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ABSTRACT

Identifying invariance properties helps in simplifying calculations
and consolidating concepts. Presently the Special Relativistic
invariance of dispersion relations and their associated scalar wave
operators is investigated for general dispersive homogeneous linear
media. Invariance properties of the four-dimensional Fourier-
transform integrals is demonstrated, from which the invariance of
the scalar Green-function is inferred.

Dispersion relations and the associated group velocities
feature in Hamiltonian ray tracing theory. The derivation of group
velocities for moving media from the dispersion relation for these
media at rest is discussed. It is verified that the group velocity
concept is a proper velocity, satisfying the relativistic
transformation formula for velocities. Conversely, if we assume
the group velocity to be a true (e.g., mechanical) velocity, then it
follows that the dispersion relation must be a relativistic invariant.

Index Terms—Electromagnetic theory, Special Relativity,
Wave propagation.

1. INTRODUCTION

Special Relativity [1], facilitates the discussion of EM wave
propagation and scattering in the presence of moving objects and
media. Related invariance properties provide for calculations
carried out on the pertinent dispersion relations in media rest
frames.

The invariance of the dispersion relation has been discussed
previously [2]. Recently [3] the invariance property has been
explicitly verified for simple media. Presently the invariance
properties for a general class of media is studied. This includes the
invariance of dispersion relations, the associated wave operators,
Green functions in unbounded regions, and properties of relevant
group-velocities.

2. RELATIVISTIC ELECTRODYNAMICS

Maxwell equations in source-free domains are given in a
reference-frame I'" by

. xE=-0B,0.xH =3,D'
2.-D'=0,0.-B'=0

where the fields are functions of the native spatiotemporal
coordinates R’ , a Minkowski four-space quadruplet
R'=(r',ict"),and o. is the Nabla symbol, see also [4].

(M

Special Relativity [1] postulates the “principle of relativity”,
prescribing that in all inertial reference-frames the Maxwell
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equations are form-invariant. Thus in another reference-system I'
we have

O.xE=-0B,0,xH=06D,6.-D=0,0.-B=0 2
where in (2) the fields are functions of R = (r, ict) -

The Lorentz transformation, relating coordinates in T’ and I’
follows from the postulate [1] that C, the speed of light in empty
space (vacuum), is a constant in all inertial reference-frames.
Accordingly

r'=U-(r=vt),t' =y(t—v-r/c®),v=w 3)
y=01-4)",B=v/c,U=T+(y-1)W
where in (3) v is the velocity of the origin r'=0 of I'", as

observed inT", and T is the idemfactor dyadic. For sake of brevity
(3) can be symbolized as R’ = R'[R]. The form-invariant inverse

R = R[R’] follows by exchanging primed and unprimed symbols
r=U-(t'"-v1),t=y('-V r'/c%) @)
V=-v,U=0,y=y

The application of the chain rule of calculus to (3), (4), yields
the Lorenz transformation for derivatives Op = Op 6k ]

8. =U0-(8,+v3,/c*),8,=y(8,+V-4.) )
8.=U-(8.,+V'3,/c*), 8, =y(8,+V'-F.)
and its obvious inverse, hence the two lines (5) can be respectively
symbolized by
O = Or O], O = FRlOg] (6)
Combining (1)-(6) yields the transformation equations for the
fields
E'=V-(E+vxB),B'=V-(B-vxE/c?)
D'=V.(D+vxH/*), H = V-(H-vxD) )
V=yI+(1-p)W

The inverse of (6) is once again effected by exchanging
primed and unprimed quantities with v/ =—v.

3. RELATIVISTIC FOURIER TRANSFORMS

So far we have been working in the spatiotemporal domain. By
effecting four-dimensional Fourier transforms we are able to
include various constitutive properties, especially dispersion,
which are naturally expressed in the spectral domain, and
investigate their spatiotemporal domain representations.

