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ABSTRACT

Conventional ultrasound Doppler velocimetry is based on
the frequency shifts produced when the beam axis and the
flow direction produce acute angles. Recently it was shown,
theoretically as well as experimentally, that by using a pulsed
Doppler system with the beam transversely oriented with
respect to the flow, the flow velocity can be derived from the
limits of the relevant Doppler spectrum. The theory dis-
cussed previously was limited to transverse motion, constant
flow velocity and uniformly insonified apertures, as well as
monochromatic excitation. Presently these results are general-
ized to take into account arbitrary directions of incidence,
effects of velocity gradients, arbitrary apertures and arbitrary
source pulses. For uniform apertures and transverse flow, it
has been previously shown that the Doppler output spectrum
is symmetrical about zero frequency, with its width depending
in a straightforward manner on the Doppler effect due to the
velocity and the geometry of the problem. For a beam direc-
tion oblique to the particle’s direction, this spectrum is
shifted, so that instead of zero {requency, the reference is the
classical Doppler frequency corresponding to the velocity com-
ponent parallel to the beam. Previously only a constant velo-
city flow field was considered. It is shown here that for velo-
city gradients and transverse flows the spectrum remains
symmetrical,with the edges corresponding to the maximal
velocity, however, the profile becomes peaked at the center.
For oblique incidence an asymmetrical spectrum is obtained
and its edges are related to the maximal and minimal veloci-
ties within the measurement volume.

For the simple case of a long strip transducer discussed
previously, it was shown that the Doppler system output
spectrum is essentially obtained by convolving the transmitter
and receiver aperture functions. The general discussion given
here, even for the single particle, is more complicated.
Nevertheless, using the reciprocity theorem it is shown that
the output spectrum is obtained by convolving the particle
excitation spectrum due to monochromatic excitation, with
the receiver input spectrum due to a moving monochromatic
source, all this shifted to the classical Doppler frequency men-
tioned above. It is shown that when the excitation, rather
than being monochromatic, possesses an arbitrary (narrow
band) spectrum, this spectrum, replicated in a prescribed
manner, has to be convolved with the spectra derived above.

The spectrum produce by an ensemble of particles is
more complicated. The strategy used here is to derive semi-
quantitative graphical interpretations for various
configurations, and to further substantiate the results by
analytically treating simplified models.
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INTRODUCTION

Ultrasound Doppler techniques are currently used for
analysing motional effects, e.g., in eclinical diagnostics of the
cardio-vascular system. The common base for such tech-
niques is the phenomenon of frequency shift caused by the
motion of scatterers relative to the ultrasound bheam axis.
Thus for an object moving with velocity v = v % at an angle
@ with respect to the propagation vector k — k k of a plane
wave, where &, £ are unit vectors, and k = wp/¢c, wy being
the (angular) frequency and ¢ the sound velocity, we get, to

the first order in wv/e¢ a scattered wave with a frequency
shift !

wy = (2w /¢ )cosB , cosh = k9 (1)

Only the first order effects in v/c are significant. Higher order
effects are negligible for low velocities ,and in any case it must
be remembered that the whole subject of linear acoustics is
based on approximations of the first order in the Mach
number. The formula (1) has been derived on the basis of a
time harmonic (monochromatic) signal, but is nevertheless
used for pulsed Doppler systems, provided the length of indi-
vidual pulses is much larger than the wavelength of the car-
rier wave. The effect (1) vanishes for motion perpendicular to
the beam axis. However, since all real beams have a finite
cross section, i.e., are not a plane wave of finite extent, or
equivalently, since transducer apertures are finite, Doppler
spectra are produced even in the transverse mode. The rela-
tion of Doppler spectra to beam geometry has been discussed
recently >® | on the basis of ray geometrical considerations.
Recently it has been shown experimentally ** and verified
theoretically ® that for beam axis and flow at right angles the
amplitude Doppler spectrum produced by a uniformly
insonified aperture of a long strip transducer possesses a tri-
angular profile, and that the edge frequencies of the spectrum
profile, which are relatively easy to measure, are related to the
velocity by means of a simple formula.

In order to better understand the Doppler spectra dis-
cussed below, a short review of the principles and properties
of typical Doppler ultrasound systems is appropriate 7. Con-
tinuous Doppler systems emit a frequency w, and receive
Doppler shifted spectral components of various frequencies w.
In the simplest case w; = wy— w is given by (1). The received
signal is multiplied by the carrier frequency wy and low-pass
filtered, thus ylelding wy. In pulsed Doppler systems periodic
pulses of center frequency w, and a repetition (angular) fre-
quency  are transmitted. At the receiver, after downshifting
the signal by w,, it is sampled at the pulse repetition fre-
quency  with a gate pulse whose time delay relative to the
transmitted signal determines the distance of the so called
range cell or measurement volume. It has been shown ® that,
if the beam is almost parallel to the flow and the range cell is
short enough,the Doppler system output amplitude spectrum
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So(v) is a frequency scaled replica of the echo amplitude spec-
trum S (v}, given by

Solv) = TLTS(VM) . 7= wifan (2)

This then is the effect of the pulsed Doppler system instru-
mentation when the effect of the transmitter and receiver’s
finite aperture can be neglected.

