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The problem of the scattering of acoustic waves by a vibrating surface surrounded by a fluid was 
investigated. Theoretical results were obtained for the specific case of a plane wave (of angular 
frequency cot, ) normally incident on an infinitely long cylinder vibrating uniformly and' 
harmonically (at angular frequency co½) in the radial direction. This problem was previously 
studied by Censor [J. Sound Vib. 25, I01-110 (1972)], who used the linear equation together with 
nonlinear boundary conditions to obtain his solution. In addition to ordinary rigid-body 
scattering, Censor predicted nongrowing waves at the sum and difference frequencies cop ñ 
However, medium-nonlinearities also produce sum- and difference-frequency waves. The 
amplitudes of these waves tend to grow with increasing distance from the surface and, after a very 
small distance, dominate those predicted by Censor. In the present study, an expression' for the 
difference-frequency wave was obtained using the simple-source formulation of the nonlinear 
wave equation subject to the appropriate boundary conditions. The expression was evaluated 
numerically for specific parameters and the results are presented graphically. Efforts to 
experimentally confirm the theoretical predictions were inhibited by the presence of previously 
unsuspected levels of hydrophone nonhnearity. 

ß PACS numbers: 43.25.Gf, 43.25.Fn, 43.20.Tb, 43.25.Cb 

INTRODOCTION 

In 1972 Censor • considered the problem of the scatter- 
ing of acoustic waves (of angular frequency cop ) by a surface 
vibrating sinusoidally (at angular frequency co½). Censor 
solved the linear wave equation subject to a nonlinear 
boundary condition. In addition to the usual rigid-body scat- 
tered waves, Censor predicted waves at the sum and differ- 
ence frequencies cop -t- co½. Shortly after the appearance of 
Censor's article, Rogers 2 pointed out that medium nonlin- 
earities also would produce contributions to the sum- and 
difference-frequency components. Since the boundary effect 
predicted by Censor depends on the Mach number to the 
same order as the medium nonlinearities, any solution in- 
relying the sum- and difference-frequency components must 
necessarily involve the nonlinear wave equation. 

In Sec. I we use the simple-source formulation of the 
nonlinear wave equation to solve the problem of a plane 
wave normally incident on an infinitely long cylinder vibrat- 
ing uniformly and harmonically in the radial direction. Sec- 
tion II presents in graphical form the results obtained by 
numerically evaluating the solution for the specific case that 
was examined experimentally and compares them with Cen- 
sor's results for the same problem. Section III describes the 
experimental investigation of this problem. It also discusses 
the unexpectedly high levels of nonlinearity that occurred in 
all the hydrophones tested. (This hydrophone nonlinearity 
precluded experimental confirmation of the theory.) Section 

')This article is based on the first author's Ph.D. thesis submitted to the 

faculty of the Stevens Institute of Technology in partial fulfillment of the 
degree requirements. 

IV gives the conclusions. Finally, the Appendix gives a deri- 
vation of the simple-source formulation of the second-order 
nonlinear wave equation for arbitrary primary fields. 

I. PLANE-WAVE SCATTERING BY A VIBRATING 
CYLINDER 

We consider the problem of calculating the sum- and 
difference-frequency acoustic waves produced when a plane 
wave (of angular frequency cop) is normally incident on an 
infinite cylinder vibrating harmonically (at angular frequen- 
cy coc ) and uniformly in the radial direction (see Fig. 1). (The 
solutions for some other geometries are given in Ref. 3.) The 
boundary conditions involve the assumption of "rigid-body 
oscillation" of the cylindrical surface (i.e., this surface vi- 
brates only at the frequency coc to all orders), and we require 
only outwardly propagating second-order fields. The pri- 

FIG. 1. Geometry of plane-wave scattering from a vibrating cylinder. 
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mary sound sources are assumed to be operated at or near 
their fundamental resonance frequencies. We choose to ex- 
press the problem in terms of the simple-source formulation 
of the nonlinear wave equation: 

1-12P2 = -- Po -•t' (1) 
where q is the simple-source strength = (1;'/p• c•)lv•/& )P •, 
Po is the ambient density of the fluid, co is the small signal 
sound speed in the fluid, P• is the primary-wave (first-order) 
pressure, P2 is the secondary-wave (second-order) pressure, 
and F is the nonlinearity parameter = 1 + (B/2,4 ) with B / 
•4 = (po/C•)&P/c•p2)s,•=•o (where S is the entropy). Wes- 
tervelt 4 derived the simple-source formulation of Eq. (1) in 
1963 under the assumption of plane waves for the primary 
pressure Pp We rederived the formulation for arbitrary pri- 
mary waves and obtained the same result. The derivation is 
provided in the Appendix. 

