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Abstract - The first-order propagation (in vi.) 
of electromagnetic waves in moving isotropic chi- 
ral m d i a  is studied. The present analysis is based 
on MaxweLl’s equations, Bohren decomposition and 
Minkowski’s relations taken to  the first order in the 
velocity. Accordingly, the effect of acceleration on 
the electromagnetic fields is negleclxd, thus yieId- 
ing a new model for solving probdems involving 
moving chiral media. This new model is demon- 
strated for a simple and constructive example, i.e., 
transmission and reflection of a plane wave from 
a plane lboundary separating between a stationary 
simple medium and a moving chiral medium. 

I INTRODUCTION 

Recently, research of wave propagation in chiral 
media has become a prominent subject of inter- 
est. Basski (1) and Lakhtakia et al. (2) provide 
a good link to  the existing literature. As is the 
case with simple media, canonical problems that 
can be solved analytically are limited to  objects 
of simple geometry, for example, plane parallel in- 
terfaces, iinfinite circular cylinders and spheres (2). 
As far as the present authors are aware, Engheta 
et al. (3) were the first t o  attempt to  link elec- 
tromagnetic theory and wave propagation in mov- 
ing isotropic chiral media. Engheta et al. dealt 
only with plane waves and solved the problem of 
reflection of plane waves from a plane chiral inter- 
face moving uniformly at a constant velocity. A 
later article by Ben-Shimol and Censor (4) ana- 
lyzed the classical Fizeau experiment as a study 
case, relplacing the simple moving medium (flow- 
ing water) with isotropic chiral fluid. A reflection 
from a stationary boundary, and propagation in a 
moving cliiral fluid, were solved wing the theory 
of special relativity. Exact expressions were devel- 
oped and approximations correct t o  the first order 
in v/c were given. The combined effect of chirality 
and motion on the results of the Fizeau experiment 
was carefully investigated and showed the validity 
of the original results for circularly polarized waves 
(instead alf the linearly polarized waves in the orig- 
inal experiment) in terms of wave length and phase 
velocities. 
In the analysis given in (4), expressions correct for 
the first order approximation in v/c were developed 
from the exact solutions. Later, a relativistically 
exact model for first-order in v/c  was developed for 
the chiral medium, which gave a relatively simple 
formalism and enabled an easy solution to  propa- 

gation and scattering of electromagnetic waves in 
the presence of moving chiral media. However, 
this model was limited t o  plane waves and plane 
boundaries, and the existence of a more general 
model, suitable for various propagation and scat- 
tering problems in the presence of moving chiral 
media, seems to  be of some physical importance. 
The present work derives its motivation from pre- 
vious publications describing such a model for sim- 
ple moving media and demonstrating its usefulness 
for various canonical problem (5, 6, 7). 
The !present analysis is based on Maxwell’s equa- 
tions, Bohren decomposition (8) and Minkowski’s 
relations taken t o  the first order in v/c. Accord- 
ingly., the effect of acceleration on the electromag- 
netic fields is neglected, thus yielding a new model 
which is useful for solving problems involving mov- 
ing clniral media. The use of the new model and the 
velocity effects are investigated by considering a 
simple and constructive propagation and scattering 
problem: reflection and transmission from a plane 
boundary separating between a simple medium and 
a moving chiral fluid. 

FIRST ORDER PROPAGATION IN 
MOVING CHIRAL MEDIA 

Let us assume that an isotropic chiral media is 
moving with a constant velocity v relative to  a sta- 
tionary observer which is positioned at the origin 
of the laboratory frame of reference r. The frame 
of reference co-moving with the chiral media is de- 
noted by l?. The constitutive relations of the chiral 
media in I” are given in matrix form by 

(1) 
where p,  E represent the magnetic permeability and 
electric permittivity respectively, and E is the chi- 
rality factor (1, 2). The definition of the matrix 
[K] is well understood from (1). The present ma- 
trix notation contains two major agreements: 

1. a matrix enclosed within square brackets is of 
the size of 2 x 2 and contains four scalars, each 
multiplying a field, as understood from (l), 
and 

2. a vector operator positioned in front of a col- 
umn of two fields operates on each field sepa- 
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rately as may be seen in (4). 

