 
where 8 symbolizes a differentiation of J,, with respect to the 
argument, and J• ( -- ik•8) is understood as a representation 
of J• in a power series, where the power of 8 signifies the 
number of times this operator is applied. Of course, we have 
to use J_ n = ( -- 1)nJ• in order to have positive powers of 8. 
One can also use a representation in terms of modified Bessel 
functions for Jn of imaginary argument. The scattered wave 
is chosen in terms of the Hankel function of the first kind, 
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which in conjunction with e- ivt, in the form 

u, = • ; imAm(v•-lm(kvr) exp(}m• -- ivt )dr, {41) 
where k v = v/C, and because of the discrete spectrum {39), 
this becomes 

u, = • • PAq.,Hm{kqr } exp[im• -- i{co -- q•2 }t ]. {42} 
,n q 

On the surface we have, similar to 

H•, {kqa + kq• sin/2t } 
= exp{kq• sin atS}H., 

= • exp(ilat ) Jt( -- ikq•c•'lm (kqa) {43) 
I 

and the sum of(40) and (42) subject to (43) vanishes according 
to the boundary condition (4). Exploiting the orthogonality 
of the exponentials, and canceling e - ao,, the system of equa- 
tions for the coefficients is found in the form 

q 

XH,(k•a) = O, kq = (co -- qa }/C. (44) 

Explicit approximations to the problems of the pulsating cyl- 
inder as well as other problems, some of them reviewed here, 
are given by Censor, • • but here a systematic approach and a 
compact notation facilitates the discussion of such problems 
without going into cumbersome detail. It is evident from (44) 
that Aq,• involves ratios of J,,, H,, functions, and deriva- 
tives thereof. For transient scattering this means that new 
complex poles appear in the complex co plane. The subject of 
deriving Aq, in (44) and specifying the locations of the com- 
plex poles, belongs to a formidable numerical project that 
cannot be included in the framework of the present theoreti- 
cal investigation. 

The above problem of the pulsating cylinder corre- 
sponds to the vibrating plane. The problem demonstrated 
above for a plane supporting displacement waves corre- 
sponds to a cylinder supporting displacement waves along 
the generator and circumferential displacement waves. The 
first mode is characterized by a radius varying according to 

p = a + • sin{Kz -- g2t }. (45) 

Skipping some intermediate steps, this leads to the incident 
wave {14) becoming on the surface, subject to {45), 

E E Jn { -- ik•c•) Jrn 

XF' exp[•m• + in{Kz -- [It} -- itot ], 

very similar to {40), except that in {46) we have dependence 
on z. Therefore instead of (42) we now have 

rn q 

X exp [ikq• + imq• -- i(co + qg2 }t ], 

On the surface (45), u, becomes 

• • • (J•( -- ikq•O•l.lk•a•4q•,i '• 
m q I 

X exp(im• + ikq•z) exp{ - i[• + (q + l• )]t + ilKz}}. 
(48) 

Exploiting the o•hogon• pro•i• we fin•ly find the sys- 
t• of equations for computing •e •fficients 

+ y_, g._ - = o, 

where we have used n = q + ! and kq,: --qK, and ob- 
tained a result very similar to (44). 

The new feature introduced by circumferential surface 
perturbation waves is the effect of time variation on the • 
dependence. Typical modes are considered by Censor? 
Choosing as an example 

p = a + • sin • cos •t, (50) 

we have a mode of motion which for very small •/a approxi- 
mates {37}, i.e., the lineal vibration. The incident wave { 14} on 
the surface becomes 

•] i"' exp(k•8 sin • cos J9t ) J• (/ca) exp(im• -- iot 1. 

