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ABSTRACT 
Convent ional  ultrasound Doppler velocimetry is based on 

the frequency shifts produced when the beam axis and the 
flow direction produce acute  angles. Recently it was shown,  
theoretically as well as experimentally, t h a t  by using a pulsed 
Doppler system with the  beam transversely oriented with 
respect to t h e  flow, the flow velocity can be derived from the  
limits of the  relevant Doppler spectrum. T h e  theory dis- 
cussed previously was limited to transverse motion, constant  
flow velocity and uniformly insonified apertures ,  a s  well as 
monochromatic excitation. Presently these results are  general- 
ized t o  take  into account arbi t rary directions of incidence, 
effects of velocity gradients, arbi t rary apertures  and arbi t rary 
source pulses. For  uniform apertures  and transverse flow, it 
has  been previously shown t h a t  the Doppler o u t p u t  spectrum 
is symmetr ical  about  zero frequency, with its width depending 
i n  a s t ra ightforward manner  on the  Doppler effect d u e  to t h e  
velocity and  the  geometry of t.he problem. For a beam direc- 
tion oblique t o  the  particle's direction, this  spectrum is 
shif ted,  so t h a t  instead of zero frequency, t h e  reference is the  
classical Doppler frequency corresponding t o  t h e  velocity com- 
ponent  parallel to the  beam. Previously only a constant  velo- 
city flow field was considered. I t  is shown here t h a t  for velo- 
city gradients  and transverse flows the  spectrum remains 
symmetrica1,with the edges corresponding t o  t h e  maximal 
velocity, however, the  profile becomes peaked a t  the center. 
For oblique incidence an asymmet,rical spectrum is obtained 
and its edges are  related t o  the maximal and minimal veloci- 
ties within the  measurement volume. 

For t h e  simple case of a long s t r ip  transducer discussed 
previously, i t  was shown t h a t  the  Doppler system o u t p u t  
spectrum is essentially obtained by convolving the  t ransmit ter  
and receiver aper ture  functions. T h e  general discussion given 
here, even for the  single particle, is more complicated. 
Nevertheless, using the  reciprocity theorem it is shown that, 
the  o u t p u t  spectrum is obtained by convolving the  particle 
excitation spectrum due  to monochromatic excitation, with 
the  receiver input  spectrum due  to  a moving monochromatic 
source, all this  shifted t o  the  classical Doppler frequency men- 
tioned above.  I t  is shown t h a t  when t h e  excitation, ra ther  
than  being monochromatic, possesses an arbi t rary (narrow 
band)  spec t rum,  this spectrum, replicated in a prescribed 
manner ,  has  to be convolved with t h e  spectra  derived above. 

T h e  spectrum produce by a n  ensemble of particles is 
more complicated. T h e  s t ra tegy used here is to derive semi- 
quant i ta t ive graphical interpretat ions for various 
configurations, and to fur ther  subs tan t ia te  the  results by 
analytically t reat ing simplified models. 
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INTRODUCTION 
Ultrasound Doppler techniques are  currently used for 

analysing motional effects, e.g., in clinical diagnostics of t h e  
cardio-vascular system. T h e  common base for such tecli- 
niques is the  phenomenon of frequency shift caused by the  
motion of scat terers  relative t o  the  ultrasoulid beam axis. 
Thus for a n  object  moving with velocity U = LI i at an angle 
0 with respect to the  propagation vector k = k d of a plane 
wave, where 6 ,  k are  uni t  vectors, and k = w o i c ,  U,, being 
the  (angular) frequency and c t h e  sound velocity, we get, t o  
the first order  in U / e  a scat tered wave with a Frecluellcy 
shift 

w* = (2wov j e )cos$ , cos0 = i ,6 (1) 
Only the  first order  effects in v/c are  significant. IIigher order 
effects are  negligible for low velocities ,and in any case it must  
be remembered t h a t  t h e  whole subject  of linear acoustics is 
based on  approximations of the  first order in tlie Mach 
number.  The formula ( 1 )  has been derived on the basis of a 
time harmonic (monochromatic) signal, b u t  is nevertheless 
used for pulsed Doppler systems, provided the length of intli- 
vidual pulses is much larger than  tlie wavelength of the car- 
rier wave. T h e  effect (1) vanishes for motion perpendicular t o  
the beam axis. However, since all real beams have a finit.e 
cross section, i.e., are  not a plane wave of finite ex ten t ,  o r  
equivalently, since t ransducer  aper tures  are  finite, Doppler 
spectra  are  produced even in the  transverse mode. T h e  rela- 
tion of Doppler spectra  to  beam geometry has been discussed 
recently * m 3  , on the  basis of ray geomet,rical considerations. 
Recently it has been shown experimentally 's antl verified 
theoretically E that, for beam axis antl flow a t  right angles t,lre 
ampli tude Doppler spectrum produced by a uniformly 
insonified aper ture  of a long s t r ip  transducer possesses a t r i -  
angular profile, and t h a t  the  edge frequencies of thp spectrum 
profile, which a re  relatively easy t o  measure, are  related to the 
velocity by means  of a simple formula. 