For the present problem, the first-order pressure P• is 
the sum of the incident plane wave Pc .... the wave P•c•tt that 
is scattered when the plane wave is .incident on the cylinder, 
and the wave Pcyl that is radiated by the vibrating cylinder. 
The cylinder may properly be considered a rigid scatterer 
providing the frequency of the incident plane wave is signifi- 
canfly below the lowest resonance frequency of the cylin- 
der? We assume this to be the case and obtain, using conven- 
tional linear theory: 

P1 = Pplane q- Pcyl q- P•att 

+ • .A,, cos(m•)H,,,(k•,r)e -•', (2) 
where Po is the pressure amplitude of the incident plane 
wave, A is the pressure amplitude of the radiated cylindrical 
wave, Jm is the ruth-order cylindrical Bessel function of the 
first kind, H,, is the ruth-order cylindrical Hankel function 
of the first kind, a is the cylinder radius, A,, is the ruth rigid- 
body s•attering coefficient, • and k = a•/Co is the wavenum- 
ber. We have expressed the plane wave in terms of its expan- 
sion in cyhndrical coordinates. 

In order to obtain the sum- and difference-frequency 
components ko + = % + o•,) of the second-order pressure 
P•, we begin by obtaining the corresponding frequency terms 
in the simple-source term po{•q/& ) + ß Since both the sum- 
and difference-frequency cases can be handled in a similar 
fashion, we will describe in detail only the calculation of the 
difference-frequency component. We suppress the time de- 
pendence exp( - ion_ t ) and obtain the following equation for 
the time-independent amplitude of the difference frequency 

= 

?aP_(r,• ) + k •_ P_(r,• ) = B_(r,• ), (3) 

where B_(r,• ) is the time-independent amplitude of the dif- 
ference-frequency component of the simple-source term. We 
define a Oreen's function associated with Eq. (3), G_(r,r'), 
such that: 

V2G_(r,r ') + k •_ G_(r,r'} = - •(r -- r'), (4) 

where • (r - r') is the Dirac delta function. To be consistent 
with our assumption that the cylinder is a rigid-body scat- 
terer at the difference frequency, the normal derivative of 
G_(r,r') is required to vanish on the cylindrical surface. 

A representation for P_ may be obtained by multiply- 
ing Eq. {4) by B_ and Eq. (3) by G_(r,r'), subtracting the 
resulting equations, and integrating over primed variables. 
The result is 

P_(r) f d•-' ' r r' = - B_(r)G_(, ) 

+ ff G_(r,r')VP_(r',• '), dS', 
where the vanishing of the normal gradient of the Green's 
function has been imposed. 

We now consider the surface integral in Eq. (5), focus- 
ing our attention first on the VP_ term of the integrand. If 
the current problem was being solved in Lagrangian coordi- 
nates, this term would vanish. In Lagrangian coordinates the 
proportionality between the pressure gradient and the veloc- 
ity is exact (due to the form of the equation of motion). 
Hence, VP_ would be proportional to the surface velocity at 
the difference frequency and, therefore, equal to zero due to 
the rigid-body boundary condition. The current problem is 
actually being solved in Eulerian coordinates. However, an 
upper bound for the Contribution to P_{r) from this surface 
integral can still be estimated using plane waves. (This has 
been done in Ref. 3.) The result is that the surface integral 
contributes negligibly to the difference-frequency pressure 
{in all directions) at radial distances exceeding one differ- 
ence-frequency wavelength. We choose, therefore, to neglect 
this surface integral and to represent P_(r) simply as 

P_(r} f ' r' r r' :- ). (6) 

The rigid-body Oreen's function appropriate to cylin- 
drical geometry is well known ? and is given for the region 
r'<rby 

= '} H•,(k r)J•(k r') 6_(r,r') •- •] e• cos m(d - d _ _ 

J •, (k_a) H• (k_r)H• (k_F)), (7) H L (k_a) 

where •,, = 1 if m = 0, •,• = 2 if m • 0, and primes on the 
Bessel functions denote differentiation with respect to the 
argument. The corresponding Oreen's function for the re- 
gion r' > ß is not needed since contributions to the integral of 
Eq. (5) from this region (which is further radially from the 
source than the point of interest) will be assumed negligible. 
These contributions do not add up constructively but tend to 
cancel each other due to phase mismatching. Conversely, 
contributions from the region r'•r tend to add constructive- 
ly and provide essentially the entire difference-frequency 
wave present at the observation point. (Estimates of the 
small errors involved in restricting the integration to r' •r are 
provided in Ref. 3.} 

The simple-source term of F.q. (1) involves the square of 
the first-order field P •. The difference-frequency compo- 
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nent of the quantity P • can be calculated using Eq. (2). We 
must, however, use only the real part of P• when forming 
quadratic terms in order to avoid introducing erroneous 
contributions. Expressed in complex notation for conve- 
nience, the resulting amplitude B_ of the difference-fre- 
quency component of P • is given by 