By recasting 

2 sin • cos L•t = sin{•l + •t } + sin(• -- •2t } 
we obtain 

X exp[i{n -- n'•Ot -- io•t ] exp[i{n + n" + m• ]]. 
The scattered wave is therefore chosen as 

(51) 

{52) 

• •Aqu iuHulkqr} exp[ip• -- i{co + qY/)t l, (53) 
/z q 

and subject to {50), on the surface yields 

Xexp [i(• + u + u')4 1 

X exp [ - i(• + q• + u'• - u• )1 ti•A• ]. (54) 
•e sm of {52} and {54} vanish• on the suffa• for •i •,t 
h• by the o•hogonality of the exponentials we have 
n--n'=u--u'--q, n+n' +m=u +u' +•. • leads 
to 

) 

tz=n+n'+m--u--u ', q=n--n'--u+u'. {55} 
This is as complicated a problem as we wish to display in the 
present discussion, and serves to show that although the gen- 
eral formalism {10} can be used, the details, even for an inno- 
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cent looking mode of motion like (50), can be very cumber- 
some. 

An entirely different problem is offered by an expand- 
ing cylinder, whose radius changes according to 

p = a + ot, a,o = const. (56} 

Relevant literature about expanding objects is cited by Cen- 
sor. 2 This problem, which in one {Cartesian) dimension sim- 
ply defines the Doppler effect, is very complicated when it 
comes to radial motion. The incident wave {14) becomes on 
the surface 

exp[ik {a + pt ) cos • -- {cot ] 

= • J. (/ca + kvt ) exp(im• -- kot ). 
m 

The Taylor expansion yields 

{57} 

• i m expikot3} Jm (ka) exp(im• -- lot ), (58) 

but this expansion in powers of •t •nstitut• a •fi• of 
s•ul• te•s [i.e., if only a fini• numar of te•s in the 
ex•sion is •ken •d t inere•, then the sum {58) •ows to 
in•ity and d• not •nverge to {57)]. On the other h•d, a 
el•m that our approximation appli• to small t is in•nsis- 
t•t with the fact that in •onie s•ttefing the r•ults 
•o•d • applicable to all t. •is •radox c• • d•lt with 
in the •ntext of tr•si•t s•tt•ng. Although {13) is de- 
fiv• from • in.grot{on of •onie m• over MI •1 
fr•u•eies, it •nsists of ex•nentially d•aying •s, ac- 
•rding to the l•ation of the •le • in the •mplex • plane. 
Hens, ev• thou• our •lution will involve •wen of •t, 
for l•ge valu• of t the ex•n•ti• d•y • over •d 
supp•s• the •o•h oft n, where h is •me integrM •itive 
•wer. For a •tter• field 

• f A•{•}i•H•(k•r} exp{im• -- ivt}dv, (59) 
we ebon on •e suff• (56) the •ndition 

exp(kotJ} J• (•} exp( -- i•t } 

+ fA {v} exp{k•vtJ) H•(k•a) exp{ -- ivt } dv = O, (•) 
which must hold for •1 t, at le•t within the •te•al for 
which we derive • ad•uate approximation. To the fi•t 
order of t, which is • •e order of the approximation in 
te•s of the Math numar o/C, (•) • 

J, {ka) exp [ -- kot + kvt3 J, {ka}/J, (ka)] 

f ( kot3H.{ka}• + A (v•I-l.(kva) exp -- ivt + H. (/ca} 
{61) 

where we have approximated 

1 + lcot8 J. (ka)/J. {ka) 

= exp [kotc•Jrn(k•}/Jm{ka)] + O{kot} • , 
etc. For {61) to be satisfied for all t, we choose 

(c9J. (ka} •H. {ka) ) 1621 v. = o + ikv • j---•-• H. (ka} ' 

and 

A. (v. ) = -- J. (ka)/H. 
kv = v/C, (63} 

where v. is given by (62). Hence the integral (59) reduces to 
one term as given by (63). This is essentially the result ob- 
tained before by Censor.•ø It is interesting to note that the 
response to the harmonic incident wave gives rise to a com- 
plex frequency. The location of (62} for real •o, k, and o is 
complex in the v, frequency plans. Inasmuch as k,. in the 
denominator {63) is different from talc of the time invariant 
cylinder, pole migration is evident. The new locations of the 
migrating poles, for such complex values of v {62) which 
cause H,. (kv.a) {63} to vanish are indicative of the motional 
effects and serve to detect the new characteristics from the 

impulse response according to {12). In order to derive higher 
order in/cot approximations for the scattered wave, we use 
the first-order approximation 