In order  to bet ter  understand t h e  Doppler spectra  dis- 
cussed below, a shor t  review of the  principles and properties 
of typical Doppler ultrasound systems is appropriate  '. Con- 
tinuous Doppler systems emit  a frequency wo and receive 
Doppler shifted spectral  components  of various frequencies w. 
In the simplest case w d  = wo ~ U is given by (I) .  T h e  received 
signal is multiplied by the  carrier frequency wo and low-pass 
filtered, t h u s  yielding w d  . In pulsed Doppler systems periodic 
pulses of center frequency w,, and a repetition (angular) fre- 
quency are  t ransmit ted.  A t  the receiver, after downshifting 
the signal by U,,; it is sampled a t  the  pulse repetition fre- 
quency R with a gate  pulse whose t ime delay relative t o  the 
t ransmit ted signal determines the distance of the  so called 
range cell or measurement  volume. I t  has  been shown t h a t ,  
if t h e  beam is almost, parallel t o  the  Row and the  range cell is 
short  enough, the Doppler system o u t p u t  ampli tude spec t rum 
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So(v) is a frequency scaled replica of the  echo ampli tude spec- 
t rum s ( ~ ) ,  given by 

This  then is the  effect of t h e  pulsed Doppler system instru- 
mentat ion when the  effect of the t ransmit ter  and  receiver's 
finite aper ture  can be neglected. 

Previously, transverse motion and constant  velocity have 
been assumed. Furthermore,  in the past  only monochromatic 
( C W )  signals were considered, which is adequate for very long 
pulses (i.e., pulses containing many cycles of the  carrier wave). 
T h e  model used for the  present analysis is more realistic and 
general, addressing the  questions of arbi t rary Row angles, 
various t ransducer  aper ture  geometries and arbi t rary 
t ransmit ter  pulse shapes.  T h e  cases t reated earlier are  spe- 
cial cases. I t  is assumed in t h e  present s t u d y ,  as was  done pre- 
viously, t h a t  t h e  particles producing the  Doppler effects are  
small, t h a t  their positions are  uncorrelated, and t h a t  their 
motion coincides with the ambient  fluid's velocit,y field. 

i t  became clear 
t h a t  there a re  two main considerations underlying t h e  theory 
for Doppler spectra .  T h e  first is the  well known reciprocity 
principle ', which s ta tes  t h a t  the spat ia l  properties (i.e., the  
radiation pa t te rn)  of a transducer are  the s a m e  whether  it 
acls  as a t ransmit ter  or a receiver. Secondly, for the  special 
case of constant  velocity and long s t r ip  t ransducer ,  it  was 
shown t h a t  tlie Doppler ampli tude spectrum has a shape 
which is obtained by  convolving the  t ransmit ter  and receiver 
aper ture  funct ions.  A more general formulation is given 
below, again involving convolution of two spectra  which a re  
determined by the transverse velocity component  and t h e  
t ransmit ter  and receiver's radiation pat terns .  

T h e  remainder of the  paper  is arranged as follows. 
Exploiting the  results obtained from the  reciprocity and  spec- 
t r a  convolution principles, and assuming monochromatic sig- 
nals, Doppler spectra  produced by transverse and oblique 
flow-s are  analysed for various t ransducer  aper tures  and flow 
configurations. Where the  analysis becomes too cumbersome 
we revert t o  semi-quantitative graphical constructions. In 
Appendices B D  analytical discussions a re  given which serve 
to i l lus t rak  and  subs tan t ia te  the graphical results. In order  to 
facilitate analysis, the examples chosen are  highly idealized. 
For  arbi t rary narrow band pulses, as found in pulsed Doppler 
systems, it. is shown t h a t  the single frequency excitation spec- 
t rum has to  be convolved with t h e  scaled longitudinal 
Doppler spectrum given in (2). 

\Vhile s tudying the transverse flow case 

GENERAL THEORY AND THE DOPPLER SPEC- 
TRUM CONVOLUTION THEOREM 

The Part ic le  Excitation Field 

It is well known t h a t  a t  large distances from the  source, 
the solution of the  wave equation can be approximated by a 
spherically outgoing wave, multiplied by the  so called scatter- 
ing ampli tude ID, or directivity function. T h u s  we have 

$ = * o I e i k r - r w t  g ( i )  , k = w / c  ( 3 )  
T 

where r is t h e  distance from t h e  origin, w is the  (angular) fre- 
quency, c is the  sound speed and i = i(8.4) is a unit, vector 
depending on directions 0 ,  the  polar angle, and 4 the  azimu- 
thal angle. See Fig.1. T h e  quant i ty  tb can be any solution of 
t.he acoustical wave equat ion,  e.g., the  velocity potential. T h e  

constant  $0, which also takes care of uni ts  involved, is arbi- 
t rary and can be se t  equal to unity. We can also represent $ 
in terms of t h e  source ampli tude or aperture  function $ 6 ( p ) ,  
dependent  on  the  radius  vector p ,  

(4) 
+ = e - i u l  J l e i k R  

W O  ( P W J  ( P )  , R = I r - P I 
and for cases where the  source is distributed on  a surface, (4) 
becomes a surface integral with ds  ( p )  replacing du ( p ) .  Further-  
more, it is now assumed t h a t  this  surface is planar  and per- 
pendicular to the  ray 8 = 0 ,  as in Fig. 1. In the  far field 

R x r - p . i  = r - p . r / r  = r - t x / r  - q y / r  

leading t o  the  Fraunhofer diffraction approximation 
(5) 

of (4) 

Comparison of ( 3 ) ,  (6) shows 
dimensional Fourier transform pair. 

