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produced by a single particle and use the amplitude spectrwn (i.e. square root
of the sum of the squares of the real and imaginary parIS of the complex
spectrwn) as representative of the whole ensemble. While such considelations
are strictly applicable to spatially infmite ensembles, they provide a good
model fir a finite but large collection of statistically uniformly distributed,
small, nonintemcting scatterers in a finite domain.

General discussions concerning DIwler- and, in particular, pulsed­
Doppler systems are given f<r example by Baker, Forster and I>mgIe5,
WeUs6, and Fish7, with additional background material appearing in HillS.

The Doppler effect9-11 is used to measure the flow velocity by
measuring the Doppler frequency shift produced by wave scattering from
particles carried along by the flow. In a pulsed Doppler system, the transducer
acts as a transmitter and receiver, on a time-sharing basis, and time gating of
the received signal is implemented to record echoes from certain regions in
space. The transmitter radiates energy at (angular) frequency roo.
corresponding to a frequency f(FOl()'2lt (henceforth, where no ambiguity
might arise, the term frequency will be applied to CIl and f indiscriminately).
The ensuing wave scattered by a moving particle with velocity v will have a
frequency

~1-~v cOS9) (1)

where 9 is the angle subtended by the velocity and the transmitted wave
propagation vector, and c is the wave propagation velocity in the medium, see
Fig. 1. Formula (I), although sometimes referred to as the Doppler principle
is, at best, a first order approximation in the Mach number vic, based on plane

wave notions, and ignores much of the physics of the systeml2. This fact
must be emphasized because beyond this approximation, one must take into
account nonlinear effects. As far as these authors are aware, it is invariably

Introduction and trelimjoarv consjdera1jons assumed that the particle velocity is identical with the flow velocity, the
This research has been undertaken in <rder to understand and explain Doppler effect is computed assuming that the particles are in motion but that

the physical phenomena associated with Doppler spectra. Because of a lack of the moving medium has no effect on the frequency shifl This amounts to an
fundamental understanding, investigatocs often draw conclusions based on their assumption that, as far as the Doppler effect is concerned, the medium around
intuition and experience. For example, doctors diagnose narrowing of blood the moving particles is at rest12. Moreover, all the Dq>pler techniques
vessels by observing Doppler spectra shapes without relating them to the employed by researchers assume that if we compute the wave field at a
physical processes occurring in the flow field and in the acoustical wave field. position defined by a vector r and then substitute into the resulting expression
Basic processes simulations such as turbulent particle movement will enable the particle's equation of motion r =r(t), a legitimate solution of the wave
investigators to rnalce inferences based on an understanding of the physical equation is obtained. This "quasi-static" approach has been shown to be
phenomena occurring in the system. To this end, we need to calculate fields conceptually inconsistent13. However, as long as equation (I) is used to
generated by different transducers, with particular emphasis on focused obtain results of the zero order in vic fir the amplitude and the wave
transducers. propagation vectoc, and of first order in vic for the frequency, the solutions are

With slight amendment, the present theory is applicable to scalar valid. This approach is adopted here.
problems in other areas, for example, optics, hydrodynamics, radar and sonar. Pulsed Doppler systems usually incorporate focused transducers and

In a review paper LuukkalaI refers to the the<ry developed by O'Neil2 the field generated is dependent on the propagation medium and the aperture
for focused long aperture radiators. O'Neil stated that in special circumstances function. We are mainly interested in the spectral effects introduced by specific
the Rayleigh integral can be used to describe the field solution for a focused flows, in the presence of a given transducer and its aperture. Therefoce, in order
transducer. Luukkala pointed out that O'Neil's evaluation is rigorous for an to keep the main features and at the same time adhere to a simple model, it
infinite rigid baffle only. In reality the shape and the properties of the will be assumed that the medium is homogeneous, isotropic, linear, lossless,
transducer and the aperture, as well as those of the surrounding objects, affect and time invarianl
the wave field. In principle, this must be properly incorporated into the The present algorithms afford a wide range of treatments for different
boundary value problem at hand. However, because of the complexity of such apertures; however, we will limit our discussion to simple apertures, i.e.
a problem, the transducer is treated as a source distribution on some surface. It uniformly excited, focused transducers. In practice, focusing can be achieved
is well known that a planar distributed source in free space is equivalent to the in various ways: one method is to put a lens in front of the transducer
same source (with half the amplitude, to be precise), distributed on a rigid aperture. Alternatively, the transducer can be constructed as a spberical
baffle. Thus the treatment of the transducer as a planar aperture is an surface, concave towards the wave transmission direction. In a third method,
approximation which amounts to ignoring all the surrounding structure. This the transducer consists of an array of radiating elements and by suitably
approximation still holds for non-planar sources, provided the radius of exciting the elements, each with its appropriate phase delay, one achieves
curvature everywhere is large compared to the wavelength3. focusing. In this paper we consider the last alternative, i.e., a plane transducer