Previously, transverse motion and constant velocity have
been assumed. Furthermore, in the past only monochromatic
(CW) signals were considered, which is adequate for very long
pulses (i.e., pulses containing many cycles of the carrier wave).
The model used for the present analysis is more realistic and
general, addressing the questions of arbitrary flow angles,
various transducer aperture geometries and arbitrary
transmitter pulse shapes. The cases treated earlier ® are spe-
cial cases. It is assumed in the present study, as was done pre-
viously, that the particles producing the Doppler effects are
small, that their positions are uncorrelated, and that their
motion coincides with the ambient fluid’s velocity field.

While studying the transverse flow case ®, it became clear
that there are two main considerations underlying the theory
for Doppler spectra. The first is the well known reciprocity
principle ®, which states that the spatial properties (i.e., the
radiation pattern) of a transducer are the same whether it
acts as a transmitter or a receiver. Secondly, for the special
case of constant velocity and long strip transducer, it was
shown that the Doppler amplitude spectrum has a shape
which is obtained by convolving the transmitter and receiver
aperture functions. A more general formulation is given
below, again involving convolution of two spectra which are
determined by the transverse velocity component and the
transmitter and receiver’s radiation patterns.

The remainder of the paper is arranged as follows.
Exploiting the results obtained from the reciprocity and spec-
tra convolution principles, and assuming monochromatic sig-
nals, Doppler spectra produced by transverse and oblique
flows are analysed for various transducer apertures and flow
configurations. Where the analysis becomes too cumbersome
we revert to semi-quantitative graphical constructions. In
Appendices B-D analytical discussions are given which serve
to illustrate and substantiate the graphical results. In order to
facilitate analysis, the examples chosen are highly idealized.
For arbitrary narrow band pulses, as found in pulsed Doppler
systems, it is shown that the single frequency excitation spec-
trum has to be convolved with the scaled longitudinal
Doppler spectrum given in (2).

GENERAL THEORY AND THE DOPPLER SPEC-
TRUM CONVOLUTION THEOREM

The Particle Excitation Field

It is well known that at large distances from the source,
the solution of the wave equation can be approximated by a
spherically outgoing wave, multiplied by the so called scatter-
ing amplitude '°, or directivity function. Thus we have

- wol?eikr—iu!g(f,) .k =w/e (3)

where r is the distance from the origin, w is the (angular) fre-
quency, ¢ is the sound speed and # = #(6,¢) is a unit vector
depending on directions 6, the polar angle, and é the azimu-
thal angle. See Fig.1. The quantity % can be any solution of
the acoustical wave equation, e.g., the velocity potential. The
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constant g, which also takes care of units involved, is arbi-
trary and can be set equal to unity. We can also represent ¢
in terms of the source amplitude or aperture function v, (p),
dependent on the radius vector p,

b= LMy (i), R = |r-p|  (4)

and for cases where the source is distributed on a surface, (4)
becomes a surface integral with ds (p) replacing dv (p). Further-
more, it is now assumed that this surface is planar and per-
pendicular to the ray # = 0, as in Fig. 1. In the far field
R =~ r-p+ =r-pr/r =r-z/r —ny/r (5)
leading to the Fraunhofer diffraction approximation " of (4)
L ikrmiwt [ —ikr-p
v —e W ek g (p)ds (p) (6)
1 ikr i ~tk €z /r -] r
~ 76 kr 'wtfc k ez froikay/ Y, (fﬂ))dﬁ (5:’1)

Comparison of (3), (6) shows'? that ¢,, ¢ constitute a two
dimensional Fourier transform pair.