t h a t  $, , g constitute a two 

Consider now a single particle moving according t o  

r = r o  + ut 

I r I = r = ( r o + u t ) . ( r o + u t )  [ 
i =r  / r  =ra + ut /ro--io(io.u ) t  / r o = i o [ t  ] = i o  + v + t  / T o  (7) 

where ro ,u  are  constants  and the  t ime origin is immaterial, as  
explained below, and  U +  is the  component  of the  velocity per- 
pendicular t o  ro .  T h i s  analysis is valid for short  time inter- 
vals only, such t h a t  the  leading terms retained in (7) provide 
an adequate  approximation.  This  is applicable t o  focused 
transducers, where r o  = Fa becomes the  focal length and 
v + t  / r o <  < 1  because t.he directivity function is very sharp ,  
hence the distance U - t  the  particle traverses in t h e  insonified 
focal region is small compared t o  F,. Subst i tut ing (7) in ( 3 )  
yields g ( i  [ t . ) ,  and subst i tut ion of (7) in ( G )  yields 

g ( i ~ t ~ ) = J e -  +" ~ i , ( P ) d s ( p )  (8) 
ik. . t I 

where it is noticed t h a t  = 1 because i o ' p  = 0. T h u s  
(8) yields g ( i  I t ] )  as a function of t and provides a relation 
between the  field exciting the  particle and the  aperture  func- 
tion $a ( p ) .  Corresponding t o  (8) we define a spectrum 

G J 4  = F 9 ( i  [ f  1)  ( 9 )  
where F denotes  the  Fourier transform and w indicat,es t h e  
excitation frequency in (8). For  the  special case of the long 
s t r ip  t ransducer  i t  is shown below t h a t  G,(v) replicates the  
aperture  funct ion.  

The Doppler Spectrum Convolution Theorem 

Essentially, this  theorem follows from tlie well known 
reciprocity principle ' for the  interchange of source and 
observer, mentioned above. For simplicity let us first assume 
U .r = 0 ,  i.e., transverse motion. For  this  case r = r o  a in 
(3 ) .  T h e  spectrum exciting a particle is given by 

6(u-w)*GU(v) (10) 

where E(u-si) is d u e  to t h e  factor e-"' in ( 3 ) .  T h e  field exciting 
the  particle is therefore 

(11) 
1 ikro-iiwt 

qJc = - e G,(v)d v 
T O  
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In response t o  a uni t  ampli tude excitation a t  frequency 
J = w+u, the  particle radiates  a field 

, k' = d  / c  (12) b ( ~  )'e ik' v' -id f 

r 

where r' is t h e  distance from t h e  particle. T h e  small  particle 
scattering ampli tude u(d ) is cons tan t  with respect to direc- 
tions, b u t  depends on  the  excitation frequency (e.g., according 
t o  the  Rayleigh scat ter ing theory lo*ll). According to t h e  
reciprocity principle @, if t h e  particle ac ts  as a source a t  fre- 
quency J , i t  will produce in t h e  t ransducer ,  now acting as 
receiver, a field depending on  t h e  location of the  source within 
the transducer's radiation pa t te rn  g d  ( i ) .  Since obviously 
r' = r = T o ,  a t  t h e  receiver we obtain t h e  signal 

= u(d ) l e - "  f '  g~ ( i )  , t '  = t - r $ c  (13) 

is the  retarded t ime referred to the  particle's posi- 
T O  

where I '  
tion. T h u s  in (13) we have 

g d  ( r [ t ' ] )  = l e - ' " '  G J  ( P ) ~ P  (14) 

where for U' 

bining (11)-(14) the  received field is given by 
= w, g J  ( i )  and q J i )  become identical. Com- 

As (15) s tands ,  the  two integrations are not  separable, since U 

of the  first integral appears  in G J  of the  second one. How- 
ever, since the  creation of the  spectrum is already a first order 
velocity effect, we are  justified in neglecting higher order 
effects appearing in (15). In other  words, t h e  approximation is 
justified because u(d ) ,GJ are narrow band functions with 
respect to U' . T h u s  we write 

ab u(d ) = .(w) + -U + . . . =+) aw 

(16) 
ac, 

G J  (U) = Gw(p)  + X U  + ' . - - G h )  

Since w is a constant  for monochromatic excitation .(U) is 
taken to  be a constant ,  and  G J  = G,. Consequently (15) 
becomes 

where K absorbs t h e  ex t ra  te rms  in (15). Inasmuch as (17) 
describes a product  of t ime domain f u n h o n s ,  the  ampli tude 
spectrum of the  received signal is given by 

S (v) = 6(u+~)*G,(u)*G,(v) (18) 

T h e  Doppler spectrum convolution theorem (18) s ta tes  
t h a t  t h e  spectrum S ( v )  measured a t  t h e  receiver is 
obtained by convolving the  excitation spectrum of t h e  moving 
particle by itself, then shifting the zero reference to the  
t ransmit ter  frequency w .  As explained above,  in an ultrasound 
Doppler system t h e  frequency is downshifted by w ,  yielding 
So(u), i.e., 

Sa(v) = GJu) *GJv )  (19) 

T h u s  far, i n  calculating t h e  effect of the  particle velocity 
on  i t s  excitation, only the  velocity effect on  g ( i  [ t ] )  was con- 
sidered. B u t  when v 'r # 0, then the  spherical wave p a r t  of 
(3), (E) is affected too. According to (7) we obtain 

w1 = w(1-U . i a ) / c  (20) 
where in t h e  denominator  the  velocity effect is neglected, due 
t o  the  fact  t h a t  t h e  observation t ime t is restricted, i.e., when 
the  Row moves t h e  particle outs ide the  focal region, i t  is even- 
tually lost, as fa r  as t h e  performance of t h e  system is con- 
cerned. However, in t h e  exponent  a Doppler frequency shift is 
obtained. T h i s  means t h a t  instead of (10) we now have 

S(v-~i )*C, , (v)  N 6(u--~i)*G,(u) (21) 

where ul is defined in (ZO), and the same argument  leading to 
the  approximation (16) is applied in (21). Similarly (18), t h e  
echo ampli tude spectrum, is now modified 

5' ( U )  = ~ V + J Z )  'G  ,( U )  ' G  U )  

wp = w(1-2u . i o / c  ) ( 2 2 )  
and in the  geometry of Fig. 1 U ' i ,  = r .i. 