A four-dimensional Fourier transform is introduced in the form

[4]
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f(R)=g¢ j (d*K) F(K)e*®, K-R=Kk r— ot ®)

d'K = dk dk,dk.d(io/c), K =(k,iw/c),q = Q)™
where in (8) f(R) is an arbitrary scalar function, and

f (iK) indicates the corresponding transformed function, K is the

spectral domain Minkowski four-vector. The corresponding
inverse Fourier transformation is therefore written as

FK) = [ (d'R) f(R)e™ ™, d'R = dxdydz d(ict) ©)

Exploiting the properties of the exponential, (8) can be
formally recast [4, 6, 7] as

fR)=g[ @ K)FEK)" =g[ (@K@

= [(6)4] (@' K)e™™ = F(5)5(R)

describing the delta-function expansion of f(R) . This method
works well for slowly varying functions j_"(iK) which can be
approximated by a polynomial in ;K . The function f(jK) and
the associated operator function 7(0”R) are simply related by a
formal exchange /K < Iz

Thus far all mention of Minkowski four-vectors involved notation
only. At this point the relativistic import of Minkowski’s four-
space is included. Accordingly the inner product of two
Minkowski four-vectors is an invariant, hence for two reference-
frames T" and T we have in (8)-(10)
K-R=k-r-wr=K'-R'=k'-r'- o't )
In studies discussing Special Relativity where the Minkowski
four-space is not used (11) is still needed, usually referred to as the
“phase invariance principle”, e.g., see [9], p. 601. It is noted that
Einstein [1] assumed (13) tacitly, omitting its postulational status.
Substituting R’ = R[R] from (3) into (11) yields the Lorentz

transformation for the spectral parameters K' = K'[K] and its
inverse K = K[K']

kK'=U-(k-vao/c), o =y(@-v-k) (12)
k=U-(k'-vV'@'/c*), 0o=y(@ -V K')

respectively. In (12) the formulas fork’, k , are referred to as the

Relativistic Fresnel Drag Effect, the corresponding formulas for
o', @, are referred to as the Relativistic Doppler Effect.

Corresponding to (5), (6) we can derive from (12) four-vectors for
derivatives in the spectral domain [4]

Ox =(0y, -icd,), Oy = (0,, -ic0 )

0, =08, +v0,),0, =@, +v-8, /) (13)
8k = IN‘J.(ak‘ - Va(u‘)’ am = }/(am’ -V .ak‘ /Cz)

Exploiting (6), (13), the dyadics (matrices) o.K's G.R,
respectively, are constructed. The associated Jacobian
determinants involved in changing variables in multiple integrals.

The value of the Jacobians in the present case is unity, hence we
have

d*K'=det[0,K'|d*K =d'K
d'R'=det[F;R']d'R=d'R

From (11), (14), it follows that (8), (9), can be rewritten in the
form

(14)
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SR)=f(R[R] = qJ. (d4K’)7(iK[K '])en(',R'
=4[ @'K)PIK)E™ = p(R) 0s)
./7(iK) = ‘}_((l'K[K D= I (d“R')f(R[Rv])e—iK'-R'

=] @R)pR)™™ = pK))

and its analog

(R = f(RTR]) = p'(R) 16)
f(K') = ['(K'K]) = p'(K)

4. DISPERSION RELATIONS AND WAVE
OPERATORS IN MEDIA AT-REST

Thus far no medium has been assumed, hence I' has no priority
over I'". Henceforth T will be the reference-frame for media at-
rest. A quite general class of constitutive relations is
characterized in the spectral domain by

D'(K)=a(iK" E'(K"+p(K") -H (K" (17)
B'(K")=7(K")-H'(K") +3(K")-E'(K")
with constitutive dyadics @, f, , 8, which in general are

dispersive, i.e., depending on the spectral coordinates K'.
Strictly speaking, expressions such as (17), involving a
product of terms, are expressed in the spatiotemporal domain in
terms of four-fold convolution integrals [7]. Such integrals extend
over the entire spatiotemporal domain.
Assuming that a local technique as in (10) is applicable,
(17) is substituted in the spectral integral (10) and {K = g, is

effected in q, fi, 7, &, which are then taken outside the integral

sign. What remains are the four-dimensional Fourier transforms for
the fields (10), finally yielding in the spatiotemporal domain

D'(R") = () E'(R")+B(J ) H'(R) (18)
B'(R) =7(0) H(R)+5(0 ) E(R)

In the spectral domain (1) takes the form
k'xE'(K)=B'(K"), k'xH'(K")=-D'(K"), k' =k'/|K'| (19)
where in (19) the superfluous 5, . equations are omitted.