Consider now a single particle moving according to

r =ry+ vl
1/2
|r ] =r = [(r0+vt)-(r0+vt):| = ro+v-ryt
F=r/r=rp+ vt [ro-Fo(fov)t/re=fclt] = Fo+ v t/ro(7)

where ro,v are constants and the time origin is immaterial, as
explained below, and v, is the component of the velocity per-
pendicular to r,. This analysis is valid for short time inter-
vals only, such that the leading terms retained in (7) provide
an adequate approximation. This is applicable to focused
transducers, where ry= F, becomes the focal length and
vt /ro<< <1l because the directivity function is very sharp,
hence the distance v_t the particle traverses in the insonified
focal region is small compared to F. Substituting (7) in (3)
yields g (f {t'), and substitution of (7) in (8) yields

. —tke _-pt /r
g(F1e]) = [e 7" g, (p)ds (p) (8)
where it is noticed that e¢ " °" =1 because fop=0. Thus
(8) yields g(#[¢]) as a function of ¢ and provides a relation
between the field exciting the particle and the aperture func-
tion v, (p). Corresponding to (8) we define a spectrum

Gv)=F ¢(#[t]) (9)

where F' denotes the Fourier transform and w indicates the
excitation frequency in (8). For the special case of the long
strip transducer it is shown below that G (v) replicates the
aperture function.

The Doppler Spectrum Convolution Theorem

Essentially, this theorem follows from the well known
reciprocity principle * for the interchange of source and
observer, mentioned above. For simplicity let us first assume
v-r =0, l.e., transverse motion. For this case r = ry as in
(3). The spectrum exciting a particle is given by

§v-w)*G o (v) (10)
where §v-w) is due to the factor ¢ in (3). The field exciting
the particle is therefore

1

Y, = T—e“"o—im fe"'” G (v)dv (11)
0



In response to a unit amplitude excitation at frequency
V/ = w+v, the particle radiates a field

o ) Lee® R = e (12)

T

where ' is the distance from the particle. The small particle
scattering amplitude o(f ) is constant with respect to direc-
tions, but depends on the excitation frequency (e.g., according
to the Rayleigh scattering theory ™). According to the
reciprocity principle ?, if the particle acts as a source at fre-
quency ¢/ , it will produce in the transducer, now acting as
receiver, a field depending on the location of the source within
the transducer’s radiation pattern g, (#). Since obviously
r' = r = rp, at the receiver we obtain the signal

Py = 0(‘/ )‘rl_c_h/ ¢ gv (’:) rt’ = tHTO/C (13)
0

where ¢ is the retarded time referred to the particle’s posi-
tion. Thus in (13) we have

gu (r[t' )= fe** Gy (u)dp (14)

where for / =w, g, (#) and g.(#) become identical. Com-
bining (11)-(14) the received field is given by

L ikrg st it
ety (406t e ¥ Je ' G (win]

Yp =

- 1'_12_6 fromtwt / [d vG (V)a(/ )c'“"l fd;te"“" Gy (n) ](15)
0

As (15) stands, the two integrations are not separable, since v
of the first integral appears in G, of the second one. How-
ever, since the creation of the spectrum is already a first order
velocity effect, we are justified in neglecting higher order
effects appearing in (15). In other words, the approximation is
justified because o(t/ },G, are narrow band functions with
respect to /. Thus we write

oV ) = o(w) + %(:-Lw' - =o{w)

oG
e mOfw) (16)

Since w is a constant for monochromatic excitation of{w) is
taken to be a constant, and G, = G,. Consequently (15)
becomes

Yo = Ke 't [jdue-"”" G v ]2 (17)

where K absorbs the extra terms in (15). Inasmuch as (17)
describes a product of time domain functions, the amplitude
spectrum of the received signal is given by

S(¥) = Yr—w)*G (1) *C u(v) (18)

The Doppler spectrum convolution theorem (18) states
that the spectrum S() measured at the receiver is
obtained by convolving the excitation spectrum of the moving
particle by itself, then shifting the zero reference to the
transmitter frequency w. As explained above, in an ultrasound
Doppler system the frequency is downshifted by w, yielding
So(v), Le.,

Sov) = Gu(1)*Gulv) (19)
Thus far, in calculating the effect of the particle velocity
on its excitation, only the velocity effect on g (#t]) was con-

sidered. But when v'r >£0, then the spherical wave part of
(3), (6) is affected too. According to (7) we obtain

. ik (rote #o)-iwt /(ro+1} ';'Dt) e sk =i wyt /1‘0

w; = w(l-v Fg)/e (20)
where in the denominator the velocity effect is neglected, due
to the fact that the observation time t is restricted, i.e., when
the flow moves the particle outside the focal region, it is even-
tually lost, as far as the performance of the system is con-
cerned. However, in the exponent a Doppler frequency shift is
obtained. This means that instead of (10) we now have

8(r—0)*G o (v) == 6(v—w) *G o (v) (21)

where w, is defined in (20), and the same argument leading to
the approximation (16) is applied in (21). Similarly (18), the
echo amplitude spectrum, is now modified