B_(r,O ) = -- 2(co, -- coc } 2d/• (Po Ho(k½ r•lo(kt, r) 
+ • d *,, cos(mO•Ho(k,r•rl,,,(k•,r} 

where the asterisk denotes complex conjugates. Equation (8} 
I 

is the proper form for B_ only when cop >coc. If coo > COp, the 
correct form for B_ is the complex conjugate of the right- 
hand side of Eq. (8). In the following analysis, we chose 
o•p > coo since this case was easier to implement experimen- 
tally. {Unfortunately the assumption that the cylinder is 
acoustically rigid at the primary frequency COt is question- 
able when COp >COc so that the rigid-body scattering coeffi- 
cients are probably inappropriate. However, an empirical set 
of scattering coefficients,4,,, determined by directly measur- 
ing the linearly scattered field, may be used instead.) 

We obtain the difference-frequency pressure P_(r) by 
substituting the expression for B_{r') given by Eq. {8) and the 
Green's function G_{r,r') of Eq. (7) into Eq. (6). The integrals 
over 0 may be performed easily to provide the following 
expression for the difference-frequency pressure: 

p_(r) = -- •riPø(co• ---- CO½)•AF[ 2poC• Ho(kar ) dr' FH o*{k•r'•lo{kpr')Jo(kar' ) 

+2 • i t cos(10 )Ht(kar , ( •' d? r'Hg{kcF)Jt{krr'•lt(k,tF)- • (9) 

II. NUMERICAL RESULTS 

In order to illustrate the solution given in Eq. (9), as well 
as the corresponding solution given by Censor,• we used pa- 
rameter values that were experimentally realizable to make 
example calculations. We chose the plane-wave frequency to 
be 162 kHz and the cylindrical-wave frequency to be 102 
kHz, thus obtaining a difference frequency of 60 kHz. We 
chose the amplitude of the incident pressure wave to be 
1.0X 10 • Pa and the cylindrical-wave amplitude coefficient 
,• equal to 3.5 X 10 • Pa. Water was chosen for the surround- 
ing fluid. 

We first numerically evaluated Censor's solution for 
this case. His solution, given by Eqs. (5), (10), (23), and (24) of 
Ref. 1 is a relatively simple Bessel function series. The result- 
ing angular distribution of difference-frequency pressure at 
15 cm from the symmetry axis of the cylinder is shown in 
Fig. 2. The maximum pressure at this radius occurs at 0 = 0 ø 
and is equal to 0.9 Pa. (In Fig. 2, as well as in all following 
polar plots, the dB scale is measured relative to the maxi- 
mum pressure value at the radius of interest. The maximum 
pressure value corresponding to a particular polar diagram 
is given in the information box associated with it and is re- 
ferred to as "PMAx '" Additionally, the symbol vp represents 
the frequency of the incident plane wave, % represents the 
frequency of the radiated cylindrical wave, and v a represents 
the difference frequency.) As expected, the pressure values 
predicted by Censor's theory turn out to be of the same order 
of magnitude as pseudosoundS; i.e., they are comparable to 
the difference-frequency component obtained by transform- 
ing the sum of the primary fields present at the observation 
point from Lagrangian to Eulerian coordinates (or vice 
versa). 

The behavior of the difference-frequency pressure with 
respect to radial distance from the cylinder symmetry axis is 
shown in Fig. 3 for 0 = 0 • {a similar behavior is seen at other 
angles). This graph can be interpreted in the following way: 

300 • $0 o 

270 • 90 ø 

24( 

= 1.0 x I05 Pc 
= 3.5 K 105 Po 

: 162 kHz 

- 102 kHz 

-I cm 
= 15 cm 180 • 150 e 

FIG. 2. Angular distribution of the difference-frequency pressure as pre- 
dicted by the Censor theory • for a radial distance of 15 cm. 
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- IO? kHz c =lcm 

I I I I I I I 
15, 20 25 30 35 40 4..5 50 

DISTANCE (cm) 

FIG. 3. Radial distribution of difference-frequency pressure as predicted by 
the Censor theory • for 0'. 

270 ø 

240 ß 

330 ø 0 30 ø 

60 ø 

90 ø 

120 ø 

Censor's theory predicts the generation of difference-fre- 
quency waves (as well as sum-frequency waves I due to the 
presence of boundary conditions associated with the time- 
varying nature of the cylindrical surface. Hence, both the 
sum- and difference-frequency waves predicted by his theory 
are created solely .at the surface of the scatterer. As the obser- 
vation point is moved to increasingly greater distances from 
the boundary, these sum- and difference-frequency pressure 
waves must spread cylindrically (in a manner similar to the 
spreading of the first-order cylindrical field}. In the asympto- 

A 

PMAX ' :313 Po 
ß Up = 16•' kHz 

u c - 102 kHz 
u d - 60 kHz 

ß ; r. I½ffl - iO cm 

180 ø 150 ø 

FIG. 5. Angular distribution of the nonlinearly generated difference-fre- 
quency pressure at a radial distance of 10 cm. 