Instead of monochromatic excitation, consider now a 
t ransmit ter  pulse whose spectrum H ( w )  is given. In this case 
the  contr ibut ions of all spectral components  must  be properly 
added.  Consider first the case of transverse motion. Instead of 
~ R ,  (15), we have the  integral 

Inasmuch as $ R  (15) or its approximate form (17) involve 
integration, (23)  becomes a non-separable integral. Only for 
narrow-band pulses, such that. most  energy is concentrated in 
the vicinity of the carrier frequency wo, will the  general 
expression (43) become separable. Again we have a narrow 
band approximation as in (16) 

and similarly for the  functions G J  ,u(d ) in (15), and instead 
of (17) we now have 

const i tut ing independent integrals. Corresponding to (18), the  
spectrum is given by 

S(Y) = H ( U ) + G , ~ ( U ) ' G , J U )  H(V)#SO(U) (46) 

S,(u) given by (19). T h i s  is a very convenient result because, 
as as shown below, we are able t o  extract  information about  
the velocity from CWa(u)*G,o(u). If narrow-band pulses are  
used such t h a t  (26) is valid, then by deconvolving N ( v )  out of 
( 2 6 )  we can restore (19). In most practical cases the pulse 
spectrum is almost  monochromatic, hence t h e  deconvolution 
is not  necessary. T h e  same considerations apply t o  oblique 
motion,  with the  appropriate  modifications discussed below. 

For oblique incidence and monochromatic excitation ( 2 2 )  
applies. When t h e  t ransmit ter  emits a signal having a spec- 
t rum H ( u ) ,  corresponding to a time domain signal 
h ( t )  = JH(u)e- '" '  d u  , then t h e  particle is excited by frequen- 
cies v1 = v a  = 41-U . r i / c  ), i.e., by a signal 
h l ( t )  = I H ( v ) e  d u  = ~ H l ( v l ) e - i Y 1 f  dv,, where by change 
of variable 

- i u  t 

(47) 

1 Consequently, except for the ampli tude factor -, the  spec- 
a 
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t rum H ( x )  appears  as a compressed or expanded replica of 

the original H ( u ) .  T h e  echo signal involves 
U ,  = UP = u(l-?u . t a l c  ) and t h e  spectrum a t  the  receiver will 
be given by 

CY 

1 u  S ( U )  = - H ( - ) * C w o ( ~ ) ' G , ( ~ )  
O P  

1 where --H(K) is the  spectrum of the  t,ime domain function 

h , ( t )  picked up by t h e  receiving t ransducer .  For p =  1, i e . .  
transverse flow, (26) is obtained as a limiting case. T h e  signal 
processing performed on the  pulse Doppler system has been 
analysed before ', and it has been shown t h a t  the  detected 
signals may appear  t ime inverted, depending whether ,!?>I or 
@<I.  T h e  corresponding spectrum is given in (2). 
Consequently the  o u t p u t  spectrum corresponding t o  (19) is 
now modified, yielding 

B P  

1 

7 
S , ( U )  = - -H(U/7 ) 'G , , (U)~Gw, (V)  , 7 = 11-8 I (29) 

Note t h a t  in ('79) H ( u / r )  depends on the  longit,uclinal velocity 
component  U .io while Cw0(v)  depends on  U + ,  the  transverse 
component .  A simple proof of (29) is given in Appendix A.  

Up t o  now the spectrum produced by a single particle 
has  been discussed. \Ve assume t h a t  the  particles have ran- 
dom uncorrelated positions , b u t  their velocity is determinis- 
tic, coinciding with t h e  ambient  flow velocity field. Hence all 
particles possessing the s a m e  velocity U produce, according to 
(19), (29) the  same spectrum. T h e  total  effect of this 
incoherent process is obtained by adding intensities ( ra ther  
than  ampli tudes,  as in the case of coherent fields). Let us  
denote the  ampli tude (i.e.,  square root of the  intensity) spec- 
t rum d u e  to all particles having the  s a m e  velocity U by 
S(u ,u  ). T h e  total  ampli tude spectrum, taking into account all 
velocity components  appearing in the  measurement volume is 
therefore given by 

Note t h a t  the  spat ia l  distribution of t h e  velocity field does 
not  appear  in (30), i.e., the  system cannot  resolve positions 
within the range cell. 

T h i s  is the general theory for Doppler spectra .  Special 
cases of interest will be discussed below. 

TRANSVERSE MOTION, CONSTANT VELOCITY 
The long st r ip  transducer: This  case has  been analysed 

previously e. I t  is included here to serve as a simple example 
for the use of t h e  theory and t o  provide cont inui ty .  Let 
t o  = F a  be the  focal length, and U in the  I direction perpen- 
dicular to t h e  beam axis and the  direction y along the  s t r ip .  
According t o  (8), (9) we obtain for (10) 

6(u-~) 'C,(u) = S(U-W)'$.  ( k u  C I F )  = $. (w[l---]) . e -  (31) c F  

For a uniformly insonified aperture  $ is constant  in the  range 
-M.'/2l[sW/2 and zero for 1 e - l  > W j 2 ,  hence i ,  and S(u) ,  
(18), are  as shown in Fig. 2(a), 2(b), respectively. Clearly t h e  
edges of the  spectrum correspond t o  the  Doppler effect pro- 
duced by t h e  edges of t h e  transducer, and these extreme fre- 
quencies a re  qui te  easy t o  measure. If \ Y , F ,  are  known, the  
velocity is easily derived. For this case of constant  velocity 
the  computat,ion of S ( u )  as in (30) is automatically taken into 
account ,  hence (31) applies t o  a single particle, as well as t o  a 

s t ream of uncorrelated part,icles distributed at  arbi t rary loca- 
tions y along the  strip. 