In the case of coherent radiation from several sources, the total field is aperture excited at a constant amplitude across the transducer face, and a
the phasor sum of the fields contributed by the individual sources. This sum varying phase, such that the wavelets emanating from the various elements
takes into account the relative phases of the fields and the summation arrive in phase at certain point in space. Obviously this defmes the point in
expresses the averaged coherent field. In the case of many scatterers with question as the focus. Investigation of various transducer shapes and the
statistically uncocre1at.ed positions, this component of the field becomes associated fields has been undertaken by many authors; see for example,
vanishingly small. It follows that fir this case the scattered field power from Marini and Rivenezl4, DrostlS, Gavrilov et al. 16, Lucas and Muir17,

several scatterers is incoherent4 and therefoce power spectrwn amplitudes are Ocheltree and Frizze119, and Yao, zagzebski andB~. In our fmite
additive. element model we can achieve any desired transducer shape and arbitrary

For an ensemble of particles all having identical properties except for aperture functions. For example, we can, define without diffICulty, complicated
their uncorre1at.ed positions, it is therefore justifiable to analyze the spectrum _ lenses, such as astigmatic lenses.
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SJlmmiIo:
A finite element method is developed fir calculation of fieI~ excited

by focused radiators and scatImld by moving )lIIIticles, and the lIS80Ciated
Doppler spectra. The algorithm was tested for known cases, e.g., the field
along the axis of rectangular and circular aperture transducers. In all cases the
algorithm generated data which adequately approximated solutions of simple
canonical problems, and results published in the literature.

The known phenomenon of Doppler spectra broadening in the
presence of disturbed flow is simulated here. It is shown that broadening and
ripple are related to non-1inea1 motion of particles within the sampling
volume. Moroover, the results show that Doppler spectra broadening occurs
around the Doppler central frequency and that the spectrwn shape depends on
the particle's motional characteristics and the sampling density. The results
show that lx'oadened spectra allributed to "flow reversal" are similar to spectra
resulting from a disturbed flow within the sampling volume.

In D<wler systems it is necessary to derive the sign of the Doppler
shift frequency, which depends on the )lIIIticle's motion along the transducer's
axis. This problem is usually solved by using a quadrature scheme.
Accordingly, the received signal is split into two channels and multiplied by
in phase and quadrature sinusoidal signals at the carrier frequency. It is shown
that in the presence method, the quadrature is unnecessary. Consequently, time
consuming calculations are obviated, and instead of sampling at the high
frequency (RF), we deal directly with the Doppler shift frequencies.

The method described in this paper can be used as a research and
design tool for focused radiators incaporating different aperture shapes, and for
understanding the physical phenomena associated with field calculations and
particle movements in different media The high speed of the present algorithm
facilitates its future incorporation into real time systems. Moreover, the
algorithm is very flexible, hence relevant parameters can be varied over a wide
range.

Dani_Censor
Text Box
The 17th. Convention of Electrical and Electronics Engineers in Israel, Tel



-iro t J1 ikR () ('If =e • if e 'Ifa P dv p)

whose magnitude rfis (see Fig 1) rf= -J(~+ Tl~ + P) (9)

where F is the focus length measured along the optical axis from ~=O. 11=0 on
the aperture to the focus. We can now compute the field on the trajectory as a
function of the descretized time Ii according to

UI _ -iro.~'" '" 1 ik(Ri-r~ ()·I 1_~
T (xi'Yi,~.ti) - e "r~ R;' e 'Ifa P , P ~ em + Tl n (10)

where Xi etc. stands for x(tj). Note that the field is a complex quantity,

however the graphical results depict the field intensity "" '¥ '¥* which is real.
This graphic representation emphasizes the field envelope. the RF oscillations
within this envelope is not displayed.