330 ø 0 30O 

270 = 90 ø 

240 ø 120 ø 

Po =1.0 x 10 SPa 
A - 3.5 x 105 Po 
PMAX - 26 Po 
up = 162 kHz 
u c = IO• p kHZ 
u d = •0 kHz 

- Icm 

180 '=' 150' 

FIG. 4. Angular distribution of the nonlinearly generated difference-fre- 
quency pressure at a radial distance of 5 cm. 

tic limit their magnitude will decrease inversely as the square 
root of the radial distance from the symmetry axis. This be- 
havior is seen in Fig. 3. 

The solution to the nonlinear wave equation for this 
problem is given by Eq. (9). This solution contains compli- 
cated integrals involving triple products of Bessel functions. 
We developed a new technique of integration ø suitable for' 
evaluating these integrals for the special case in which the 
argument of the Bessel functions corresponding to the radi- 
ated cylindrical wave as well as the argument of the Bessel 
functions corresponding to either the incident plane wave or 
the difference-frequency wave are sufficiently large for the 
Bessel functions to be replaced by their asymptotic forms. 
Unfortunately, these conditions were not met for the present 
example so we evaluated the integrals numerically instead of 
by the use of Gaussian quadrature. 

The resulting angular distributions of the difference- 
frequency pressure calculated using Eq. (9) for radial dis- 
tances of 5, 10, and 15 cm from the scatterefts center are 
presented in Figs. 4, 5, and 6, respectively. These graphs may 
be interpreted qualitatively in the following way: For angles 
near 00, strong contributions to the difference-frequency 
pressure are obtained from the "mixing" of both the incident 
plane wave and the rigid-body scattered wave with the cylin- 
drically radiated wave. Since the cylindrically radiated wave 
does not vary with angle, the variation of difference-frequen- 
cy pressure with angle near 0 ø should be similar to that of the 
sum of the incident plane-wave pressure and the rigid-body 
scattered pressure; i.e., of the total linear pressure field for 
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270' 

240 ø 

60 ø 

90* 

t20* 

162 kHz 

IO2 kHz 

60 kHz 

Icm 
iõ cm 

180 ø 150 e 

FIG. 6. Angular distribution of the nonlinearly generated difference-fre- 
quency pressure at a radial distance of 1 $ cm. 

rigid-body scattering. Figure 7 presents the angular distribu- 
tion of the total pressure field at 15 cm (the distribution is not 
significantly different at points closer to the scatterer's sur- 
face). It is interesting to note that peaks are present in this 
field at 0 ø and 15 ø, corresponding closely to peaks in the dif- 
ference-frequency field. 

At angles not near 0 ø, the incident plane wave no longer 
strongly contributes to the difference-frequency field. 
Hence, for these angles, the angular dependence of the rigid- 
body scattered pressure alone is more appropriate for under- 
standing the angular dependence of the difference-frequency 
pressure. The angular distribution of the rigid-body scat- 
tered pressure at 15 cm is presented in Fig. 8. (Again, the 
distribution is not significantly different at points closer to 
the scatterer's surface.) A significant feature in the differ- 
ence-frequency distribution of Figs. 4-6 is a pressure level 
that is nearly constant for angles between approximately 60 ø 
and 300 ø. This corresponds well to the distribution of Fig. 8 
with the exception of narrow notches appearing there at ap- 
proximately 75 ø, 135', 225 ø, and 2g5 ø. These notches are so 
narrow that their effect tends to "wash out" in the integrated 
result for the difference-frequency pressure. 

The difference-frequency distribution for angles 
between 15 ø and 60 ø and between 300 ø and 345' do not corre- 
spond closely to either Fig. 7 or 8. The maxima and minima 
occurring here arise due to linear interference between the 
two nonlinearly generated difference-frequency component 
waves of thesecond-order field. One difference;frequency 
component arises from the interaction of the incident plane 
wave with the cylindrically radiated wave. The other compo- 

300 ø 
60 ø 

270' 

240* 
120' 

= 1.0 x I0 õ Po 

= 162 kHz 

= 15 cm 180' 150 o 

FIG. 7. Angular distribution of the total linear pressure at 162 kHz at a 
radial distance of 15 cm. 

nent arises from interaction of the rigid-body scattered wave 
with the cylindrically radiated wave. The variations in pres- 
sure amplitude apparent in the angular intervals 15 ø through 
60 ø and 300 ø through 345 ø result from phase differences 