The circular aper ture  transducer: Another  case of 
interest is derived from (6) when t h e  aperture  has angular 
symmetry ,  i.e., = ( ~ ~ ( p ) .  T h e  scatterer trajectory is now 
written as 

r = ya + i u t  

where a is the  distance of t,he particle from the  beam axis a t  
time t = 0. Consequently (3),  (6) now prescribe 

( 3 2 )  

(33) 

(which is usually referred t o  as the  Ilankel transform). Mere d 
can be chosen = 0 i.e., the  origin of 6 is immaterial because 
of t h e  angular  symmetry ,  and 

For the uniformly insonified circular aper ture  (6) yields 

(34) 

( 3 5 )  

where d = 0 is assumed and b o ,  J ,  denote  the aperture  radius 
and the nonsingular Bessel function of order one, respectively. 
For 8 = sin0 in (17) 7 0  can be replaced by the focal length F o  
and this  is subst i tuted in (35). T h e  spectrum exciting a single 
particle is therefore given by 

J , ( b , k  [ v 2 t 2  + y2]1'2/F0 
b o k  [ v 2 t 2  + y2]L'2/F0 c 4v-u) 'G ( U ,  y ) = 4u-w) *F 

From (18) it  follows t h a t  the received echo due  t o  particles 
with a given offset y is proportional to 

S ( U , Y  1 = S(v-w)*G,(u,y )*G"(U,Y 1 (37) 
and if t h e  density with respect to y is constant ,  then accord- 
ing to (29) we obtain 

s (4 = JdY I S ( Y , Y  )I2 T { (38) 

T h e  transformation in (36) and the  integration (38) are  too 
complicated for analytic comput,ation. We therefore proceed 
by first presenting a semi-quantitative argument,, aided by 
graphical construction, then in Appendix B t h e  conclusions 
are  supported by analysis of a special idealized model. 

I t  is clear from (36) t h a t  the  spectrum exciting a dingle 
particle depends on  y . For y >>ut the  spectrum becomes pro- 
portional to 6(v-w), i.e., all Doppler spectra  effects disappear. 
For y = 0, i.e., for a particle going through the  beam's axis, 
the time modulation is more pronounced, hence the  spectrum 
is broader. W e  d o  not  a t t e m p t  t o  compute these spectra ,  how- 
ever, for different y such t h a t  y 1 < y 2 < y 3  we expect from ( 3 7 )  
increasingly broader spectra ,  as sketched in Fig. 3. I t  is there- 
fore plausible t o  assume t h a t  (38) will yield a peaked ampli- 
tude spec t rum,  as opposed to t h e  triangular shape in Fig. 2. 
T h e  results are also supported by simulations given by 
Bascom e t  al. 3, although they consider a (31%' Doppler sys tem.  
.4ccording t o  the above explanation, t h e  ends of the spectrum 
are due t o  particles going through the  beam axis y = 0,  and 
therefore undergoing the strongest modulation. In (38) this  
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corresponds to  G (v,O) = F { J l ( b o k u t ’ F ~ ’ } .  It is easy to b okvt IFn 
show t h a t  these extreme frequencies correspond to  Doppler 
effects produced by the  transducer’s rim. Consider (8) for 
maximum v .p = v p,  i.e., (8) describes Doppler shifted waves 
and the  maximum shif t  Af max, a t  t h e  rim p = b o  is given by 

v bo Af = W-- 
c F a  (39) 

exactly as in t h e  case of the long s t r ip  t ransducer .  After  con- 
volving t h e  signals a s  in ( 3 7 ) ,  t h e  edges of the  spectrum in 
Fig. 3 will he a t  frequencies 

Some of t h e  features derived above can he obtained from t h e  
analysis of a circular aper ture  with Gaussian apodization, see 
Appendix B. 

OBLIQUE MOTION, CONSTANT VELOCITY 
The long str ip  transducer:  Once again we consider the  

long t ransducer ,  oriented in the y direction. T h e  particles 
possess now a velocity componenent in t h e  radial direction, 
i.e., in the  z direction for focused beams (Fig. 1) .  From (7)  it  
is clear t h a t  this  velocity component  cannot  affect G .  T h e  
only effect is on  the distance r ,  according t o  

r = r o + v . i t  = F , - v , t  (41) 

T h e  effect of (41) on the ampli tude of t,he cylindrical wave is 
neglected, however, in the  exponent  we get the  Doppler fre- 
quency shif t  described by (20). T h e  transverse velocity com- 
ponent vz has  the same effect as in the  case v , = o  discussed 
above, and the t w o  effects are juxtaposed. We therefore 
obtain a spectrum as in Fig. 2(b), appropriately shifted 
according to  vi and with endpoints  affected I,y t i , ,  as shown 
in Fig. 4. Corresponding t o  (31) we have for the present case 

4v-w)  * $6 (k CIF,) I wi  4 - v z  / C  ) (42) 

(43) 

and therefore, according t o  (22) 

S ( 4  = 6(-4*&(& E/Fa)*$a(k% EIF,) 

and if the  pulse spectrum has a significant effect then (43) 
should be modified according to  (28). T h e  spectrum depicted 
in Fig. 1 describes a uniformly insonified aperture  and pro- 
vides a representative example. 