(8)

where R, p are described in Fig 1, k=Ctl/c, and the volume differential dv is in
this case replaced by a surface differential ds for a plane somce. By using the
Fraunhofer approximation. the acoustic field at the focus plane of long strip and
circular aperture transdu=s has been derived. The time dependent particle
location defmes the temporal signal. The corresponding Doppler spectrum is
given by its Fourier transformation. For other, arbitrary focal lengths. a closed
form solution of the integral (8) does not exist, and equation (8) must be solved
numerically. All parameters appearing in the Rayleigh integral are discretized.
Because we are interested only in the relative magnitude of the field, the surface
differential ds appearing in (8) will be assigned a unit value in a numerical
integration. The field at any point on the particle trajectory (described by (6»
will be obtained as the phasor sum of all the contributions by the elements
representing the aperture function. The element contribution is the excitation
amplitude. Vfa(p), multiplied by a spherical wave emitted from that element and

measured at the particle location. The focus. by defmition. is a point were all the
wavelets arrive at the same phase. Hence we defme a new position vector r f

Fjeld computation
The radiation field from arllitrary apertures. and the associated Doppler

spectrum caused by arbitrary particle motion in this field will be considered.
The computation is based on the Rayleigh integral representation for the
solution of the wave equation. using the fmite element method. Newhouse et
aI.22, Censor et aI.23• computed the acoustical field in the focus plane by
solving the Rayleigh integral

Dowler spectrum calculations
Essentially. we are interested in identifying various flow

characteristics. Some of these features are related to the Doppler spectrum
produced by scattering of waves by particles moving with the flow in
question. The Doppler spectrum is obtained by applying the Fourier transform
to the time signal associated with the relevant scattering process. More
specifically. we are interested ht-re in Doppler spectra produced in pulsed
Doppler ultrasound systems. In such systems the signal detection and the
calculation of Doppler spectra are intintately related to the time gating process
involved. Tht-refore it is important to discuss the signal processing in these
systems. The discussion below is simplified but it retains the important
characteristics of the general problem. In the pulsed Doppler system. the
transducer acts as transmitter and receiver on a time sharing basis. In a
simplified manner, the transmitted signal can be described by:

cos(<:x.root) cos(aOt} (11)

where =1. i.e.• a carrier wave cos(Ctlot) modulated by an envelope cos(Ot).

thus producing a pulse train at a pulse repetition (angular) frequency O. This
signal is composed of frequencies ±aetlo±a.Cl. The echo is given by a

Doppler frequency shifted signal similar to (11), where now a=(I-2vz/c). Vz
being the velocity in the z-direction. At the receiver, the signal is downshifted
by Ctl

o
and gated at frequency O. This is tantamount to modulation procedures

adding frequencies Ctl
o

and O. Thus at the receiver the spectrum includes

±(a±I)Ctlo±(a±I)O. Low frequency components include ± (2v.Jc)Ctlo ±

(l±2vzlc)0. The gating frequency 0 is sufftciently high to be low pass
ftItered out. leaving ± (2v.Jc}Ctlo ± (2vzlc)0. Finally, because Ctlo»O, we

practically obtain at the receiver's output the Doppler shift frequencies ±
(2v.Jc)Ctlo' It must be emphasized that the signal processing is not capable of

discriminating between +Ctlo2v.Jc and -Ctl
0

2v.Jc so that we cannot determine

the correct direction of movement (from or towards the transducer). In practical
systems this problem is solved by using a quadrature device which separates
the received signal into two channels multiplied by cos(Ctlot) and sin(Ctlot)

respectively, and by comparing the phases of the output channels the flow
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Finite element coosiderariw
The use of the finite element method requires that a continuous

system be converted into a discrete system model18. The discrete model is an
approximation to the continuous one. this approximation becoming
progressively better as the numbec of lattice points increases. In this way finer
changes will also taken into 1ICCOlIDt. The mathematical inter)Xetation of this
argument is expressed by the Nyquist theorem: The sampling process
performed at an angular frequency 2m recovers all continuous signal
frequencies up to the frequency Ctl. Uniform lattice ftnite element methods
facilitate the application of the Nyquist criterion to the spatial variations. thus
providing an estimation for the quality of the approximation made. We note
that finding the Nyquist frequency lIjlPIq)riate to a continuous system
constitutes a class of problems by itself and. for simplicity. we will assume
that our approximations are valid.