The relations between the electromagnetic fields in 
I’ and I” may be given in a dyadic form by 

E’ = C . ( E + ~ X B )  
D’ = V . ( D + V X H / ~ )  

(2) B’ = q .  (B - v x E/c2) 
H’ = V ; - ( H - V X D )  - 

where ? = $+ (1 - y)??, I denotes the idem- 
factor dyad, c is the velocity of light in free space, 
/? = v/c, y = (1 - /?2]-1’2, and is a unit vec- 
tor in the direction o the velocity. In order to  
develop Minkowski’s relations (i.e., how the elec- 
tromagnetic fields correspond one another) in r, 
correct for the first order in v/c (i.e., y N 1) we 
put (2) in (I) 

Replacing B and D with their zero order consti- 
tutive relations, in places where v x B and v x D 
appear, yields 

where [I] denotes the 2 x 2 unit matrix. Expression 
(4) represents B, D in terms of E, H in the lab- 
oratory frame of reference r and allows us to  use 
Maxwell equations in r, yielding 

V x ( : )  = iw[K](:) 

( :: ) (7) 

in ( 5 )  yields 

and [A] is a diagonal matrix consisting of the eigen- 
values of [K]  

(9) 

where c1,2 represent the  phase velocities for right- 
(or clockwise) or left- (or counterclockwise) circu- 
larly polarized plane waves propagating in a sta- 
tionary chiral medium, respectively. Since all the 
matrices in (8) are diagonal, it is evident that Q1 
and Q 2  are independent vector fields and (8) may 
be separated into two distinct equations 

The equations in (10) may be written in a more 
compact form, using a special case of the  “extended 
V’ operator discussed by Nathan and Censsor (9) 

V* x Q =hQ (11) 

where V* = V+iw( 4 - &)v, h = hl for Q = Q1 
and V* = V+zw(-$ - f ) v ,  h = -hz for Q = Q2. 

c 2  
Provided that V x v =0, we can add 

c, 

The differential equations for E and H in ( 5 )  are 
of mixed form, that is, E is represented in terms of 
H, and vise versa, and cannot lead to  the known 
Helmholtz wave equation for E and H. Care- 
ful investigation reveals that both matrices iw[K] 
and zw ( [KI2 + $[I]) are each diagonalized by the 
same matrix [A] 

In addition, the condition V x v =0 makes it pos- 
sible t o  introduce solutions for Q1, Q 2 ,  of the form 

Q~ = ~ ~ ~ ~ - i w A ~ . r  

Q~ = ~ ~ ~ ~ - i w A ~ - r  (13) 

where 

which was given by Bohren (8). In (6) 2 represents 
the intrinsic impedance of the chiral medium. The 
immediate conclusion is the applicability of Bohren 
Decomposition (2, 8) for first order propagation, 
i.e., the idea of representing E and H fields by two 
independent fields Q1, $2, each satisfying a sim- 
pler differential equation with some additional con- 
straints still holds. Consequently, the linear trans- 
formation from E and H t o  Q1 and Q 2  is identical 
to  the transformation in the stationary case. Using 
the linear transformation 

Substituting (13) in (10) shows that  &IO, Q20  sat- 
isfy 

0 x Qio = hiQio 
0 x Q20 = -h2Q20 

From (15) it is easy t o  show that Ql0, Q20 satisfy 

V2Qo+h2Q0 = 0 
0 - Q o  = 0 

(15) 

(16) 

where h = hl for QO = Q ~ o  and h = -ha for 
$0 = Q20. Expressions (15, 16 are identical to the 
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equalions which the Q fields satisfy for zero veloc- 
ity (i.e., the ordinary Bohren decomposition 2, 8). 
The solutions for various coordinate systems and in 
terms of various representations are already avail- 
able for the stationary case, and inay be used to 
form new solutions for wave propagation in mov- 
ing chiral media, correct for the first order in u / c ,  
by using the correction terms as given in (13). 

A SIMF'LE EXAMPLE 

In  this section we demonstrate the use of the new 
model for a relatively simple example, i.e., a reflec- 

The propagation vectors hl , h2 of $10, Q20 are not 
yet Itnown, and will be described by expressions of 
a general form as 

hl = (2hix + Qhiy + Bhl,) 
(%hzx + 3h2, + 2h22) h2 = 

NOW, the first order approximations of $1, Q2 are 
written as 

tion and transmission of a plane walve which excites 
a plane boundary separating between a station- 
ary simple medium and a moving chiral medium 
as shown in Figure 1. The incident plane wave is 
describedl by 

and substituted in (17) in order to  form Et and Ht. 
The boundary conditions require continuity of the 
tangential components of E and H a t  the z = 0, 
i.e., in dyadic form, 

1-94 . (Einc + ER - Et) = 0 (- 1 (18) 
Einc = keik0z-iwt  

where = w-, and the chiral medium moves (T-22) . (Hint + HR - H,) = 0 
with an arbitrary velocity v which in Cartesian sys- 
tem of coordinates is given by It is necessary that the arguments of the exponen- 

tial factors of the fields in (18) be identical for the 
surface z = 0, i.e., v = jlv, + yvy+2v, 