§ () = v} *G 1) *G (v)
wy = w(1-2v Fo/c) (22)
and in the geometry of Fig. 1 v -#;=1r 3.
Instead of monochromatic excitation, consider now a
transmitter pulse whose spectrum H(w) is given. In this case
the contributions of all spectral components must be properly

added. Consider first the case of transverse motion. Instead of
¥g, (15), we have the integral

[dwH (Wr (23)

Inasmuch as ¢ (15) or its approximate form (17) involve
integration, {23) becomes a non-separable integral. Only for
narrow-band pulses, such that most energy is concentrated in
the vicinity of the carrier frequency w, will the general
expression (23) become separable. Again we have a narrow
band approximation as in (16)

w

aG
Gulv) = Gufv)+——=

v i) + A G ) (24)

and similarly for the functions G, ,o(+/ ) in (15), and instead
of (17) we now have

Yr :K[Ie*‘wf’H(w)dw][fdve“'”" Gw(,(u)]2 (25)

constituting independent integrals. Corresponding to (18), the
spectrum is given by

§(¥) = HW)*G (1) *G o (v) = H(¥)*So(v) (26)

Sq{v) given by (19). This is a very convenient result because,
as as shown below, we are able to extract information about
the velocity from G, (v)*G,(v). If narrow-band pulses are
used such that (26) is valid, then by deconvolving H (v) out of
(26) we can restore (19). In most practical cases the pulse
spectrum is almost monochromatic, hence the deconvolution
is not necessary. The same considerations apply to oblique
motion, with the appropriate modifications discussed below.

For oblique incidence and monochromatic excitation (22)
applies. When the transmitter emits a signal having a spec-
trum H{v), corresponding to a time domain signal
h(t) = [H(v)e " dv, then the particle is excited by frequen-
cles vy = ve = y(l-v ro/e), ie., by a signal
h(t)= fH(u)e_' gy = le(ul)e_' “* 4y, where by change
of variable

@) = ~H(Z) (27)

44

Consequently, except for the amplitude factor %, the spec-
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trum H(i—) appears as a compressed or expanded replica of

the original Hv). The echo signal involves
vy = vf = 1(1-2v ‘Fo/c ) and the spectrum at the receiver will
be given by

S(v) = %H(

L
B

where iH(%) is the spectrum of the time domain function

8

ho(t) picked up by the receiving transducer. For g =1, 1e.,
transverse flow, (26) is obtained as a limiting case. The signal
processing performed on the pulse Doppler system has been
analysed before 8, and it has been shown that the detected
signals may appear time inverted, depending whether 3>1 or
B<1. The corresponding spectrum is given in (2).
Consequently the output spectrum corresponding to (19) is
now modified, yielding

)*G o (V) *G v) (28)

Solv) = %H(um)*c%(u)*cwo(u) c o= |18 (29)

Note that in (29) H(v/+) depends on the longitudinal velocity
component v-fo while G, () depends on v, the transverse

component. A simple proof of (29) is given in Appendix A.

Up to now the spectrum produced by a single particle
has been discussed. We assume that the particles have ran-
dom uncorrelated positions , but their velocity is determinis-
tic, coinciding with the ambient flow velocity field. Hence all
particles possessing the same velocity v produce, according to
(19), (29) the same spectrum. The total effect of this
incoherent process is obtained by adding intensities (rather
than amplitudes, as in the case of coherent fields). Let us
denote the amplitude (i.e., square root of the intensity} spec-
trum due to all particles having the same velocity » by
S(v,v). The total amplitude spectrum, taking into account all
velocity components appearing in the measurement volume is

therefore given by
1

S() = {fdo (S (v,0 N2 (.,)}” (30)

Note that the spatial distribution of the velocity field does
not appear in (30), i.e., the system cannot resolve positions
within the range cell.

This is the general theory for Doppler spectra. Special
cases of interest will be discussed below.

TRANSVERSE MOTION, CONSTANT VELOCITY

The long strip transducer: This case has been analysed
previously & It is included here to serve as a simple example
for the use of the theory and to provide continuity. Let
ro = Fy be the focal length, and » in the z direction perpen-
dicular to the beam axis and the direction y along the strip.
According to (8), (9) we obtain for (10)

Hr-) *G () = Bo-)* b, (b €/F) = v, (wlt= 25 (31)

For a uniformly insonified aperture v is constant in the range
~W/2<&<W /2 and zero for | £| >W /2, hence ¥, and S(v),
(18), are as shown in Fig. 2(a), 2(b), respectively. Clearly the
edges of the spectrum correspond to the Doppler effect pro-
duced by the edges of the transducer, and these extreme fre-
quencies are quite easy to measure. If W F, are known, the
velocity is easily derived. For this case of constant velocity
the computation of §(v) as in (30) is automatically taken into
account, hence (31) applies to a single particle, as well as to a
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stream of uncorrelated particles distributed at arbitrary loca-
tions y along the strip.