As the continuum is divided into elements, the basic unit retains its
dimension. for example. a sampling process of a time interval will produce
time elements. The elements IKe labeled by indices. and their size is determined
by the numbec of elements N into which a given segment L is divided: Thus
the i-th element will be represented by

~i =(~)i i =O•...• N-l (2)

We associate a magnitude f(~j) with each value ~i. Moreover we can associate
values of a parameter~ along a path r(~j) with a dependent variable f(r). This
concept applies to higher dimensionality as well, e.g.• a three dimensional
simple volume can be divided into element s. where the Canesian coordinates
are identified by three indices i. j ok. This facilitates the implementation of
computational algorithms involving nested loop processes or parallel
processing. Special treatment is necessary for specific categories of elements.
for example consider the boundary lines of a given region. passing through
elements. see Fig 2. The problem in this case consists of giving the
appropriate weight to the sample f(~ij). The approach adopted in the present
computation method is to give the proper weight to the active pan of the
element through which the contour line passes. In this approach we identify
the crossing points of the boundary contour and the element, and then we
allocate a new weight to the active pan of the element. The weight of the
modified element is arbitrarily defined in terms of a weighted sum of the
magnitudes of the element in question and its neighbors. In Fig. 2, A. B are
the crossing points of the boundary contour and the element (ij), bounded by
the coordinates xm. xm+}, Yn. Yn+I. The active pan of the element is now
defined as the relative area of the triangle ABC. The magnitude associated with
this element will calculated as follows: Consider the above discussed
continuous function f(r). Approximating f(r) by the three leading terms of its
Taylor expansion about the location r identified by A:

i)f (My)2 a2f
f(A) = f(Xm,Yn) + My"" 1(x""y ) + -2-'---2 I (••y)

oy • . ay .",. (3)

The derivatives are approximated by the present methodI8• yielding f(A)=
(b+ l)(b+2) b(b+l)

2 f(xm.YnH b+l)(b+2)f(Xm,Yn-l)+-2-f(xm,Yn_2)
(4)

Similarly to (4), f(B) follows by replacing b by a and y by x. Finally we can writ

f(A) + f(B)
f(Xm.Yn) = 2 ~My (5)

For boundary line A'. B', Fig 2. the active area is represented by the trapezoid
A'. B', C. D; f(A'). f(B') can be calculated using the same procedures embodied
in equations (3),(4). The case wht-re the contour is like A", B" deftnes a
triangular area that is subtracted from the element area. Now we can describe
an arbitrary planar surface f(x.y~ bounded by a rectangle. To locate an
element, defme a coordinate system ~. 11. as described in Fig 1. In this system
a point on the surface is located by the vector P~m. 11n> whose length is

Pmn =~~ + Tl~ .A trajectory which includes N uniformly spaced sample
points i will be represented as

x = x(t;), Y= y(t;), z = z(t;)

t. = ( tend -N
1ttegin )i (6)." i= 0,... , N-l

wht-re Ii is the dependent parameter. E.g.• the parameter pertaining to the
motion of a particle along a trajectory. In the coordinate system (Fig. I), the
vector R connects the surface element xmn on the aperture with a trajectory
element deooted by the time sample ti. For an aperture in the plane z=O

I 2 2 2
Rti.m,n ='V (x(t;)~m) + (y(t;)-Tln) +z(t;) (1)

this length appears in the computation of the fields and the ensuing Doppler
spectra.