The circular aperture transducer:  T h e  same argument  
used above for the  long s t r ip  transducer applies here. T h e  two 
eBccts of the  U ,  and U* velocity components  are  compounded,  
hence by inspection of Figs. 3. 4 we conclude t h a t  for the  
present case the spectrum will be as in Fig. 5. T h u s  the spec- 
t rum is shifted due  t o  U, and the  endpoints  are  determined by 
the  maximum Doppler effect produced by the transducer’s 
rim. For the  present case (3G) is modified by replacing 6(v+) 
by O(u-U,), w, as in (42) and changing U to  vz in the  expres- 
sion in  braces (36) .  Similar modifications are performed in (37) 
which now contains  6(v--w2) as in (E), leading t o  the  
appropriate  form of (38) which yields the spectrum of Fig. 5. 

TRANSVERSE MOTION, VELOCITY GRADIENTS 
The long strip transducer:  T h e  geometry is the  same as 

for constant  velocity, however here the velocity U ( 2 )  is in the  
x-direction and  depends on  z. For each particle the spectrum 
is as in Fig. 2. Due to  the  incoherent field produced by t h e  

ensemble of particles, the combined spectrum is computed by 
adding intensities as in (30). T h e  effect is the same as the  
peaking of the  spectrum in Fig. 3, b u t  the  reasons are  
different. Obviously t h e  largest velocity component produces 
the broadest spectrum, hence t h e  endpoints  of the  spectrum 
profile correspond t h e  the maximum velocity, as depicted in 
Fig. 6.  T h e  exact shape depends on  the  number of particles 
possessing various velocities and  is too complicated for analyt- 
ical computat ion.  I t  is impor tan t  to  note t h a t  on integrating 
(8) the  velocity may appear  in t h e  denominator ,  e.g., for 
+ =  c o n s t . .  F o r  t h e  present case this  means t h a t  a factor 
1 appears  in the  expression S ( V , U ) ,  (30) for the  spectrum 

of t h e  single particle, and must  be taken int.0 account. In 
order t o  gain more insight, an idealized model is analysed in 
Appendix C. 

The circular aperture transducer: This  case is too com- 
plicated for analytical t rea tment .  T h e  best we can d o  is to  
make inferences from the  other  cases discussed above. Peak- 
ing of t h e  spectrum is due  t o  the special geometry, as 
explained above (see Fig.  3),  even if the velocity is constant .  
O n  t h e  o ther  hand ,  from t,he discussion of the long s t r ip  
transducer for velocity gradients  (see Fig. 6), we expect simi- 
lar peaking effects for t h e  circular aper ture  transducer as well. 
LVe therefore have t w o  mechanisms which affect the  spectrum 
shape in the  same way. Numerical calculations will be 
required t o  assess the relative significance of each mechanism. 
This  is not  done here. Anyhow, i t  is clear t h a t  t h e  expected 
spectrum, sketched in Fig.  6, will be symmetrical wit.h respect 
to U =w and the  endpoints  will depend on  the  maximum velo- 
city. To some extent  the  above conclusions are  supported by 
the numerical simulations of Bascom e t  al. ’, although they 
t reat  t h e  case of a C W  Doppler system. 

OBLIQUE MOTION, VELOCITY GRADIENTS 
The lonq s tr ip  transducer:  Consider now oblique motion 

and velocity gradients, such t h a t  v1. jtNz =a remains cons tan t ,  
i.e., the  velocity varies h u t  i ts  direction in space is cons tan t .  
For a single particle t h e  ampli tude spectrum is given in Fig. 4 

W 
and the endpoint  frequencies are v = w l l -  v,  [: I e]]. 
T h e  spectrum is symmetrical with respect to  v = ~ ( 1 - 0 ~ ~  / e  ). 
Now if U ,  varies, the  spectra  corresponding t o  various 
particles having different velocities will he shifted on the  U 
axis. as  well as become broader. T h u s  we have to  add t h e  
corresponding power spec t ra  as depicted in Fig. 7 .  T h e  total  
amplitude spectrum is expected t o  have the shape shown in 
Fig. 8. If U; is negative, i.e., the  particles have a velocity com- 
ponent towards t h e  t ransducer ,  then the  expected spwectrum 
will he as in Fig. 9.  In Appendix D a semi-analytical discus- 
sion is given which suppor ts  t h e  present conclusions. 

The circular aperture transducer:  T h e  problem is too 
complicated for analytical discussion, hence a verbal argument  
is used once more. For  a single velocity component the spec- 
t rum of Fig. 5 is expected, which qualitatively speaking is not  
different from Fig. 4 for the long s t r ip  t ransducer .  Hence for 
the present case we expect spectra  a s  in Figs. 8, 9,  with W 
replaced lip t h e  diameter  2 b  of the  circular transducer. 
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CONCLUDING REMARKS 
Doppler spectra  for various cases have been considered. 

T h e  theory is based on the  reciprocity principle and the 
Doppler spectra  convolution theorem. T h e  results are  applied 
t o  long s t r ip  and circular aper ture  transducers, for cases of 
single velocity and velocity gradient fields. Both transverse 
and oblique motion is discussed. Conventional Doppler meas- 
urements  are performed at oblique angles and the  classical 
Doppler frequency shift is measured. T h e  spectrum width is 
usually ignored in such measurements. T h i s  kind of measure- 
ment  is not  accurate  for angles approaching the  transverse 
direction. T h e  spec t rum becomes broader, ancl d u e  t o  the 
statistical noise inherent in t h e  system, the determination of 
the classical Doppler frequency becomes very inaccurate. O n  
the other  hand ,  by understanding the s t ructure  of the  
Doppler spectrum, information about  the  velocity can he 
derived from the spectrum, especially t h e  endpoints, which 
turn  o u t  t o  be very quiet, consistent from one  sampled spec- 
t r u m  to  another .  T h e  present s tudy  is theoretical, b u t  the 
results are  in good agreement with previous analyses and 
experiments 3-‘, I t  should however he realized t h a t  the present 
discussion assumes perfect laminar flows, while in reality the  
noise produced by microturbulence cannot  be neglected. 