The circular aperture transducer: Another case of
interest is derived from (6) when the aperture has angular
symmetry, ie., ¢, = ¥,(p). The scatterer trajectory is now
written as

r = ga + vt (32)
where o is the distance of the particle from the beam axis at
time ¢t = 0. Consequently (3), (6) now preseribe

2r b . .
g(ga+aot) = [ d B[ "pd pe i etenty, (p)

b
= 271'_];) °d ppv, (p)Jo(k psin 0) (33)

(which is usually referred to as the Hankel transform). Here ¢
can be chosen ¢ = 0 i.e., the origin of ¢ is immaterial because
of the angular symmetry, and

1

2 (12 |2

sin0 = ["_J“%Li } 2 (34)
r

For the uniformly insonified circular aperture (6) yields '?

¢ *To U T (b ok sing)

T, b ok sind

P = 27b (35)
where ¢ = 0 is assumed and b, J, denote the aperture radius
and the nonsingular Bessel function of order one, respectively.
For 8 == siné in (17) r4 can be replaced by the focal length F
and this is substituted in (35). The spectrum exciting a single
particle is therefore given by

Km0} G () = b(r-) *F{ Ji(bok [v22 4 yRVY R } (36)

bok [v¢? + oY%/ F,

From (18) it follows that the received echo due to particles
with a given offset y is proportional to

Sy ) = &(v-w)*C  (v,y ) *C (v,¥) (37)

and if the density with respect to y is constant, then accord-
ing to (29) we obtain

1/2
Sw) — { [a3(5 (w1 )12} (38)

The transformation in (36) and the integration (38) are too
complicated for analytic computation. We therefore proceed
by first presenting a semi-quantitative argument, aided by
graphical construction, thenm in Appendix B the conclusions
are supported by analysis of a special idealized model.

It is clear from (36) that the spectrum exciting a dingle
particle depends on y. For y >>wvt the spectrum becomes pro-
portional to §v-w), ie., all Doppler spectra effects disappear.
For y =0, i.e, for a particle going through the beam’s axis,
the time modulation is more pronounced, hence the spectrum
is broader. We do not attempt to compute these spectra, how-
ever, for different y such that y,<y,<y; we expect from (37)
increasingly broader spectra, as sketched in Fig. 3. It is there-
fore plausible to assume that (38) will yield a peaked ampli-
tude spectrum, as opposed to the triangular shape in Fig. 2.
The results are also supported by simulations given by
Bascom et al. 3, although they consider a CW Doppler system.
According to the above explanation, the ends of the spectrum
are due to particles going through the beam axis y = 0, and
therefore undergoing the strongest modulation. In (38) this



Jo(bokvet /Fg)
bokot /Fq
show that these extreme frequencies correspond to Doppler
effects produced by the transducer’s rim. Consider (8) for
maximum v-p = vp, ie, (8) describes Doppler shifted waves
and the maximum shift Af .., at the rim p = b, 15 given by

corresponds to G(u,O)=F{ } It is easy to

b
Af ma = o (39)

exactly as in the case of the long strip transducer. After con-
volving the signals as in (37), the edges of the spectrum in
Fig. 3 will be at frequencies

b

v, %0

Ve = w(1 + 727;) s Vmin = w(l - 72';.—0' (40)
Some of the features derived above can be obtained from the
analysis of a circular aperture with Gaussian apodization, see
Appendix B.

OBLIQUE MOTION, CONSTANT VELOCITY

The long strip transducer: Once again we consider the
long transducer, oriented in the y direction. The particles
possess now a velocity componenent in the radial direction,
i.e,, in the z direction for focused beams {Fig. 1). From (7) it
1s clear that this velocity component cannot affect G . The
only effect is on the distance r, according to

r=ro+ vt =Fg~n,t (41)

The effect of (41) on the amplitude of the cylindrical wave is
neglected, however, in the exponent we get the Doppler fre-
quency shift described by (20). The transverse velocity com-
ponent v, has the same eflect as in the case v, =0 discussed
above, and the two effects are juxtaposed. We therefore
obtain a spectrum as in Fig. 2(b), appropriately shifted
according to v, and with endpoints aflfected by v,, as shown
in Fig. 4. Corresponding to (31) we have for the present case

5(1/““)*'9’111 (kvz e/FO) , W = W(l_vz /‘: ) (42)
and therefore, according to (22)
S{v) = o)} * P, (kvy §/F o) * ¢q (kv, §/F o) (43)

and if the pulse spectrum has a significant effect then (43)
should be modified according to (28). The spectrum depicted
in Fig. 4 describes a uniformly insonified aperture and pro-
vides a representative example.