Combining (17) with (19) provides a determinate system of six
scalar homogeneous equations. Eliminating B’ and D' reduces
the number of scalar homogeneous equations and Cartesian
components of the field vectors E’, H', to six, taking the form

(I)r . E!(KV) _ ,‘"{' . H/(K!) — 0’ ‘T’/ . Hr(K/) T E'(K') -0
(pr — (’I‘)I(ZK!) — l’;lxi_s’ "I"’I — \TII(ZK’) _ ﬁ'Xi+l§
Combining E’, H', into a single six-vector M', (20) is recast

P'aK') —?(iK')} , {E’(K’)} _GGK) MKY=0 @D

a(K) ¥y'(K") | |H(K"
The condition of non-triviality prescribes that the determinant

(20

as

of G' vanishes

det[G'((K')]=G'(iK') =0 (22)
The scalar G’ in (22) is referred to as the dispersion relation. An
equivalent derivation of G' =0 follows from (21) by successively
eliminating unknowns. The last irreducible equation includes any
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one of the six Cartesian field components denoted by M.
Therefore

G'(KYM'(K')=0 (23)
Clearly M'#0 implies G' =0. We can also write (23) as
G'(K'YM'(K)=0 (24)

Applying to (23) the four-dimensional integral and
implementing the technique (10) yields the spatiotemporal domain
scalar wave equation

qJ‘ (d4K!)Mr(Kr)Gr(iKr)eiK'-R’ (25)
=G'(G)q] (@ KIM(K)e ™ = G'(3)M'(R) =0

where in (25) M'(R’) is the spatiotemporal domain Fourier-
transformed function associated with the spectral domain M'(K") -
It follows that G'(J,,) is the wave operator, applicable to all six

Cartesian field components.

5. DISPERSION RELATIONS AND WAVE
OPERATORS IN MOVING MEDIA

In T the medium is observed in motion. The pertinent Maxwell
equations are now given by (2). When it comes to constitutive
relations, our aim is not to try and provide transformations for the
constitutive dyadics @, f}, 7, 3., (18) per se, as attempted elsewhere
[10-13], but rather to provide relations between fields in I", which
will render the system of equations determinate, as given for I'"' in
(20). To this end we use Minkowski’s theory [14], also discussed,
with some historical notes, by Sommerfeld [15].

Minkowski’s approach is to assume the constitutive relations
as given, characterizing the medium in question in its rest frame
I, i.e., (18) in our case. Substituting (7) in (18) yields the
Minkowski relations for the present case, in the spectral domain in
r

D(K)+ vxH(K)/c?

=a,([(K) - (E(K)+vxB(K))+ ﬁv (IK)-(H(K)—-vxD(K)) 26)
B(K)-vxE(K)/c?

=%, (K)-(H(K)-vxD(K))+ Sv (K)-(E(K)+ v xB(K))

7, (K) =V -qGK[K])-V,V' =U/y,1=a.B,7,8

In (26) the modified constitutive dyadics are cr?ated by pre-, post-,
multiplication of the original dyadics by V™', V , respectively.

The modified constitutive parameters are initially functions of
iK'. By substitution of K'=K'[K] from (12), the modified

constitutive dyadics are obtained as functions of the argument /K .
We have already discussed the fact that the fields and not their
arguments are the decisive factor as to whether observations, i.e.,
measurements, are performed in T' or I'". In (26) we are dealing
with unprimed fields, therefore we are residing in reference frame
I' . The analog of (18) is now

D(R)+vxH(R)/c’

=@,(dy)-(E(R)+VxB(R))+B, () (HR) - vxD(R)) o7
B(R)-vxE(R)/c?

=7,(F)-(HR) = vxD(R)) +8,(5;) - (E(R) + vx B(R))
D(K)+vxH(K)/c?
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Instead of (19) we have its I'' analog by simply
removing apostrophes
kxE(K)=B(K), kx H(K) =-D(K), k =k/|K | (28)
Combining (28) with (27) yields the analog of (20)
$-E(K)~7, i-H(K) =0, §-H(K)+d, -i-E(K)=0
§=(K) =kxi-vxi/c*~5, -fi (29)
¥ =y(K) —kxI+vxI/c? +P, R, ﬁ:i+v><l:;><i
Once again we have a system of six scalar homogeneous equations
in terms of the six Cartesian components of the field vectors
E.H.