REFERENCES 

1. T.P. Gill, T h e  Doppler E f e c t :  A71 Introduction to  the 
Theory of the e f e c t  , Academic Press, 196.5. 2. V.L. New- 
house, E.S. Furgason, G.T. Johnson and D.A. \Volf, ” T h e  
dependencr of ultrasound Doppler bandwidth on  heam 
geometry”.  I E E E  T r a n s .  on  Sonics and Ultrasonics, SU-27 , 
50-59, 1980. 3. P.A.J. Bascom. R.S.C.  Cohhold and B.H.M. 
Roelofs, ”Influence of spectral broadening on continuous wave 
Doppler ultrasound spectra: A geometric approach”,  
Ultrasound in hfedicine and Biology, 12 , 387-305, 1986. 4. 
J.A. Cisneros, ”Medical applications of Doppler spectral 
analysis using a normal orientation of t h e  beam with respect 
to t h e  direction of flow”, Ph .D.  thesis submit ted t o  the  
Facul ty  of Drexel University, 1985. 5. J..4. Cisneros, V.L. 
Newhouse and B. Goldberg, ”Doppler spectral characteriza- 
tion of flow disturbances in the  carotid with the  Doppler 
probe at right angles to  the  vessel axis”, Ultrasound in bledi- 
cine and Biology, 11 , 319-328, 1985. 6. J.A. Cisneros, B. 
Goldberg, D .  Censor and V.L. Newhouse, ”Ultrasound 
Doppler probing of flows transverse with respect to  beam 
axis”, submi t ted  for publication; a portion of this  paper  was 
presented a t  the  IEEE Ultrasound Conference, San Francisco, 
October  1985. 7. D.W.  Baker ,  F.K. Foster  and  R.E.  Daigle, 
”Doppler principles and  techniques”, in Ultrasound: Its Appli- 
cation an Medicine and Biology, ed.  F.J. Fry,  Vol. I, pp. 161- 
287, Elsevier, 1978. 8. V.L. Newhouse and  I .  Amir ,  ” T i m e  
dilation and inversion properties and the  o u t p u t  spectrum of 
pulsed Doppler flowmeters”, IEEE Trans .  on  Sonics and 
Ultrasonics SU-90 , 174-179, 1983. 9. P.M. Morse and K.U. 
Ingard,  Theoretical Acoustics, McGraw-Hill, 1968. 10. J.D. 
Jackson,  Classical Electrodynamics, Wiley, 1975. 11. M. Born 
and E. Wolf, Principles of Optics, Pergamon,  1980. 12. J.W. 
Goodman,  Introduction to  Fourier Optics, IvlcGraw-Hill, 1968. 

APPENDIX A A SIMPLIFIED PROOF O F  EQ. (2) 

A detailed t rea tment  is given elsewhere ’, the  present 
discussion is simplified, merely to show how (29) is obtained.  
T h e  system transmits  a t ra in  of pulses, a t  a repetition .fre- 
quency R. A simple model representing such a signal is 

h ( t )  = e-iWOLeosRt (Ad11 
i.e., a beat  signal with carrier frequency w, and repetition fre- 
quency R. Due t o  the  Doppler effect, the  echo a t  the  receiver 
is 

-i w$lt 
h2( t ) = e cosRj3t (A?) 

j3 being the  Doppler factor appearing in (28). T h e  mixing with 
wo and subsequent  filtering, which takes  place in the receiver 
yields 

(A31 
i W07t 

e cosnpt 

where 7 = 1-p as in (29). T h e  signal is then sampled by nar- 
row pulses wi th  t h e  repetition frequency R. This provides a 
range gate  such t h a t  t h e  received echoes originate at a certain 
distance from the  t ransducer .  Because of the  low pass filt,er 
following t,he sampler (or in some systems t h e  sample and 
hold arrangement) ,  only the lowest frequencies of t h e  sam- 
pling signal are  relevant to our  discussion. T h u s  if  (.43) is 
multiplied by 2cosizt and only the  lowest frequencies are  
retained, we obtain 

1 (114) e cosn?t’ , t i  = - 
-w07t 

which is a compressed t ime inverted replica of (111). T h e  same 
relation as between (Al) and (A4) also exist,s between ( 2 7 )  and 
(29). 

APPENDIX B: CIRCULAR APERTURE WITH 
GAUSSIAN APODIZATION; TRANSVERSE 
MOTION AND CONSTANT VELOCITY 

T h e  following analysis deals with a highly idealized 
model. T h e  results suppor t  the conclusions derived above for 
the uniformly insonified aperture  under the  same cir- 
cumstances 

Consider (33) for a n  aperture  function 

where 7 is a constant .  T h e  Gaussian apodization facilitates 
analysis for certain limiting cases. F o r  the  long s t r ip  trans- 
ducer (31), a Gaussia.n aper ture  would lead to a Gaussian 
spectrum. For t h e  circular aper ture  we have (33), and for 
small 7 (B l )  falls off rapidly, hence we are justified in approsi- 
mat ing 

~ , (kps inO)  sz I-(-) k psino - e %!@ 
2 

Hence (33) becomes 

and sins is given in (34), and  we p u t  r o  = F,, the  focal length. 
From a table  of Fourier transforms one finds t h a t  the  

spectrum of - is given by --e , It follows t h a t  

for large y , i.e., larger a ,  the  ampli tude at v = 0 is smaller 
and e- ‘  falls off faster ,  i.e., the spectrum is narrower. T h i s  
result agrees with the sketch in Fig. 3(a) and  therefore sup- 
ports the  ensuing spectrum in Fig.  3(b). 