The circular aperture fransducer: The same argument
used above for the long strip transducer applies here. The two
eflects of the », and v, velocity components are compounded,
hence by inspection of Figs. 3, 4 we conclude that for the
present case the spectrum will be as in Fig. 5. Thus the spec-
trum is shifted due to v, and the endpoints are determined by
the maximum Doppler effect produced by the transducer’s
rim. For the present case (36) is modified by replacing &(v—w)
by §(v-w), wy as in (42) and changing v to v, in the expres-
sion in braces (36). Similar modifications are performed in (37)
which now contains §r-wy) as in (22), leading to the
appropriate form of (38) which yields the spectrum of Fig. 5.

TRANSVERSE MOTION, VELOCITY GRADIENTS

The long strip transducer: The geometry is the same as
for constant velocity, however here the velocity v(z) is in the
x-direction and depends on z. For each particle the spectrum
is as in Fig. 2. Due to the incoherent field produced by the

ensemble of particles, the combined spectrum is computed by
adding intensities as in (30). The effect is the same as the
peaking of the spectrum in Fig. 3, but the reasons are
different. Obviously the largest velocity component produces
the broadest spectrum, hence the endpoints of the spectrum
profile correspond the the maximum velocity, as depicted in
Fig. 6. The exact shape depends on the number of particles
possessing various velocities and is too complicated for analyt-
ical computation. It is important to note that on integrating
(8) the velocity may appear in the denominator, e.g., for
¥ = const. . For the present case this means that a factor

) appears in the expression §(v,v), (30) for the spectrum
vz

of the single particle, and must be taken into account. In
order to gain more insight, an idealized model is analysed in
Appendix C.

The circular aperture transducer: This case is too com-
plicated for analytical treatment. The best we can do is to
make inferences from the other cases discussed above. Peak-
ing of the spectrum is due to the special geometry, as
explained above (see Fig. 3), even if the velocity is constant.
On the other hand, from the discussion of the long strip
transducer for velocity gradients (see Fig. 6), we expect simi-
lar peaking effects for the circular aperture transducer as well.
We therefore have two mechanisms which affect the spectrum
shape in the same way. Numerical calculations will be
required to assess the relative significance of each mechanism.
This is not done here. Anyhow, it is clear that the expected
spectrum, sketched in Fig. 6, will be symmetrical with respect
to v =w and the endpoints will depend on the maximum velo-
city. To some extent the above conclusions are supported by
the numerical simulations of Bascom et al. ? although they
treat the case of a CW Doppler system.

OBLIQUE MOTION, VELOCITY GRADIENTS

The long strip transducer: Consider now oblique motion
and velocity gradients, such that v, /v, =« remains constant,
i.e., the velocity varies but its direction in space is constant.
For a single particle the amplitude spectrum is given in Fig. 4

. . 2 Wa
and the endpoint frequencies are v = w(l - v, — TR . 1.
0

The spectrum is symmetrical with respect to v = w{1-2v, /¢ ).
Now if v, varies, the spectra corresponding to various
particles having different velocities will be shifted on the »
axis, as well as become broader. Thus we have to add the
corresponding power spectra as depicted in Fig. 7. The total
amplitude spectrum is expected to have the shape shown in
Fig. 8. If v, is negative, i.e., the particles have a velocity com-
ponent towards the transducer, then the expected spwectrum
will be as in Fig. 9. In Appendix D a semi-analytical discus-
sion 1s given which supports the present conclusions.

The circular aperture transducer: The problem is too
complicated for analytical discussion, hence a verbal argument
is used once more. For a single velocity component the spec-
trum of Fig. 5 is expected, which qualitatively speaking is not
different from Fig. 4 for the long strip transducer. Hence for
the present case we expect spectra as in Figs. 8, 9, with W
replaced by the diameter 26, of the circular transducer.
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CONCLUDING REMARKS

Doppler spectra for various cases have been considered.
The theory is based on the reciprocity principle and the
Doppler spectra convolution theorem. The results are applied
to long strip and circular aperture transducers, for cases of
single velocity and velocity gradient fields. Both transverse
and oblique motion is discussed. Conventional Doppler meas-
urements are performed at oblique angles and the classical
Doppler frequency shift is measured. The spectrum width is
usually ignored in such measurements. This kind of measure-
ment is not accurate for angles approaching the transverse
direction. The spectrum becomes broader, and due to the
statistical noise inherent in the system, the determination of
the classical Doppler frequency becomes very inaccurate. On
the other hand, by understanding the structure of the
Doppler spectrum, information about the velocity can be
derived f{rom the spectrum, especially the endpoints, which
turn out to be very quiet, consistent from one sampled spec-
trum to another. The present study is theoretical, but the
results are in good agreement with previous analyses and
experiments > It should however be realized that the present
discussion assumes perfect laminar flows, while in reality the
noise produced by microturbulence cannot be neglected.
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APPENDIX A: A SIMPLIFIED PROOF OF EQ. (2)