• i•' H.(kv.a) H.{k.. r}exp(imqS--iv.t} (64) 
and subtract its value on the surface from the incident wave, 
writing 

e•,Oa j.(ka}e_ iO, , 

X e•'O'•Hm (k•.a)e - •m' 

f • 
Up to and including tirst-order terms in k•t vanish in {65): 
They do not appear in the expansion of the terms in 
outside the integral, because this is the way these terms have 
been construeted•to mutually cancel {kvt} ø and (fur} 
terms. Hence the terms in the integral of zero and first order 
in kut, must be assigned a coefficient zero. Second- and third- 
order terms in kut are retained in the expansion of{65}, yield- 
ing 

Jm{/Ca) {/%a) 

kot Xexp -- iv.t + -•- c•Hm(k,,ma},] ] , {66) 
for •e terns in {65} outside the integra. In the integ• •e 
expansion of {65} and k•ping the relev•t tern yiel• 

2 

X exp --•,t + 3 •H•} •'' (67) 
By •mp•ing (•) and (67) two new •mplex f•ci• •e 
pr•d•, •d two •ffici•ts B•{ p• ), B2(p• ). The de- 
Vils •me eum•some •d • not • fu•er pursu• 
here. •e •lution (•) is now supplem•t• by add•g the 
•s involving Bl(p•), B•(p•). •e pros • • r• 
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peated to derive higher-order approximations, but the book- 
keeping and the additional detail render it prohibitive within 
the scope of the present study. In principle, the creation of 
the new poles due to the new coefficients has been demon- 
strated. Thus the effect of the motion can be detected by 
extraction of poles from the impulse response. 

V. THE SPHERE 

In the context of electrodynamics, scattering by a 
sphere is an extremely complicated problem involving vec- 
tor waves (see Stratton23}. In acoustics, e.g., see Morse and 
Ingard, 24 we are dealing with a scalar problem not much 
different from the cylinder. The pertinent special functions 
are more complicated to handle, hence examples are con- 
fined to simple eases. 

The general solution of the scalar wave equation for 
spherical systems and time harmonic fields is 

n--Ore-- --n 

Y nm(0,4 ) = e n m (c,o• O) e imq$ , 

(n - m)! P7 , (68) p/-m = ( _ 1)"' (n + m)! 
whcrcz. denotes the spherical Bessel functions j., or spheri- 
cal Hankcl function of the first kind h•, Y7 are scalar 
spherical harmonics, and P •' are the associated Legendre 
polynomials. 

For the simple problem of the radially pulsating sphere, 
the three-dimensional analog of (38}, the coordinates 0,4 are 
not affected, hence the incident wave (14) 

u,= • P(2n+ l)P.{cosO)j.(kr• -•", (69) 
prescribes 

u. = • • A.(v)i"(2n + 1)P. j.(kvr)e-'• . (70) 
The argument proceeds along the same lines of the pulsating 
cylinder, and we end up with the analog of (44), 

+ •Aq. J._q( -- ik•)h,•lk•a) = O, (71) 

where k• is given in (44). 
The other problem which does not perturb the 0,•b 

structure of the solution is the radially expanding sphere 
moving according to (56). There is no need to retrace the 
argument, merely to notice that for the present case (62), (63), 
(66), and (67) apply with J., d-/., replaced by jn,h.. 

Other classes of problems can be defined, for which the 
object's surface is perturbed as a function of 4 or 0. The 
apparently simple mode (50), corresponding here to azi- 
muthal surface waves, follows the same argument {51)-(55), 
preserving the dependence on 0 at each stage. The tedious 
details are not given here. Surface waves depending on the 

polar coordinate, e.g., (50) with sin $ replaced by sin 0 or 
cos 0 are even more complicated, involving recurrence rela- 
tions on the scalar spherical harmonics. Simple approxima- 
tions are discussed by Censor.• 

In all cases, it is evident that new coefficients appear, 
defining new poles and new complex frequencies in the im- 
pulse response of the perturbed sphere under consideration. 
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