fi d - a  l Y 1  
a 2 + t 2  2 a  
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APPENDIX C: LONG STRIP TRANSDUCER WITH 
GAUSSIAN APODIZATION; TRANSVERSE 
MOTION AND VELOCITY GRADIENTS 

Let the  aperture  function have t h e  Gaussian form 

$, ( E )  = L e - € 2 / ( 4 @ )  (C1) 

le - ' " '  ~ ( v ) d t  = ~ ~ ~ ~ e - ~ ~ ~ ~ ( ~ ) d u ~  , u - fi ( ~ 3 )  

J Z P  
where p is a constant .  For  a single particle (8),  (9) prescribe 

F c  
wu ' - cFo  

where K is a proportionality factor. Therefore 

(C3) W V  2 B =P(z) 

use the  transform G ( p )  = = p2.  Sqaring yields 

[ G ( Y ) ] 2  = Kge-26 P 2 =  K 2 e - 8 ' p 2  , P ' = w  (C4) 

We find S ( U , V )  from (18), b u t  instead of convolving (C3), we 

Hence 

is Gaussian once more. In order  to compute (30) f ( U )  must  
be chosen in S ( u )  

1 Noting that, L - e - A / 1 2  = we choose f ( U )  -. 
du u 3  

Hence (C6) becomes 

In order  to check the  limit A - 0,  t o  ensure t h a t  S (U) does 
not  become singular, we expand the exponentials near the  ori- 
gin. This  yields 

U t o  t~~ = cy, and in (C6) Y - w is changed to U - ~ ( 1 - 2 v ,  / e  ). 
T h u s  we now have 

1 U-w(l-ZV, / c  ) 
A =- [  P 2w 

By changing the variable we obtain 

where IC' is a constant  and the  sign of du is chosen such t h a t  
S ( u )  is real (i.e., t h e  expression in braces in ( D l )  is positive). 
By choosing f ( a v , )  = 0 and writing s, = so - & , (D2) 
is representable in te rms  of the  error function. T h u s  we have 

U 2  112 U 1  

and a similar expression for with u z z  for u 2 .  It follows t h a t  
(D3) describes the  square root of the  direrence of two dis- 
placed error functions, fur ther  multiplied by ( l - u / w ) - ' ,  as 
sketched in Fig.  10. By inspection of Fig. 10 it becomes clear 
t h a t  (D3) is consistent with t h e  amplitude spectrum shape  
derived in Fig. 8. 

T h e  results of this  analysis suppor t  the  semi-quantitative 
argument  leading to Fig.  6. Near  u=w, i.e., near A = O,S(u) 

(C7) is dominated by t h e  factor - which produces peaking in 

t h e  spectrum. Since Vz> V l , e - A / q 2  falls off slowly compared to 
e , therefore for large A ,  i.e., U >> w the  shape is dom- 
inated by t h e  maximum velocity, as anticipated in Fig.6. Also 
note t h a t  S ( v ) ,  (C7) is symmetrical with respect to v = w, as 
expected. 

APPENDIX D: LONG STRIP TRANSDUCER WITH 
GAUSSIAN APODIZATION; OBLIQUE MOTION 
AND VELOCITY GRADIENTS 

For t h e  present case (C3), (C5) are  modified by changing 

1 
A 

-A /e  f 

Fig. 1: Source-observer geometry 
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o [I-(v/c) (W/Fo)l w [l+(v/c).(W/F0 )] 

Fig. 2:  Long s t r ip  t ransducer  with uniformly insonified 
aperture .  (a) ampli tude spectrum of t h e  field exciting the par- 
ticle; (b) ampli tude spectrum for the echo signal. 

Fig. 5: h m p l i t u d e  spectrum for circular aper ture  trans- 
ducer for constant  velocity and oblique incidence. 

Fig.3: (a )  sketches for power spectra  for y , < y 2 < y 3  for 
circular aper ture;  (b)  sketch of t h e  peaked ampli tude spec- 
t rum due  t o  the  combined effect of particles t.raversing the 
focal plane a t  various off axis distances. 

f AMPLllUDE 

Fig. 6: Ampli tude spectrum for long s t r ip  transducer for 
transverse motion and velocity gradients. 

Fig. 7:  Addition of power spectra  for long s t r ip  trans- 
ducer ,  oblique motion and  velocity gradients. 

0 [ 1-  (2vZ Lb---- /c) - ( v X  / c )  w (W/Fo)] [ 1-(2 vz IC ) ]  o [ 1 - (2vZ IC) + (vX IC) (W/Fo c*. )] 

(l-Vzmin [ (  2 ’ c ) + ( w ~ ~ i F ~ c ) l l  { I -  vZ max [ ( W-W /Fo C)ll 
Fig. 4:  Ampli tude spectrum for long s t r ip  transducer for 

constant, velocity and oblique incidence. 

Fig. 8: -4mplitude spectrum for long st,rip t ransducer ,  
oblique motion and velocity gradients  for the  caSe v ,  > O .  
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Fig. 9: As in Fig. 8, b u t  uz C O .  

.............................. -erf(u 1) k- ........ 

S (v) ( AMPLITUDE) 

...... 

&(.U,* . -  

-1 

al( 1- 
........................... ............. 

i 

Fig. 10: Relevant  to t h e  analysis for oblique incidence 
and  velocity gradients, Appendix C .  T h e  result is consistent 
with the  shape  obtained in  Fig. 8. 
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