A detailed treatment is given elsewhere ®, the present
discussion is simplified, merely to show how (29) is obtained.
The system transmits a train of pulses, at a repetition fre-
quency . A simple model representing such a signal is
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hit)y= e cosit (A1)

l.e., a beat signal with carrier frequency wy and repetition fre-
quency §2. Due to the Doppler effect, the echo at the receiver
is

ho(t) = e " cosnpt (A2)

A being the Doppler factor appearing in (28). The mixing with
wy and subsequent filtering, which takes place in the receiver
yields

e " cos1Bt (A3)
where 4 = 1-4 as in (29). The signal is then sampled by nar-
row pulses with the repetition frequency . This provides a
range gate such that the recetved echoes originate at a certain
distance from the transducer. Because of the low pass filter
following the sampler (or in some systems the sample and
hold arrangement), only the lowest frequencies of the sam-
pling signal are relevant to our discussion. Thus if (A3} is
multiplied by 2cosQ?t and only the lowest f{requencies are
retained, we obtain

e cosivt’ Lt = -t (A4)
which is a compressed time inverted replica of (Al). The same
relation as between (A1) and (A4) also exists between (27) and
(29).

APPENDIX B: CIRCULAR APERTURE WITH
GAUSSIAN APODIZATION; TRANSVERSE
MOTION AND CONSTANT VELOCITY

The following analysis deals with a highly idealized
model, The results support the conclusions derived above for
the uniformly insonified aperture under the same cir-
cumstances.

Consider (33) for an aperture function

bulp) = eI (B1)
where ~ is a constant. The Gaussian apodization facilitates
analysis for certain limiting cases. For the long strip trans-
ducer (31), a Gaussian aperture would lead to a Gaussian
spectrum. For the circular aperture we have (33), and for
small 4 (B1) falls off rapidly, hence we are justified in approxi-
mating

Jo(k psind) == 14(5-’)—;}&)2 ~e (B2)

Hence (33) becomes

2r 2 4An 1 ® X
dpe™” * ~ —_— [ d(p e

\/27‘1;) pee V2 1/'7+k25in29f0 (o' %e

4 1 d .
=z ——— = —— , ¢ %= p1/v+k%in’0)/4

V25 ~y+k“sin*d a“+t

Fé F 2,2
4 = AT 0 _ Fo 1 k% (B3)

VE R T w )
and sind is given in (34), and we put ry = Fy, the focal length.
From a table of Fourier transforms one finds that the

It follows that

- V7 d
spectrum of is given by YL Ze-e vl
P a’ye? 8 YT

for large y, ie., larger a, the amplitude at v =0 is smaller
and ¢ !*| falls off faster, i.e., the spectrum is narrower. This
result agrees with the sketch in Fig. 3(a) and therefore sup-
ports the ensuing spectrum in Fig. 3(b).



APPENDIX C: LONG STRIP TRANSDUCER WITH
GAUSSIAN APODIZATION; TRANSVERSE
MOTION AND VELOCITY GRADIENTS

Let the aperture function have the Gaussian form

. e /48 C1
vo(6) = e (e
where 8 is a constant. For a single particle (8), (9) prescribe
v Foe o iy wv &
Je7 Gv)dt = I\—;;—fc S WOdve , ve= cF: (C2)
where K is a proportionality lactor. Therefore
Foc L + Fgue o .
- Lot X we2Vp —_ -2/48
Gv) =K ARG e K 57 ¢
— ¥y
g = Ay (c3)

We find §(vv) from (18), but instead of convolving (C3), we
use the transform G (p) = F{G’(u)} — Ke# #°. Sqaring yields

(G W) = K= ¥ = K55 5 —2g (O4)

Hence
s2 Foc
, 1 2484 K2 Foe - (=P
a '*G = ](2——-—- /480 88" wey C
()G ) vag® ‘ 2VB wv ¢ (C5)

is Gaussian once more. In order to compute (30) f (v) must
be chosen in S (v)

K2F oA ? 2
5() { °°fv ; f(v)} :