(14)

direction is detennined8-9. In this way, the downshifted Dlwler spectrum
becomes f(CJHJl<l'

For a long strip aperture transducer and a particle moving in x-z
plane, the fteld dependency on x is given22 by sinc@)=sin@)II3, where ~x.
For this case, we get a spectrum with a triangular shape. Dlwler frequencies
on the triangle sides22 will be

(
2vz V X W) ( 2vz V X W)

COjow=<Oo --c-cF ; romgh =COo - c+cF (12)

Note that (12) applies within the Fraunhofer approximation for the far fteld
and for a long sttip transducer only. Fa" other apertures and arbittary motion
trajectories analytic results are not available, therefore it is necessary to
compute the field and the associaled Dlwler spectrum numerically. To
compute the Doppler time signal clli at the receiver output, the particle is

considered to be a source. The output signal is the phasor sum of the signals
arriving at the various receiver's elements

<Ili=C1>(~>=L L '¥(x(~),Y(~),Z(~»'l'a(P) ~ eik(~-rf)
m' n' i (13)

The Doppler spectrum is obtained by subjecting clli to a fast Fourier transform
(FFT). In (13) 1Vr, k, rr Ri play the same role as in (7), (9) for the

transmitter, now applying to the parameters associated with the receiver
aperture; 'P is already computed in (10). When the transmitter and receiver use
the same aperture then the Doppler time signal computation reduces to

<IIi =(~~*eik(R;-rr) 'l'a(P)r
It should be noticed that in (10), e ioool appears in the freld

computation as a common factor. Therefore, in the present nrethod there is no
need to use the quadrature method mentioned above. This factor can be
suppressed, amounting to a downshifting of the spectrum by 0>0' Assume a

transmission signal e-ioool which is represented in the spectrum by a frequency
+CIlo' A particle is moving according to Z=Vl According to the Doppler effect,

. ( 2v )
the received signal will be e -Iooot 1 - -;;- which is represented in the
spectrum by a frequency 0>0(1-2v/c). In the detection process the signal is

. 2v
shifted by 0>0 and we get the signal elOOo 1-;;- which is represented in the

spectrum by a frequency -0>0(2v/c). On the other hand, for motion Z=-vt we

obtain the downshifted signal at a frequency +CIlo(2v/c). It is clear that the

spectrum is automatically dependent on the sign of the velocity. The parameter
O>ot must be positive in order that the spectrum frequency location will be

correct. Because the transmission frequency is always positive, it is necessary
to ensure that t?:O. This is the same as saying that the Green function

eikR-iOOI/R, which describes the spherical wave emanated from the aperture
element, is always causal. In a discrete algorithm, the fact that we can

suppress the factor e-ioool and automatically achieve the same effect produced
by the quadrature arrangement is a great advantage, because the signal without

the factor e-ioool does not contain the fast changes of the carrier wave.
Consequently there is no need to maintain an extrenrely high sampling rate

(dictated by the high frequency of the signal e-iOOo) and store the large number
of samples prescribed by this high sampling rate.

Computation Quantification
The number of computations in the present algorithm depends on

several factors: The aperture function (transmitter, receiver), the trajectory of
motion, and the FFT procedure. We defme the transducer lattice as containing
mxn elements. Assuming the time spans N samples, which is also the
number of samples appearing in the FFT. then. the total number of operations
pertaining to the fteld computations is mxnxNx67. This number does not
take into account mathematical operations introduced by boundary cooections
(usually this number is very small compared to rnxn). The number of Doppler
time signal computations involved in solving (13) when the receiver is
different from the transmitter is given by (mxnxNx67)2. i.e., the square.
When the transmitter and receiver aperture are identical then we get instead
only 2(rnxnxNx67). The number of Doppler spectrum computations will
include the above number of Doppler time signal operations and in addition
the number of operations associated with the FFT algorithm. given by
Nlo~N.

Results and djscnssjoo
The method was successfully tested for many results available from

the literature. Here one example is demonstrated, that of a longsttip
transducer. The long strip aperture sbouId be made long in one direction, say
the y direction. Actually we did not take a long aperture, instead we took one
elerrrent only in the y direction. The proper long sttip aperture possesses a
cylindrical symmetry with respect to the y direction, and in the far field its

distance dependence is of the kind e
ikR

-
iOX/5, where R is perpendicular to

the y direction. The present configuration clearly is not a long strip
transducer proper . Instead, it has a spherical symmetry with respect to each