530 ø .0 50 ø 

500 ø 

270 • 

240 • 

15 cm 
180* 

60 ø 

90 ø 

120 • 

150 ø 

FIG. 8. Angular distribution of linearly scattered pressure at 162 kHz at a 
radial distance of 15 cm. 
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between the two component• that vary rapidly with observa- 
tion angle. On the other hand, at observation angles near 
the relative phase angie does not vary rapidly. Hence, as 
previously discussed, the angular distribution of difference- 
frequency pressure near 0 ø is similar to the angular distribu- 
tion of the total linear pressure field, even though the two 
nonlinear components are comparable in magnitude. Simi- 
larly, at large observation angles the difference-frequency 
pressure arising from the interaction of the incident plane 
wave with the cylindrically radiated wave is quite small; 
hence, the angular distribution of the rigid-body scattered 
pressure alone may properly be used to understand the angu- 
lar distribution of the difference-frequency pressure. 

We present the behavior of the difference-frequency 
pressure as a function of radial distance at angles 6f 0 •, 90', 
and 18ff in Figs. 9, 10, and 11, respectively. We note in Fig. 9 
that for 8----0' the difference-frequency pressure increases 
approximately linearly with increasing distance. This 
growth is similar to that obtained for the parametric array 4 
when a single piston source is driven at two different primary 
frequencies. The similarity is understandable since the inci- 
dent plane wave acts exactly as one of the primary waves 
does in the parametric array and the radiated cylindrical 
waves approximates the behavior of the second primary. 

At angles not near 0 ø, however, significant contribu- 
tions to the difference-frequency pressure come primarily 
from mixing of the rigid-body scattered wave with the cylin- 
drically radiated wave. Since the rigid-body scattered wave 
also spreads cylindrically, the interaction between these two 
waves is similar to the interaction of two concentric cylindri- 
cally radiated waves. This problem was considered by 
D• !o who showed that, unlike the parametric array, the 
.difference-frequency wave generated in this ease approaches 
a constant amplitude as the observation point approaches 
the farfield. This same behavior occurs in the present prob- 
lem as is seen in Figs. 10 and 11. 

Thus comparison of Figs. 3 and 9 shows that the nonlin- 
ear volume effect rapidly overwhelms the surface effect of 
Censor. 1 Similar results were obtained for other angular di- 
rections, downshift ratios, and for the other geometrical con- 
figurations discussed in Ref. 3. 

I i I I I 
20 23 30 35 4O 

DISTANCE (cm) 

I 
45 50 

FIG. 10. Radial distribution of the nonlinearly generated difference-fre- 
quency pressure for 90'. 

III. EXPERIMENT 

We attempted to confirm the theoretical predictions by 
performing an experimental investigation. We used an air- 
backed piston transducer containing a lead-zirconate-tita- 
nate disk 12.7 cm in diameter and 1.27 cm thick for the 

source of plane waves. The fundamental resonance frequen- 
cy of this transducer was measured to be 162 kHz. The cylin- 
drical-wave source consisted of eight piezoelectric rings 
{o.d. = 2 cm, i.d. = 0.938 cm; length = 1.905 era) coaxially 
mounted to create a line 15.24 cm long. This transducer was 
determined to have a breathing mode resonance at 102 kHz. 
Since this transducer was not expected to be a rigid-body 
scatterer at 162 kHz, we replaced the theoretical rigid-body 
scattering coefficients with an empirical set extracted from 
the measured linearly scattered field at 162 kHz and com- 
puted new theoretical results for comparison with experi- 
ment. A USRD standard hydrophone (type F42D) was used 
as the acoustic sensor for most measurements. It was mount- 

ed so that it could be revolved in a circle centered on the 

cylindrical source and in a plane perpendicular to the sym- 
metry axis of the cylindrical source (see Fig. 12). 

During the investigation several fundamental experi- 
mental difficulties arose. Previous experiments involving 

17.5 

150 

• I00 
Q. 
,s 

PO • I.Oi 105 p• 
A ß 3.5 i 105 Po 
up ß 162 kHz 
v G ß 102 kHz 

I I i I I i I i I I 
o 5 I0 I.• 20 2,•, •0 35 40 4• 

DISTANCE (cm) 

FIG. 9. Radial distribution of the nonlinearly generated diffcrence-frequen- 
cy pressure for 0'. 

-- 60 - 3.5x105 Po] 

50 u c - 102 kHz 
ß 60 kHz 

40 

30 

io 

5 
• I I I I I I 1 

IO 15 20 25, 30 35, 40 45, •O 

DISTANCE (cm) 

FIG. ! l. Radial distribution of the nonlinearly generated difference-fre- 
quency pressure for I 
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two high amplitude primary waves interacting nonlinearly 
in a fluid medium could often be designed to avoid these 
difficulties. The present experiment could not be designed to 
avoid them. The most important of these difficulties arc dis- 
cussed in Sees. III A-C. 