{(ﬁ%ﬁ} ©

Noting that 4 apr 24 et
dv 3

Hence {C6) becomes
/2
K%Foc %5 d s
R Qia L Al
S(v) {4\/BwAf'1dvdvc

/2
k2F gc -Ajvd A e 2 '
= {m(s - ) (C7)
In order to check the limit A — 0, to ensure that $(v) does

not become singular, we expand the exponentials near the ori-
gin. This yields

, we choose f(v):l.
v v

K*Fge 1 1 )
4v/Bus v 2 vi
The results of this analysis support the semi-quantitative
argument leading to Fig. 6. Near v=w, i.e, near A =0,5(v)

}iTOS (v) = (Cs)

(C7) is dominated by the factor % which produces peaking in

the spectrum. Since Vo>V, e /2% falls off slowly compared to

— 2
e , therefore for large A, ie., v >> w the shape is dom-
inated by the maximum velocity, as anticipated in Fig.6. Also
note that §(v), (C7) is symmetrical with respect to v = w, as

expected.

APPENDIX D: LONG STRIP TRANSDUCER WITH
GAUSSIAN APODIZATION; OBLIQUE MOTION
AND VELOCITY GRADIENTS

For the present case (C3), (C5) are modified by changing

/

v to v, =, and in (C6) v - w is changed to v - w(1-2v, /c).
Thus we now have

K2Foc . *2dv, - ffan. 12
S(u)={———°°f R "f(av,)}

2/fwa %y,

2
1 v—w(1-2v, /¢ )
By changing the variable we obtain
1/2
2
S(v) = » f (av,)
14_
w
Fye / 1 9
2 0 v fw - 2
“ ——[2\/‘5::1( v, + c)]
F -
o= e L Ly, (D2)

2\/,_9_ av,?
where &' is a constant and the sign of du is chosen such that
$(v) is real (ie., the expression in braces mn (Dl) is posm\e)
By choosing f (av,) = 0 and writing f f f , (D2)
is representable in terms of the error functxon Thus we have

. 1/2
S{v) = KV {erf (ug) — erf (u1)]
T
wy = Poge 8=t 1 (D3)

1

and a similar expression for with v, for wy It follows that
(D3) describes the square root of the difference of two dis-
placed error functions, further multiplied by (1-v/w)?, as
sketched in Fig. 10. By inspection of Fig. 10 it becomes clear
that (D3) is consistent with the amplitude spectrum shape
derived in Fig. 8.

1

A

3

\ y
Fig. 1: Source-observer geometry

ﬂ\ AMPLITUDE

—-V

w

wl 1- (vic) (W/ 2 Fo)] of 1+ (vic) (W/ ZFO)]
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o [1-{vic) (W/F )] ® o [1+(v/c) (WIF )] L ol 1-(2V Z/c)]
® w[1-(2vz/c)-(2vxbo/cFo)]

>

ol 1-(2vz/g) +(2v b /cF )]

Fig. 2: Long strip transducer with uniformly insonified

aperture. (a) amplitude spectrum of the field exciting the par- Fig. 5: Amplitude spectrum for circular aperture trans-
ticle; (b) amplitude spectrum for the echo signal. ducer for constant velocity and oblique incidence.
AMPLITUDE

»

v
ey of 1- (v /c) (WIF )] o alt+ (v /0 (WF )]
AMPLITUDE Fig. 6: Amplitude spectrum for long strip transducer for
transverse motion and velocity gradients.
POMER
>y
wf 1- (v/ ¢) (b /F )] ¢ el1+(vieNb [F)]
(o)
? : .V
Fig.3: (a) sketches for power spectra for y,<y,<y; for ol 1-(2v_ /)] of 1-(2v_ , /c)]
ircular aperture; (b) sketch of the peaked amplitude spec- 23 z1
circular ap ; p P p of 1-(2v22/c)]

trum due to the combined eflect of particles traversing the
focal plane at various off axis distances.

Fig. 7: Addition of power spectra for long strip trans-

AMPLITUDE ducer, oblique motion and velocity gradients.
AMPLITUDE
1 v
¢ w[1-2 v, /o] t @
o [1-(2% (0} - (vx /o) (WIF )] @[ 1- (2% /o) + (v, fc) (WIF,)]
pa——
@ {1-Vyma [(2Z0)-(wa /F o]} @ {1-Vymin [{(ZO+Wa/F c}l}

Fig. 4: Amplitude spectrum for long strip transducer for
constant velocity and oblique incidence.

Fig. 8 Amplitude spectrum for long strip transducer,
oblique motion and velocity gradients for the case v, >0.
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Fig. 9: As in Fig. 8, but », <0.
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1~viw

{ AMPLITUDE )

1

Fig. 10: Relevant to the analysis for oblique incidence
and velocity gradients, Appendix C. The result is consistent

with the shape obtained in Fig. 8.
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