The analog of (21) is now
o(K) =7, (K)-1(K) | | E(K)
&,(K) i(K)  W(K) H(K) (30)

=G(K)-M(K)=0

leading to the analogs of (22)-(25)

detG(K)=G(iK) =0 31)
GIK)M(K) =0, G(F, ) M(R) =0

With this we finish the derivation of the dispersion relations, and
move on to discuss the problem of relativistic invariants.

6. RELATIVISTIC INVARIANCE PROPERTIES

Recognizing invariance properties is an important part of any
mathematical physics discipline, usually leading to simplified
manipulation and notation, much like solving a complicated
differential equation by implementation of a clever change of
variable.

Incorporating (28) and (7) in (24) yields
G'((IK"YM'(K")=G'(K")V-i-M(K) (32)
=V i-[G'(KM(K)]=0
where in (32) G' and V- ji have been interchanged. This is
feasible because of the scalar nature of G'. Inasmuch as

V, i, M, are in general non-vanishing, it follows that
G'(IK'YM(K) = G'(i(K'TK)M(K) = G(K)M(K) = 0 (33)
where by virtue of the unprimed fields M, the dispersion-relation
G(iK) applies in the I reference-frame. By comparing (31),
(33), it becomes clear that
G'(IK") = G'(i(K'[K]=G(K) = G(iK) =0 (34)
i.e., the I'" dispersion-relation G’ uniquely determines the T’
counterpart G = G’ =0 . Expressing either in terms of K or K' is
simply a matter of convenience.

For the wave operator it follows in a consistent manner
G'(Op) =G'(Oplor]) = G(Fy)
G'(Gp )M'(R') = G'(Fp [ DM'(R'R])
= G(G)M'(RTR]) = V- fi-[G(5) M(R)] =0
G(G)M(R) = G(G,[ G DM(R[R']), fi' =T— vxk'xT
= GG M(RIR') = Vit -[G'( M'(R)] = 0
hence the scalar wave operators are invariants as well, and the
consequent scalar wave equations are shown in (35).

(35)
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The dispersion-relation invariance (34) can also be derived in a
slightly different manner: starting with (21), exploiting the
transformation shown in (32), and comparing to (30), we have
G'(IK')M'(K')=G'(iK")-V-p-M(K) (36)
=G'(K'[K])-V-i-M(XK)=G(K)- M(K)=0
i.e., the dyadics multiplying arbitrary non-vanishing fields M are
in general equal and vanishing
G'(K')-V-i=G(K)=0 (37
Invoking the theorem that the determinant of a product of matrices
is the product of the individual determinants, and in view of
det[V]# 0, det[fi] # 0, we derive (34) once more. An explicit
calculation of the dispersion-relation invariance in simple media
has been carried out in [3].

For an unbounded region in the rest-frame I, the appropriate
scalar Green function is defined by the inhomogeneous wave
equation
G'(0)g'(R)~5(R) =0 (38)
together with some causality condition or radiation condition [16],
in order to distinguish waves emanating from the singularity
R’ =0, from the case of (mathematically possible) waves
converging onto the singularity from infinity. The definition (38)
is slightly different from the widely used
G'(Gg)g'(R") =—8(R’) . Also note that usually instead of R’ we

have R'—p’ with some fixed p’, such that ﬁR'—p' =0y All this
does not affect the generality of our argument.

Applying to (38) the Fourier transform (10) in I"", we obtain

G'(Fx)g'(R")=S(R") (39)

=4[ (@'K[G'(K)g'(K)-11e"™ =0

implying in the spectral domain

g'K"=1/G'(iK") (40)
Applying the integration operator in (39) to (40) yields in the

spatiotemporal domain

qJ‘ (d4Kl)gl(K .)eiK'-R' _ g'(R') _ qJ‘ (d4K')GH(iK .)e[K'.R' 1)

where we do not address some finer points regarding the
convergence of the integral [16]. Suffice it to say that the zeroes of
G’ become poles in (41), determining g’ in the spatiotemporal

domain.