A. Inadvertent direct radiation of the sources at the 

difference frequency 

Since the sources are naturally finite in extent, measure- 
ments must be made in the extreme nearfield of the sources 

in order to approximate an infinite plane wave and infinitely 
long cylinder. Direct radiation by the sources at the differ- 
once frequency tends to decrease with increasing distance 
while the nonlinearly generated difference-frequency wave 
tends to increase. Hence, direct .radiation tends to be a 
greater source of error in the nearfield than when the mea- 
suring hydrophone is far from the sources. We had to use 
moderately short acoustic pulses in our experiment in order 
to avoid interfering reflections from neighboring surfaces. 
When we drove the cylinder and piston with electrical pulses 
with the conventional rectangular-envelope shape, the re- 
sulting directly radiated difference-frequency component 
was unaeceptably large. Fortunately, this difficulty was fair- 
ly straightforward to eliminate. By passing each of the elec- 
trical pulses through special pulse-shaping networks that 
were designed to reduce the difference-frequency compo- 
nent in the envelope, 95% of the directly radiated difference- 
frequency component was eliminated. Prior to the addition 

' of these networks, the directly radiated difference-frequency 
component was comparable in magnitude to that expected 
to be generated nonlinearly in the water. After the addition 
of the network, the direct radiation became a small compo- 
nent of the total difference-frequency pressure field. 

B. Electrical filtering problems due to experimental 
constraints 

The pulse lengths used in the experiment had to be less 
than about ten cycles at the difference frequency to avoid 

interfering reflections from neighboring surfaces (the pulses 
could not have been substantially shorter than this, however, 
because of sound source turn-on transients). In addition, the 
difference frequency was only about one-half the lowest pri- 
mary frequency. Hence, the passive methods usually em- 
ployed for electrical filtering in nonlinear measurements are 
inadequate. This difficulty was resolved by the selection of 
extremely linear state-of-the-art active electrical filters. Pre- 
vious nonlinear measurements were not faced with this 

problem. First of all, earlier measurements were made at 
least moderately far from the sources or did not involve mul- 
tiple sources and did not involve the possibility of unwanted 
single or multiple reflections. Long pulse lengths could be 
used without interfering reflections being received, and a 
passive filter could be used. Since passive filters are generally 
far more linear than active filters, nonlinear .generation in 
these filters did not present a problem. In addition, highly 
effective low-pass filters can be designed for passive oper- 
ation (even more effective than active filters due to lower 
internal noise) when one can tolerate the attendant long 
turn-on transients. Secondly, since large downshift ratios 
(i.e., the ratio of the average primary frequency to the differ- 
ence frequency) were often used in previous work (typically 
greater than 10 as opposed to 2.2 in our case), the filters did 
not have to be able to separate a very small amplitude differ- 
ence-frequency component from large primaries that are not 
very different in frequency. 

In order to assure that no apprecit•ble difference-fre- 
quency component was being generated nonlinearly in the 
active filters chosen in this work, a mixing amplifier was 
used to electrically add two electrical signals of the same 
frequencies as those of the two primaries used in the experi- 
ment. The voltage amplitudes of these electrical signals were 
chosen to be comparable to the voltage amplitudes arising 
from the hydrophone's linear response to the primary pres- 
sures. No difference-frequency component could be me- 
sured under these conditions except for that associated with 
the electrical noise floor of the receiving system. The equiva- 
lent acoustic pressure at the difference frequency corre- 
sponding to this noise is about 27 Pa, which is one-half the 
theoretically predicted difference frequency in the forward 
direction at just 6 cm from the center of the cylinder. The 
signal produced nonlinearly in the water continues to grow 
approximately linearly in this direction with increasing radi- 
al distance. Although the receiving system noise is large 
enough to prevent precise definitive measurements of the 
difference-frequency component close to the cylinder, it be- 
comes unimportant at greater distances (at least in the 0 = tY 
direction). 