A short discussion supporting suclh an example as kRx = kRy = 0 (19) 
a concrete physical problem may be found in (6). 
Since the boundary is fixed, the boundary condi- hi, = (l/Cf - 1/c2)v, 
tions are solved in the laboratory frame of refer- hl, = (l /Cf- 1/2)v,  
ence where no Doppler shift may be observed in the hz, = (l/C," - 1/c2)u, 
transmitted or the reflected waves. Consequently, hay = (l/C," - 1 /2 )vy  
the model described earlier is appropriate for the 
present example. 
The general description of the reAected electrical 
wave is 

(20) 

and the z components of kR, hl and hz may be 
determined from 

kR = 4- = k0 

/al = = w / c l  (21) 

/i2 = Jm = w / ~ z  

ER = (?ER, + QERy + 2ER2:) eikR r - iw t  

where 

k R  = 2knx + ykRy -I- 2kn2 
It is evident from (20) that ,  even for the given 
simplest case of normal incidence, the propagation 
vectors of the transmitted waves are not normal 
to the boundary, and are velocity dependent. The 
boundary conditions will now be applied to  the am- 
plitudes of the fields in (18) for z = 0 with addi- 
tionial information from (15) resulting in a set of 

lkRl == ko = U @  

According to the given model, the t,ransmitted e.ec- 
Gric and magnetic; waves within the medium 
are described as a superposition of' two other fields 
Qi, Q2, 

Et = Q! - iZQ2 
Ht = 2 Q 1 + Q 2  

1 + E k  = QiX-iZQ2z and the approximations for Q i ,  Q:z, correct for the 
first order in v/c, are ERY = AiQiy - iZA2Q2y 

(1 - ER~)/ZO + A2Q2x 

(17) four equations 

(22) 

:$Q1. + QZz Q1 = Qloe-ZWA1 - Eny/Zo - 
Q2 = Q 2 0 e - ~ ~ ~ ~ '  

and & l o ,  Q2o which satisfy (15) in the Cartesian 
where 

system of coordinates are given by' ihlhl, + hlyhls 

-2hlhly + hlxhlz 
Qlo = (2Qlx + yQ1, + 2QI2) eihl'r-iwt -2hzh2x + h2yh2z 

A1 = 
(23) 

A2 = 
Q20 = (2Qax + 3Q2, + 2Q:z2) eihz'r-iwt ih2h2y + h2zh2z 
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The solution of (22) for Qlz,  Q2z is given by 

where 71 = 
Substituting the explicit form of AI,  A2 results in 
cumbersome expressions which hinder the explo- 
ration of the physical meaning of the results. A 
simpler form which retains all the physical mean- 
ings of the present example is achieved with vy = 0 
yielding 

zo ’ 

Qlz 1 2 ~ 0 ~ 0 1 ( 1   COS&) /A 
Q1y = 2 i ( l  + ~ ~ c o s & ) / A  

(25) 
Qle = 

Q2y = 2 (1 + 77 COS 61) / (zA) 
QzZ = 2isin02 (1 +77cose1)/(ZA) 

-2 sin 61 (1 + 77 cos 62) /A 
Q~~ = 2i cos e2 (1 + 77 cos e,) /(zA) 

and 

2.272 

A = (I + q2) (cos 61 + COS 02)+277 (1 + COS 61 COS 62) 

where 81, 02 are the (real) angles between hl, ha 
and the positive z axis respectively (see Figure l), 
i.e.. 

(26) 

sine1 = hl,/hl = ($ - $) v,/hl (27) 

and hl is given in (21). Identical expressions may 
be given for 82, replacing the subscript 1 with 2 in 
(27, 28). 

SUMMARY AND CONCLUSIONS 

The feasibility of a model for propagation of elec- 
tromagnetic waves in a moving chiral medium is 
discussed. The derivation of the model is based 
on Maxwell equations, Bohren decomposition and 
Minkowski’s relations correct for the first order in 
v/c. The model allows for deriving the direct solu- 
tion of various problems involving chiral media in 
motion. The explicit form of the waves within the 
moving chiral medium is obtained in the laboratory 
frame of reference, thus reusing known solutions for 
problems involving stationary chiral media. The 
model matches a similar model which was derived 
for moving simple media, and the main dfierences 
here are the use of Bohren decomposition, the use 
of two distinct “extended V operators” and the 
existence of two correcting phase factors for circu- 
larly polarized waves. Consequently, further appli- 
cations may be investigated as was done by Censor 
(5, 7) .  
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Figure 1 ~ Reflection and refraction from a plane 
boundary separating between stationary simple 
medium (left) and moving chiral medium (right). 
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