The invariance of the dispersion relation (34), and the
properties of the four-fold integrals discussed above, e.g., (15),
prescribe for (41)

g'(R)=g[ (KNG (K" ™ = g'(RTR])
; 42

=q j (d*K)G"(iK [K])e™® “2)

=q[ (@'K)G(K)e* " = g(R)

i.e., having been given g'(R"), by substituting RTR] we obtain

g'(R)=g'(R'[R]) = g(R), and thus the invariance of the

unbounded domain scalar Green function is established. In
electromagnetics, g’, g , can be associated with Cartesian

components of the fields.
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7. THE GROUP VELOCITY IN I'" AND T’

One reason for deriving dispersion relations is to trace rays in
various media, e.g., see [4, 16-19] for the Hamiltonian ray-tracing
theory. By definition, rays are the paths whose tangent at any point
is parallel to the group velocity direction at that point.

It is tempting to think of rays as geometrical entities, and
assume that in a moving medium I we observe the same rays of
the medium at rest in I'", except that the ray paths are now
moving, subject to the Lorentz transformation (3). This is a
misconception. The moving medium in I' behaves as a different
medium, and rays in this medium will be governed by the
appropriate dispersion relation (31). However, the group velocity
does behave as a proper velocity, i.e., u=dr/dt,u’ =dr'/dt' , in

I', I'", respectively, and is thus subject to the relativistic

transformation of velocities, as demonstrated below.
Group velocities are computed from the relevant

dispersion relations according to

v, =0,Q(k)=-4,G(K)/2,G(IK)

v, =0, (k')=-6,G'(iK")/2,G'(iK’)

where in (43) Q, Q)', are relevant if the dispersion-relations can be

recastas G(IK) = w-Q(k) =0, G'(IK') =o' -Q'(k") =0 in

I, I, respectively.

(43)

Usually it is simpler to evaluate G’ (22) in the medium rest-
frame I than to directly solve for G (31) in I". Hence the
invariance G = G’ in (34) and the transformations (13) are
exploited to calculate v, in (43)

v, =—-0,G(iK)/3,G(iK)
=—[U-(8, —v3,)G'(KN/y (B, —v-8, /)G (K]

The relativistic transformation formulas relating velocities in
I, I’ , respectively, follow from (3), (4). Upon taking differentials

(44)

and dividing, we obtain

u=U-(u=v)/(y(-v-u/c?))
u=U-('+v)/(y(1+v-u'/c?))

Identifying U =V 2> u' = V'g and substituting from (43) into

(45)

(45), then exploiting (13) and the invariance (34), verifies that
group velocities are velocities proper, satisfying the relativistic
transformation of velocities (45)

v, = fJ-(vg —V)/(j/(l—V-Vg/Cz))

={U- 6, +vo,)GEK)/[y(8,+ V-3, /c)GIK)]
=-0,G'(IK")/0,G'(iIK")

Conversely, if we assume that the group velocity is a true velocity,

in the sense of mechanics of particles, then it follows that the
dispersion-relation is a relativistic invariant.

(46)

8. SUMMARY AND CONCLUDING REMARKS

In the present study the relativistic invariance properties of
dispersion-relations are investigated. The media chosen are very
general: dispersive, homogeneous, bi-anisotropic (in a very broad
sense), and linear.
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The invariance of the dispersion-relations in arbitrary
inertial reference systems has been demonstrated. The invariance
properties of the four-dimensional Fourier-transform integrals
facilitated the discussion of the invariance of the associated wave
operators. Furthermore, the properties of the integrals enabled us
to show that the scalar Green functions associated with the
dispersion-relations also constitute relativistic invariants.

Dispersion-relations are needed for the implementation
of the Hamiltonian ray tracing theory. At the heart of this theory is
the fact that rays are paths whose tangent at any point is parallel to
the group-velocity at that point. Exploiting the invariance
G = G', it has been shown that the group-velocity in the moving
medium, as observed in T, can be derived from the medium’s
rest-frame dispersion-relation in I"'. This offers a simpler method
for computing the group-velocity. While ray paths are not
geometrical entities subject to the spatiotemporal Lorentz
transformation, the group-velocities computed in ", I'", do obey

the relativistic velocity-addition formula, subject to the invariance
G =G'. Conversely, if the transformation formula for velocities is
assumed, it follows that the invariance G = G' must exist.
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