C. Difference-frequency voltage generated nonlineariy 
in the hydrophone's sensitive element 

This effect, due to mechanical nonlinear mixing of the 
primaries in the hydrophone, provided larger difference-fre- 
quency voltages than those produced by the hydrophone's 
linear response to the difference-frequency pressure generat- 
ed nonlinearly in the water. The effect was observed for a 
wide range of available hydrophones. At the time we began 
the experimental investigation, no one even suspected that 
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hydrophones were nonlinear to a measurable degree. Re- 
cently, however, a study of hydrophone nonlinearity was 
performed jointly by researchers at the Naval Underwater 
Systems Center and the Underwater Sound Reference De- 
tachment of the Naval Research Laboratory. ,,•2 Initially 
we hoped that the results of their measurements, which were 
performed at a high downshift ratio in the nearfield of a 
piston source driven at two frequencies, could be extrapolat- 
ed to our case of a small downshift ratio and n.onparallel 
primary waves. The extrapolation predicted a hydrophone 
nonlinearity that was small enough to allow the experiment 
to be carried out, at least at field points where the difference- 
frequency pressure generated nonlinearly in the water was 
relatively large. Unfortunately, when the nonlinear re- 
sponses of the hydrophones used in the experiment were 
measured by a different technique, one more appropriate to 
our case, they proved to be substantially more nonlinear, so 
much so as to prevent any accurate measurements of differ- 
enee-frequency pressure in our experiment. 

In addition to finding that the nonlinearity calibration 
measurements of Refs. 11 and 12 could not be extrapolated 
for our experimental conditions, it was discovered that the 
nonlinear response of a hydrophone is extremely sensitive to 
the geometry of incidence of the primary waves upon its 
active elements. In order to understand this, it is helpful to 
first consider the experimental configuration of the nonlin- 
earity measurement as shown in Fig. 12. The piston and cyl- 
inder sound sources were held in fixed positions, while the 
hydrophone was rotated in a circle (of radius x) centered on 
the cylinder axis and in a plane perpendicular to the plane of 
the drawing. frhe piston source was located a distance 2x 
from the cylinder's symmetry axis.) As the hydrophone was 
moved through its measurement path, its linear response to 
the pressure fields created by the piston and the cylinder 
(driven at different frequencies) was monitored. Simulta- 
neously, the hydrophone's difference-frequency voltage out- 
put was recorded. This difference-frequency voltage was on 
the average about an order of magnitude greater than would 
be expected from the hydrophone's linear response to the 
difference-frequency pressure present in the water as pre- 
dicted by the nonlinear theory presented in See. I. Hence, the 
vast majority of the observed difference-frequency voltage 
detected arose from the nonlinear response of the hydro- 
phone itself. (Several different piezoelectric hydrophones. 
were tested in this way, and a// exhibited difference-frequen- 
cy voltages far in excess of that predicted by' the nonlinear 
theory.) As the hydrophone was revolved through its circu- 
lar path, there were certain angular positions at which the 
received voltages of each of the primaries was seen to de- 
crease, while the difference-frequency voltage was observed 
to increase. We conclude that the nonlinear response of the 
hydrophone is very sensitive to the relative angle of inci- 
dence of the primary waves on the hydrophone face. 

In order to be certain that the observed difference-fre- 

quency voltage was in fact due to hydrophone self-nonlin- 
earity (and did not arise from interaction of the primaries in 
the water), the hydrophone was moved to the 0 ---- 180' Iback- 
scatter} direction (see Fig. 12). The primaries in this direction 
are propagating in opposite directions; hence, they do not 

produce the well-known cumulative parametric effect 
(owing to unfavorable phase conditions of each primary rela- 
tive to the other). Additionally, it was possible (using appro- 
priate gating techniques) to observe the difference-frequency 
voltage output of the hydrophone before the primaries over- 
lapped significantly, further reducing the likelihood that this 
voltage arose due to interaction of the primatics in the water. 
Even under these conditions, the observed difference-fre- 
quency voltage was approximately an order of magnitude 
greater than the value predicted theoretically for nonlinear 
backscatter from the cylindrical source. We conclude that 
the measured difference-frequency voltage is primarily due 
to the nonlinearity of the hydrophone itself. 

IV. CONCLUSIONS 

The simple-source formulation of the nonlinear wave 
equation has been rederived for arbitrary primary fields. The 
problem of the nonlinear scattering of acoustic waves by vi- 
brating surfaces was solved using this equation for the case of 
a plane wave normally incident on an infinitely long cylinder 
vibrating uniformly and harmonically in the radial direc- 
tion. In particular, an expression was obtained for the pres- 
sure of the difference-frequency wave produced by the non- 
linear interaction of the cylindrically radiated wave with 
both the incident plane wave and its rigid-body scattered 
wave. The resulting expression was numerically evaluated 
using a digital computer, and the results are presented 
graphically. The difference-frequency pressure calculated 
using the nonlinear wave equation is substantially larger 
than that calculated based on the theory of Censor, • which is 
based on use of the linear wave equation together with non- 
linear boundary conditions. Attempts to experimentally 
confirm the theoretical predictions were precluded by pre- 
viously unsuspected levels of nonlinearity in the hydro- 
phones used. It was determined that the nonlinear response 
of a piezoelectric hydrophone is extremely sensitive to both 
the downshift ratio and to the geometry of incidence of the 
primary waves on its active elements. 
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APPENDIX: DERIVATION OF THE SIMPLE-SOURCE 
FORMULATION OF THE SECOND-ORDER NONLINEAR 
WAVE EQUATION FOR ARBITRARY PRIMARY FIELDS 