element along the line y=O, with distance dependence eikR-iOX/R. However,
in the y=O plane, the present reduced configuration possesses the same angular
properties as the long strip transducer. It is noted that in the presently used
Fraunhofer approximation the distance parameter is not taken into account
when we calculate the spectrum. We choose a plII'ticle trajectory in the x-z
plarre symmetrical with respect to the focus. The simulation involved a line of
100 elements arranged in the y=O plane along the x direction. The ttansducer
size was W=1 em; particle velocity in the x direction is vx=20 cm/sec; the
focus length is F=2 cm; the particle trajectory was sampled 1Il 1024 points
which is also the number of the FFT points; the transmission (RF) frequency
3MHz; the wave velocity in the medium is e=1570 m/sec; the particle
equation of motion is given by x(t)=xo+vxt , where Xo=-1 em and t changes

between 0 to 0.1 sec. Obviously, the transducer and focus lengths are not
compatible with the Fraunhofer far field approximation, so we must compare
the results with the analytical formulas22

. JCOoWSincjl) x(t)
SlnC\.. 2c ; sincjl .Jx(t)2 + F- (15)

For small angles ., we get si,* -., reducing (15) to the Fraunhofer
approximation. The simulation results for the fteld intensity, i.e. the absolute
value of the fJeld, are displayed in Fig 3. The discrepancy compared to (15) is
within 1%. We also simulated disturbed flow in a sample volume. This
simulation demonstrated Doppler spectrum broadening caused by disturbed-, or
unsteady flow. This subject is impatant in medical diagnosis of the cardio­
vascular system, for example, blood flow in the carotid artery with various
degrees of obstruction. This subject is described with more detail e1sewhere25.
The disturbed flow is represented here by the particle's equation of motion

x(t) =Xa + vxt + Xsin(Ot + 'l'x)

y(t) = Yo + vyt + Ysin(Ot + 'l'y)

z(t) = Zo+vzt+Zsin(Ot+'l'z) (16)
We choose a simple harmonic movement to represent a disturbed flow. We
shall examirre the received Dlwler spectrum foc various angles of
transmission. In order to examine the simple harmonic movement, we choose
a path which is perpendicular to the harmonic vibration. In this case we keep

. ~+2
the speed constant, I.e., v ='" v~ + v~ . We chose v=O.4 m/sec, RF= 3

MHZ, propagation velocity c=1570 m/sec, time interval 0.02 sec, the
particle trajectory is symmetrical with respect to the focus. The fteld and the
associated Doppler spectrum will be computed at 512 points. The harmonic
movement described by (16) is simplifted by setting 1Vx' 1Vz to zero and

setting 0=2OOIt. The harmonic movement amplitude U =JX 2 + Z2 was

varied. For the case U=O.1 mm the results are described in Fig. 4, for 9=1500,
and in Fig. 5 for 9=1200. In order to examine the spectrum broadening, two
curves are displayed: The broken lirre corresponds to U=O, i.e., Iarninar flow.
The solid line describes the harmonic flow (disturbed flow) for several
transmission and receiving angles (see Fig I). It can be seen that for various
aspect angles the spectrum broadening is different The maximum effect occurs
when the harmonic vibration is along the z axis. These results are significant
in view of the ftndings reported by Zwibel26•who stated that Doppler spectra
broadening indicates "reversal flow", i.e., spectral broadening is caused by
velocity components opposite to the expected direction of the flow. Our
results demonstrate that spectrum broadening will occur even when such
reversal flow does not take place. provided the frequency modulation introduced
by the harmonic, or disturbed, motion is sufftciently strong (i.e., is associated
with a large index of modulation). Sometimes there are indeed physio­
pathological cases in which reversal flow (part of the flow is in the reverse
direction) occurs, accompanied by a broadened Doppler spectrum. Our results
demonstrate the impatance of distinguishing between the various mechanisms
causing broadening.

L2.6

57



i\

)\.\..
.3000 ·2()()() ·\000 0 1000 2000 3000

Frequency. Hz.

~
~

0.8.;j

;
~ 0.6

8-
• 0.4

~
! 0.2

Fig. 5: Aspect angle 12JfJ (6QO angle with flow towards the transducer).
Spectrum due III steady flow (dotted line) and broadening due III
perpendicular unsteady flow component U=O.lmm. See text for
details
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Fig. 3: Simulation result for absolute of the field measured in the focal plane
of a strip transducer (see text for parameters and further comments).

Fig.2; Sketch of curved aperture in elements plane, showing !be crossing
points A, B and the boundary elements.
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