A second-order nonlinear wave equation was derived in 
1948 by Eckart •3 and later by Westervelt. TM In 1963 Wester- 
velt 4 transformed this. equation into a form known as the 
simple-source formulation. However, he used the relation 
P = paCoU in his derivation, which is strictly valid only for 
plane waves. He introduced this relation immediately fol- 
lowing his Eq. (6) of Ref. 4. Westervelt's Eq. (6) may be writ- 
ten 
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E12p = I _ 61o•p• o•{p }2 
2 Co •p2)s,p_• ø oat2 

--po z V2u 3c Fl2[«poU. 2 + « 4(ap)2/po], (A1) 
where we have retained the D'Alembertian terms discarded 

by Westervelt and use P to represent the total acoustic pres- 
sure {insicad of resolving it into primary and secondary 
waves as was done there). 

In order to carry Eq. (A1) further it is useful tofirst 
introduce the usual first-order defim'tion of the velocity po- 
tential, u = -- V•, where • satisfies the first-order equation 
F12• ---- 0. {As has been pointed out by Blackstock, • any qua- 
dratic term may freely be replaced by its first-order equiva- 
lent without destroying the second-order accuracy of an 
equation. This is because any more accurate substitution 
would result in terms ofhigber than second order. This prin- 
ciple, used by Lighthill, 26 was called the "substitution corol- 
lary" by Blackstock. We use this corollary freely throughout 
the derivation.) By rearranging the definition of the D'Alem- 
bertian, it is easy to show that, to second order, 

v2u 2 = D2u 2 + 37 12. 
Similarly, by rearranging the definition of the D'Alember- 
tian operator acting on • and on 06 2, along with Eq. {A2), we 
obtain (again, accurate to second order) 

(A3) 

At this point we Wish to re-express the (•/oat )• term of 
Eq. (A3) in terms of acoustic pressure. This can readily be 
done by combining the first-order equation of motion, 
VP = -- po(OM/• ), with the definition of the velocity poten- 
tial to obtain 

P =Po o•.' (A4) 
Note that in Eq. (A4} the usual constant of integration has 
been arbitrarily selected to be equal to the hydrostatic pres- 
sure. This is permissible since the definition u = - ¾• al- 
lows a certain freedom in the choice of the function • (in 
analogy with the freedom of the choice of"gauge" in electro- 
dynamics). Combining Eqs. {AI}-{A4} produces 

2 1 + Fl (•-p•- ' •{Ap}2 ---•-po u2 
2 

Since no perturbation expansions have yet been intro- 
duced, it is useful to note that Eq. (AS) remains accurate to 
second order even when first-order terms become small rela- 

tive to second-order terms. To obtain the simple-source for- 
mulation, however, we introduce the perturbation expan- 
sion P----ePn + eZP2 (where • is the Mach number and 
F12P, = 0}. 

Equation {AS} may be solved by moving the'terms that 
are under the D'Alembertian operator on the fight-hand 
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side of this equaiton to the left-hand side. On the left-hand 
side of this equation we then have P2 plus additional terms 
under the D'Alembertian operator. This new equation can 
now be solved for this new combination, subtracting the ad- 
ditional terms from the solution to obtain P2. In practice, the 
terms under the D'Alembertian operator on the right-hand' 
side of this equation are very small and can usually be 
glected. In any case, these terms will clearly be nongrowing 
contributions to the solution and will quickly be over- 
whelmed by the growing contributions. 

One further remark is worthwhile in discussing the 
D'Alembertian terms of Eq. (AS). If, in fact, these terms are 
not negligible in comparison to the predicted value for 
obtained in solving this equation, the result thus predicted 
may very well be in error. This is due to the fact that in such a 
caseit is no longer reasonable to neglect the surface integrals 
arising from the Green's function solution [as was done in 
regard to Eq. (5)]. Since accurate boundary values for the 
second-order pressure are rarely known, it is unlikely that 
these surface integrals could be properly calculated. Hence, 
in solving Eq. (AS) via this "lureping" technique, the values 
given by the D'Alembertian terms on the right-hand sides 
must always be compared With the predicted value for P2 in 
order to insure consistency of the solution. At this point, we 
assume the D'Alembertian terms on the fight-hand side of 
Eq. (A5) are negligible. 

Using the definitions following Eq. (1) we can put Eq. 
(AS) into the form: 

r-12P 2 = --po(-•-t ), (A6) 
which is the simple-source formulation of the nonlinear 
wave equation. 
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